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A mathematician said “Who
Can quote me a theorem that’s true?
For the ones that I know
Are simply not so
When the characteristic is two!”

– An anonymous Irish poet

i



Acknowledgments

I would like to thank my PhD advisor Prof. Oliver Röndigs for his support,
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Introduction

Conventions and notations
Throughout this thesis, by a scheme we will always mean a quasi-compact quasi-
separated scheme. We will use the term vector bundle over X for both a locally
free OX -module and the associated scheme over X, V → X. Whenever we
have an essentially small category C, we will replace it with an equivalent small
category if it is necessary for a construction to make sense. By an S-scheme or
a scheme over S we will mean a scheme X, with a morphism f : X → S.

Overview
Motivic homotopy theory was introduced by Morel and Voevodsky [MV99] as
a way to extend the machinery of homotopy theory from topological spaces
to schemes and algebraic varieties. Several cohomology theories in algebraic
geometry are representable as objects in the stable motivic homotopy category
SH(S) [Voe98]. In topology, the Bott periodicity isomorphisms

Ω2BU ' Z×BU

Ω2BO ' Z×BSp Ω2BSp ' Z×BO

give spectra BU = (Z×BU,ΩBU,Z×BU, . . .) and BO = (Z×BO,ΩBO,Z×
BSp,ΩBSp,Z × BO, . . .) which represent complex and real K-theory respec-
tively. Voevodsky in [Voe98] was able to show that for any regular Noetherian
scheme S of finite dimension, algebraic K-theory is analogously represented by
BGL = (Z × BGL,Z × BGL, . . .) in the stable motivic homotopy category
SH(S). BGL has the property that its complex analytification BGL(C)an
([Ser56]) is isomorphic to BU in the stable homotopy category SH. Hermitian
K-theory is the general term for the different approaches to extend this to real
K-theory. One way to do this is to use that fact that real K-theory can be un-
derstood as complex K-theory of spaces equipped with a C2-action. This leads
to the algebraic K-theory of categories with duality (Sec. 2.4). Hornbostel in
[Hor05] was able to show that applying this theory to the category of finitely
generated projective R-modules equipped with the duality P 7→ Hom(P,R)
gives us a hermitian K-theory spectrum KO over any scheme where 2 is in-
vertible. Another approach is to use the algebraic groups O(n) and Sp(2n) and
define the spectra explicitly using a motivic analog of Bott periodicity. Panin
and Walter in [PW18] were able to construct such a spectrum BO over any
scheme S containing 1

2 and show that is it isomorphic to Hornbostel’s KO in
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SH(S) whenever S is regular Noetherian of finite dimension. Using this new
model, Röndigs and Østvær were able to compute the slice spectral sequence
of hermitian K-theory and provide an alternate proof of Milnor’s conjecture on
quadratic forms [RØ16].

There are several people working on extending the hermitian K-theory spec-
tra to the case where 2 is not necessarily invertible. One approach is by Heine,
Spitzweck, and Verdugo [HSV19] using the machinery of ∞-categories to de-
fine a family of hermitian K-theory spaces associated to any exact ∞-category
with a C2-action. In a recent preprint, Calmés et al.[CDH+20] where able to
extend several results about hermitians K-groups to arbitrary rings. Another
approach is by Schlichting, using the theory of quadratic functors [Sch19]. No
single approach given us all the desired properties.

The main goal of this thesis is to study Panin and Walter’s construction of
the motivic spectrum BO and extend it to arbitrary schemes. Let HGr(2r, 2n)
denote the subscheme of the Grassmannians Gr(2r, 2n) which classifies sym-
plectic subbundles of O⊕2n equipped with the standard hyperbolic symplec-
tic form. The infinite quaternionic Grassmannian is the ind-scheme HGr =
colimnHGr(2n, 4n). Panin and Walter showed that over schemes with 1

2 ∈
Γ(S,OS) ([PW18, Thm.8.2]), there are isomorphisms Z × HGr ∼= KSp in the
unstable homotopy categoryH(S), whereKSp is the symplectic K-theory space.
In chapter 3 we show that the isomorphism still holds without the invertibility
of 2, provided we define KSp as a group completion of the groupoid of sym-
plectic bundles. The fact that the proof extends is referenced in many places
(cf.[AHW18]) but here we explicitly write it out. In chapter 4 we show that the
structure maps

HP 1 ∧HP 1 ∧ Z×HGr → Z×HGr

used to define BO extend to arbitrary schemes. As this spectrum is constructed
out of HGr(2r, 2n), it is in fact cellular. This was shown in [RSØ18] when
1
2 ∈ Γ(S,OS), the proof extends to the general case. The collected result of this
thesis is then the following.

Theorem. For any scheme S, there exists a motivic cellular HP 1-spectrum

BOS = (BO0,BO1, . . .) ∈ SH(S)HP 1 ∼= SH(S)

such that,

1. BO2n+1 ∼= Z×HGr ∼= KSp in H•(S);

2. for any morphism of schemes f : S1 → S2, there exists a canonical iso-
morphism Lf∗BOS2

∼−→ BOS1 in SH(S1);

3. if S → Spec(Z) is any scheme with 1
2 ∈ Γ(S,OS), Lf∗BO is equal to the

spectrum in [PW18].

In particular when S is regular Noetherian of finite dimension with 1
2 ∈ Γ(S,OS),

BO represents hermitian K-theory.

We briefly describe the contents of the thesis below.
In the first chapter we recall the basics of motivic homotopy theory. We

define H(S) using the category of simplicial presheaves sPSh(SmS) equipped
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with the injective local model structure w.r.t the Nisnevich topology and in-
verting all maps A1 × X → X . We also discuss homotopy theory of classifying
spaces of groups and monoids, with an eye toward application to the symplectic
groups Sp2n.

In the second chapter we discuss K-theory. All the notations and results
about algebraic K-theory are standard. When it comes to hermitian K-theory
there is some ambiguity when 2 is not invertible. Hermitian K-theory is the
general term for the study of K-theory of categories equipped with some kind
of duality. We use the name orthogonal K-theory when the the duality comes
from the standard duality on vector bundles V 7→ Hom(V,O). Our definition of
symplectic K-theory will be using the group completion of BiSymp(X), where
Symp(X) is the category of symplectic bundles over a scheme X. Here we also
discuss the relationship of symplectic K-theory to the classifying spaces BSp2n
and the hermitian K-theory of chain complexes.

In the third chapter we discuss the geometric properties of the Grassmannian
schemes Gr(r, n) and their open subschemes RGr(r, n) and HGr(2r, 2n). The
final section discusses the unstable isomorphism result

Z×HGr ∼= Z×BSp∞ ∼= KSp;

to prove this we tweak Morel and Voevodsky’s proof of the analogous result for
algebraic K-theory.

In the final chapter we prove the main result stated above using Panin and
Walter’s model of SH(S) as the category of HP 1-spectra.

Open questions: We do not know what cohomology theory BO represents
over Spec(Z). The hope is that it represents some version of hermitian K-
theory. In a recent paper Schlichting [Sch19] introduced the notion of K-theory
of forms which generalises the K-theory of spaces with duality. In this formal-
ism Symp(X) becomes the category of quadratic spaces for a suitable choice
of category with forms structure on vector bundles V ect(X). If this theory
satisfies Nisnevich excision and A1-invariance then KSp will represent it in the
unstable homotopy category. It is still unknown if this is true. BO is known
to have an E∞-ring structure over schemes where 2 is invertible [LÁ18]. This
is still not known over Spec(Z). However, a recent preprint by Bachmann and
Wickelgren ([BW20]) suggests that there is a version of the hermitian K-theory
ring spectrum which can be defined over arbitrary schemes (although it might
not represent hermitian K-theory any more). It is unknown if this spectrum is
stably equivalent to ours when 2 is not invertible.
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Chapter 1

Motivic Homotopy theory

1.1 Model categories
Model categories give us a convenient framework to do homotopy theory. They
were first introduced by Quillen in [Qui67]. Our main reference for this section
will be [GJ09]. The beginning of [MV99] also has a good summary of the
required results.

Definition 1.1.1. A model category is a category M, with all small limits
and colimits, equipped with three classes of morphisms W,F,C satisfying the
following axioms.

M1 : Given composable morphisms f and g, if two out of the three morphisms
f , g and g ◦ f are in W , then the third is as well.

M2 : W,F,C are all closed under retracts

M3 : Given any commutative square of the form given by the solid arrows below,

U X

V Y

c f

with c ∈ C and f ∈ F , there exists a lift given by the dotted arrow which
makes the diagram commute whenever either c or f is in W .

M4 : Any morphism f : X → Y in M admits two factorisations, X c−→ A
p−→ Y

and X i−→ B
f−→ Y with c ∈ C, p ∈ F ∩W , f ∈ F and i ∈ C ∩W and these

factorisations can be chosen to be functorial.

We call the morphisms in W,C and F , weak equivalences, fibrations and cofi-
brations respectively. We also call morphisms in W ∩ C and W ∩ F , acyclic
cofibrations and acyclic fibrations respectively.

From these axioms it follows that W,F,C are subcategories ofM containing
every object. When it is understood we will refer to the model category by just
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the underlying category. The definition of model categories in [Qui67] does
not use closure under limits and colimits or the factorisation being functorial.
However, Hovey in [Hov99] adds these properties as most model categories we
care about satisfy them and they make certain constructions easier.

Definition 1.1.2. An object M ∈ Ob(M) is called fibrant if the unique mor-
phism to the terminal object M → ∗ is a fibration. An object M ∈ Ob(M)
is called cofibrant if the unique morphism from the initial object ∅ → M is a
cofibration. We denote the full subcategories of fibrant and cofibrant objects by
Mf and Mc respectively. We denote by Mcf , the intersection Mf ∩Mc.

Applying axiom M4 to the maps M → ∗ and ∅ →M gives us factorisations
M → RM → ∗ and ∅ → QM →M , where RM is fibrant, QM is cofibrant, and
M → RM , QM →M are acyclic cofibration and acyclic fibration respectively.
Functoriality gives us fibrant and cofibrant replacement functors, R :M→Mf

and Q :M→Mc.

Definition 1.1.3. LetM be any category and W be a class morphisms inM.
The localization category M[W−1], if it exists, is a category equipped with a
functor L :M→M[W−1] such that,

1. For every morphism w ∈W , L(w) is an isomorphism.

2. Given any functor F : M → C such that F (w) is an isomorphism for all
w ∈ W , there is a functor F ′ :M[W−1] → C and a natural isomorphism
F ′ ◦ L ∼−→ F .

3. For any category N , the functor ◦L : Fun(M[W−1],N ) → Fun(M,N )
is fully faithful.

In any model category M we call an object M contractible if the unique
map to the terminal object M → ∗ is a weak equivalence. From this definition
it is clear that ifM[W−1] exists, then it is unique up to equivalence. WhenM
is a small category, we can construct M[W−1] by explicitly adding inverses to
morphisms in W . From [Hov99, Th.1.2.10] we obtain the following theorem.

Theorem 1.1.1. For any model category (M,W, F,C), there exists a construc-
tion of the localization category M[W−1] such that,

1. M → M[W−1] factors through the cofibrant-fibrant replacement functor
QR :M→Mcf ;

2. the induced functor Mcf →M[W−1] is full and identity on objects.

We denote M[W−1] by HoM and call it the homotopy category of M.

Remark 1.1.1. In fact, HomM(A,B)→ HomHoM (A,B) is a surjection when-
ever A is cofibrant and B is fibrant.

We will sometimes use HoM for the localization category M[W−1] even
when M is not a model category, especially for subcategories of model cate-
gories.

Definition 1.1.4 (Quillen adjunction). Let (M,W, F,C) and (M′,W ′, F ′, C ′)
be model categories. A Quillen adjunction from M to M′ is an adjunction
(P,U, φ) such that,
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1. P :M→M′ preserves cofibrations and acyclic cofibrations;

2. U :M′ →M preserves fibrations and acyclic fibrations.

P and U are called a left and right Quillen functors respectively.

Quillen adjunctions induce morphisms between the corresponding homotopy
categories.

Definition 1.1.5 (Derived functor). Given a Quillen adjunction (P,U, φ) be-
tween model categories (M,W, F,C) and (M′,W ′, F ′, C ′),

1. the total left derived functor LP : HoM→ HoM′ is the composite

HoM HoQ−−−→ HoMc
HoP−−−→ HoM′

2. the total right derived functor RU : HoM′ → HoM is the composite

HoM′ HoR−−−→ HoM′f
HoU−−−→ HoM

3. When LP and RU are isomorphisms, we call the Quillen pair a Quillen
equivalence

These maps are well defined by Ken Brown’s lemma [Hov99, Lem.1.1.12].

Example 1.1.1. We have the standard model structure on sSet. The cofibra-
tions are monomorphisms, the weak equivalences are maps f : X → Y which
induce isomorphisms of path connected components π0(X ) → π0(Y) and all
higher homotopy groups πn(X , x) ∼−→ πn(Y, f(x)) and the fibrations are Kan fi-
brations. We will denote the corresponding homotopy category by HosSet. The
category of pointed simplicial sets with the standard model structure with homo-
topy category HosSet∗. We have a Quillen adjunction (−)+ : sSet � sSet∗ : F
given by the disjoint base point and forgetful functor respectively.

Lemma 1.1.2 ([Hov99, Lem.1.3.10]). A Quillen adjunction (P,U, φ) between
model categories (M,W, F,C) and (M′,W ′, F ′, C ′) induces an adjunction on
the homotopy categories

LP : HoM� HoM′ : RU.

The categories sSet and sSet∗ have additional structure which makes con-
structions such as homotopy limits and colimits much easier. Several of these
properties extend to categories of simplicial presheaves and sheaves.

1.2 Simplicial homotopy theory
Recall that a site is a category with a Grothendieck topology (T, τ), which
allows us to define a category of sheaves on T , Shτ (T ). We will mostly define
Grothendieck topologies using covering families (cf.[Jar15, Chap.3]).

Definition 1.2.1. 1. A point in a site (T, τ) is an adjoint pair of functors

x : Set
x∗

�
x∗

Shτ (T ) such that x∗ preserves finite limits. We call x∗X the

stalk of X at x.
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2. A conservative set of points in a site (T, τ) is a set {xi}i∈I of points in
(T, τ) such that ∏

i∈I
x∗i : Shτ (T )→

∏
i∈I

Set

is a faithful functor.

3. We say a site (T, τ) has enough points if it has a conservative set of points.

For simplicity, we will assume all sites have enough points. Note that from
this definition it follows that given a conservative set of points {xi}i∈I , a mor-
phism of sheaves X → Y is an isomorphism if and only if it’s image under∏
i∈I x

∗
i is an isomorphism. We are interested in the local model structures on

categories of simplicial presheaves and sheaves, sPSh(T ) and sShτ (T ) respec-
tively.

Definition 1.2.2. Let T be a site.

1. A morphism of simplicial sheaves f : X → Y is called a local weak equiv-

alence (resp.local fibration, local cofibration), if for every point x : Set
x∗

�
x∗

Sh(T ), the induced morphism of stalks x∗X → x∗Y is a weak equivalence
(resp. fibration, cofibration) of simplicial sets;

2. a morphism of simplicial presheaves is called a local weak equivalence if
its sheafification is one.

Example 1.2.1. We will mostly be interested in Grothendieck topologies on
categories of schemes. For any scheme S, let SchS denote the (essentially small)
category of schemes of finite type over S and SmS be its full subcategory of
smooth schemes of finite type over S.

1. The collection of open covers of X, {Ui → X}, for each X ∈ SchS ,
define a topology on SchS . We call this the Zariski topology and denote
the corresponding Zariski site by (SchS , τZar) = (SchS)Zar. Every (set
theoretic) point x ∈ X in an S-scheme defines a point in the Zariski site
by

X 7→ colim
x∈U

X (U)

where the colimit is over open neighbourhoods of x. The stalks then
coincide with stalks in the sense of sheaves on topological spaces. The set

{x ∈ X|∀X ∈ SchS}

then defines a conservative set of points.

2. We call a collection of maps {Zi → X} an étale covering of X if each
Zi → X is étale [Sta18, 02GI] and∐

i∈I
Zi → X

is a surjection of underlying sets. The collection of étale coverings define
a topology on SchS called the étale topology and the corresponding étale
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site is denoted by (SchS , τét) = (SchS)ét. Every open embedding is étale
[Sta18, 02GP] and so τZar ⊂ τét. The set of geometric points of all schemes
in SchS defines a conservative set of points in the étale topology (cf.[Sta18,
03PO]).

3. Every étale map is smooth and hence the topologies τZar and τét restrict to
site structures on smooth S-schemes, (SmS)Zar and (SmS)ét respectively.

Both sSh(T ) and sPSh(T ) have model structures with weak equivalences
given by these local weak equivalences.

Theorem 1.2.1. There exist proper model structures on sSh(T ) and sPSh(T )
with weak equivalences the local weak equivalences of sheaves and presheaves
respectively, and cofibrations the categorical monomorphisms. Furthermore, the
inclusion and sheafification adjunction,

a : sPSh(T ) � sSh(T ) : i

is a Quillen equivalence.

These model structure are discussed in [Jar15]. The model structures above
are called the local injective model structures. We denote the associated ho-
motopy category by H(T ). Properness implies that weak equivalences are pre-
served by pullbacks along fibrations and pushouts along cofibrations. Due to
the Quillen equivalence above we will be a little lenient when going between
these two model categories. There are different equivalent definitions of local
weak equivalences. Given a simplicial presheaf X , we define the nth homotopy
sheaf Πn(X ) to be the sheaf of pointed sets over X0 associated to the pointed
presheaf (x0 ∈ X0(U)) 7→ πn(X (U), x0).

Theorem 1.2.2. Let f : X → Y be a morphism of simplicial presheaves. The
morphism f is a local weak equivalence if and only if the induced map aπ0X →
aπ0Y is an isomorphism and for all n ≥ 0 the square,

Πn(X ) Πn(Y)

X0 Y0

is cartesian.

Proof. Recall that the topological realization of a simplicial set |X| is the co-
equalizer of

∐
n ∆n×Xn ⇒

∐
n′ ∆n′×Xn′ where the maps are (x, y) 7→ (x, θ∗y)

and (x, y) 7→ (θ(x), y) respectively. For any point t in the site T , t∗ preserves col-
imits and hence t∗|X | = |t∗X|. Similarly the homotopy groups are also defined
as quotients and hence t∗Πn(X ) = Πn(t∗X ) as sets. As t∗ commutes with finite
products it takes sheaves of (abelian) groups to (abelian) groups. Hence any
f : X → Y is a local weak equivalence if and only if it induces an isomorphism
of homotopy sheaves.

Remark 1.2.1. The above description of weak equivalences implies that f :
X → Y is a local weak equivalence if and only if for every object X in a site
(T, τ) there exists a τ -cover {Ui → X} of X such that X (Ui)→ Y(Ui) is a weak
equivalence for each i.
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By definition, every simplicial presheaf is cofibrant. 1.1.1 implies that for
any pair of cofibrant-fibrant objects C,D in a model category M, the map
HomM(C,D)→ HomHoM(C,D) is surjective. In sPSh(T ), we can go further
and describe HomHoM(C,D) functorially as a quotient of HomM(C,D). Recall
that for any Kan complex K and any simplicial set L,

HomHosSet(L,K) ∼= π(L,K)

where π(L,K) is the set of simplicial homotopy classes of maps L → K. In
particular for any ∗ ∈ K0,

πn(K, ∗) = π((Sn, s0), (K, ∗))

where Sn = ∆n/∂∆n, s0 is the image of ∂∆n and π((Sn, s0), (K, ∗)) is the set
of maps (Sn, s0)→ (K, ∗) upto pointed simplicial homotopy.
Definition 1.2.3. Let X ,Y ∈ sPSh(T ) and f, g : X → Y. A simplicial homo-
topy from f to g is a map H : ∆1 × X → Y such that Hd0 = f and Hd1 = g.
We denote by π(X ,Y) the set HomsPSh(T )(X ,Y)/ ∼ where ∼ is the equivalence
relation generated by simplicial homotopies.
Theorem 1.2.3. Let X ,Y ∈ sPSh(T ) with Y fibrant. There is a canonical
bijection

HomH(T )(X ,Y) ∼= π(X ,Y).
This is follows from the fact that every object in sPSh(T ) is cofibrant and

the equivalence relation defining the Hom sets in H(T ) is precisely the simplcial
homotopy equivalence relation [Jar87, Sec 3].
Corollary 1.2.4. Given fibrant presheaves X ,Y ∈ sPSh(T ), a morphism f :
X → Y is a weak equivalence if and only if there exists g : Y → X such that
f ◦ g and g ◦ f are simplicially homotopic to the identity. We call f a simplicial
homotopy equivalence.
Proof. Every simplicial homotopy equivalence is a sectionwise homotopy equiv-
alence and hence a sectionwise weak equivalence. The image of f in H(T ) is an
isomorphism and hence has an inverse g ∈ HomH(T )(Y,X ). As X is fibrant,
g has a lift to a map of presheaves Y → X such that f ◦ g and g ◦ f are both
equal to identity in the homotopy category. As both X and Y are fibrant, the
result follows from the fact that simplicial homotopy is already an equivalence
relation when Y is fibrant [Qui67].

The category of simplicial presheaves sPSh(T ) is a closed symmetric monoidal
category. The internal Hom (X ,Y) 7→ HomT (X ,Y) is given by

HomT (X ,Y)(U)n = HomsPSh(T/U)(∆n ×X|U ,Y|U )

where ∆n is the constant simplicial presheaf corresponding to the simplicial set
∆n. HomT is right adjoint to taking product of presheaves. For any a pair of
sheaves X ,Y, the Hom functor

U 7→ HomPSh(T/U)(X|U ,Y|U ) = HomSh(T/U)(X|U ,Y|U )

is a sheaf. Therefore the closed symmetric monoidal structure restricts to
sSh(T ). We also have a simplicial Hom functor HomT : sPSh(T )×sPSh(T )→
sSet given by HomT (X ,Y) = HomsPSh(T )(∆n × X ,Y). If T has a terminal
object ∗, then HomT (X ,Y) = HomT (X ,Y)(∗).
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Lemma 1.2.5. Let sPSh(T ) be the category of presheaves on a site T .

1. For any pair of cofibrations (i : X → Y, j : W → Z), the induced mor-
phism

(X × Z)
∐
X×W

(W ×Y)→ Y ×Z

is a cofibration which is acyclic if either i or j is acyclic.

2. For any pair of morphisms (i : X → Y, p :W → Z) where i is a cofibration
and p is a fibration, the induced morphism

HomT (Y,W)→ HomT (X ,W)×HomT (X ,Z) HomT (Y,Z)

is a fibration which is acyclic if either i or p is acyclic.

3. For any pair of morphisms (i : X → Y, p :W → Z) where i is a cofibration
and p is a fibration, the induced map of simplicial sets

HomT (Y,W)→ HomT (X ,W)×HomT (X ,Z) HomT (Y,Z)

is a Kan fibration which is acyclic if either i or p is acyclic.

The lemma follows from the analogous statement for simplicial sets after
taking points in T . Such a model category is called a simplicial model cate-
gory [GJ09, II.3]. We will also need the model structure on pointed simplicial
presheaves.

Theorem 1.2.6. The category of pointed simplicial presheaves sPSh•(T ) has
a model structure where the cofibrations are monomorphisms and weak equiva-
lences are maps f : (X , x) → (Y, y) whose underlying morphism of presheaves
is a local weak equivalence. The smash product (X , x) ∧ (Y, y) and the pointed
Hom presheaves, (HomT ((X , x), (Y, y)), y), induce a simplicial model category
structure on sPSh•(T ).

The adjoint pair (−)+ : sPSh(T ) � sPSh•(T ) : F is a Quillen adjunction.
Using 1.2.5 and 1.2.3, we can give a more explicit description of the homotopy
groups of fibrant objects. Given a pointed simplicial presheaf (Y, y) we denote
by ΩnyY the pointed simplicial presheaf HomT ((Sn, s0), (Y, y)).

Lemma 1.2.7. For any fibrant simplicial presheaf Y and any point y : ∆0 → Y,
ΩnyY is fibrant.

This follows from applying 1.2.5 to (∆0 s0−→ Sn,Y → ∆0).

Theorem 1.2.8. Let X ,Y ∈ sPSh(T ) with Y fibrant. For any y : ∆0 → Y,

πn(HomT (X ,Y), y) ∼= π(X ,ΩnyY) ∼= HomH(T )(X ,ΩnyY)

where y in the left corresponds to the map X → ∆0 → Y. In particular when X
is a representable presheaf HomT (−, X) we get πn(Y(X), y) ∼= HomH(T )(X,ΩnyY).

Proof. By 1.2.5, HomT (X ,Y) is a Kan complex and hence by the above dis-
cussion,

πn(HomT (X ,Y), f) ∼= π((Sn, s0), (HomT (X ,Y), f)).
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For any simplicial presheaf (X , x), HomsPSh•(T )((Sn, s0), (X , x)) is the fiber of
the map HomsPSh(T )(∆n,X ) → HomsPSh(T )(∂∆n,X ) over x. From the defi-
nition of HomT (X ,Y) it follows that HomsPSh•(T )((Sn, s0), (HomT (X ,Y), y))
is the fiber of the map

HomsPSh(T )(∆n ×X ,Y)→ HomsPSh(T )(∂∆n ×X ,Y)

over ∂∆n ×X → X y−→ Y. By adjointness we get that the fiber of this map is

HomsPSh(T )(X , HomT ((Sn, s0), (Y, y))) ∼= HomsPSh(T )(X ,ΩnyY).

As all these maps are functorial they are compatible with simplicial homotopies
and hence we get the desired results.

Remark 1.2.2. Let us denote by RΩn the right derived functor of Ωn :
sPSh•(T ) → sPSh•(T ) given by RΩnX = Ωn ◦ aXf , where a is the associ-
ated sheaf functor and (−)f a choice of a fibrant replacement.

πn(aYf (X), y) ∼= π(X,RΩnyY) ∼= HomH(T )(X,RΩnyY) ∼= HomH(T )(X,ΩnyY)

Further, by the adjunction between pointed and unpointed simplicial presheaves
we get

π(X,RΩnyY) ∼= π(X+, (RΩnyY, y)) ∼= π((Sn, s0) ∧X+, (aYf , y))

and hence HomH(T )((Sn, s0) ∧X+, (Y, y)) ∼= πn(aYf (X), y).

1.3 Nisnevich topology
Let S be a quasi-compact quasi-separated(qcqs) scheme.

Definition 1.3.1 (Nisnevich topology). A Nisnevich cover of X ∈ SmS is a
finite family of étale morphisms in SmS , {iα : Uα → X}α, such that for any
point x ∈ X there is an α and a point u ∈ Uα such that the induced map of
residue fields k(x)→ k(u) is an isomorphism. We call the topology induced by
these covers the Nisnevich topology and denote the site SmS with the Nisnevich
topology by (SmS)Nis.

From the definition it follows that the images iα(Uα) form an open cover of
X. In general every open cover is a Nisnevich cover and every Nisnevich cover is
an étale cover so we have τZar ⊂ τNis ⊂ τét (1.2.1). All three of these topologies
are subcanonical i.e, every representable presheaf is a sheaf (cf.[Mil80, I.2.17]).

Definition 1.3.2. Let F : (SmS)opNish → Set be a presheaf and I → SmS

a cofiltered diagram of schemes such that each transition map is affine. Let
X = limI Xi be the limit scheme of the diagram. We define F (X) to be the set
colimI F (Xi).

Given a point x ∈ X where X ∈ SmS , the local ring Spec(OX,x) = limx∈U U
is such a limit scheme. The henselization OhX,x = colim(S,q) S where (R,mx)→
(S, q) is an étale map of local rings, is a filtered colimit of rings and hence we get
a filtered limit of the corresponding schemes. Note from these examples that
the limit scheme need not be smooth (or even of finite type).
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Remark 1.3.1. Let SchS be the (large) category of all S-schemes and let
X = limI Xi be the filtered limit of smooth S-schemes where every transition
map is affine. Given any smooth S-scheme Y → S, we have canonical bijections,

colim
I

HomSmS (Xi, Y )→ colim
I

HomSchS (Xi, Y )→ HomSchS (lim
I
Xi, Y ).

The first map is a bijection as SmS is a full subcategory of SchS . The second
map is a bijection by [Sta18, Tag 01ZC].

The set of maps F 7→ F (OhX,x) for pairs X ∈ SmS and x ∈ X forms a
conservative family of points in (SmS)Nis [AGV72, IV .6.5].

Definition 1.3.3. A distinguished square in (SmS)Nis is a cartesian square of
the form

U ×X V V

U X

p

i

such that p is étale, i is an open embedding and p−1(X − U) → X − U is an
isomorphism (with the reduced closed subscheme structure). The pair {i : U →
X, p : V → X} gives a Nisnevich covering of X.

Lemma 1.3.1. For any distinguished square above, the canonical morphism of
presheaves V/U ×X V → X/U is an isomorphism after sheafification.

Proof. This follows from the fact that the open immersion i : U → X is a
monomorphism of presheaves and U

∐
V → X induces a surjection of k-points

for any field k.

Lemma 1.3.2. Let F : (SmS)opNis → Set be a presheaf. F is a sheaf in the
Nisnevich topology if and only if F (∅) = ∗ and for every distinguished square in
(SmS)Nis, the induced diagram

F (X) F (V )

F (U) F (U ×X V )

p

i

is a cartesian square.

This is proved in [MV99, 3.1.4] when S is regular Noetherian of finite dimen-
sion. Using Hoyois’ remark [Hoy16] the proof extends to qcqs schemes. We will
denote the simplicial presheaf categories by sPSh(SmS)Nis and sPSh•(SmS)Nis
to make the model structure clear and we denote the corresponding homotopy
categories by Hs(S) and Hs

•(S) respectively.

Lemma 1.3.3. Let f : X → Y be a morphism of simplicial presheaves in
sPSh(SmS)Nis. f is a local weak equivalence if and only if the induced map
X (OhX,x)→ Y(OhX,x) is a weak equivalence of simplicial sets for all points (X,x)
in (SmS)Nis.

Proof. This follows from the fact that F 7→ F (OhX,x) is a conservative set of
points in (SmS)Nis.
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Definition 1.3.4 (Nisnevich excision). Let X ∈ sPSh((SmS)Nis) be a sim-
plicial presheaf. We say that X satisfies Nisnevich excision if for every distin-
guished square 1.3.3, the commutative square of simplicial sets

X (X) X (V )

X (U) X (U ×X V )

p

i

is a homotopy cartesian diagram of simplicial sets and X (∅) is contractible.

Lemma 1.3.4. Every fibrant simplicial sheaf satisfies Nisnevich excision.

Proof. First note that the sheaf condition implies that X (∅) = ∆0. Given any
fibrant sheaf X , 1.3.2 implies that for any distinguished square, the induced
square

X (X) X (V )

X (U) X (U ×X V )

p

i

is cartesian. The result will then follow if we show that for any open embedding
V → U , the map X (U) → X (V ) is a Kan fibration. This is equivalent to
showing every diagram of the form

Λnk × U
∐

Λn
k
×V ∆n × V X

∆n × U ∗

has a lift. But the left arrow is an acyclic cofibration, by 1.2.5 and the fact that
V → U is a monomorphism of (pre)sheaves, and hence the lift exists.

Theorem 1.3.5. Let f : X → Y be a weak equivalence of simplicial presheaves.
If both X and Y satisfy Nisnevich excision then f is a sectionwise equivalence.

This is [MV99, 3.1.18].

Corollary 1.3.6. Let X ∈ sPSh(SmS)Nis satisfy Nisnevich excision. Every
fibrant replacement X → aXf of the associated sheaf is a sectionwise weak equiv-
alence. In particular we have

πn(X (U)) ∼= πn(aXf (U)) ∼= HomHs•(S)((Sn, s0) ∧ U+,X )

Let f : S → T be a morphism of schemes. f induces a morphism f−1 :
SmT → SmS given by pullbacks. This is well defined as smooth morphisms of
finite type are closed under pullbacks. f−1 induces a continuous map of sites
f : (SmS)Nis → (SmT )Nis (cf.[MV99, 2.1.42]). We then have adjoint pairs

f∗ : sPSh(SmT ) � sPSh(SmS) : f∗

f∗ : sSh(SmT ) � sSh(SmS) : f∗

13



None of these functors preserve weak equivalences, but they do preserve simpli-
cial homotopies. The functor f∗ ◦ a(−)f therefore preserves weak equivalences
and we denote by Rf∗ the associated right derived functor,

Rf∗ : Hs(S)→ Hs(T ).

We can repeat this construction for pointed presheaves and get

Rf∗ : Hs
•(S)→ Hs

•(T ).

Theorem 1.3.7. For any morphism of schemes f : S → T , there exists a
functor adf : sPSh(SmT )→ sPSh(SmT ) and a natural transformation adf →
id such that

1. f∗ ◦ adf : sPSh(SmT )→ sPSh(SmS) preserves weak equivalences;

2. f∗(X ) → f∗ ◦ adf (X ) is a weak equivalence for all representable sheaves
X ∼= HomsPSh(SmS)(−, X);

3. the induced map Lf∗ : Hs(T ) → Hs(S) is left adjoint to Rf∗ : Hs(S) →
Hs(T );

4. For any pair of composable morphisms of schemes f, g, there are canonical
isomorphisms

R(g ◦ f)∗ ∼= Rg∗ ◦Rf∗
L(g ◦ f)∗ ∼= Lf∗ ◦ Lg∗

Proof. The central idea is that while f∗ might not preserve fibrant objects, it
does preserve presheaves with Nisnevich excision. Morel and Voevodsky prove
this for the category of sheaves [MV99, Prop.3.1.20]. The result for presheaves
follows as Lf∗ only needs to exist at the level of the homotopy category and
our choice of Rf∗ factors through the category of sheaves.

If f∗ commutes with finite limits then by [MV99, 2.1.47] it preserves weak
equivalences. In particular this is true when f∗ has a left adjoint.

Theorem 1.3.8. For any smooth morphism f : S → T there exists a functor
f# : PSh(SmS)→ PSh(SmT ) left adjoint to f∗ that satisfies:

1. for any (U → S) ∈ SmT , f#(U) = U → S → T is a smooth scheme over
T .

2. when f is étale then f# preserves weak equivalences.

Proof. This is a combination of [MV99, Prop.1.23] and [MV99, Prop.1.26].

In this case f∗ ∼= Lf∗ : Hs(T )→ Hs(S) has a left adjoint given by Lf#.
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1.4 A1-homotopy theory
As before let S be a qcqs scheme. As usual AnS = An × S is the affine n-space
over S which is Spec(R[x1, x2, . . . , xn]) on an affine S-scheme Spec(R).

Definition 1.4.1. 1. A simplicial presheaf X ∈ sPSh(SmS)Nis is called
A1-local if for all Z ∈ sPSh(SmS)Nis, the canonical map

HomHs(S)(Z,X )→ HomHs(S)(A1 ×Z,X )

induced by the projection, is a bijection.

2. A map X → Y is called an A1-weak equivalence (or just A1-equivalence)
if for any A1-local object Z, the map

HomHs(S)(Y,Z)→ HomHs(S)(X ,Z)

is a bijection. We denote the class of A1-weak equivalences by WA1 .

Theorem 1.4.1. Let (sPSh(SmS),WNis, C, FNis) denote the Nisnevich local
model structure on sPSh(SmS) discussed above. Let FA1 denote the class of all
maps which satisfy the right lifting property with respect to WA1 ∩ C. Then,

1. the tuple (sPSh(SmS),WA1 , C, FA1) defines a proper model category;

2. the identity functor induces a Quillen adjunction

(sPSh(SmS),WNis, C, FNis) � (sPSh(SmS),WA1 , C, FA1)

We call this the A1-local model structure. This is shown in [MV99, Sec.3]
for simplicial sheaves, the same proof extends to presheaves. We will denote
(sPSh(SmS),WA1 , C, FA1) by Spc(S) and the corresponding homotopy cate-
gory by H(S). By the construction of the right derived functor, the Quillen
adjunction above gives us the following corollary.

Corollary 1.4.2. Let Y be fibrant in the A1-local model structure (A1-fibrant
for short). For any X ∈ Spc(S) we have a canonical bijection

HomHs(S)(X ,Y) ∼= HomH(S)(X ,Y).

The underlying category of Spc(S) is just sPSh(SmS) but Spc(S) gives us
a more succinct notation. We call elements of Spc(S) motivic spaces.

Remark 1.4.1. We can also define the A1-local model structure on pointed
presheaves giving us Spc•(S) with homotopy category H•(S).

We will recall some of the important results about the A1-local model struc-
ture below. We call a simplicial presheaf X A1-invariant if the canonical map
X (−)→ X (A1 ×−) is a sectionwise weak equivalence.

Lemma 1.4.3. Let X be fibrant in the Nisnevich topology. The following are
then equivalent

1. X is A1-local.
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2. X is A1-fibrant.

3. X is A1-invariant, i.e, X (U) ∼−→ X (A1 × U) for all U ∈ SmS.

This result is collected at [MV99, Lem.2.2.8] for localizing w.r.t an arbitrary
set of morphisms A. The result is given for sheaves but nothing changes for
presheaves as every presheaf is weak equivalent to it’s shaefification

Remark 1.4.2. Using the above result we can represent the A1-homotopy
category as the full subcategory of A1-local objects in Hs(S).

Definition 1.4.2 (A1-homotopy). Let X ,Y ∈ Spc(S). Given f, g : X → Y, an
A1-homotopy from f to g is a morphismH : A1×X → Y such thatH(i0×id) = f
and H(i1 × id) = g where ij : S → A1 is the map R[x]→ R[x]/(x− j) on affine
schemes. A map f : X → Y is an A1-homotopy equivalence if there exists a
map g : Y → X such that f ◦ g and g ◦ f are A1-homotopic to idX and idY
respectively.

For any scheme S, let ∆•S be the cosimplicial object in the category of S-
schemes given by

∆n
S = S × Spec(Z[x0, . . . , xn]/(x0 + x1 . . .+ xn − 1))

The coface and codegeneracy maps are defined along the lines of the face and
degeneracy maps of the standard topological n-simplices.

Definition 1.4.3 (SingA1

∗ construction). The functor SingA1

∗ : PSh(SmS) →
sPSh(SmS) is defined to be SingA1

∗ (X )n = X (∆n
S ×S −). We extend this to

get SingA1

∗ : sPSh(SmS)Nis → sPSh(SmS)Nis by taking the diagonal of the
resulting bisimplicial presheaf. There is a natural transformation id ⇒ SingA

1

∗
induced by the projections s : ∆n

S ×S U → U .

The SingA1

∗ functor has several important properties.

Theorem 1.4.4. For any base scheme S, (SingA1

∗ , s) satisfies the following.

1. For any X ∈ Spc(S), SingA1

∗ (X ) is A1-invariant.

2. SingA1

∗ commutes with limits,

3. SingA1

∗ takes i : S → A1 to a simplicial homotopy equivalence,

4. for any X , the morphism sX : X → SingA
1

∗ (X ) is a monomorphism and
an A1-weak equivalence,

5. SingA1

∗ takes FA1 to FA1 .

This is proved in [MV99] for an arbitrary site with an interval.

Theorem 1.4.5. Let f, g : X → Y be two morphisms. An A1-homotopy from f
to g, induces a simplicial homotopy from SingA

1

∗ (f) to SingA1

∗ (g). This implies
every A1-homotopy equivalence is an A1-weak equivalence.
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Proof. Let H : A1 × X → Y be an A1-homotopy from f to g. Applying the
SingA

1

∗ functor we get SingA1

∗ (H) : SingA1

∗ (A1)×SingA1

∗ (X )→ SingA
1

∗ (Y). The
problem then reduces to showing that SingA1

∗ (i0) and SingA1

∗ (i1) are simplicially
homotopic as maps S = SingA

1

∗ (S) → SingA
1

∗ (A1). Giving such a homotopy
is equivalent to giving an element of SingA1

1 (A1)(S) whose 0-simplices are i0
and i1. The identity in Hom(A1,A1) = SingA

1

1 (A1)(S) gives us the required
map. Given an A1-homotopy equivalence f : X → Y, SingA1

∗ (f) is a simplicial
homotopy equivalence. As A1-weak equivalences satisfy 2-out of-3 property and
every Nisnevich equivalence is an A1-weak equivalence we get that f is an A1-
weak equivalence.

The above proof also gives us 1.4.4(3). A1-homotopy equivalences give us
an easy to find class of A1-weak equivalences.

Example 1.4.1 (A1-weak equivalences). For any X ∈ SmS , An × X → X is
an A1-weak equivalence (we can check by induction). In general the structure
map of any vector bundle V → X is an A1-homotopy equivalence with the zero
section z : X → V giving an A1-homotopy inverse and the desired homotopy
H : A1×V → V is the structure map of the associated OX -module, OX ×V →
V .

Definition 1.4.4. Let the pair (Ex, θ) denote a choice of Nisnevich fibrant sheaf
replacement Ex : Spc(S)→ Spc(S) and a natural transformation θ : id⇒ Ex
such that θX : X → Ex(X ) is an acyclic cofibration for each X . The A1-
resolution functor ExA1 : Spc→ Spc is defined to be,

ExA1(−) = Ex ◦ (colim
n

(Ex ◦ SingA
1

∗ )n) ◦ Ex

Lemma 1.4.6. The functor X 7→ ExA1(X ), along with the natural transforma-
tion X → ExA1(X ) induced by composing θ and s, is an A1-fibrant replacement.
In particular ExA1(X ) is A1-local.

This is [MV99, Lem.3.2.6].

Theorem 1.4.7 (Representability). Let F : (SmS)→ sSet be a motivic space
satisfying Nisnevich excision and A1-homotopy invariance. For any X ∈ SmS

and f ∈ F(X)0, we have a natural isomorphism

πn(F(X), f) ∼−→ HomH•(S)(Sn ∧X+, (F , f))

where a(−) and (−)f are the Nisnevich sheafification and Nisnevich fibrant re-
placement functor respectively.

This proof is clearly laid out in [Hor05, Th.3.1].

Proof. By 1.3.6 we have πn(F(X), f) ∼−→ HomHs•(S)(Sn ∧ X+, (F , f)). The
Nisnevich fibrant sheaf aFf is A1-local as F → aFf is a sectionwise weak
equivalence and F is A1-invariant. By the localization adjunction we have

HomHs•(S)(Sn ∧X+, (aFf , a(f)f )) ∼= HomH•(S)(Sn ∧X+, (aFf , a(f)f ))

The left hand side is isomorphic to HomHs•(S)(Sn ∧ X+, (F , f)). As all Nis-
nevich local weak equivalences are A1-weak equivalences, the right hand side is
isomorphic to HomH•(S)(Sn ∧X+, (F , f)).
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Along the lines of 1.3.7, given a morphism of schemes f : S → T we have
f∗(U×A1) = f∗(U)×A1 for any U ∈ SmT . The functor Lf∗ therefore preserves
A1-weak equivalences and hence induces LA1f∗ : H(T )→ H(S). Rf∗ preserves
A1-local objects and hence we have the induced functor RA1

f∗ : H(S)→ H(T ).
We then have results analogous to the simplicial case.

Theorem 1.4.8. For any morphism f : S → T , we have an adjunction

LA1f∗ : H(T ) � H(S) : RA1
f∗

Theorem 1.4.9. Let f : T → S be a smooth morphism. The functor Lf#
preserves A1-weak equivalences and left adjoint to LA1f∗ ∼= f∗. In addition, f∗
preserves A1-local objects.

1.5 Homotopy limits and colimits in A1-homotopy
theory

The homotopy category of a model category usually does not have limits or
colimits. To rectify this we introduce the notion of homotopy limits and colimits.

Theorem 1.5.1 ([Lur09, Prop.A.2.8.2]). Let M be a combinatorial model cate-
gory and I a small category. The diagram category M I has two model structures
where the weak equivalences are the objectwise weak equivalences. The projec-
tive model structure on M I is generated by objectwise weak equivalences and
objectwise fibrations, we denote it by M I

proj. The injective model structure on
M I is generated by objectwise weak equivalences and objectwise cofibrations, we
denote it by M I

inj.

The constant diagram functor ∆ : M → M I has left and right adjoint
functors given by the limit and colimits functor respectively. It follows that we
have Quillen adjunctions

∆ : M �M I
inj : lim

I

colim
I

: M I
proj �M : ∆

We call the right derived functor associated to limI , the homotopy limit and
denote it by holimI and we call the left derived functor associated to colimI ,
the homotopy colimit and denote it by hocolimI .

Corollary 1.5.2. Let (P,U, φ) be Quillen adjunction between combinatorial
model categories M and M ′ and I a small category.

1. For any diagram I →M , there is an isomorphism

LP (hocolim
I

mi) ∼= hocolim
I

LP (mi)

in HoM ′.

2. For any diagram I →M ′, there is an isomorphism

RU(holim
I

mi) ∼= holim
I

RU(mi)

in HoM .
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In particular for any morphism of schemes f : T → S, LA1f∗ and RA1
f∗ pre-

serve homotopy colimits and homotopy limits respectively.

This is proved in [AE16, Prop.4.10] using the fact that a Quillen adjunction
on the underlying categories induces a Quillen adjunction between the corre-
sponding diagram categories. Applying these constructions to sSet we get the
usual homotopy theory of simplicial sets.

Remark 1.5.1. Note that the above definition applied to the diagram category
sSetI = sPSh(I) gives us the global injective and projective model structures
as opposed to the local injective and projective model structures defined for sites
above.

When the model category is sPSh(T ) there is a general construction of
hocolimI and holimI functors.

holim
I

: sPSh(T )I → sPSh(T )

hocolim
I

: sPSh(T )I → sPSh(T )

which preserve weak equivalences [BK72].

Lemma 1.5.3. Let sPSh(T ) be the category of simplicial presheaves on a site
T . For any small category I and any diagram I → sPSh(T ) there are canonical
isomorphisms of presheaves

HomT (hocolim
I

Xi,Y) ∼= holim
Iop

HomT (Xi,Y)

HomT (Y,holim
I
Xi) ∼= holim

I
HomT (Y,Xi).

In particular we have isomorphisms of simplicial sets,

HomT (hocolim
I

Xi,Y) ∼= holim
Iop

HomT (Xi,Y)

HomT (Y,holim
I
Xi) ∼= holim

I
HomT (Y,Xi).

Lemma 1.5.4. If I is a right filtering category then the canonical map hocolimI Xi →
colimI X is a weak equivalence.

Definition 1.5.1. For any simplicial model category M with a zero object ∗
and any object X in M , we define the suspension ΣX and loop space ΩX as
the homotopy pushout and pullback,

X ∗

∗ ΣX

ΩX ∗

∗ X

The holim and holim functors are well behaved with respect to localization.
Let A be a set of morphisms in sPSh(T ) where T is a site. The following lemma
is [MV99, Lem.2.2.12].

Lemma 1.5.5. For any small category I and any diagram I → sPSh(T ), given
a natural transformation f : X → Y where X ,Y ∈ sPSh(T ) such that fU is in
WA for all U in T . Then the morphism hocolimI X → hocolimI Y in in WA.
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Using 1.5.4 we get the following corollary.

Corollary 1.5.6. Let I by a right filtering category and f : X → Y as above.

1. The canonical morphism colimI X → colimI Y is in WA.

2. In particular, if each Xi → Xj is in WA then Xi → colimI X is in WA.

Theorem 1.5.7. Let X ∈ sPSh(T ) be a presheaf on a site T . We then have a
canonical local weak equivalence

hocolim
∆op

Xn
∼−→ X

This is proved in [BK72, XII.3.4].

Theorem 1.5.8. Let f : Y → X be a morphism in SmS. If there exists
a Nisnevich cover {Uα → X}α∈I such that for each α, f∗Uα → Uα is the
projection Uα × Anα for some nα, then f is an A1-equivalence.

Proof. We prove this using the Čech nerve construction. Given the cover {Uα →
X}α∈I , let Č(U)• be the simplicial sheaf defined as,

Č(U)n =
∐
I′⊂I
|I′|=n+1

UI′

where UI′ = Uα1 ×X Uα1 . . . ×X Uαn with I ′ = {α1, α2, . . . , αn+1}. There is a
canonical map Č(U)• → X induced by Uα → X. Taking stalks we can see that
Č(U)•(OhZ,z)→ X(OhZ,z) is a trivial Kan fibration for every point (Z, z)(follows
from the property of Nisnevich covers). Therefore Č(U)• → X is a Nisnevich
local weak equivalence. Similarly f∗Č(U)• ∼= Č(f∗U)• → Y is also a Nisnevich
weak equivalence. The map Č(f∗U)• → Č(U)• is given in each degree n by
a disjoint union of maps f∗UI′ → UI′ . Each of these maps is a projection
UI′ × An′I → UI′ as projections are preserved under pullbacks. We are done by
1.5.7 and 1.5.5.

Example 1.5.1. Let f : X → Y in SmS . We call f an affine bundle if there
exists an open cover {Ui → X} such that f∗Ui

∼−→ An × Ui for a fixed n. It
follows from the above theorem that the structure map of any affine bundle is
an A1-equivalence.

Fibrations in the injective model structure are hard to describe and manip-
ulate. It is easier to handle fiber sequences.

Definition 1.5.2 (Homotopy fiber sequences). Let S be any scheme. A se-
quence of morphisms F → E → B in Spc•(S) is called a simplicial fiber se-
quence if the map from F to the homotopy pullback of the diagram

E

S B

is a local weak equivalence in the simplicial model structure (S → B is the base
point). We call F → E → B an A1-local fiber sequence if F is A1-equivalent to
the homotopy pullback in the A1-local model structure.

20



The above definition can be generalised to fiber sequences in any model
category. It follows that given any simplicial (A1-local) fiber sequence F → E →
B and any simplicial (A1-) weak equivalence B′ → B, the pullback sequence
F ′ → E×BB′ → B′ is a simplicial (A1-local) fiber sequence which is simplicially
(A1-) equivalent to the original sequence.

1.6 Classifying spaces of groups and monoids
Recall that for any monoid M , the classifying space BM ∈ sSet is the nerve
of M considered as a category with one object ∗ and Hom(∗, ∗) = M . When
the monoid is a group G, there is a G-bundle EG → BG (as simplicial sets
or as topological spaces after geometric realization) given by EGn = G×n

with the face and degeneracy maps are given by projections and inclusions
(g1, g2, . . . , gn) 7→ (g0, g1, . . . , 0, . . . , gn) respectively. The G-action on EG is
given by g(g0, g1, . . . , gn) 7→ (gg0, gg1, . . . , ggn) and further EG/G ∼= BG. The
geometric realization |EG| → |BG| is the universal covering map of |BG|. In
particular |EG| is contractible and |EG| → |BG| is a fibration. We will extend
BM to sheaves of simplicial monoids. Let Mon(sSh(T )) and Grp(sSh(T )) be
the categories of simplicial sheaf of monoids and groups respectively. Com-
posing with the group completion functor + : Mon → Grp induces + :
Mon(sSh(T )) → Grp(sSh(T )) which is left adjoint to the forgetful functor
Grp(sSh(T ))→Mon(sSh(T )).

Lemma 1.6.1. Let M : T op → sMon be a simplicial sheaf of monoids. If for
each n, Mn is a free monoid on some sheaf of sets, the canonical morphism
BM → BM+ is a local weak equivalence and there is a canonical isomorphism

M+ ∼= RΩsBM

in H•(T ) where M is pointed at its identity element.

This follows from the analogous result for simplicial monoids after taking
stalks.

Theorem 1.6.2. There exists a functor ΦMon : Mon(sSh(T ))→Mon(sSh(T ))
and a natural transformation ΦMon → id such that,

1. for any M ∈Mon(sSh(T )), ΦMon(M)n is the free sheaf of monoids on a
direct sum of representable sheaves.

2. The map ΦMon(M)→M is an acyclic local fibration.

In particular for any sheaf of monoids M , there exists a weakly equivalent
monoid M̃ ∈Mon(sSh(T )) such that M̃+ ∼= RΩ1

sBM in H(T ).

This is given in [MV99, Lem.4.1.1]. The functor M 7→ RΩ1
sBM preserves

A1-weak equivalences.

Lemma 1.6.3. Let f : M1 → M2 be a morphism of simplicial sheaves of
monoids over (SmS)Nis. If f is an A1-equivalence then so is

RΩ1
sBM1 → RΩ1

sBM2.
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This is proved in [MV99, Lem.2.2.35]. Note that the right derived functor
is taken with respect to the Nisnevich topology and not A1-locally. For any
simplicial sheaf of monoids G : T op → sGrp, on a site T , a left G-action on a
simplicial sheaf X is a morphism G×X → X where the usual diagrams commute.

Definition 1.6.1. A principal G-bundle (also called a G-torsor) over a simplicial
sheaf X is a morphism P → X together with a (left) G-action on P over X such
that,

1. G × P → P × P given by (g, v) 7→ (g(p), p) is a monomorphism of sheaves.

2. The canonical morphism P/G → X , where P/G is the coequalizer of the
projection and group action maps P × G ⇒ P, is an isomorphism of sheaves.

The projection G × X → X is a principal G-bundle and is called the trivial
principal G-bundle.

A principal G-bundle P → X is trivial if and only if it has a section s :
X → P. This is because we have a map G × X → G × P → P which induces
a bijection at all stalks. When X := HomT,τ (, X) is representable, 1.6.1(2)
is equivalent to the map V → HomT,τ (−, X) being τ -locally split, i.e, there
exists a τ -cover {Uα → X}α such that V ×Uα X → Uα is a trivial bundle for all
α. Given a principal G-bundle V → X and a morphism of sheaves Y → X , the
pullback V ×X Y → Y is also a principal G-bundle. This implies X 7→ P (X ,G)
is a functor, where P (X ,G) is the set of equivalence classes of principal G-
bundles over X . For any sheaf of simplicial groups G, the classifying space BG
is the simplicial sheaf n 7→ (BGn)n (this is the diagonal of the bisimplicial sheaf
(m,n) 7→ (BGm)n). Consider the simplicial sheaf EG defined as EG(U)n :=
E(Gn(U))n. The canonical map EG → BG is a principal G-bundle.

Theorem 1.6.4 ([MV99, Prop.4.1.15]). Let G be a simplicial sheaf of groups of
dimension zero over a site T . There is an isomorphism of functors sPSh(T )op →
Set,

P (−,G) ∼= HomH(T )(−, BG)
which sends 1BG ∈ HomHs(T )(BG, BG) to EG → BG.

By dimension zero we mean it has no non-degenerate elements in positive
dimensions. As for each U ∈ T , EG(U) is contractible, the fiber sequence

G → EG → BG

induces a map G → ΩsBG which is a local weak equivalence as it is a weak
equivalence at stalks. This follows from the analogous result for simplicial sets
after reducing to the case of stalks. Let S be a quasi-compact quasi-separated
scheme. Let G be an affine group S-scheme, i.e, G is a group scheme over S
such that the structure map G → S is affine. By a G-torsor over an S-scheme
X we will mean a G-torsor in the above sense with respect to (SchS)fppf , the
category of S-schemes of finite type with the fppf topology. This topology is
finer than all the topologies we need and we have the following lemma [AHW18,
Lem.2.3.3].

Lemma 1.6.5. Suppose G,X ∈ SchS with G an affine group S-scheme. Any
G-torsor P → X over the site (SchS)fppf is representable. If G→ S is finitely
presented, flat or smooth, then so is P → X.
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Corollary 1.6.6. Let G ∈ SmS be a smooth affine group S-scheme of finite
type. Let (SmS)τ be the site with étale, Nisnevich or Zariski topology. For any
X ∈ SmS and any G-torsor P : (SmS)τ → sSet over X, P is representable by
an object in SmS.

Proof. The corollary follows from the fact that every étale cover is fppf [Sta18,
021N].

Example 1.6.1. For any scheme S and any n, the general linear group GLn →
S is the open subscheme of An2 → S defined by inverting the determinant. It
follows that GLn is a smooth affine group scheme. For any X ∈ SmS , there
is a bijection between vector bundles of rank n and GLn-torsors over X in the
Zarsiki topology [AHW18, Ex.2.3.4]. In fact every étale locally trivial GLn-
torsor is Zariski locally trivial [MV99, Lem.3.6]. We therefore have

HomHs(S)(X,BGLn) ∼= PNis(X,GLn) ∼= PZar(X,GLn) ∼= V ectn(X).

1.7 Motivic spheres and Thom spaces
Let Spc•(S) = sPSh•(SmS)Nis over a scheme S.

Definition 1.7.1. 1. We denote by S1
s , the pointed constant simplicial presheaf

given by the simplicial set ∆1/∂∆1, pointed by the image of ∂∆1.

2. We denote by S1
t , the scheme Gm = A1 − {0} pointed by i : pt x=1−−→ Gm.

3. We denote by T , the quotient presheaf A1/A1−{0} pointed by the image
of A1 − {0}.

Recall that given pointed simplicial presheaves (X,x) and (Y, y), the smash
product (X,x) ∧ (Y, y) is the pushout of the diagram ∗ ← (X,x) ∨ (Y, y) →
(X,x)× (Y, y). As (X,x)∨ (Y, y)→ (X,x)× (Y, y) is a monomorphism, (X,x)∧
(Y, y) is the homotopy pushout. We denote (S1

s )∧n, (S1
t )∧n and T∧n, by Sns , Snt

and Tn respectively.

Definition 1.7.2 (Motivic sphere). We call an object in Spc•(S) a motivic
sphere if it is isomorphic to Sns ∧ Smt in H•(S) for some n,m ∈ N. We denote
by Sp,q the motivic sphere (S1

s )p−q ∧ (S1
t )q when p ≥ q ≥ 0.

When p, q = 0 the simplicial sphere S0 is just the constant presheaf associ-
ated to the two point set {0, 1}, which is representable by S

∐
S = S+.

Definition 1.7.3. Let E → X be a vector bundle over X ∈ SmS . We define
the motivic Thom space to be the quotient Th(E) = Th(E/X) = E/(E−z(X))
where z : X → E is the zero section which is a closed embedding.

For any vector bundle E, let P(E)→ X be the associated projective bundle.
We have the following properties of Thom spaces [MV99, Prop.2.17].

Theorem 1.7.1. 1. Let E1, E2 be vector bundles on X1, X2 ∈ SmS. There
is a canonical isomorphism of pointed presheaves Th(E1×E2/X1×X2) =
Th(E1/X1) ∧ Th(E2/X2).
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2. Let E → X be a vector bundle and P(E) → P(E ⊕ O) be the closed em-
bedding at infinity. The canonical morphism P(E ⊕O)→ Th(E) induces
an isomorphism P(E ⊕O)/P(E)→ Th(E) in H•(S).

When E is a trivial vector bundle An×X, Th(An×X/X) = An×X/(An−0×
X) ∼= An/(An−0)∧X+. The above theorem implies An×S/(An−0)×S ∼= Tn

and Tn ∼= Pn/Pn−1 in Hbullet(S).

Lemma 1.7.2. We have the following canonical isomorphisms in H•(S).

1. S2n,n ∼= Sns ∧ Snt ∼= Tn ∼= (P1,∞)∧n.

2. Pn/Pn−1 ∼= Tn.

3. An − {0} ∼= Sn−1
s ∧ Snt ∼= S2n−1,n.

The Thom space construction preserves A1-weak equivalences for sufficiently
well behaved schemes. Let S be a scheme which is ind-smooth over a Dedekind
ring k with perfect residue fields.

Theorem 1.7.3. Let X ∈ SmS be a smooth S-scheme and E → X a vector
bundle of constant rank. Suppose that X has a point x : S → X. For any A1-
equivalence of pointed schemes f : (Y, y)→ (X,x) and any vector bundle E → X
of constant rank n, the induced map of Thom spaces Th(f∗E) → Th(E) is an
A1-equivalence.

To prove this we need the following lemma.

Lemma 1.7.4. Let E → B be a principal GLn-bundle over S. Given a point
b : S → B, the diagram

GLn → E → B

coming from the pullback
GLn E

S Bb

is an A1-local fiber sequence. Furthermore, for any scheme F with a GLn-action
σ : GLn × F → F the induced diagram

F → E ×σ F → B

is an A1-local fiber sequence.

Proof. Note that for any locally trivial bundle P → X with fiber F and any
point x in X the pullback diagram

F → P → X

is a simplicial fiber sequence (taking stalks gives a fiber sequence of simplicial
sets). For any smooth S-scheme B there is a bijection

V ectn(B) ∼= PNis(B,GLn) ∼= PNis(B,GLn) ∼= HomHs(S)(B,BGLn)

from 1.6.1. This implies that the map E → B is a pullback of the GLn-bundle
ENisGLn → BNisGLn where BNisGLn is a Nisnevich fibrant replacement.
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As every vector bundle (and hence every GLn-torsor) is Zariski locally trivial,
BGLn satisfies Nisnevich descent and by 1.3.6 for any X ∈ SmS we have

π0(BNisGLn(X)) ∼= π0(BGLn(X)).

By [AHW18, Th.5.2.3], the set of rank n vector bundles V ectn(−) is A1-invariant
for affine schemes over S and hence we have

V ectn(X) ∼= π0(BNisGLn(X)) ∼= π0(BGLn(X))

for X affine. By [AHW18, Th.2.2.5]

G→ ENisG→ BNisG

is an A1-local fiber sequence hence by [Wen11, Pro.2.3]

GLn → E → B

is an A1-local fiber sequence. For any scheme F with a GLn-action we can show
that

F → ENis(GLn)×σ F → BNis(GLn)

is an A1-local fiber sequence along the lines of [Wen11, Prop. 5.1]. The simplicial
fiber sequence

F → E ×σ F → B

is a pullback of the universal sequence and hence is also A1-local.

Proof of theorem. Given any vector bundle E → X of rank n, the 2 out of 3
property implies that an A1-weak equivalence f : Y → X induces an A1-weak
equivalence f∗E → E. The complement of the zero section E − X → X is a
locally trivial bundle with fiber An − 0. The fiber sequence

An − 0→ E −X → X

is obtained by twisting the GLn-torsor associated to the vector bundle E → X
by the standard GLn-action on An − 0 and is hence an A1-local fiber sequence.
The pullback of E − X along an A1-equivalence f : Y → X induces an A1-
equivalence f∗E−Y → E−X. We therefore have an equivalence of cofibration
sequences

f∗E − Y f∗E Th(f∗E)

E −X E Th(E)

∼ ∼ ∼

giving the desired A1-equivalence of Thom spaces.

1.8 Stable homotopy theory
The standard reference for this section in [Jar00]. Let S be any scheme. The
category of pointed motivic spaces Spc•(S) over S is a category of pointed
simplicial presheaves and hence the smash product ∧ gives us a symmetric
monoidal category structure on Spc•(S).

25



Definition 1.8.1 (Spectra). Let P ∈ Spc•(S) be a pointed motivic space. A
P -spectrum E is a sequence E = {Ei}i≥0 of pointed motivic spaces together with
assembly morphisms ei : P ∧ Ei → Ei+1. A morphism E→ F is a collection of
morphisms Ei → Fi which are compatible with the assembly morphisms. We
denote the category of P -spectra by SptP (S).

Given any X ∈ Spc•(S), we can define functors X∧ : SptP (S)→ SptP (S)
given by (X ∧E)i = X ∧ Ei with assembly maps given by

P ∧X ∧ Ei
∼−→ X ∧ P ∧ Ei → X ∧ Ei+1.

For any n ∈ Z we also have shift functors [n] : SptP (S) → SptP (S) given
by E[n]i = Ei+n, where we set Ei = pt for all i ≤ 0. When n < 0, the
underlying sequence is of the form (pt, . . . , E0, E1, . . .) and the assembly maps
e[n]i : P ∧ E[n]i → E[n]i+1 are the zero maps as X ∧ S ∼= S for any pointed
motivic space X.

Example 1.8.1 (Suspension spectrum). Let X ∈ Spc•(S). We define the
suspension spectrum

∑∞
P X to be (

∑∞
P X)i = P i∧X with P∧P i∧X → P i+1∧X

the identity morphism. It follows that

HomSptP (S)(Σ∞P X,E) ∼= HomSpc•(S)(X,E0)

The suspension construction
∑∞
P gives us a functor

∑∞
P : Spc(S) →

SptP (S). We will construct the stable motivic homotopy category SH(S) as
the homotopy category associated to a model structure on SpcT (S), where T is
the Tate circle defined before. To do this we need the notion of compact motivic
spaces introduced in [Jar00, Sec.2.2].

Definition 1.8.2. Let X ∈ Spc(S). We say X is flasque if,

1. X(U) is a Kan complex for all U ∈ SmS ;

2. for any Y ∈ Spc(S) and any point x in X, the canonical map

π(Y,ΩnxX)→ HomHs(S)(Y,ΩnxX) n ≥ 0

is an bijection.

We say X is motivic flasque if it is flasque and A1-invariant.

Definition 1.8.3. We call a pointed motivic space X compact if it satisfies the
following conditions,

1. Any filtered colimit of pointed motivic spaces colimI Yi induces an isomor-
phism of pointed simplicial Homs

Hom∗(X, colim
I

Yi) ∼= colim
I

Hom∗(X,Yi);

2. for any motivic flasque Y , Hom∗(X, colimI Yi) is also flasque and Hom∗(X,−)
preserves sectionwise weak equivalences of motivic flasque spaces.

We denote the category of compact spaces by Spcc•(S).

The following lemma is [Jar00, Lem.2.2].
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Lemma 1.8.1. 1. Every representable pointed presheaf is compact.

2. Every finite pointed simplicial set is compact as a constant presheaf.

3. If X ↪→ Y is an inclusion of schemes, then the quotient Y/X is compact.

4. If X1, X2 ∈ Spcc•(S), then X1 ∨X2, X1 ∧X2 ∈ Spcc•(S).

In particular every motivic sphere Sp,q is compact. Let P ∈ Spcc(S). For
any P -spectrum E we have a family of functors En : Spcc•(S) → sSet, n ∈ Z
given by

En(X,x) = colim
i+n≥0

HomH•(S)(P∧i ∧ (X,x), Ei+n)

where the maps in the colimit are induced by the assembly maps. When i < 0,
we define the Hom set to be trivial. Given a morphism of P -spectra E→ F such
that each Ei → Fi is an A1-weak equivalence, the induced map of presheaves

HomH•(S)(P∧i ∧ −, Ei+n)→ HomH•(S)(P∧i ∧ −,∧Fi+n)

is an isomorphism. In particular the induced map En(−) → Fn(−) is an iso-
morphism. We now have the required machinery to define weak equivalences in
Spt(S).

Definition 1.8.4. Let P ∈ Spcc•(S). A morphism of P -spectra f : E → F
is called a stable equivalence if the induced map of presheaves fn : En(−) →
Fn(−) is an isomorphism for all n ∈ Z.

Every morphism f : E → F which is a levelwise A1-weak equivalence is a
stable equivalence.

Lemma 1.8.2. Let E be a P -spectrum and n ≥ 0. There are stable equivalences
sn : E[n][−n]→ E and P∧n ∧E→ E[n].

Proof. The morphism sn : E[n][−n]→ E is given by

(sn)i =
{
idEi i ≥ n
∗ i < n

where ∗ is the zero map pt → Ei. The induced morphism of presheaves
E[−n][n]i(−)→ Ei(−) is an isomorphism as the terms in the colimit are equal
for after the first n terms. The map P∧n ∧ E → E[n] is given levelwise by
P∧n ∧ Ei → Ei+n which is constructed by composing assembly maps and by
definition of Ei(−) it follows that this map is a stable equivalence.

These two stable equivalences imply that if the localization of Spt(S) with
respect to stable equivalences (denoted by HoSpt(S)) exists, then P∧ induces
an isomorphism on HoSpt(S) with the shift functor [−1] giving an inverse. To
define our desired model structure

Theorem 1.8.3. Let P ∈ Spcc•(S). There exists a proper closed simplicial
model structure on SptP (S) where weak equivalences are stable equivalences
and cofibrations are morphisms E→ F which have the left lifting property with
respect to levelwise acyclic fibrations.
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This theorem follows from [Jar00, Th.2.9] after noting that our definition
of stable equivalence is equivalent to the one given by Jardine after taking
stable fibrant replacement. We denote the homotopy category of SptP (S) by
SH(S)P . From this point onward P will denote a compact motivic space. Note
that SptP (S) has all homotopy limits and colimits.

Theorem 1.8.4 (Change of suspension). Given an isomorphism P ∼= Q in
H•(S) of compact motivic spaces we have an isomorphism of stable homotopy
categories SH(S)P ∼= SH(S)Q.

This is given in [Jar00, Prop.2.13] when we have an A1-weak equivalence. Of
particular interest to us will be changing the suspension to the corresponding
A1-cone.

Lemma 1.8.5. For any (P, p) ∈ Spcc•(S), denote by P+ the pushout of A1 0←−
S

p−→ P pointed at 1 : pt → A1. The projection P+ → P is an A1-equivalence
and for any pair of pointed schemes (X,x) and (Y, y) in (SmS)∗, giving a map
P+ ∧ (X,x)→ (Y, y) is equivalent to giving a maps f : (P, p)× (X,x)→ (Y, y)
and h : A1× (X,x)→ (Y, y) such that fx×Y is the zero map of pointed schemes
and hX×0 = fX×y and hX×1 is the zero map.

In other words giving a map P+ ∧ (X,x) → (Y, y) is equivalent to giving
a map P+ × (X,x) → (Y, y) which is constant up to naive A1-homotopy on
P ∧ (X,x). Clearly P ∼= P+ in H•(S).

Theorem 1.8.6. For any compact motivic space (X,x) and any P -spectrum E
we have a canonical isomorphism

HomSH(S)P (Σ∞P (X,x),E) ∼= colim
n

HomH•(S)(P∧n ∧ (X,x), En)

In particular we have

HomSH(S)P (Σ∞P (X,x),Σ∞P (Y, x)) ∼= colim
n

HomH•(S)(P∧n∧(X,x), P∧n∧(Y, y)).

For any (X,x) ∈ Spc•(S), let ΩPE be the pointed motivic space which is
the fiber

ΩPE = HomSmS
(P, (X,x))→ HomSmS

(P,X)→ HomSmS
(pt,X).

The loop space functor ΩP is right adjoint to P∧. We can recursively define
ΩnP = ΩP (Ωn−1

P ). Given a P -spectrum E, we have the associated infinite loop
space Ω∞P E = colimi ΩiPEi.

Definition 1.8.5. Let E be a P -spectrum. We call E a ΩP -spectrum if Ei
is A1-fibrant for all i and the maps Ei → ΩPEi+1, which are adjoint to the
assembly maps, are A1-weak equivalences.

For any ΩP -spectrum E 1.8.6 implies the following result.

Corollary 1.8.7. Let E be a ΩP -spectrum. For any compact space (X,x) we
have a canonical isomorphism

HomSH(S)P (Σ∞P (X,x),E) ∼= HomH•(S)((X,x), E0).
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Proof. By 1.8.6 we have an isomorphism

HomSH(S)P (Σ∞P (X,x),E) ∼= colim
n

HomH•(S)(P∧n ∧ (X,x), En).

As En is A1-fibrant we have by 1.2.3 and 1.4.2 we have,

colim
n

HomH•(S)(P∧n ∧ (X,x), En) ∼= colim
n

π(P∧n ∧ (X,x), En).

The simplicial homotopy class is compatible with the adjunction

π(P∧n ∧ (X,x), En) ∼= π((X,x),ΩnPEn) ∼= π((X,x), E0).

The last isomorphism follows from the fact that E is an ΩP -spectrum.

We now have enough machinery to define the stable motivic homotopy the-
ory.

Definition 1.8.6 (Stable motivic homotopy). Let T = S1
t ∧S1

s
∼= P1. The stable

motivic homotopy category SH(S) is defined to be SH(S)T . The category of
motivic spectra is defined to be Spt(S) = SptT (S).

By 1.7.2 we have an isomorphism T ∼= P1 ∼= A1/(A1 − 0) in H•(S). There-
fore we have isomorphism of homotopy categories SH(S)T ∼= SH(S)P1 ∼=
SH(S)A1/(A1−0. Let Σ∞ denote the suspension with respect to T . For the rest
of this section we will use the model S1

s∧S1
t . We can also define SH(S) using the

category of bigraded spectra {Ea,b}a,b with assembly maps S1
s ∧Ea,b → Ea+1,b

and S1
t ∧Ea,b → Ea,b+1. This gives an equivalent definition of the stable homo-

topy category [DLR+07]. As S1
s ∧ S1

t ∧ induces an isomorphism on SH(S), so
do S1

s∧ and S1
t ∧. In fact E 7→ S1

t ∧E[−1] is the inverse of S1
s∧ in the homotopy

category and vice versa. We therefore make the following definition

Definition 1.8.7. For any p, q ∈ Z, we define the functor Σp,q : Spc(S) →
Spc(S) to be

Σp,qE =


Sp−qs ∧ Sqt ∧E p ≥ q ≥ 0
S−qs ∧ S

q−p
t ∧E[p] p ≤ q ≤ 0

Sp−2q
s ∧E[q] p ≥ q, q ≤ 0
S2q−p
t ∧E[p− q] p ≤ q, 0 ≤ q

There are several other definitions of Σp,q all of which are equivalent as
functors SH(S) → SH(S) and satisfy Σp,qΣr,s(−) ∼= Σp+r,q+s. Let S be the
suspension of the point Σ∞S0(remember that S0 = ∂∆1 = S

∐
S). We call S

the motivic sphere spectrum. When p ≥ q ≥ 0 we have Σp,qS ∼= Σ∞Sp,q. For
any p, q ∈ Z, we write Sp,q for Σp,qS. For any E, we can use the levelwise acyclic
cofibration Ei → ∆1 ∧ Ei to show that S1

s ∧E is the homotopy pushout

E pt

pt S1
s ∧E

Using the simplicial circle S1
s and the fold map S1

s ∧ S1
s → S1

s , we can give an
additive category structure on SH(S) along the lines of topological spectra.
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Theorem 1.8.8. SH(S) is an additive category with the direct sum given by
(E⊕F)i = Ei∨Fi and assembly maps given by the isomorphism T ∧(Ei∨Fi)

∼−→
(T ∧ Ei) ∨ (T ∧ Fi).

In particular HomSH(S)(E,F) is an abelian group for any pair of motivic
spectra. For any object E in SH(S) we have a family of functors Ep,q(−) :
Spcop• (S)→ Ab and Ep,q(−) : Spc•(S)→ Ab given by

Ep,q(X,x) = HomSH(S)(Σ∞(X,x), Sp,q ∧E)

Ep,q(X,x) = HomSH(S)(Sp,q,E ∧ Σ∞(X,x)).

for all p, q ∈ Z. In this notation, E2n,n is equal to En defined before.

Remark 1.8.1. Note that for E = {En} we have canonical maps Σ∞En[−n]→
E for all n ≥ 0. In fact E = colimn Σ∞En[−n] and as this is a filtered colimit
we get that

E = hocolim
n

Σ−2n,−nΣ∞En

Given any morphism f : S1 → S2 of schemes, the pullback

f∗ : sPSh(SmS2)→ sPSh(SmS1)

satisfies f∗(U) = f∗(U)×S2 S1 for any S2-scheme U → S2. In particular this is
true when U = A1

S2
,P1
S2

. As f∗ preserves colimits so we also have

f∗(A1
S2
/A1

S2
− 0) ∼= A1

S1
/A1

S1
− 0

This implies f∗ extends to the category of spectra

f∗ : Spt(S2)→ Spt(S1).

Ayoub in [Ayo07, Sec.4] was able to construct the stable analogue of the left
derived functor Lf∗.

Theorem 1.8.9. Let f : S1 → S2 be any morphism of schemes.

1. There exists a functor Lf∗ : SH(S2)→ SH(S1) such that for any scheme
X ∈ SmS1 ,

Lf∗(Σp,qΣ∞X+) ∼= Σp,qf∗(Σ∞X+) ∼= Σp,qΣ∞f∗X+

in SH(S1).

2. Lf∗ preserves homotopy colimits.

3. Lf∗ has a right adjoint Rf∗ : SH(S1)→ SH(S2).

4. When f is smooth, Lf∗ has a left adjoint Lf# : SH(S1)→ SH(S2).

Finally we need the concept of a cellular spectrum.

Definition 1.8.8. For any scheme S, let Sptcell(S) be the smallest full sub-
category of Spt(S) such that

1. Sp,q ∈ Sptcell(S) for all p, q ∈ Z;

30



2. if F is stably equivalent to E for some E ∈ Sptcell(S) then F ∈ Sptcell(S);

3. For any diagram D → Sptcell(S), hocolimD is in Sptcell(S).

As Sptcell(S) is closed under stable equivalences, it defines a subcategory SH(S)cell
of SH(S). We call elements of Sptcell(S) cellular spectra. Given a morphism
f : S1 → S2, we have the following.

Lemma 1.8.10. For any morphism of schemes f : S1 → S2, Lf∗ : SH(S2)→
SH(S1) restricts to a morphism of cellular objects Lf∗ : SH(S2)cell → SH(S1)cell.

Proof. This follows from the fact that Lf∗ preserves all Sp,q and homotopy
colimits 1.8.9.

In the last part of this thesis we will need some properties of cellular spectra
which we will state below.

Lemma 1.8.11. If E ∈ Sptcell(S) then Σp,qE ∈ Sptcell(S) for any p, q ∈ Z.

This is a special case of [DI05, 3.4].

Lemma 1.8.12. Given any cofibration sequence E→ F→ G of motivic spec-
tra, if any two are cellular then the third is as well.

This is [DI05, 2.5].
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Chapter 2

Algebraic and Hermitian
K-theory

2.1 Algebraic K-theory
We first recall some important results about algebraic K-theory. There are
several books that cover these results thoroughly, see for example [Wei13] and
[FG05]. For a reference more focused on rings and schemes see [Sri91]. The con-
structions of algebriac K-theory we are interested in are the S−1S-construction
for symmetric monoidal categories [Qui73] and the wS•-construction for Wald-
hausen categories [Wal85].

For any (small) symmetric monoidal category (C,�, e), the functor � : C ×
C → C induces a map of topological spaces B(�) : B(C)× B(C) ∼= B(C × C)→
B(C). The natural isomorphisms induced by the identity object e�c ∼= c ∼= c�e
imply that the map B(�)(e,−) is homotopic to the identity map. Therefore,
(BC, B(�)) is an H-space. In [Gra76] Quillen gave a construction of a monoidal
category C−1C with the property that whenever every morphism in C is an
isomorphism (i.e, when C is a groupoid) BC−1C is the group completion of the
H-space BC.

Definition 2.1.1. Let (C,�, e) be a (small) symmetric monoidal category. We
define C−1C to be the category with objects pairs (c, d) of objects of C and
morphisms between two objects (c, d) and (c′, d′) are given by equivalence classes
of pairs (s�c → c′, s�d → d′) where s is any object in C. Two such pairs,
(s�c → c′, s�d → d′) and (s′�c → c′, s′�d → d′) are equivalent if there is an
isomorphism φ : s ∼−→ s′ such that the relevant triangles commute.

C−1C is a symmetric monoidal category with (c, d)�(c′, d′) = (c�c′, d�d′)
and the functor C → C−1C sending c to (c, e) is monoidal.

Theorem 2.1.1. Let (C,�, e) be a symmetric monoidal groupoid. The H-space
BC−1C is a group completion of BC under the induced map BC → BC−1C.

This is a special case of the theorem in [Gra76, pg. 5].

Definition 2.1.2. Let (C,�, e) be a (small) symmetric monoidal groupoid. The
algebraic K-theory space of C is defined to be K�(C) = BC−1C. The K-groups
are defined to be the homotopy groups K�

i (C) = πi(K�(C)).
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Theorem 2.1.2 ([Wei13, Th.4.4.3]). Let g : X → Y be an H-space group
completion such that π0(X) is either countable or contains a countable cofinal
submonoid. Then for any other group completion f : X → Z there exists a
homotopy equivalence h : Y → Z such that hg and f induce equal maps on
homotopy groups πi(X,x0)→ πi(Y, y0), i ≥ 0.

Remark 2.1.1. In most of the cases we consider the above condition will be
satisfied and therefore the algebraic K-theory space can be taken to mean any
group completion of BC.

Example 2.1.1. 1. Let P(R) be the category of finitely generated projec-
tive modules over R and iP(R) the associated groupoid of isomorphisms.
The direct sum ⊕ gives a symmetric monoidal structure on P(R). As
π0(iP(R)) is the set of isomorphism classes of finitely generated projective
modules, π0K

⊕(iP(R))) is isomorphic to K0(R), Grothendieck’s original
K-group of a ring.

2. Let F(R) be the full subcategory of P(R) generated by free modules.
F(R) is closed under ⊕ and for any object P ∈ P(R), there exists another
objectQ ∈ P(R) such that P⊕Q ∼= R⊕n. This property is called cofinality.
Further, iF(R) is equivalent to the disjoint union of categories

∐
nGLn(R)

and therefore K⊕0 (iF(R)) ∼= Z. As B(
∐
nGLn(R)) ∼=

∐
nBGLn(R) is a

topological monoid, the loop space ΩB(
∐
nBGLn(R)) is a model for the

group completion of
∐
nBGLn(R) (cf.[Ada78]) and thereforeK⊕(F(R)) ∼=

ΩB(
∐
nBGLn(R)).

Definition 2.1.3. The algebraic K-theory space of a ring R, denoted by K(R),
is the algebraic K-theory space K⊕(iP(R)). The higher K-groups of R are
Kn(R) = πnK(R).

Theorem 2.1.3 (Cofinality theorem [Qui73]). Let f : S → T be a cofinal
monoidal functor and K(f) the induced map of topological spaces K(S) →
K(T ). Then, πnK(f) : Kn(S) ∼−→ Kn(T ) for all n ≥ 1.

Applied to the functor F(R)→ P(R), we get Kn(iF(R)) ∼−→ Kn(R) for n ≥
1. The S−1S construction can be extended to an arbitrary scheme S by replacing
P(R) with the category of vector bundles V ect(S). The S−1S construction
however has major drawbacks. K⊕(V ect(S)) does not have good geometric
properties, for example it does not satisfy Zariski excision or extend in a natural
way to relative K-groups and in the non-affine case, the S−1S-construction
does not capture the exact category structure (cf.[Qui73]) of V ect(S). These
problems can be solved using Waldhausen’s wS•-construction first introduced
in [Wal85].

Definition 2.1.4 (Waldhausen categories). A Waldhausen category is a tuple
(C, 0, cof, w), where C is any category, 0 is a choice of a zero object in C, cof
and w are subcategories of C such that

1. Every isomorphism is in both cof and w, in particular every object is in
both cof and w.

2. The unique map 0→ A belongs to cof for every object A in C.
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3. For any morphism A� B in cof and any morphism A→ C, the pushout
C → B∪AC exists and is in cof . We denote the pushout of A� B along
A→ 0 by the quotient B/A.

4. Denoting morphisms in w by ∼−→, for every commutative diagram of the
form

C A B

C ′ A′ B′

∼ ∼ ∼

the induced morphism of pushouts C ∪A B → C ′ ∪′A B′ is in w.

Morphisms in cof and w are called cofibrations and weak equivalences re-
spectively. Most Waldhausen categories we consider will also satisfy the 2 out
of 3 property, that is, given any commutative diagram

A B

C

such that, if two of the three morphisms are weak equivalences, then the third
is also a weak equivalence. Applying axiom 3 to the diagram

A B

0

we see that the pushoutB/A exists. We will denote the canonical mapB → B/A
by � and call the sequences of the form A � B � B/A cofibration sequences.
It follows that the unique map to the zero object always fits into a cofibration
sequence A =−→ A � 0. Given any pair of elements A and B in C, they fit into
a cofibration sequence A� A

∐
B � B given by the pushout diagram

0 A

B A
∐
B.

.

An exact functor F : (C, 0, cof, w) → (D, 0, cof, w) between Waldhausen cate-
gories is a functor F : C → D which preserves cofibrations, weak equivalences,
zero objects and pushouts along cofibrations. In particular, F must preserve
cofibration sequences. We denote by Wald the category of small Waldhausen
categories and exact functors.

Example 2.1.2. 1. For any scheme S, the category of vector bundles V ect(S)
is a Waldhausen category with weak equivalences being isomorphisms and
cofibrations being a monomorphisms A � B of OS−modules such that
B/A is also a vector bundle. More generally, every exact category E has a
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Waldhausen category structure with isomorphisms being the weak equiva-
lences and admissible monomorphisms being the cofibrations. Cofibration
sequences in E are exactly the exact sequences. A functor between exact
categories is exact in the sense of Waldhausen categories if and only if it
is an exact functor in the sense of exact categories.

2. For any exact category E , let Ch(E) be the corresponding category of
chain complexes with q and cof the subcategories of quasi-isomorphisms
and levelwise admissible monomorphisms respectively. There is a Wald-
hausen category structure on Ch(E) with q and cof the categories of weak
equivalences and cofibrations respectively. The category of bounded chain
complexes Chb(E) is a Waldhausen subcategory of Ch(E).

The above examples can be generalised.

Definition 2.1.5 (Exact category with weak equivalences). An exact cate-
gory with weak equivalences is a pair (E , w) where E is an exact category and
w is a subcategory of E , called the category of weak equivalences, such that
(E , 0,mono,w) and (Eop, 0, epiop, wop) are both Waldhausen categories. Here
mono and epi are the subcategories of admissible monomorphisms and admis-
sible epimorphisms in E respectively.

(Ch(E), q) and (Chb(E), q) are both exact categories with weak equivalences.
All the Waldhausen categories we will be interested in are exact categories with
weak equivalences.

Definition 2.1.6 (wSn(−)). Let (C, 0, cof, w) be a Waldhausen category. wSnC
is the category whose objects are sequences of cofibrations

0 = A0,0 � A1,0 � . . .� An,0

along with choices of quotients Aij = Ai,0/Aj,0. These choices are compatible
in the sense that all the composite maps Aij → Akl (i ≤ k and j ≤ l), for fixed
i, j, k, l, are equal. We use A.. to denote the objects of wSnC. A morphism
A.. → B.. in wSnC, is a collection of weak equivalences Aij

∼−→ Bij which
commute with the structure maps.

These wSn(C) together form a simplicial category.

Definition 2.1.7. For 0 < n and 0 ≤ i ≤ n, we define di : wSn(C)→ wSn−1(C)
to be the functor which omits the Ai. row and si : wSn−1(C) → wSn(C) the
functor which duplicates theAi. row. wSn(C) together form a simplicial category
wS•(C), with face and degeneracy maps given by di and si respectively.

Definition 2.1.8. Let (C, 0, cof, w) be a Waldhausen category. Its algebraic
K-theory space K(C, w) is the loop space Ω|wS•(C)|, where |wS•(C)| is the
geometric realisation of the bisimplicial set ([n], [m]) 7→ N(wSn(C))m.

An exact functor of Waldhausen categories F : (C, 0, cof, w)→ (D, 0, cof, w)
induces a map of simplicial sets K(F ) : K(C, w)→ K(D, w). Whenever F is an
equivalence of categories, K(F ) is a weak equivalence.

Theorem 2.1.4. Let (C, 0, cof, w) be a Waldhausen category. K0(C, w) has a
presentation with generators [C] for each object C in C and relations
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1. [C] = [C ′] whenever there is a weak equivalence C ∼−→ C ′,

2. [B] = [A] + [B/A] for each cofibration sequence A� B � B/A.

Proof. As |wS•(C)|0 = N(wS0(C))0 is a point, the fundamental group π1(|wS•(C)|)
is generated by the elements of |wS•(C)|1 modulo the relations d1(x) = d0(x)d2(x)
for each x ∈ |wS•(C)|2. N(wS1(C))1 is the set of weak equivalences C ∼−→ C ′(we
suppress the 0s). We will denote by [C] the identity element C =−→ C. Elements
of |wS•(C)|2 are diagrams

A B B/A

A′ B′ B′/A′

A′′ B′′ B′′/A′′.

∼ ∼ ∼

∼ ∼ ∼

If we denote this diagram by D then d0(D) = B/A
∼−→ B′′/A′′, d1(D) = B′

∼−→
B′′ and d2(D) = A

∼−→ A′. Taking the case where all the weak equivalences
are identities we get [A] = [B][B/A] for each cofibration sequence A � B �
B/A. For any pair of objects C and C ′ in C, we have cofibration sequences
C � C

∐
C ′ � C ′ and C � C ′

∐
C ′ � C. This gives us [C][C ′] = [C

∐
C ′] =

[C ′][C]. Hence the group is abelian and we denote the group action by +. From
the diagram

C C 0

C ′ C ′ 0

C ′ C ′ 0

=

∼ ∼

=

= =

=

we get [C ′] = [C] + [0] = [C]. We can see that all other diagrams can be built
from these and hence we have all the desired relations.

Remark 2.1.2. The loop space Ω|wS•(C)| is in general only defined as a topo-
logical space. However, for a pointed Kan complex (K, ∗), the geometric real-
ization of simplicial loop space HomsSet∗(∆1/∂∆1, (K, ∗)) is weakly equivalent
to the topological loop space. As dealing with simplicial sets is more convenient
we replace Ω|wS•(C)| with the weakly equivalent simplicial loop space,

Ωs|wS•(C)| = HomsSet∗((∆1/∂∆1, ∗), (Ex∞|wS•(C)|, 0)).

where 0 is the unique element in wS0(C) and Ex∞ is the Kan fibrant replacement
functor [GJ09, III.4].

Fixing a model for loop spaces as above, K(−) gives a functor from the
category of small Waldhausen categories to simplicial sets

K(−) : Wald→ sSet.

The product of finitely many Waldhausen categories C1 × C2 × . . . Cr is again a
Waldhausen category with K(C1×C2× . . . Cn) ∼= K(C1)×K(C2)× . . .K(Cn). For
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any scheme S, we denote K(V ect(S), iso) (given in 2.1.2) by K(S) and when
S ∼= Spec(R), we denote K(S) by K(R). K0(S) is then the classical K-group
of vector bundles introduced by Grothendieck [Wei13, Ch.2]. This construction
agrees with K⊕(−) on affine schemes.

Theorem 2.1.5. For any commutative ring R, there is a zigzag of weak equiv-
alences between simplicial sets K⊕(R) and K(R).

Waldhausen in his original paper shows that for an exact category E , |iS•E|
is weakly equivalent to Quillen’s Q space QE [Wal85, Sec.1.9]. The loop space
ΩQP(R) is weakly equivalent to K⊕(R) [Qui73].

Definition 2.1.9 (Category of big vector bundles). Fix a small category of
schemes V. Given a scheme X ∈ Ob(V), a big vector bundle over X is a choice
of vector bundles EY over Y , for each Y → X in V, with fixed isomorphisms
f∗EY

∼−→ EZ for each morphism f : Z → Y over X satisfying the following
conditions.

1. For each identity map idY : Y → Y , the associated id∗Y EY → EY is the
identity map.

2. For each pair of composable maps, W f−→ Z
g−→ Y over X, the composition

f∗g∗EY → f∗EZ → EW is equal to the map associated to g ◦ f : W → Y .

The category of big vector bundles over X, V ectV(X) (with morphisms com-
pletely described by morphisms between vector bundles over X), is an exact cat-
egory and the forgetful functor V ectV(X)→ V ect(X) is an equivalence of Wald-
hausen categories inducing a weak equivalence K(V ect(X)) ∼= K(V ectV(X)).
Objects in V ectV(X) have fixed choices for pullbacks f∗E and hence given any
morphism of schemes f : X → Y in V, taking pullbacks of vector bundles in-
duces an exact functor f∗ : V ectV(Y ) → V ectV(X). The space K(S) captures
the exact category structure of V ectSmS (S) and satisfies the desired geometric
properties. The following two theorems are due to Thomason and Trobaugh
[TT90] and Quillen [Qui73] respectively.

Theorem 2.1.6 (Nisnevich Excision). Let S be a regular Noetherian scheme
of finite dimension and SmS the category of smooth S-schemes of finite type.
Given any Nisnevich square in SmS,

U ×X V V

U X

The corresponding square of K-theory spaces

K(X) K(V )

K(U) K(U ×X V )

is homotopy cartesian.
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Theorem 2.1.7. (A1-invariance) For any X ∈ SmS, the map of spaces K(X)→
K(X × A1), induced by the projection X × A1 → X, is a weak equivalence.

The proofs of these theorems are in [Sri91, Ch.5]. It follows from 1.4.7 that
the K-theory presheaf K(−) : Smop

S → sSet is representable in the unstable
homotopy category H•(S).

Theorem 2.1.8. For all X ∈ SmS and all n ≥ 0, we have natural isomor-
phisms

HomH•(S)(Sn ∧X+,K) ∼= Kn(X)

For a pointed S-scheme (X,x), we denote by Ki(X,x) the kernel of the
map Ki(X)→ Ki(pt) (pt = S) and for a pair of pointed S-schemes (X,x) and
(Y, y), we denote by Ki((X,x) ∧ (Y, y)) the kernel of the map Ki(X × Y ) →
Ki(X)⊕Ki(Y ) induced by the inclusions X×{y} ⊂ X×Y and {x}×Y ⊂ X×Y .
There is a more topological definition of these groups using homotopy fibers.

Definition 2.1.10. Let f : Y → X be a monomorphism of S-schemes. The
relative K-theory space K(X,Y ) is the homotopy fiber of the map K(X) →
K(Y ) and relative K-groups are defined to be the homotopy groups Kn(X,Y ) =
πnK(X,Y ).

This is compatible with the definitions of Kn(X,x) and Kn((X,x) ∧ (Y, y))
as the underlying maps have left inverses. They are also consistent with the
definition of (X,x) ∧ (Y, y) ∼= X × Y/(X,x) ∨ (Y, y) ∈ Spc. More precisely,

Corollary 2.1.9. For any pair of pointed schemes (X,x) and (Y, y), there are
natural isomorphisms

HomH•(S)(Sn ∧ (X,x),K) ∼= Kn(X)

HomH•(S)(Sn ∧ (X,x) ∧ (Y, y),K) ∼= Kn((X,x) ∧ (Y, y))

for all n ≥ 0.

Let E be a rank n + 1 vector bundle over X ∈ SmS . Tensoring with line
bundles O(−i), 0 ≤ i ≤ n, over the projective bundle P(E) induces functors
ui : V ectSmS (X)→ V ectSmS (P(E)) given by E 7→ π∗E ⊗O(−i).

Theorem 2.1.10 (Projective bundle theorem). Let P(E) be a projective bundle
over X ∈ SmS. The ui above induce a weak equivalence K(X)n+1 ∼= K(P(E)).

A proof of this result can be found in [TT90, 4.1]. Fixing a vector bundle
on the base scheme E → S, the ui extend to a natural transformation ui :
V ectSmS (−) → V ectSmS (P(V ) ×S −). The theorem then implies that there is
a natural isomorphism K(−)n+1 ∼= K(P(E) × −) of simplicial presheaves. For
the rest of this section we will suppress the subscript SmS in V ectSmS (X) for
simplicity.

Corollary 2.1.11. Let P1 be the projective line over the base scheme S. For
every X ∈ SmS, we have an isomorphism Kn(X,x) ∼= Kn((P1,∞)∧ (X,x)) for
every point x : S → X and for all n.
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Proof. Applying 2.1.10 to E = O⊕2, we get isomorphisms u0 + u1 : Kn(X) ⊕
Kn(X) ∼= Kn(P1 ×X). For any point x : S → X, the desired isomorphism will
be obtained by constructing a commutative diagram of exact categories,

V ect(X)× V ect(X) V ect(X)× V ect(S)

V ect(P1 ×X) V ect(X)× V ect(P1)

The functor on the left induces the isomorphism of K-groups. The top functor
is induced by the pullback x∗. The bottom functor is induced by the inclusion
X×{∞}∪{x}×P1 ↪→ X×P1. The functor V ect(X)×V ect(S)→ V ect(X) on
the right sends (V,W ) to V ⊕ p∗XW , where pX : X → S is the structure map.
The functor V ect(X)× V ect(S)→ V ect(P1) sends (V,W ) to the direct sum of
V and W pulled back along {x}× P1 → P1 ×X → X and P1 → S respectively.
It is easily checked that the diagram commutes gives us a commutative square
of K groups,

Kn(X)⊕Kn(X) Kn(X)⊕Kn(S)

Kn(P1 ×X) Kn(X)⊕Kn(P1)

∼

inducing a map between the kernels Kn(X,x)→ Kn((P1,∞)∧(X,x)). We have
a map Kn((P1,∞) ∧ (X,x))→ Kn(X)→ Kn(X) induced by the isomorphism.
Projecting onto the first component Kn((P1,∞)∧(X,x))→ Kn(X) is zero as it
is the same map as the bottom map onto Kn(X). Composing with the right map
we get Kn((P1,∞) ∧ (X,x)) → Kn(S) which is zero after composing with the
map Kn(S)→ Kn(P1). Applying 2.1.10 to P1 → S, the map Kn(S)→ Kn(P1)
is a monomorphism and hence Kn((P1,∞) ∧ (X,x)) → Kn(S) is zero. Hence
we get the inverse map to the kernel Kn(X,x).

Theorem 2.1.12. Let the K-theory presheaf K be pointed by the constant 0
vector bundle giving (K, 0). For any scheme S, there exists an isomorphism
(P1,∞) ∧ (K, 0) ∼−→ (K, 0) in H•(S) giving us a (2, 1)-periodic P1-spectrum
K = (K,K, . . .) ∈ SptP1 .

Proof. By the PBT, we have a simplicial weak equivalence of presheaves K(−)×
K(−) ∼−→ K(P1×−) by the above discussion. Giving a map of pointed presheaves
(P1,∞) ∧ (K, 0) → (K, 0) is equivalent to giving a map (K, 0) → ΩP1K.
The loop space ΩP1K is the homotopy fiber of the map Hom(P1,K)(−) ∞−→
Hom(S,K)(−). For any scheme X, Hom(X,K)(−) := K(X ×S −) and hence
ΩP1K is the homotopy fiber of the map K(P1 × −) → K(−). We then have a
commutative square

K(−)×K(−) K(P1 ×−)

K(−) K(−)

∼

+

=
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where + is induced by (A,B) 7→ A ⊕ B. Let s ∈ K(S) such that [s] = −[O]
in K0(S). There is a map K(−) × K(−) → K(−) × K(−) given by (x, y) 7→
(x, y+s×x) where × is the map induced by ⊗ : V ectSmS×V ectSmS → V ectSmS .
This map is a homotopy inverse of the map (x, y) 7→ (x, x + y) and hence is
a homotopy equivalence. The composite map is homotopic to the projection
(x, y) 7→ y and hence the homotopy fiber is equivalent to K(X) for each X → S.
This gives us a levelwise weak equivalence K(−) ∼−→ ΩP1,∞K(−).

This theorem is the motivic analog of Bott periodicity for topological K-
theory. By 1.8.6 this gives us the representability of K-theory in the stable
category first shown in [Voe98]

HomSH(S)(Σ∞X+,K) ∼= HomH•(S)(X+,K) ∼= Kn(X).

2.2 Bilinear forms
In this section we will discuss the properties of bilinear forms. The main ref-
erence for this section will be [Lam06]. Suppose we have a (commutative) ring
R and an R-module M . A bilinear form on M is an R-module homomor-
phism φ : M⊗M → R. By adjointness, this is equivalent to giving a homo-
morphism M → M∨ = Hom(M,R), where φ gives us φ̂ : M → Hom(M,R)
defined as φ̂(x) := φ(−⊗x). When M ∼= R⊕n, every bilinear form on M can be
uniquely determined (for a fixed choice of basis) by an n× n matrix Aφ, where
φ(x ⊗ y) = xTAφy. We will describe some important classes of bilinear forms
below.

Definition 2.2.1. Let M be an R-module and σ : M ⊗M ∼−→ M ⊗M be the
switch map σ(m⊗ n) = n⊗m.

1. A symmetric form φ on M is a bilinear form such that φ ◦ σ = φ.

2. A skew-symmetric form ψ on M is a bilinear form such that ψ ◦ σ = −ψ
(equivalently ψ ◦ σ + ψ = 0).

3. An alternating form ψ on M is a bilinear form such that ψ(m ⊗m) = 0
for all m ∈M .

An isometry between two R-modules with bilinear forms, (M,φ) and (N,ψ), is
an R-module isomorphism f : M ∼−→ N such that f∗ψ = φ, where f∗ψ(x⊗ y) =
ψ(f(x)⊗ f(y)).

Remark 2.2.1. Every alternating form is skew-symmetric as ψ((x+ y)⊗ (x+
y)) = 0 implies ψ(x⊗ x) + ψ(x⊗ y) + ψ(y ⊗ x) + ψ(y ⊗ y) = 0 and ψ(x⊗ x) =
ψ(y ⊗ y) = 0 gives us ψ(x ⊗ y) + ψ(y ⊗ x) = 0. But, a skew-symmetric form
need not be alternating as, if 2 = 0 in R then the symmetric form R ⊗ R → R
given by multiplication is also skew-symmetric (as 1 = −1), but not alternating.
However, when 2 is a non-zero divisor in R these two properties are equivalent
as we have φ(x⊗x)+φ(x⊗x) = 0 for skew symmetric forms giving 2φ(x⊗x) = 0
and hence φ(x⊗x) = 0. In particular every skew-symmetric form on Z is an
alternating form.
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From here on, we will denote φ(x ⊗ y) by φ(x, y). When P is a finitely
generated projective R-module, the natural transformation ηP : P → P∨∨ given
by, ηP (p)(f) = f(p) is an isomorphism.

Definition 2.2.2. A bilinear form φ on a projective module P is called non-
degenerate, if the adjoint map φ̂ : P → Hom(P,R) is an isomorphism. Let (P, φ)
be a finitely generated projective module with a non-degenerate bilinear form.

1. We call (P, φ) a symmetric space when φ is a non-degenerate symmetric
form on P .

2. We call (P, φ) a skew-symmetric space when φ is a non-degenerate skew-
symmetric form on P .

3. We call (P, φ) a symplectic space when φ is a non-degenerate alternating
form on P .

Example 2.2.1. 1. For any ring R and any n ∈ N, bilinear forms on R⊕n

are in one to one correspondence with square matrices of size n. Every
square matrix A ∈ Mn×n(R) defines a bilinear form on R⊕n by (~x, ~y) 7→
~xTA~y. This bilinear form is symmetric or skew-symmetric if and only
if the corresponding matrix is. The form is alternating if and only if
the corresponding matrix is skew-symmetric with strictly zeros on the
diagonal.

2. Hyperbolic forms: Given any projective module P , P ⊕ P∨ has natural

symmetric and symplectic space structures, H+(P ) = (P ⊕P∨,
(

0 1
ηP 0

)
)

and H−(P ) = (P ⊕ P∨,
(

0 1
−ηP 0

)
).

Definition 2.2.3. (Orthogonal sum) Given two modules with bilinear forms
(M,φ) and (N,ψ) we can define a bilinear form (denote it by φ⊥ψ) on M ⊕N
where φ⊥ψ((m+n)⊗ (m′+n′)) = φ(m⊗m′) +ψ(n⊗n′), called the orthogonal
sum. We also use M⊥N when the actual forms are understood.

Let N ⊂ P be a submodule of a symmetric or skew-symmetric space (P,ψ).
Define N⊥ = {p ∈ P | ψ(n⊗ p) = 0,∀n ∈ N} to be the orthogonal complement
of N .

Theorem 2.2.1. Suppose we have a symmetric or skew-symmetric space (P,ψ)
and a submodule N such that ψ restricted to N is non-degenerate. Then, ψ|N⊥
is also non-degenerate, N ∩N⊥ = {0} and N⊥N⊥ = P . In particular both N
and N⊥ are symmetric (resp. skew-symmetric) spaces.

This is proved in [Lam06, Lem1.3], where symmetric spaces are called inner
product spaces. The above result is very useful for decomposing symplectic
and symmetric spaces into orthogonal sums. Let H− be the symplectic space
(R⊕2, ( 0 1

−1 0 )).

Theorem 2.2.2. Let (P,ψ) be a symplectic space over a ring R. There is a
decomposition (P,ψ) ∼= H⊕n− ⊥ Q such that ψ(a, b) ∈ R−R×, for all a, b ∈ Q.
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Proof. Suppose ψ(a, b) ∈ R−R× for all a, b ∈ P . The statement then holds with
P = Q. Otherwise, there exist a, b ∈ P such that ψ(a, b) = u ∈ R×. Replacing
b with v · b, where vu = 1, we can assume ψ(a, b) = 1. As ψ is symplectic, a 6= b,
ψ(b, a) = −1 and a, b are linearly independent. Therefore, the submodule N
of P generated by a, b is free of rank 2, and ψ restricted to N is isometric to
( 0 1
−1 0 ) . This gives us P ∼= H− ⊥ N⊥. We can apply the arguments again for
N⊥, and the result follows by induction on the rank of P .

From the above proof, it is easy to derive the following corollary.

Corollary 2.2.3. For any ring R, any symplectic space with underlying module
R⊕2 is isometric to H−. Further, if every projective module over R is free, then
every symplectic space is isometric to H⊕n− for some n.

In particular, this applies to local rings. For any ring R and any symplectic
space (P, φ), given an element f ∈ R let us denote by (Pf , φf ) the symplectic
space over Rf = R[ 1

f ] obtained by tensoring with ⊗Rf .

Corollary 2.2.4. Let (P,ψ) be a symplectic space over a ring R, there exist
elements f1, f2 . . . , fm ∈ R which generate R such that (Pfi , ψfi) ∼= H⊕ni− for
all i ≤ m.

Proof. We know that for any projective module P , there exist g1, . . . , gp ∈ R
which generate R and Pgi

∼= R⊕ni [Wei13, 2.2.2]. Therefore, it is enough to
prove the theorem when the underlying module is free. Let P ∼= (R⊕n, φ) be a
symplectic space. By the isomorphism φ̂ : R⊕n ∼−→ HomR−mod(R⊕n, R), there
exists an element a ∈ R⊕n such that φ(a, e1) = 1, where e1 = (1, 0, 0, . . . , 0). For
any pair of elements r1 and r2 in R, φ(a, r1a+r2e1) = r2 and φ(e1, r1a+r2e1) =
−r1. Hence a and e1 are linearly independent and (aR ⊕ e1R,φ|aR⊕e1R) ∼=
H−. This implies (P, φ) ∼= H− ⊥ Q, where Q is the orthogonal compliment of
aR⊕e1R. (Q,φQ) is again a symplectic space and we can find (f1, . . . , fk) = R,
where Qfj ∼= Rmj and mj + 2 = n. Hence the theorem follows by induction on
the rank of P .

There is a similar but weaker decomposition result for symmetric spaces.
For a ∈ R×, let < a > denote the symmetric space whose underlying module is
R, and the bilinear form is (x, y) 7→ xay. It follows that < a >∼=< b > if and
only if a = br2, with r ∈ R×.

Theorem 2.2.5. Let (M,φ) be a symmetric space over a ring R. There is a
decomposition M ∼=< a1 >⊥< a2 >⊥ . . . ⊥< an >⊥ N , such that φ(n, n) ∈
R−R× for all n ∈ N .

Proof. Let m ∈ M be an element of M such that φ(m,m) ∈ R×. Setting
φ(m,m) = a we see that the subspace generated by m is isometric to < a >.
Therefore we have M =< a >⊥< a >⊥. The result then follows from induction
on the rank of M .

We can generalise the definition of these classes of forms to arbitrary schemes.

Definition 2.2.4. Let S be a scheme and F a coherent OS-module. A bilinear
form on F is a morphism of OS-modules φ : F ⊗ F → OS (equivalently a
morphism F → F∨).
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1. A symmetric form is a bilinear form such that φ◦τ = φ, where τ : F⊗F ∼−→
F ⊗ F is the switch map. It is called a symmetric space if F is a vector
bundle and φ̂ : F → Hom(F ,OS) is an isomorphism.

2. A skew-symmetric form is a bilinear form such that φ ◦ τ = −φ, where
τ : F⊗F ∼−→ F⊗F is the switch map. It is called a skew-symmetric space
if F is a vector bundle and φ̂ : F → Hom(F ,OS) is an isomorphism.

3. An alternating form is a bilinear form such that ψ(x⊗̂x) = 0 where F⊗̂F
is the presheaf tensor product with the sheafification map F⊗̂F → F⊗F .
Similar to the affine case, such a pair (F , ψ) is called a symplectic space if
F is a vector bundle and ψ̂ : F → Hom(F ,OS) is an isomorphism.

We extend the definitions of the hyperbolic forms H⊕n+ and H⊕n− to arbitrary
schemes. Recall that every vector bundle F on a scheme is representable (as
a sheaf) by an S-scheme V (F) → S. The form φ : F → F∨ then induces a
morphism of S-schemes V (φ) : V (F)→ V (F∨). Given any two vector bundles
with bilinear forms (V, φ) and (W,ψ), (V ⊕W,φ ⊥ ψ) is defined along the same
lines as in the affine case.

Given a morphism of schemes f : S → T and a vector bundle equipped with
a form (V, φ) on T , the pullback f∗φ : f∗V → f∗V ∨ is a form on S which is a
symmetric or a symplectic space whenever φ is.

Remark 2.2.2. For the remainder of this thesis we will use the structure map
of a bilinear form φ : V ⊗ V → OX and it’s dual φ̂ : V → V ∨ interchangeably.

Definition 2.2.5. Given two vector bundles with bilinear forms (V, φ) and
(W,ψ), we define φ ⊗ ψ to be the bilinear form on V ⊗W given by the map
V ⊗W φ⊗ψ−−−→ V ∨ ⊗W∨ ∼−→ (V ⊗W )∨.

Sometimes we will suppress the forms and write V ⊗W for (V ⊗W,φ⊗ ψ).
When the underlying vector bundles are trivial, the matrix corresponding to
φ ⊗ ψ is the tensor product of the matrices corresponding to φ and ψ after
choosing compatible bases. From this definition it follows that φ ⊗ ψ is non-
degenerate whenever φ and ψ are.

Theorem 2.2.6. Let (V, φ) and (W,ψ) be vector bundles with bilinear forms.

1. If (V, φ) and (W,ψ) are symmetric spaces, then (V ⊗W,φ⊗ψ) is again a
symmetric space. In particular H+ ⊗H+ ∼= H⊕2

+ .

2. If (V, φ) and (W,ψ) are symplectic spaces, then φ⊗ψ is a symmetric space.
In particular H− ⊗H− ∼= H⊕2

+ .

3. If (V, φ) is a symmetric space and (W,ψ) a symplectic space, then φ ⊗ ψ
is a symplectic space. In particular H− ⊗H+ ∼= H⊕2

− .

Proof. It is enough to show this is true when the base scheme is affine and
the module is free as these properties can be checked locally. As (M ⊗N)T =
MT ⊗NT for any pair of matrices, it follows that if M = ±MT and N = ±NT ,
then M ⊗N = MT ⊗NT = (M ⊗N)T . Similarly if M = −MT and N = NT

then M ⊗N = −(M ⊗N)T . Further if N is alternating and
∑
i xi ⊗ yi,

(
∑
i

xi ⊗ yi)T (M ⊗N)(
∑
i

xi ⊗ yi) =
∑
ij

(xTi Mxj)⊗ (yTi Nyj) = 0.
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The underlying forms of H+ ⊗H+, H+ ⊗H− and H− ⊗H− are given by the
matrices

A =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

B =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

C =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0


Let P13 denote the matrix which permutes the first and third rows and P13(−1)
the signed permutation matrix

0 0 1 0
0 −1 0 0
1 0 0 0
0 0 0 1


We get the required isometries using P13 for A and B and P13(−1) for C.

Inductively we can show that H⊕n− ⊗H⊕m− ∼= H
⊕2(m+n)
+ and similar results

for the other two cases.

2.3 Symplectic and Orthogonal groups
Algebraic K-theory is closely connected with the infinite general linear group
GL(R) = colimnGLn(R). In fact, Quillen’s first construction of the algebraic
K theory space used the classifying space BGL [Qui73]. Similarly hermitian
K-theory is closely related to the classifying spaces of the symplectic and or-
thogonal groups.
Definition 2.3.1. Let P be a projective R-module and Aut(P ) the group of
R-module automorphisms P ∼−→ P .

1. Given a non-degenerate symmetric bilinear form φ : P → P∨, the associ-
ated orthogonal group O(P, φ) is the subgroup of Aut(P ) defined by

O(P, φ) = {p ∈ Aut(P )| p∨φp = φ}

2. Given a non-degenerate symplectic bilinear form ψ : P → P∨, the associ-
ated symplectic group Sp(P,ψ) is the subgroup of Aut(P ) defined by

Sp(P,ψ) = {p ∈ Aut(P )| p∨ψp = ψ}

We use the adjoint map φ̂ as it makes other definitions more convenient
but using φ : P ⊗ P → R works equally well. When (P,ψ) = H−, we denote
Sp(P,ψ) by Sp2n(R). The inclusions H⊕n− → H⊕n+1

− give us inclusions of
groups Sp2n(R) → Sp2n+2(R). The colimit Sp∞ = colimnSp2n is called the
infinite symplectic group. Similarly O∞ = colimnO(Hn

+) is called the infinite
orthogonal group.
Remark 2.3.1. Sp2n(R) is sometimes defined to be the symplectic group as-
sociated to the space (R⊕2n,Ωn), where

Ωn =
(

0 In
−In 0

)
This space is isometric to H⊕n− by permuting the bases.
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The definitions of symplectic and orthogonal groups can be extended to
arbitrary schemes.

Definition 2.3.2. Let V → S be a vector bundle over a scheme S and φ : V →
V ∨ a bilinear form on V . Let Aut(V, φ) be the closed subscheme of GL(V ) given
by Aut(V, φ)(U) = {f ∈ GL(V )(U)|f∗φf = φ}. When (V, φ) is a symmetric
or symplectic space we denote Aut(V, φ) by O(V, φ) and Sp(V, φ) respectively.
O(V, φ) and Sp(V, φ) are the orthogonal and symplectic group schemes.

These are closed subschemes as they are locally given by solutions to polyno-
mial equations. Therefore they are affine group schemes. We denote Sp(H⊕n+ )
by Sp2n. Using 2.2.4 we can give a local description of symplectic spaces similar
to the case of vector bundles.

Lemma 2.3.1. Let (V, φ) → X be a symplectic space of constant rank 2n.
There exists an open cover

⋃
i Ui = X such that there are isomorphisms Ti :

(V, φ)×X Ui
∼−→ A2n

Ui
and the transition functions Ti|Ui∩Uj ◦ Tj

−1
|Uij ∈ GL2n(Ui ∩

Uj) belong to the subgroup Sp2n(Ui∩Uj). In particular, there is an Sp2n-action
on (V, φ)→ X.

The converse is also true. That is, symplectic spaces of constant rank are
uniquely described by the above data. This follows from the fact that every
representable presheaf is a Zariski sheaf. This allows us to give an equivalence
between Sp2n-torsors and symplectic spaces of constant rank 2n. Given any
symplectic space (V, φ)→ X of constant rank 2n, let PV : Smop

X → Set be the
(Zariski) subsheaf of Hom(O⊕2n

X , V ) given by

PV (U) = {f : O⊕2n
U → V|U | f∗φUf ∈ Sp2n(Ui ∩ Uj)},

PV has a (right) Sp2n-action given by composition. As (V, φ) is locally isometric
to H⊕n− , there exists an open cover ∪iUi = X such that PV (Ui) ∼= Sp2n(Ui).
This implies that PV is an Sp2n-torsor.

Lemma 2.3.2. For any symplectic bundle (V, φ)→ S, let PV be the sheaf with
Sp2n-action over (SmS)Zar constructed above. PV is an Sp2n-torsor.

For the other direction, given an Sp2n-torsor P : (Smop
S )Zar → Set, the

sheaf P × A2n has a natural Sp2n × Sp2n-action. Using the diagonal inclusion
∆ : Sp2n → Sp2n × Sp2n, we can construct the quotient sheaf (P ×A2n)/Sp2n.

Lemma 2.3.3. For any Sp2n-torsor P : (Smop
S )Zar → Set, the quotient sheaf

(P×O⊕2n)/Sp2n is representable by a vector bundle and the induced Sp2n-action
turns it into a symplectic space.

Proof. As P is a principal Sp2n-bundle, (P ×O⊕2n)/Sp2n is locally isomorphic
to the sheaf O⊕2n

S . If ∪iUi = X is an open cover with a local trivialization of P,
φi : P(Ui)

∼−→ Sp2n(Ui), we have transition functions φj ◦φ−1
i : Sp2n(Ui∩Uj)→

Sp2n(Ui∩Uj). The transition functions φj ◦φ−1
i correspond to a unique element

in Sp2n(Ui ∩Uj) by evaluating at the identity. These same elements give us the
transition functions

O⊕2n
Ui∩Uj

∼−→ (P×O⊕2n/Sp2n)(Ui∩Uj)
∼−→ (P×O⊕2n/Sp2n)(Ui∩Uj)

∼−→ O2n
Ui∩Uj .
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This implies that P × O⊕2n/Sp2n is representable by a vector bundle. As
the transition functions are in Sp2n, the hyperbolic forms on O⊕2n

Ui

∼−→ P ×
(O⊕2n/Sp2n)Ui can be glued to give a symplectic space structure on (P ×
O⊕2n/Sp2n)Ui .

From 2.3.1 and 2.3.2 we get a bijection between symplectic spaces of a
fixed finite rank and Sp2n-torsors. Let G be Sp(V, φ) or O(V, φ) over S, the
representable presheaf G(−) := HomSchS (−, G) : SchopS → Set is a presheaf
of groups. As every representable presheaf is a sheaf in the étale (Nisnevich,
Zariski) topology, 1.6.4 implies that BG classifies G-torsors over (SmS , τ) where
τ is the étale, Nisnevich or Zariski site. We then have the following theorem.

Theorem 2.3.4. Let S be any scheme. For any X ∈ SmS, let Symp2n(X)
denote the set of isometry classes of symplectic spaces over X of constant rank
2n. We have bijections

Symp2n(X) ∼= PSmS (X,Sp2n) ∼= HomHs(S)(X,BSp2n)

Recall that for GLn we know that every étale torsor is already a Zariski
torsor 1.6.1. This together with 2.3.2 implies that every étale Sp2n-torsor is
a Zariski (and hence a Nisnevich) torsor. If we denote by BetSp2n, the étale
fibrant replacement of BSp2n, we have the following corollary,

Theorem 2.3.5. Let S be any scheme. We have a canonical isomorphism
BSp2n ∼= BetSp2n in Hs(S).

A similar but weaker statement is true for the orthogonal groups. O(V, φ) is
not Zariski locally trivial. O(V, φ) is however étale locally trivial over schemes
where 2 is invertible. In this case we get we get an analogous result involving
the étale classifying space BetO(H+) [ST15].

2.4 Hermitian K-theory
Let Sym(X) and Symp(X) denote the categories of symmetric and symplectic
spaces over a scheme X respectively, where a morphism f : (V, φ) → (W,ψ) is
a morphism of vector bundles f : V → W such that f∗ψf = φ. The orthog-
onal sum ⊥ turns Sym(X) and Symp(X) into (essentially small) symmetric
monoidal categories. We will use 2.1.2 to define the orthogonal and symplectic
K-theory spaces.

Definition 2.4.1. Let R be a commutative ring.

1. The symplectic K-theory space KSp(R) is the algebraic K-theory space
K⊥(iSymp(Spec(R))) and KSpn(R) = πnKSp(R) are the symplectic
K-groups.

2. The orthogonal K-theory space KO(R) is the algebraic K-theory space
K⊥(iSym(Spec(R))) and KOn(R) = πnKO(R) the orthogonal K-groups.

As is the case with algebraic K-theory, we only care about the homotopy type
of KO(R) and KSp(R). The zeroth orthogonal K-group KO0(R) is equal to the
classical Grothendieck-Witt group GW (R)( called the Witt-Grothendieck group
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in [Lam05, Def.1.1]). When 1
2 ∈ R, KO(R) is the hermitian K-theory space

in [Hor05] and KSp(R) is the hermitian K-theory space. For any commutative
ring R,

∐
nO(Hn

+)(R) and
∐
n Sp2n(R) are symmetric monoidal subgroupoids of∐

nGLn(R). We have monoidal functors
∐
nO(Hn

+)(R)→ Sym(Spec(R)) and∐
n Sp2n(R)→ Symp(Spec(R)) given by n 7→ H⊕n+ and n 7→ H⊕n− respectively.

These then induce maps of spaces

ΩsB(
∐
n

BO(Hn
+))(R)→ KO(R)

ΩsB(
∐
n

BSp2n)(R)→ KSp(R)

respectively. There are several ways to extend KO(R) and KSp(R) to arbitrary
schemes. Firstly we note that for any scheme S, KO and KSp define functors
(SchaffS )op → sSet from affine S-schemes to simplicial sets. The naive way to
extend this to arbitrary schemes is to use the Symp(X) category for non-affine
schemes as well. For any X ∈ SmS , we define the categories of big symmetric
and big symplectic spaces, SympSmS (X) and SymSmS (X) respectively, along
the same lines as the category of big vector bundles (i,e. we fix a choice of
pullback for each form). We can then define simplicial presheaves

KO⊥ : Smop
S → sSet

KSp⊥ : Smop
S → sSet

extending KO(R) and KSp(R) respectively.

Definition 2.4.2. Let S be any scheme.

1. KO⊥ : Smop
S → sSet is the simplicial presheaf given by KO⊥(X) =

K⊥(iSymSmS (X)).

2. KSp⊥ : Smop
S → sSet is the simplicial presheaf given by KSp⊥(X) =

K⊥(iSympSmS (X)).

Theorem 2.4.1. The morphism
∐
n Sp2n(−)→ iSympSmop

S
(−) in Fun(Smop

S ,Cat)
given by n 7→ H⊕n− induces a weak equivalence of simplicial presheaves∐

n

BSp2n → B(iSympSmop
S

)

over the Zariski site. In particular they are isomorphic as objects in H(S).

Proof. By 2.2.3 over a local ring R, every symplectic space is isometric to some
H⊕n− . This implies that

∐
Sp2n(R)→ iSymp(R) is an equivalence of groupoids

and hence induces a weak equivalence of simplicial sets∐
n

BSp2n(R)→ BiSymp(R).

As BSp2n is a degreewise representable simplicial sheaf we have by 1.3.1 that
the stalks

∐
nBSp2n(OU,u) are just the evaluations of the simplicial presheaf at

Spec(OU,u). 2.2.3 also implies that the canonical map colimx∈U BiSymp(U)→
BiSymp(OU,u) is an isomorphism. This implies that we have an equivalence∐
nBSp2n(OU,u)→ BiSymp(OU,u) of stalks in the Zariski topology and so we

are done.
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This result implies that the induced map of objectwise group completions is
also a weak equivalence.

Corollary 2.4.2. For any scheme S, there is an isomorphism in H•(S)

Ω1
sB(

∐
n

BSp2n) ∼−→ K⊥(
∐
n

Spn) ∼−→ KSp⊥.

Proof. The above theorem implies K⊥(
∐
n Spn(OU,u)) ∼−→ KSp⊥(OU.u) for any

point (U, u). Therefore it is enough to show that these spaces are weakly equiv-
alent to the corresponding stalks. This follows from the analagous result for
the classifying spaces and the construction of the group completion given in
2.1.1.

Remark 2.4.1. Currently there is some ambiguity about what is the correct
definition of symplectic K-theory over an arbitrary scheme. In general the her-
mitian K-theory for categories with duality gives us higher Grothendieck-Witt
groups GWn(X) and GW−n (X) ([Sch10a]) for any scheme X that gives us all
the desired properties for regular Noetherian schemes with 1

2 ∈ Γ(X,OX). We
will describe this theory below.

Definition 2.4.3. A category with duality is a triple (C, ∗, η), where C is a
category, ∗ is a functor ∗ : C → Cop and η is a natural transformation η : 1C ⇒
∗∗op. A category with strict duality is a category with duality such that η is a
natural isomorphism.

We can define symmetric forms in any category with duality.

Definition 2.4.4 (Symmetric forms and symmetric spaces). Let (C, ∗, η) be an
exact category with duality and A an object in C. A symmetric form on A is a
morphism φ : A→ A∗ such that the diagram

A A∗

A∗∗

φ

ηA
φ∗

commutes. A symmetric form φ : A → A∗ is called non-degenerate if it is an
isomorphism. A symmetric space is a pair (A, φ) where A is an object in C and
φ : A→ A∗ is a non-degenerate symmetric form.

We denote by Ch the category of symmetric forms in (C, ∗, η), the objects in
Ch are symmetric forms (A, φ) and morphisms (A, φ)→ (A′, φ′) are morphisms
f : A → A′ such that f∗ ◦ φ′ ◦ f = φ. There is a forgetful functor F : Ch → C
sending (A, φ) to A

Definition 2.4.5. An exact category with duality is a category with strict du-
ality (E , ∗, η) such that

1. E (and hence Eop) is an exact category.

2. ∗ : E → Eop is an exact functor.

3. 1E = η∗E ◦ ηE∗ for all objects E in E .
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Theorem 2.4.3. Let S be a scheme, L a line bundle over S and ε ∈ {1,−1}.
The triple (V ect(S), HomOS (−,L), εev) is an exact category with duality, where
V ect(S) is the category of vector bundles over S, HomOS (−,−) is the sheaf of
OS-module homomorphisms, and evE : E → HomOS (HomOS (E,L),L) is the
evaluation map.

Proof. We need to show that HomOS (−,L) is an exact functor of sheaves, ev
is a natural isomorphism and 1E∗ = ev∗E ◦ evE∗ . Let

⋃
i Spec(Ri) = S be an

affine cover of S, such that L|Spec(Ri) ∼= Ri. Then HomOS (−,L)|Spec(Ri) ∼=
HomP(Ri)(−, Ri) and hence exact. As exactness of sheaves can be checked
locally, HomOS (−,L) is exact. Similarly, ev restricted to Spec(Ri) is the iso-
morphism P → HomP(Ri)(HomP(Ri)(P,Ri), Ri), which implies ev is an iso-
morphism. The case for −ev is similar.

Exact categories with dualities give us a broader framework to deal with
KSp and KO. The symmetric forms in (V ect(S), HomOS (−,OS), εev) are the
usual symmetric forms for ε = 1 and the skew-symmetric forms for ε = −1. The
additive category structure of the exact category gives us additional structure.
Given an object E in an exact category with duality (E , ∗, η), the hyperbolic
symmetric space H(E) is the symmetric space with underlying object E ⊕ E∗

and symmetric form
(

0 1
ηE 0

)
The hyperbolic form construction gives us a

functor E → Eh, E 7→ H(E).

Definition 2.4.6 (Orthogonal sum). The orthogonal sum of symmetric forms
(E, φ) and (E′, φ′) is the symmetric form on E⊕E′ given by φ⊕φ′ : E⊕E′ →
E∗ ⊕ E′∗. We denote the orthogonal sum by (E, φ) ⊥ (E′, φ′).

The orthogonal sum construction turns Eh into a symmetric monoidal cate-
gory (identity is given by the unique form on the 0 object). We will also need
the broader framework of Grothendieck-Witt space of an exact category with
weak equivalences and duality developed in [Sch10b].

Definition 2.4.7. An exact category with weak equivalences and duality is a
quadruple (E , ∗, η, w) where

1. (E , ∗, η) is category with duality

2. (E , w) is an exact category with weak equivalences

3. ∗ : (Eop, w) → (E , wop) preserves weak equivalences and short exact se-
quences

4. η : id→ ∗∗ is a natural weak equivalence.

Note that η need not be an isomorphism as was the case for exact categories
with dualities. This allows us to consider a broader class of duality functors.
A symmetric form in (E , ∗, η, w) is just a symmetric form in (E , ∗, η) (however
the duality is no longer strict). We call a symmetric form (E, φ) in (E , ∗, η, w)
non-degenerate if φ is a weak equivalence. Every exact category with duality
is an exact category with weak equivalences and duality with w = i the set of
isomorphisms.
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Remark 2.4.2. Given an exact category with weak equivalences and duality
(E , ∗, η, w), the quadruple (E , ∗,−η, w) is also an exact category with weak equiv-
alences and duality. When E is a subcategory of OX -modules over some scheme
X, the change from η to −η is the change from symmetric to skew-symmetric
forms.

Definition 2.4.8 (Form functor). A form functor from one exact category with
weak equivalences and duality (E , ∗, η, w) to another (D, ∗, ζ, w) is a pair (F, α)
where F : E → D is a functor and α : F∗ → ∗F is a natural transformation such
that for every object E in E , α∗EζFE = αEF (ηE). A form functor is called exact
if F is an exact functor (preserves exact sequences) and sends weak equivalences
to weak equivalences. When F is an isomorphism of exact category with weak
equivalences and duality then we call (F, α) an isomorphism.

In cases where α = id, we denote the form functor just by F .

Definition 2.4.9. The Grothendieck Witt group GW0(E , ∗, η, w) of an exact
category with weak equivalences and duality (E , ∗, η, w) is the quotient of the free
abelian group, generated by isomorphism classes of symmetric spaces [(E, φ)] in
(E , ∗, η, w), by the following relations

1. [(E, φ)] + [(F,ψ)] = [(E, φ) ⊥ (F,ψ)];

2. [(E, φ)] = [(F, f∗φf)] for each weak equivalence f : F ∼−→ E;

3. for any commutative diagram of short exact sequences in E of the form

E−1 E0 E1

E∗1 E∗0 E∗−1

∼φ−1 ∼φ0 ∼φ1 (2.4.1)

where (φ−1, φ0, φ1) = (φ∗1η, φ∗0η, φ∗−1η), we have

[E0, φ0] = [E−1 ⊕ E1,

(
0 φ−1
φ1 0

)
].

Definition 2.4.10 (Witt group). The Witt group W0(E , ∗, η, w) of an ex-
act category with weak equivalences and duality (E , ∗, η, w) is the quotient of
GW0(E , ∗, η, w) by the subgroup generated by forms [E0, φ0] that fit into a dia-
gram of the form 2.4.1.

An exact form functor between two exact categories with weak equivalences
and duality induces a homomorphism between the correspondingGW0(E , ∗, η, w)
and W0(E , ∗, η, w).

We define the Grothendieck-Witt space GW (E , ∗, η, w) using the hermitian
S•-construction [Sch10b, 2.6] which generalises 2.1.8. For any exact category
with weak equivalences and duality (E , ∗, η, w), SnE are also exact categories
with weak equivalences and duality. This duality on SnE is not compatible
with the face and degeneracy maps. To rectify this we will use the edgewise
subdivision functor.
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Definition 2.4.11 (Edgewise subdivision). Let ∆ denote the usual simplex
category. For each n ∈ N, let n be the well ordered set n = {n′ < (n − 1)′ <
. . . 0′ < 0 < 1 . . . < n} which is isomorphic to [2n+1]. T : ∆→ ∆ is the functor
which is [n] 7→ n on objects and for θ : [n]→ [m], T (θ)(i) = θ(i) and T (θ)(i′) =
θ(i)′ for each i ∈ [n]. The edgewise subdivision functor (−)e : sSet → sSet
sends X to Xe = X ◦ T .

By definition Xe
n = X2n+1. The inclusion [n] → n induces a natural trans-

formation ()e → id. The geometric realization |Xe| → |X| is a subdivision of
the CW-complex [Seg73] and hence is a homeomorphism.

Consider [n] as a poset category. [n] has the structure of a category with
strict duality given by [n] → [n]op, i 7→ n − i (in fact this structure is unique).
This induces a category with duality structure on SnE ⊂ Fun(Ar[n], E) given by
(E..)∗i,j = E∗n−j,n−i. This duality is not compatible with the simplicial structure.
For example the dual of E.. = E1,0 � E2,0 � E3,0 is E∗3,2 � E∗3,1 � E∗3,0.
But (d1(E..))∗ = (E2,0 � E3,0)∗ = (E∗3,2 � E∗3,0) which is not equal to d1(E∗..).
To rectify this we replace SnE with SenE = S2n+1E . We see that n 7→ SenE
is a simplicial exact category with weak equivalences and duality (i.e, all the
structures are compatible with the face and degeneracy maps) where the duality
is given by (E∗)ij = E∗i′j′ and (E∗)i′j′ = E∗ij respectively.

Definition 2.4.12 (Grothendieck-Witt space). Let (E , ∗, η, w) be an exact cat-
egory with weak equivalences and duality. The assignment n 7→ SenE gives us a
simplicial exact category with weak equivalences and duality Se•E . The subcat-
egories of weak equivalences wSenE in SenE together give us a simplicial category
with duality wSe•E . We denote by (wSe•E)h the associated simplicial category of
symmetric forms. The Grothendieck Witt space GW (E , ∗, η, w) is the homotopy
fiber of the map

|(wSe•E)h| → |wS•E|

given by the composition (wSe•E)h → wSe•E → wS•E . The Grothendieck Witt
groups are the homotopy groups GWn(E , ∗, η, w) = πnGW (E , ∗, η, w) for n ≥ 1.

For our definition to be complete we want π0GW (E , ∗, η, w) ∼= GW0(E , ∗, η, w)
(note that GW (E , ∗, η, w) has a commutative H-space structure induced by ⊥
on Se•E and hence π0 is a commutative monoid). This turns out to be true
(cf.[Sch10b, Prop.3]) but we will not go into the details here.

Definition 2.4.13. LetX be a scheme with 1
2 ∈ Γ(OX , X). Then, (V ect(X),∨,±η, iso)

is a pair of exact categories with weak equivalences and duality, where the weak
equivalences are isomorphisms. We define the symplectic and orthogonal K-
theory spaces as

KO(X) = GW (V ect(X),∨, η, iso)

KSp(X) = GW (V ect(X),∨,−η, iso)

Theorem 2.4.4 (Affine scheme). Let R be a commutative ring with 1
2 ∈ R. We

have isomorphisms in the homotopy category HosSet.

KO⊥(Spec(R)) ∼−→ KO(Spec(R))

KSp⊥(Spec(R)) ∼−→ KSp(Spec(R))
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This is constructed as a zigzag of weak equivalences utilizing the hermitian
version of the Q-construction (cf.[Sch10b, Prop.2]) along the same lines as the
algebraic K-theory case. This shows that over any base scheme S, the presheaf

KSp : Smop
S → sSet X 7→ KSp(X)

is weakly equivalent to the presheaf KSp⊥ defined using symmetric monoidal
structure when 1

2 ∈ Γ(OS , S).

Definition 2.4.14. Let S be a scheme where 2 is not necessarily invertible. We
define KSp ∈ Spc(S) to be the Nisnevich fibrant replacement of KSp⊥.

Remark 2.4.3. For symplectic K-theory, the invertibility of 2 is crucial. Other-
wise the category of symplectic and skew-symmetric spaces are distinct. When
this happens, the symplectic spaces are no longer known to be the symmetric
spaces is a suitable category with duality. To remedy this Schlichting recently
introduced the notion of K-theory with quadratic functors in [Sch19]. We do
know yet if this theory gives us all correct properties. In particular, we do not
know if it satisfies the representability results below.

2.5 Hermitian K-theory of chain complexes
Let (E , ∗, η) be an exact category with (strict) duality. Recall that the pair
(Chb(E), q), where Chb(E) is the category of bounded chain complexes in E
and q is the set of quasi-isomorphisms in Ch(E), has the structure of an exact
category with weak equivalences 2.1.2.

Definition 2.5.1 (Shifted dualities). For n ∈ Z, we define the functor ηn :
Chb(E) → Chb(E)op to be given by E. 7→ (E.)∗[n]. Where (E.)∗ is the chain
complex (E.)∗i = E∗−i. That is,

(E∗, d∗) : . . . E∗−i+1
d∗−i−−→ E∗−i

d∗−i−1−−−−→ E∗−i−1 → . . .

[n] is the usual shift functor E[n]i = Ei−n. In particular (d∗n)i = (d−i−1−n)∗.
Let ηn : (−)⇒ (−)∗n∗n be the natural transformation given by

(ηnE)i = (−1)
n(n−1)

2 ηEi E. ∈ Chb(E)

The pairs (∗n, ηn), give us an exact category with weak equivalences and
duality

(Chb(E), ∗n, ηn, q)

for each n ∈ Z. When n = 0, we drop the superscript and write (∗, η) = (∗0, η0).

Lemma 2.5.1. For any exact category with duality (E , ∗, η) and for all n, k ∈ Z,
there are isomorphisms of exact categories with weak equivalences and duality

(Chb(E), ∗n+4k+2, ηn+4k+2, q) ∼−→ (Chb(E), ∗n,−ηn, q) E. 7→ E.[2k + 1]

(Chb(E), ∗n+4k, ηn+4k, q) ∼−→ (Chb(E), ∗n, ηn, q) E. 7→ E.[2k]
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Proof. The shift functors [n] are isomorphisms which preserve weak equiva-
lences. Therefore it is enough to show that these shift are compatible with
duality. As (E[k]∗n)i = E∗[k]−i−n = E∗−i−n−k = E∗−i+k−n−2k = (E∗n+2k)[k]i,
we see that the dualities commute with the shift. Finally for the double dual
identification, note that our choice of sign for η is compatible with the definition
of (ηnE)i = (−1)

n(n−1)
2 ηEi .

The functor i0 : E → Chb(E) sending an object to the chain complex con-
centrated in degree 0 induces a form functor (E , ∗, η, iso)→ (Chb(E), ∗0, η, q).

Theorem 2.5.2. For any exact category with duality (E , ∗, η), the form functor
(E , ∗, η, iso)→ (Chb(E), ∗0, η, q) induces a homotopy equivalence

GW (E , ∗, η, iso)→ GW (Chb(E), ∗0, η, q).

The isomorphism of groups GW0(Chb(E), ∗0, η, q) ∼−→ GW0(E , ∗, η, iso) is

[C., φ.] 7→ [C0, φ0] +
∑
i≥1

[H(Ci)].

This is [Sch10b, Prop.6]. This statement is analogous to [TT90, Th.1.11.7].
The hyperbolic forms enter the picture as (C.φ.) is a symmetric space implies
Ci
∼−→ C∗−i and [C, φ] + [C,−φ] = [H(C)] ∈ GW0(E , ∗, η, iso) [Sch10a, Lem.2.8].

We now have the required machinery to define symplectic and orthogonal K-
theory for arbitrary schemes. Given a scheme X, the category of bounded chain
complexes of vector bundles Chb(V ect(X)) and ∨ : V ect(X) → V ect(X) the
functor E 7→ Hom(E,OX), gives us a family of exact categories with weak
equivalences and duality,

(Chb(V ect(X)),∨n,±η, q)

for each n ∈ Z, where η is the usual double dual identification. Replacing
V ect(X) with an appropriate category of big vector bundles V ectV(X), any
morphism of functors f : Y → X induces an form functor

f∗ : (Chb(V ectV(X)),∨n,±η, q)→ (Chb(V ectV(Y )),∨n,±η, q)

for all n ∈ Z. Given an open subscheme i : U ↪→ X, let qU be the set of mor-
phisms in Chb(V ectV(X)) which are sent to quasi-isomorphisms in Chb(V ectV(U)).
It follows that q ⊂ qU and f [n] ∈ qU whenever f ∈ qU . Let Chb(V ectV(X))qU
be the full subcategory of Chb(V ectV(X)), whose elements are all objects whose
image in Chb(V ectV(U)) is acyclic. As the shift and duality functor both pre-
serve acyclic complexes, (∨n, ηn) restricts to a duality on Chb(V ectV(X))qU .
We then get two related families of exact categories with weak equivalences and
duality.

(Chb(V ectV(X)),∨n,±η, qU )

(Chb(V ectV(X))qU ,∨n,±η, q)

For simplicity we will use V ectV(X) and V ect(X) interchangeably as they give
equivalent categories.
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Definition 2.5.2. Let X be any scheme and Chb(V ect(X)) the associated
category of chain complexes of vector bundles. We define the K-theory spaces
KO[n], KSp[n] to be the Grothendieck-Witt spaces

KO[n](X) := GW (Chb(V ect(X)),∨n, η, q)

KSp[n](X) := GW (Chb(V ect(X)),∨n,−η, q)

Given an open subscheme i : U ↪→ X, we define the relative K-theory spaces
KO[n](X,U) and KSp[n](X,U) to be

KO[n](X,U) := GW (Chb(V ect(X))qU ,∨n, η, q)

KSp[n](X,U) := GW (Chb(V ect(X))qU ,∨n,−η, q)

we then have K-groups KO[n]
i (X) = πiKO

[n](X), KSp[n]
i (X) = πiKSp

[n](X),
KO

[n]
i (X,U) = πiKO

[n](X,U) and KSp
[n]
i (X,U) = πiKSp

[n](X,U) for i ≥ 0.

It follows immediately from 2.5.2 that we have isomorphisms

KO(X) ∼−→ KO[0](X)

KSp(X) ∼−→ KSp[0](X)

when 1
2 ∈ Γ(X,OX). By 2.5.1, we have isomorphisms

KSp[n](X) ∼−→ KO[n+4k+2](X) and KSp[n](X,U) ∼−→ KO[n+4k+2](X,U)
(2.5.1)

for all n, k ∈ Z and for any open embedding i : U ↪→ X. Schlichting in [Sch10b]
showed that when X has an ample family of line bundles (in particular for
regular Noetherian schemes) we have the following theorems.

Theorem 2.5.3 (Localization). For any quasi-compact open subscheme U ↪→
X, the canonical pair of form functors

(Chb(V ect(X))qU ,∨n, η, q)→ (Chb(V ect(X)),∨n, η, q)

(Chb(V ect(X)),∨n, η, q)→ (Chb(V ect(X)),∨n, η, qU )

induces homotopy fibration sequences

KO[n](X,U)→ KO[n](X)→ GW (Chb(V ect(X)),∨n, η, qU ).

Theorem 2.5.4 (Zariski excision). For any quasi-compact open subscheme
U ↪→ X and a closed scheme Z ↪→ X with quasi-compact open complement,
the form functor

(Chb(V ect(X))qX\Z ,∨n, η, qU )→ (Chb(V ect(U))qU\(U∩Z) ,∨n, η, q)

induces weak equivalences between the corresponding Grothendieck-Witt spaces,

GW (Chb(V ect(X))qX\Z ,∨n, η, qU ) ∼−→ GW (Chb(V ect(U))qU\(U∩Z) ,∨n, η, q)

In particular, when Z = ∅ we have an equivalence GW (Chb(V ect(X)),∨n, η, qU ) ∼−→
KO[n](U).
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Putting these two theorems together we get homotopy fibration sequences
of K-groups

KO[n](X,U)→ KO[n](X)→ KO[n](U). (2.5.2)

Using 2.5.4 in the case where Z ⊂ U with V = X \ Z we get

KO[n](X,V ) ∼−→ KO[n](U,U ∩ V ). (2.5.3)

This follows from the fact that q = qU in Chb(V ect(X))qV because Z ⊂ U
implies U ∪ V = X. Using the isomorphisms in 2.5.1, we then get

KSp[n](X,U)→ KSp[n](X)→ KSp[n](U)
KSp[n](X,V ) ∼−→ KSp[n](U,U ∩ V ).

(2.5.4)

From 2.5.2, 2.5.3 and 2.5.4, it follows that given any Zariski square,

U ∩ V U

V X

The corresponding squares of K-theory spaces,

KO[n](X) KO[n](V ) KSp[n](X) KSp[n](V )

KO[n](U) KO[n](U ∩ V ) KSp[n](U) KSp[n](U ∩ V )

are homotopy cartesian. Stronger results are known in the case when 1
2 ∈

Γ(X,OX).

Theorem 2.5.5 (Unstable representability [PW18, Th.5.1]). Let X be any
regular Noetherian scheme of finite dimension with 1

2 ∈ Γ(X,OX). Then we
have for any n ≥ 0.

1. (Nisnevich excision) For any elementary Nisnevich square,

W V

U X

the induced square

KO[n](X) KO[n](U)

KO[n](V ) KO[n](W )

is homotopy cartesian.

2. The map KO[n](X) → KO[n](A1 × X), induced by the projection, is a
weak equivalence.
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Therefore by 1.4.7

KO
[n]
i (X) = πi(KO[n](X)) ∼= HomH•(S)(Si ∧X+,KO

[n]) (2.5.5)

In particular, this result holds over Spec(Z[ 1
2 ]). Again by 2.5.1, we have

KSp
[n]
i (X) = πi(KSp[n](X)) ∼= HomH•(S)(Si ∧X+,KSp

[n]) (2.5.6)

Further, the open immersion U ↪→ X is a cofibration and hence the quotient
map of pointed presheaves

U+ → X+ → X+/U+

is a homotopy cofibration sequence. By 1.2.5, we then have a fibration sequence
of simplicial sets.

HomsPSh•(S)(X+/U+,KO
[n])→ HomsPSh•(S)(X+,KO

[n])→ HomsPSh•(S)(U+,KO
[n])

We have an isomorphism of simplicial sets HomsPSh•(S)(X+, F ) ∼−→ F (X) for
any simplicial presheaf F and hence,

HomsPSh•(S)(X+,KO
[n]) ∼−→ KO[n](X)

for any scheme X ∈ SmS . This coupled with localization implies that there is
an isomorphism of homotopy fibers in HosSet,

HomsPSh•(S)(X+/U+,KO
[n]) ∼−→ KO[n](X,U) (2.5.7)

We can go further and show that there is a spectrum KO ∈ SH•(S) such that
it represents orthogonal and symplectic K-theory. More precisely,

Theorem 2.5.6. S be any regular Noetherian scheme of finite dimension with
1
2 ∈ Γ(S,OS). Let KO[n]

f be a choice of fibrant replacement of KO[n] for each
n. There exist morphisms S2,1 ∧KO[n]

f → KO
[n+1]
f in Spc•(S) such that the

resulting motivic spectrum KO = (KO[0]
f ,KO

[1]
f , . . . ,KO

[n]
f , . . .) ∈ SH•(S) sat-

isfies
HomSH(S)(S2n−i,n ∧X+,KO) ∼= KO

[n]
i (X) (2.5.8)

for all schemes X ∈ SmS and for all i, n ∈ Z.

Here S2,1 ∼= S1
s ∧Gm ∼= P1 ∼= A1/(A1 \ {0}) ∈ H•(S). It follows that,

HomSH(S)(S2n+4−i,n+2 ∧X+,BO) ∼= KSp
[n]
i (X). (2.5.9)

Panin and Walter show this using the structure of oriented cohomology theo-
ries. We will go into more detail about this in Chapter 4. What we need for
representability are the isomorphisms,

A1/(A1 \ {0}) ∧KO[n] ∼−→ KO[n+1]

in H•(S). These are obtained using the Thom space isomorphisms,

th(E, φ) : KO[n](X) ∼−→ KO[n+m](E,E −X)

defined for each symplectic space (E, φ). In fact, Panin and Walter prove the
existence of Thom isomorphisms for the broader class of SLc-bundles [PW18,
Th.5.1].
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Chapter 3

Geometry of
Grassmannians

3.1 Introduction
In this chapter, we discuss the geometry of the Grassmannian schemes Gr(r, n)
and their open subschemes RGr(r, n) and HGr(2r, 2n), the real and quater-
nionic Grassmannians respectively. These schemes are closely related to K-
theory. Specifically the infinite Grassmannians Z×Gr, Z×RGr and Z×HGr
represent algebraic, orthogonal and symplectic K-theory respectively in the un-
stable motivic homotopy category H•(S) over well behaved schemes.

Definition 3.1.1. Let E be a vector bundle over a scheme S. A subbundle
of E, denoted by V ⊂ E, is the equivalence class of monomorphisms of OS-
modules, V � E, such that the V and E/V are vector bundles, identified up
to isomorphisms

V E

W

∼

Theorem 3.1.1. Let E be a vector bundle over a scheme S and r ∈ N. Let
Gr(r, E)(−) : SchopS → Set be the presheaf which sends an S-scheme, f : X → S
to the set of subbundles {V � f∗E| rank(V ) = r}. There exists a smooth
scheme Gr(r, E) ∈ SmS, such that there is an isomorphism of functors

HomSchS (−, Gr(r, E)) ∼−→ Gr(r, E)(−)

To prove this, we will first deal with the case when S is an affine scheme
Spec(R).

Definition 3.1.2. For any n ∈ N and I ⊆ {1, . . . , n}, let R[x]I be the quotient
of the polynomial ring R[xi,j ], 1 ≤ i ≤ n and 1 ≤ j ≤ r = |I|, by the ideal
generated by polynomials {xik,j−δk,j}ik∈I,j≤r, where ik denotes the kth element
of I and δi,j is the Kronecker delta function.

R[x]I is isomorphic to the polynomial ring with r(n− r) variables given by
the xi,j not set to 1 or 0.
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Lemma 3.1.2. Let S = Spec(R) be an affine scheme. There exist natural
transformations Hom(−, Spec(R[x]I)) → Gr(r, n)(−) for all I ⊂ {1, . . . n} of
size r such that {Hom(−, Spec(R[x]I))}I is an open cover of Gr(r, n)

Proof of Lemma. For simplicity of notation, denote Hom(−, X) by hX and
Hom(−, Spec(R)) by hR. For any scheme X, we can identify morphisms X →
Spec(R[x]I), with morphisms of OX -modules f : O⊕rX → O⊕nX , with pI ◦ f :
O⊕rX → O⊕rX an isomorphism, where pI : O⊕nX � O⊕r is the projection onto
the coordinates corresponding to I. This is then an embedding of O⊕rX as a
subbundle of O⊕n, uniquely determined by such an f , and hence we have a
morphism hR[x]I → Gr(r, n) as a subfunctor. Note that, even when S is non-
affine we can define this subfunctor as consisting of all the subbundles which
are isomorphic to O⊕r, by the projection pI . We will denote this subfunctor
by Gr(r, n)I . To show these give an open cover, we need to show that for
any morphism hT → Gr(r, n), where Spec(T ) is an affine scheme, the pull-
backs hT ×Gr(r,n) hR[x]I are all representable, say by UI , and {UI → Spec(T )}
is an open cover. Further, as a morphism hT → Gr(r, n) is equivalent to a
direct summand P � T⊕n, and for every projective module P there is a dis-
tinguished open cover

⋃
iD(fi) = Spec(R), such that Pfi is a free module, it is

enough to consider morphisms hT → Gr(r, n) corresponding to free subbundles
i : T⊕r � T⊕n. In such a case, the pullback hT ×Gr(r,n) hR[x]I is represented
by the affine scheme Spec(T [det(pI ◦ i)]−1). As i is a submodule embedding,
these form an open cover.

Note that Gr(r, n)I is still an open subscheme of Gr(r, n) in the non-affine
case and Gr(r, n)I ∼= Ar(n−r).

Proof of theorem. From the above lemma, to show that Gr(r, n) is representable
it is enough that it is a Zariski sheaf. This follows easily as giving a subbundle
embedding V ↪→ OnX is equivalent to giving such subbundles on an open cover
X = ∪iUi which agree on intersections. As every vector bundle is locally trivial
we get that Gr(r,F) is representable over any scheme. As Gr(r, n)I ∼= An(n−k)

is a smooth scheme, Gr(r, n) is smooth.

From the above isomorphism, we get a rank r vector subbundle

Ur,E → E|Gr(r,E)

called the canonical bundle, over the Grassmannian, corresponding to the iden-
tity morphism 1Gr(r,E) ∈ Hom(Gr(r, E), Gr(r, E)). The isomorphism in one
direction is given by sending a map

f : X → Gr(r, E) ∈ HomSchS (X,Gr(r, E))

to the pullback f∗Ur,E � O⊕n. We will mostly use the canonical bundles over
Gr(r, n), which we denote by Ur,n. When E is understood, we will suppress it
in the subscript. Let Ur � O⊕nGr(r,n) be the canonical bundle over Gr(r, n), then
Ur|Gr(r,n)I

∼= O⊕r as giving a morphism X → Gr(r, n)I is equivalent to giving a
morphism X → Gr(r, n) which factors through Gr(r, n)I . By construction this
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implies that f : X → Gr(r, n) factors through Gr(r, n)I if and only if,

f∗Ur O⊕n

O⊕r

∼ pI

It will be useful to have a description of the transition functions of Ur on the
intersections Gr(r, n)I ∩Gr(r, n)J .

Theorem 3.1.3. Let S = Spec(R) be affine. Under the isomorphism Gr(r, n)I ∼=
Spec(R[x]I) we have Gr(r, n)I ∩ Gr(r, n)J ∼= Spec(R[x]I)[(detMJ)−1] where
MJ is the r × r-matrix with the ikth entry is xijk , and the transition func-
tions R[x]I [(detMJ)−1] ∼−→ R[x]J [(detMI)−1] are given by sending xij to the
ijth-entry of [xij ]M−1

I .

Proof. For every subbundle in Gr(r, n)I(X), we can associate an n × r matrix
A, and this identification is unique if we set the r × r minor, with the rows
corresponding to I, to the identity matrix. The identification Gr(r, n)IJ =
Gr(r, n)I ∩ Gr(r, n)J ∼= Spec(R[x]I)[(detMJ)−1] comes from the fact that the
intersection corresponds to subbundles i : V � O⊕n such that pI◦i and pJ ◦i are
isomorphisms and therefore the r× r minors AI and AJ of the associated n× r
matrix A are invertible. For a subbundle V ∈ Gr(r, n)IJ , the representative
matrices A1 and A2 differ by multiplication by the inverse of the J minor,
A2 = A1A

−1
1J . From this, we get the description of the transition function.

We can use this description of the intersections to get the transition functions
for the canonical bundles Ur. We have Ur ∼= O⊕r

iI−→ O⊕n. Using the matrix
identification in the above proof, it is easy to see that the transition functions
O⊕rGr(r,n)IJ

∼−→ O⊕rGr(r,n)IJ are given by the matrix MJ . We have enough details
to show the following.

Theorem 3.1.4. The tangent bundle of the morphism Gr(r, E) → S is given
by, TSGr(r, E) ∼= Hom(Ur, E/Ur).

Proof. This result is given in [Ful98, Sec.14.6]. Let p : Gr(r, E) → S be the
structure map. Applying the second fundamental form construction to the exact
sequence Ur � p∗E � p∗E/Ur, we get a morphism Ur → Ω1

Gr(r,E)/S ⊗ p
∗E/Ur.

Dualizing we get a morphism TSGr(r, E) → U∨r ⊗ p∗E/Ur. It is easy to check
on local coordinates that this is an isomorphism.

3.2 Relations between Grassmannians
The description of the Grassmannian schemes as a presheaf gives us a clean
way to give morphisms between them. Let F and E be a vector bundles over
a scheme S of rank n and m respectively. There exist morphisms of smooth
schemes Gr(r, F )→ Gr(r, F ⊕ E) and Gr(r, F )→ Gr(r +m,F ⊕ E), given by
morphisms of functors

V � F Z⇒ V � F ⊕ E and V � F Z⇒ V ⊕ E � F ⊕ E
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respectively. Let i be i : Gr(r, F ) → Gr(r, F ⊕ E) and j be j : Gr(r, F ) →
Gr(r + m,F ⊕ E) as above. These maps are characterized by the subbundles
i∗Ur,F⊕E ∼= Ur,F and j∗Ur+m,F⊕E ∼= Ur,F ⊕ E|Gr(r,F ) respectively. These maps
between Grassmannians play an important role in the definition of the algebraic
K-theory spectrum, so we will look at them more closely.

Theorem 3.2.1. The map i : Gr(r, F ) → Gr(r, F ⊕ E) is a closed embedding
with normal bundle U∨r ⊗E. There is an open embedding f : U∨r ⊗E → Gr(r, F⊕
E), such that i factors as i = f ◦ z, where z is the zero section.

Proof. For simplicity we will first deal with the case of E ∼= OS . For any open
subscheme U ↪→ S, F|U ∼= O

⊕n
U implies F ⊕ O|U ∼= O

⊕n+1
U . Therefore, it is

enough to show that Gr(r, n) ↪→ Gr(r, n+ 1) is a closed embedding, as being a
closed embedding is local on the base. The schemes Gr(r, n)I can actually be de-
scribed as vector bundles Hom(O⊕r,O⊕n/O⊕rI ), where OrI denotes the embed-
ding O⊕r → O⊕n given by elements of I. The above embedding then arises by
gluing monomorphisms iI : Hom(O⊕r,O⊕n/O⊕rI ) ↪→ Hom(O⊕r,O⊕n+1/O⊕rI ).
As monomorphisms between vector bundles induce closed embedding of corre-
sponding schemes, Gr(r, n) ↪→ Gr(r, n + 1) is a closed embedding. In fact, the
embedding is smooth and therefore the normal bundle is the cokernel of the
map,

TSGr(r, F )→ i∗TSGr(r, F ⊕O). (3.2.1)

We know TSGr(r, F ) ∼= Hom(Ur, F/Ur) and i∗(Ur ↪→ F⊕OGr(r,F⊕O)) ∼= Ur ↪→
(F⊕OGr(r,F )). Putting this together, the normal bundle is the cokernel of the
map

Hom(Ur, F/Ur)→ Hom(Ur, F⊕O/Ur) (3.2.2)

Therefore, the normal bundle is Hom(Ur,O) = U∨r . To construct the open
embedding, consider the open subscheme of Gr(r, F⊕O) given by the functor

U(X f−→ S) = {E � f∗F⊕O | E → f∗F is a monomorphism}

Note that this gives an open subscheme as the condition is locally given by the
determinant of some r×r minor being invertible. It is easy to see that the image
of Gr(r, F ) lands in U . We have a map U → Gr(r, F ) which, as a morphism of
functors, sends

E � f∗F⊕O Z⇒ E � f∗F

Sections of this map correspond to maps Ur → O and hence we are done with the
case E∼= OS . The general case follows along the same lines, 3.2.1 just becomes,

Hom(Ur, F/Ur)→ Hom(Ur, F ⊕ E/Ur). (3.2.3)

Similarly, we can prove a slightly weaker result about j,

Theorem 3.2.2. The tangent bundle of the map j is (F/U)∨r . There exists
an open embedding f : (F/Ur)∨ ↪→ Gr(r + 1, F ⊕ E), such that j factors as
j = f ◦ z, where z is the zero section.
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The proof follows along similar lines as the previous theorem. Hence j
is an immersion. By the maps Gr(r, F ) → Gr(r, F⊕OS) and Gr(r, F ) →
Gr(r + 1, F⊕OS) we get a diagram

...
...

. . . Gr(r, n) Gr(r, n+ 1) . . .

. . . Gr(r + 1, n+ 1) Gr(r + 1, n+ 2) . . .

...
...

Taking the colimit in the category of presheaves, along the horizontal directions
we get ind-schemes Gr(r,∞) and taking the colimit of the whole diagram we get
the infinite Grassmannian Gr(∞,∞) which we will denote plainly by Gr. We
do not need all the Gr(r, n) to define Gr, it is enough to have a cofinal subset of
them. In particular we have colimnGr(n, 2n) ∼= Gr. Note that this colimit does
not exist in the category of finite-dimensional schemes over S. We know that
every projective module P , over a commutative ring R is a direct summand of
a free module P ⊕Q ∼= R⊕n.

Theorem 3.2.3. Let Spec(R) → S be an affine S-scheme. For any projective
module P of rank r, there exists a map Spec(R) → Gr(r, n) such that the
corresponding submodule is P � R⊕n. This implies, every P corresponds to
some element in Gr(Spec(R)).

It is important to note that there might be several distinct embeddings
P � R⊕n, so the above map is not unique, even as an element of Gr(Spec(R)).

3.3 The real and quaternionic Grassmannians
To define the motivic spectrum BO, we need open subschemes of Gr(r, n) re-
lated to the structure of bilinear forms. Let φ be a bilinear form on a vector
bundle F over S.

Definition 3.3.1. Define Gr(r, F, φ) to be the subfunctor of Gr(r, F ), given by

Gr(r, F, φ)(X f−→ S) = {E ⊂ f∗F | f∗φ|E is nondegenerate}.

When φ is a symmetric or a symplectic form (2.2.1), we denote Gr(r, F, φ) by
RGr(r, F, φ) and HGr(r, F, φ) respectively.

RGr(r, F, φ) and HGr(r, F, φ) are called the real and quaternionic Grass-
mannians respectively. As there are no non-degenerate symplectic forms of odd
rank, HGr(r, F, φ) is empty for r odd and φ a symplectic form.

Theorem 3.3.1. Gr(r, F, φ) is representable and an open subscheme of Gr(r, F ).
In particular, HGr(r, F, φ) and RGr(r, F, φ) are open subschemes of Gr(r, F ).
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Proof. As before, it is enough to show that if φ : O⊕nS
∼−→ (O⊕nS )∨ is a bilinear

form, then Gr(r, n, φ) = Gr(r,O⊕nS , φ) is an open subscheme of Gr(r, n). On
an affine open subscheme, U = Spec(R), any bilinear form φ is given by a
matrix Mφ, which is determined by our choice of basis, i,e φ(x, y) = xTMφy
for all x, y ∈ Rn. φ is then non-degenerate if and only if Mφ is invertible.
Restricting Gr(r, n)I to Spec(R), we have Gr(r, n)I ∼= Spec(R[xij ]I) with j ∈
{1, . . . , n} − I and i ∈ I. To show the functor Gr(r, n, φ) is representable, it
is enough to show that there exist subfunctors Gr(r, n, φ)I ↪→ Gr(r, n, φ) such
that Gr(r, n, φ)I are representable and form an open cover of Gr(r, n, φ).

Let Gr(r, n, φ)I be the open subscheme of Spec(R[xij ]I) given by

Spec(R[xij ]I [det(xTIMφxI)−1])

where xI is the matrix whose ij-th coordinate is xij in R[xij ]I . For any R-
algebra A, the A-points of Gr(r, n, φ)I are given by a collection of r(n − r)
elements of A such that the matrix A is invertible. This gives an embedding of
Gr(r, n, φ)I as a subfunctor.

We denote RGr(r,H⊕n+ ) and HGr(2r,H⊕n− ) by RGr(r, 2n) and HGr(2r, 2n)
respectively. We have for each HGr(r, F, φ), a canonical symplectic subbundle
(Ur,φ, φ) and for each RGr(r, F, ψ), a canonical symmetric subbundle (Vr.ψ, ψ)
corresponding to the identity elements. On HGr(2r, 2n) and RGr(r, n) we
denote the canonical bundles by U2r,2n and Vr,n respectively.

Definition 3.3.2 (Quaternionic projective space). For any n ≥ 0, we denote
HGr(2, 2n+ 2) by HPn and call it the Quaternionic projective space.

Remark 3.3.1. In [PW10] they define RGr(r, 2n) not using symmetric spaces
but quadratic spaces q2n. These are equivalent over schemes where 2 is invert-
ible, but give different subschemes of Gr(r, n) otherwise.

Similar to the case of Gr(r, F ), we have morphisms (we suppress the form
for simplicity)

RGr(r, F )→ RGr(r, F ⊕H+) and RGr(r, F )→ RGr(r + 2, F ⊕H+)

HGr(2r, F )→ HGr(2r, F ⊕H−) and HGr(2r, F )→ HGr(2r+ 2, F ⊕H−).

One advantage when dealing with RGr(r, F ) and HGr(r, F ) is that for any
symplectic (or symmetric subbundle) U ⊂ E, there is a decomposition E ∼=
U ⊕ U⊥. Hence the canonical bundles have orthogonal complements.

Theorem 3.3.2. The morphisms

RGr(r, F )→ RGr(r, F ⊕H+) and HGr(2r, F )→ HGr(2r, F⊕H−)

are closed embeddings with normal bundles, V ∨r,n ⊗ O⊕2 and U∨2r,2n ⊗ O⊕2 re-
spectively. The tangent bundle of the morphisms

RGr(r, F )→ RGr(r+ 1, F ⊕H+) and HGr(2r, F )→ HGr(2r+ 2, F ⊕H−)

are F/V ∨r ⊗O⊕2 and F/U∨2r ⊗O⊕2 respectively.
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Proof sketch. These statements can be derived easily by extending 3.2.1 and
3.2.2 to Gr(r, F ) → Gr(r, F ⊕ O⊕2) and Gr(r, F ) → Gr(r + 1, F ⊕ O⊕2) and
using the fact that tangent bundles are well behaved with respect to restrictions
to open subschemes.

Remark 3.3.2. Note that as the canonical bundles U2r,F and Vr,E come equipped
with non-degenerate forms, we have U2r,F

∼−→ U∨2r,F and Vr,E
∼−→ V ∨r,E .

We can also construct RGr(r,∞), HGr(2r,∞), RGr and HGr along the
lines of the ordinary Grassmannians. We then have, RGr = colimnRGr(n, 2n)
and HGr = colimnHGr(2n, 4n). As all these structure maps add a bundle of
even rank, they do not change the parity of the initial subbundle. This means
that RGr splits as RGr = colimnRGr(2n, 4n)

∐
RGr(2n+ 1, 4n+ 2). We will

now explore in more detail the geometry of HGr(2r, 2n). All of the following
theorems are given in chapters 3 and 4 in [PW10].

Theorem 3.3.3. Let (E, φ) be a symplectic space and F := E ⊕H−.

(a) The normal bundle N = U∨r,φ ⊗ O⊕2 of HGr(2r, E) in HGr(2r, F ) has
a canonical embedding as an open subscheme of Gr(2r, F ) containing
HGr(2r, E).

(b) The closed subschemes N+ = HGr(2r, F )∩Gr(2r, E ⊕O⊕ 0) and N− =
HGr(2r, F ) ∩Gr(2r, E ⊕ 0⊕O) of HGr(2r, F ) satisfy N+, N− ⊂ N and
N+ ∩N− = HGr(2r, E).

(c) By the maps N+, N− → N → HGr(2r, E), both N+ and N− are vector
subbundles of N over HGr(2r, E).

(d) There are natural vector bundle isomorphisms N+ ∼= U2r,E ∼= N−.

(e) Let π+, π− : N+ → HGr(2r, E) be the structure maps from above. Then
π∗+(U2r,E , φUE ) is isometric to (UF , (φUF , h−))|N+ where h− is the form
on H− and similarly for π−.

Proof. Consider the subfunctor N of Gr(2r, F ) given by all subbundles V �
E ⊕H− such that V → E is a monomorphism and φE is non-degenerate. Both
these conditions can be described locally as certain matrices being invertible
and therefore is representable by an open subscheme. Giving an element of
N (T ) is equivalent to giving a symplectic subbundle V � E and a morphism
V → O⊕2. This is equivalent to giving a morphism f : T → HGr(2r, E) and a
pair of sections f∗U2r,E → O⊕2. Hence N is isomorphic to N ∼= U∨2r,φ ⊗O⊕2 ∼=
Hom(U2r,φ,O⊕2). Hence we have showed (a).

Giving a morphism t : T → N+ is equivalent to giving a symplectic sub-
bundle V � t∗E ⊕ H− such that the restriction V → OT ⊕ 0 is zero. The
symplectic form on F is (φ, h−). We write the morphism V � t∗E ⊕ H− as
(i, f, 0) : V � t∗E ⊕ H−, where i : V → t∗E, (f, 0) : V � O ⊕ O. As V is
a symplectic subbundle, (i, f, 0)∨(φ, h−)(i, f, 0) = (i∨φi, (f, 0)∨h−(f, 0)) is non-
degenerate. (f, 0)∨h−(f, 0) = 0 as h− restricted to O⊕0 is the zero form. From
this we get that i∨φi : V → t∗E → t∗E∨ → V ∨ is an isomorphism. A similar
result holds for N− and hence we have N+, N− ⊂ N . In fact, by the above
description, N+ and N− are the subbundles U∨2r,E⊗ (O⊕0) and U∨2r,E⊗ (0⊕O)
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of U∨2r,E ⊗O⊕2 respectively and hence we have (b) and (c). We get (d) as U2r,E
is a symplectic space and hence U2r,E ∼= U∨2r,E .

For (e), we know that giving a morphism T → π∗+(U2r,E , φUE ) or T →
(U2r,F , (φUF , h−)|N+) is equivalent to giving a morphism f : T → N+ and a
section of the corresponding subbundle V , hence π∗+(U2r,E) ∼= (U2r,F ). The
forms are equivalent by the description of N+ above.

Let Y = HPn −N+, where N+ = HPn ∩ Gr(2,O2n ⊕ O ⊕ 0) is as above.
Y is an open subscheme of HPn and giving a morphism T → Y is equivalent
to giving a morphism f : T → S and a rank 2 symplectic subbundle V �
H⊕n− ⊕H− such that the morphism λ : V → O induced by the last projection
p2n+2 : O⊕2n+1 ⊕O � 0⊕O, is an epimorphism.

Theorem 3.3.4. Y is the quotient of A4n+1 under the free group action of
Ga = A1 given by,

Ga × A2n × A2n × A1 → A2n × A2n × A1

t · (a, b, r) = (a, b+ ta, r + t(1− φ(a, b))), (3.3.1)

where φn : A2n × A2n → A1 is the standard symplectic form H⊕n− .

This is [PW10, Th.3.4]. It is proved there in greater generality, here we give
a shorter proof for our desired special case,

Proof. Let Z be the closed subscheme of A2n+2×A2n+2 given by the equations

Z = {(e, f) ∈ A2n+2 × A2n+2|p2n+2(f) = 1, p2n+2(e) = 0, φn+1(e, f) = 1}
(3.3.2)

By this definition, every pair (e, f) ∈ Z defines a symplectic subspace 〈e, f〉�
H⊕n+1
− , where 〈e, f〉 ∼= H− is the subspace generated by e and f . This gives

a morphism π : Z → HPn, sending (e, f) 7→ 〈e, f〉. As p2n+2(f) = 1, π
factors through the subspace Y . Let e = (a1, a2, . . . , a2n, a2n+1, a2n+2) and f =
(b1, b2, . . . , b2n, b2n+1, b2n+2). The conditions on Z give us a2n+2 = 0, b2n+2 =
1 and b2n+1 +

∑n
j=1 a2j−1b2j − a2jb2j−1 = 1. This gives us an isomorphism

A2n × A2n+1 ∼−→ Z, defined as

((a1, . . . , a2n), (b1, . . . , b2n+1)) 7→
((a1, . . . , a2n, 1− φ2n((a1, . . . , a2n), (b1, . . . , b2n)), 0), (b1, . . . , b2n+1, 1)) (3.3.3)

There is a Ga-action on Z given by t · (e, f) = (e, f + te). This action agrees
with 3.3.1 under the above isomorphism and 〈e, f〉 = 〈e, f + te〉, hence Z → Y
is a Ga-bundle. We will show that Z → Y is a Ga-torsor. The restriction
of the canonical bundle to Y satisfies, U2,2n+2|Y → OY is an epimorphism.
Let Y =

⋃
α Yα be an open cover of Y such that, there exist splittings sα :

OYα → U2,2n+2|Yα . Let us fix such a splitting sα for each α and let Zα =
Z×Y Yα. Y has an open cover by the subschemes YI = Y ∩Gr(2, 2n+ 2)I , such
that every symplectic subbundle in YI has, as its underlying vector bundle, the
trivial bundle O⊕2. Further, as every non-degenerate symplectic form on O⊕2

is isometric to H−, every element of YI corresponds to a symplectic subspace
isometric to H−. Let Yα,I = YI ∩ Yα and Zα,I = Z ×Y Yα,I . Suppose we have a
symplectic subbundle (V, ψ) � H⊕n+1

−T ∈ Yα,I(T → S), then (V, ψ) ∼−→ H− and
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there exists a splitting sα,V : OT → V of p2n+2|V : V � OT by pulling back
sα : OY → Uα,I over Yα. Let fV = sα,V (1) and eV ∈ V be the unique element
such that φ(eV ,−) = p2n+2|V (−). This gives maps ηα,I : Yα,I(T → S)×Ga(T →
S) → Zα,I(T → S), given by (V � H⊕n+1

−T , t) 7→ (eV , fV + teV ). Suppose we
have two elements of Zα,I(T → S), (e, f1) and (e, f2). Writing f2 = ae + bf1,
we get 1 = φ(e, f2) = b and hence for a fixed e, the Ga action is transitive.
Given a pair (e, f), the subspace 〈e, f〉 satisfies φ(e,−) = p2n+2|〈e,f〉(−) and
hence ηα,I is surjective. For any two subspaces V and W , (eV , fV + t1eV ) =
(eW , fW + t2eW ) implies V = 〈eV , fV 〉 = 〈eW , fW 〉 = W as subspaces and
fV = sα,V (1) = sα,W (1) = fW . This finally gives us t1 = t2 and hence each ηα,I
is injective. Therefore we have shown that ηα,I are bijections and hence Z → Y
is a Ga-torsor.

3.4 Grassmannians and K-theory
Let S be a scheme. The algebraic K-theory presheaf over S is isomorphic to
Z×Gr =

∐
i∈ZGr in H•(S) (cf.[MV99]),

Theorem 3.4.1. There exists an equivalence Z×Gr ∼−→ K in H•(S) and hence
for any X ∈ SmS and for all n ∈ N,

HomH•(S)(Sn ∧X+,Z×Gr) ∼= Kn(X)

The main goal of this section is to prove an analogous result for symplectic
K-theory.

Theorem 3.4.2. The presheaves Z×HGr and KSp are isomorphic as objects
in H•(S).

The proof is very similar to the algebraic K-theory situation. We will prove
this result in stages.

Lemma 3.4.3. BSp∞ is a unital magma in H•(S).

Proof. By 1.5.4 the homotopy colimit of the diagram BSp2n → BSp2n+2 is A1-
equivalent to the colimit BSp∞. Similarly BSp∞ ×BSp∞ ∼= hocolimnBSpn ×
BSpn. For all n ∈ N, we let pn : BSp2n × BSp2n → BSp4n be induced by the

group homomorphisms Sp2n × Sp2n → Sp4n, given by (A,B) 7→
(
A 0
0 B

)
. We

will construct maps σn : BSp4n → BSp4n such that each σn is A1-homotopic
to the identity and the diagram

BSp2n ×BSp2n BSp4n BSp4n+4

BSp2n+2 ×BSp2n+2 BSp4n+4

pn

σn+1

pn+1

(3.4.1)

commutes. For simplicity, let us look at 4 × 4 matrices. Consider the signed

permutation matrix Q =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

, then Q is orthogonal. Given any
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block matrix
(
A2×2 0

0 B2×2

)
, the inner automorphism M 7→ QMQt permutes

the two blocks and hence Q ∈ Sp4. There is a morphism Qt : A1 → Sp4 such
that Qt(0) = I4 and Qt(1) = Q. To construct this morphism, first note that Q
has a decomposition

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 =


1 0 0 0
0 1 0 −1
1 0 1 0
0 0 0 1




1 0 −1 0
0 1 0 0
0 0 1 0
0 1 0 1




1 0 0 0
0 1 0 −1
1 0 1 0
0 0 0 1


We define Qt to be the matrix

1 0 0 0
0 1 0 −t
t 0 1 0
0 0 0 1




1 0 −t 0
0 1 0 0
0 0 1 0
0 t 0 1




1 0 0 0
0 1 0 −t
t 0 1 0
0 0 0 1


where we denote A1

X
∼= Spec(R[t]) for any affine scheme X = Spec(R). All

three of these matrices in the product are symplectic, Qt(0) = I and Qt(1) =
Q. In 3.4.1 the image of the top row is contained in the subgroup of block

matrices of the form

A2n×2n 0 0
0 B2n×2n 0
0 0 Ω4

, where Ω2n = ⊕ni=1Ω and the

bottom half of the diagram has image of the form


A2n×2n 0 0 0

0 Ω 0 0
0 0 B2n×2n 0
0 0 0 Ω


Therefore σn : BSp4n → BSp4n needs to be an automorphism which permutes
these blocks. The desired permutations can be decomposed into products of
permutations of the form (2i+ 1, 2i+ 3)(2i+ 2, 2i+ 4). Like the 4× 4 case, this
permutation can be replaced with the corresponding signed permutation, which
will be of the form I2i⊕Q⊕ I2j . Let σn be the automorphism corresponding to
this permutation. It follows that σn : BSp4n → BSp4n is A1 homotopic to the
identity and hence is an A1-weak equivalence. σn induces an isomorphism of
homotopy colimits BSp∞

∼−→ BSp∞ in H•(S). Hence we have an induced map
of homotopy colimits BSp∞×BSp∞ → BSp∞ in H•(S). We can similarly use
permutations to show colimn I2n is a unit of this operation.

The following is essentially [MV99, Th.4.1] but tweaked to correct a mistake.
The mistake was initially pointed out in [ST15].

Definition 3.4.1. A graded monoid object in sSh•(T ), where T is any site,
consists of a simplicial sheaf of monoids (M,+), morphisms α : N → M and
f : M → N in Mon(sSh(T )) such that fα = id. Let Mn = f−1(n) be the nth
degree component. We define M∞ = colimnMn to be the filtered colimit where
the maps are addition of α(1), α(1)+ : Mn →Mn+1.

Lemma 3.4.4. Let (M,+, α, f) be a graded monoid object in sSh•(S)Nis, with
M∞ = colimnf

−1(n). Assume the following two conditions hold.

1. the map aπA1

0 (f) : aπA1

0 (M)→ N is an isomorphism of constant sheaves;
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2. (M,+) is commutative in H•(S) under the induced monoidal structure;

3. The diagram
Mn ×Mn M2n

Mn+1 ×Mn+1 M2n+2

+

α(1)+

commutes in H•(S)

Then the canonical morphism M∞ × Z→ RΩ1
sBM is an A1-weak equivalence.

Here aπA1

0 (X ) is just the sheaf of Homs in the A1-homotopy category,

U 7→ HomH•(S)(U,X )

Proof. By 1.6.2 we can replace M with a termwise free simplicial monoid and
hence assumeM+ ∼= RΩ1

sBM . The ExA1 functor might not preserve the monoid
structure, but by [MV99, 1.7], there is a A1-fibrant replacement functor M →
ExMon

A1 (M) taking monoid objects to monoid objects. As aπA1

0 (f) : aπA1

0 (M)→
N is an isomorphism, ExMon

A1 (M) is also graded as

aπA1

0 (ExMon
A1 (M))(U) ∼= π0(ExMon

A1 (M))(U).

The morphism M → ExMon
A1 (M) induces an A1-weak equivalence of each graded

component as they are disjoint. By 1.6.3 and 1.5.6 we get A1-weak equivalences
RΩ1

sBM
∼−→ RΩ1

sBEx
Mon
A1 M and M∞

∼−→ ExMon
A1 (M)∞. Therefore, we can re-

place M and M∞ with ExMon
A1 (M) and (ExMon

A1 (M))∞ respectively and reduce
the question to the situation where M is A1-fibrant. Then by 1.4.2 (2), (3)
are equivalent to there being simplicial homotopies between the relevant mor-
phisms. We can thus reduce to the case where (M,+) is commutative in the
simplicial homotopy category Hs(SmS) and the diagram in (3) commutes up
to simplicial homotopy. Now we need to show that M∞ × Z → M+ is a weak
equivalence of simplicial sheaves. As the Nisnevich site has enough points we
use the stalk functors to reduce to the case where all objects are Kan complexes.
The first two conditions then imply that the map M∞ × Z→M+ , where M+

is the group completion of M , is a homology isomorphism. (3) implies that
M∞ is an H-space and therefore π1(M∞) is abelian and acts trivially on all
higher homotopy groups. The map is then a weak equivalence by Whitehead’s
theorem.

Applying this to M =
∐
nBSp2n with α(n) = I2n, we get an A1-weak equiv-

alence Z×BSp∞ → RΩ1
sB(

∐
nBSp2n). AsRΩ1

sB(
∐
nBSp2n) ∼−→ Ω1

sB(Symp) =
KSp by 2.4.2, we get an isomorphism Z×BSp∞

∼−→ KSp in H•(S).

Definition 3.4.2. An acceptable gadget over an X ∈ SmS is a sequence of
smooth quasi-projective X-schemes (Ui)i∈N and closed embeddings fi : Ui →
Ui+1 of X-schemes such that for any henselian regular local ring B over S and
any commutative square

∂∆n
B Ui

∆n
B X
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of morphisms of S-schemes, there exists a j ≥ i and a map ∆n
B → Uj making

the following diagram commute.

∂∆n
B Ui Uj

∆n
B X

Theorem 3.4.5. Given any acceptable gadget (Ui, fi) over an S-scheme X, the
canonical morphism colimiUi = U∞ → X is an A1-weak equivalence. In fact
SingA

1

∗ (U∞)→ X is a Nisnevich weak equivalence.

Proof. First let us consider the case when the acceptable gadget is over S. To
prove that SingA1

∗ (U∞)→ S is a Nisnevich weak equivalence and hence in order
to prove that U∞ → S is an A1-weak equivalence, it is enough to show that the
induced map SingA1

∗ (U∞)→ S is an A1-weak equivalence. Let x : Spec K→ X
be a point of X in the Nisnevich site (SmS)Nish. As U∞ is an ind-scheme
U∞(OhX,x) is equal to evaluating U∞ at OhS,s as a presheaf on all S-schemes.
Similarly SingA1

∗ (U∞)(OhS,s) is also equal to evaluating SingA1

∗ (U∞) at OhS,s as
a simplicial presheaf. It is enough to show SingA

1

∗ U∞(OhX,x) is a contractible
simplicial set for all points x. But as each OhX,x is a henselian local ring, the
definition of acceptable gadget implies that SingA1

∗ U∞(OhX,x)→ ∗ is an acyclic
fibration. When the gadget is over a scheme X ∈ SmS , then U∞ → X is an
isomorphism in H•(X) and the map Lp#1.4.9, where p : X → S is the structure
map, preserves A1-weak equivalences and hence U∞ → X is an isomorphism in
H•(S).

For all r, n ≥ 0, let HU(2r, 2n)→ HGr(2r, 2n) be the principal Sp2r-bundle
associated to the canonical rank 2r symplectic subbundle U2r,2n → HGr(2r, 2n)
that is, HU(2r, 2n) is locally isomorphic to Sp2r with the same transition func-
tions as Ur,n. As is the case with the symplectic bundles, there are closed em-
beddings fi : HU(2r, 2n) → HU(2r + 2, 2n + 2) induced by H⊕2n

− ↪→ H⊕2n+2
− .

Panin and Walter show in [PW18] that (HU(2r, 2n), fr) form an acceptable
gadget, and in fact given any rank 2r symplectic bundle (E, φ) they show
the corresponding principal Sp2r bundles HU(E, φ; 2n) → X × HGr(2r, 2n)
give an acceptable gadget (HU(E, φ;n), fn)n≥ over X × HGr(2r, 2n). Giv-
ing a map Y → HU(E, φ; 2n) is equivalent to giving maps f : Y → X and
g : Y → HGr(2r, 2n) and an isometry i : f∗(E, φ) ∼= g∗U2r,2n. As U2r,2n
is a subbundle of H⊕n− , this is equivalent to giving f : Y → X and sections
(ui)i≤2n : O⊕2n

Y → f∗E∨ such that

f∗φ =
n∑
i=1

u2i−1 ∧ u2i

this is just the condition for the pullback to be a subbundle of H⊕n− .

Lemma 3.4.6. For any symplectic bundle (E, φ) of rank 2r over a scheme X,
the pairs (HU(E, φ; 2n), fn)n≥0 form an acceptable gadget over X.

The proof in [PW18, Prop.8.5] extends to the case when 2 is not invertible.

68



Proof of 3.4.2. Applying 3.4.5 to HU(E,∞) = colimn(HU(E, φ; 2n), fn), we
get that HU(E,∞) → X is an A1-weak equivalence. When X = HGr(2r, 2n)
this implies

(HU(2r, 2n)×HU(2r,∞))/Sp2r → HGr(2r, 2n)

is an A1-weak equivalence. Taking the (ho)colimit we get that (HU(2r,∞) ×
HU(2r,∞))/Sp2r → HGr(2r,∞) is an A1-weak equivalence. Inductively this
gives us an A1-weak equivalence E(HU(2r,∞))/Sp2r → HGr(2r,∞) where
E(HU(2r,∞))n = HU(2r,∞)×n+1 is sectionwise contractible. The quotients
are taken as Nisnevich sheaves. Therefore E(HU(2r,∞))/Sp2r has a con-
tractible Sp2r-torsor in the Nisnevich topology and hence we have E(HU(2r,∞))/Sp2r ∼=
BSp2r in Hs(S). Therefore BSp2r ∼= HGr(2r,∞) in H(S). Taking homotopy
colimits we get

Z×HGr ∼= Z×BSp∞ ∼= KSp

in H•(S).

We have a stronger result analogous to 3.4.1 in the case when 1
2 ∈ Γ(S,OS).

Theorem 3.4.7. Let S be a regular noetherian scheme of finite dimension with
1
2 ∈ Γ(S,OS). For any X ∈ SmS and for all n ∈ N,

HomH•(S)(Sn ∧X+,Z×HGr) ∼= KSpn(X).

The statement follows from 2.5.5 and 3.4.2.
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Chapter 4

The Motivic spectrum BO

4.1 Introduction
In this chapter we come to the main goal of this thesis, extending Panin and
Walter’s construction of the motivic spectrum BO to Spec(Z). In [PW18], they
construct several spectra to represent hermitian K-theory. The ones which most
straightforwardly represent hermitian K-theory are constructed using Schlicht-
ing’s hermitian K-theory presheaves KO[n] : Smop

S → sSet, seen as motivic
spaces. However, these spaces are large and therefore don’t have good geomet-
ric properties. Another model of BO they construct has BO4n = Z×RGr and
BO4n+2 = Z×HGr, where HGr and RGr are the infinite quaternionic and real
Grassmannian respectively. As HGr and RGr are ind-schemes, this construc-
tion is much more geometric and the structure maps T∧2 ∧ (Z×HGr)→ RGr
and T∧2 ∧ (Z × RGr) → HGr can be constructed using only the properties of
the schemes HGr(2r, 2n) and RGr(r, n).

The two main ideas we need are, the fact that that HP 1 ∼= T∧2 in H•(S) and
the existence of maps HP 1×HGr → RGr and HP 1×RGr → HGr arising from
tensoring of vector bundles. This construction will give us a motivic spectra and
thus it represents some cohomology theory. The relationship to hermitian K-
theory arises along similar lines of the relationship between algebraic K-theory
and the infinite Grassmannian Ind-scheme Gr. In [MV99], they were able to
show that over a nice scheme S, we have an isomorphism K ∼= Z × Gr in
H•(S), where K is Quillen’s algebraic K-theory presheaf. As Quillen’s K-theory
presheaf is a homotopy sheaf on the Nisnevich site and is A1-invariant, this
gives us that Z × Gr represents algebraic K-theory in the unstable homotopy
category H•(S). Along these lines, Panin and Walter in [PW18] and Schlichting
and Tripathi in [ST15] respectively showed that KSp ∼= Z × HGr and KO ∼=
Z × RGr in H•(S) for a nice scheme where 2 is invertible. In chapter 3 we
showed that the condition of 2 being invertible is unnecessary for the equivalence
KSp ∼= Z×HGr (cf.3.4.2). However KSp is not yet known to satisfy Nisnevich
excision or A1-invariance so we do not know yet what BOp,q(Σ∞(X,x)) looks
like for (X,x) ∈ SmS∗.
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4.2 Hermitian K-theory spectrum
Recall that for any scheme S, we have simplicial presheaves KO[n] : Smop

S →
sSet, the hermitian K-theory with respect to the n shifted dualities (2.5.2).
When S is a regular Noetherian scheme of finite dimension, with 1

2 ∈ Γ(OS , S),
there is a motivic spectrum KO = (KO[0],KO[1],KO[2], . . .). We will go into
some detail about the structure maps of BO here. The morphism T ∧KO[n] →
KO[n+1] is induced by a functor

Chb(V ect(X),∨n, η, q)→ Chb(V ect(A1 ×X)q(A1\0)×X ,∨n, η, q)

Definition 4.2.1 (Koszul complex). Let p : E → X be a vector bundle of rank
n. The pullback p∗E = E ×X E → E is a vector bundle over E (as a scheme)
and has a section s : E → E×XE given by a diagonal map. The Koszul complex
κ(E) is a chain complex of vector bundles over E given by,

κ(E) : (0→ Λnp∗E∨ → Λn−1p∗E∨ → . . .→ Λ2p∗E∨ → p∗E∨ → OE → 0)

with grading κ(E)i = Λn−iE∨ and differentials d : Λk+1p∗E∨ → Λkp∗E∨ given
by

d(x0 ∧ x1 ∧ . . . ∧ xk) =
n∑
i=0

(−1)is∗(xi)x0 ∧ . . . ∧ x̂i ∧ . . . ∧ xk

where s∗ is the dual of the section s : OE → p∗E.

κ(E) restricted to E − X is exact. The canonical isomorphism Λrp∗E ∼−→
(Λn−rp∗E)∨⊗Λnp∗E induces an isomorphism of chain complexes θ(E) : κ(E) ∼−→
κ(E)∨ ⊗ Λnp∗E[n]. Given an isomorphism λ : detE = ΛnE ∼−→ OX , this gives
us a non-degenerate symmetric form in Chb(V ect(E),∨n, η, q),

κ(E, λ) : κ(E) ∼−→ κ(E)∨ ⊗ Λnp∗E[n] ∼−→ κ(E)∨[n]

where we choose the sign of the isomorphisms Λrp∗E ∼−→ (Λn−rp∗E)∨⊗Λnp∗E
which are compatible with ∗n. Given a pair (E, λ), where p : E → X is a
rank n vector bundle and λ : detE = ΛnE ∼−→ OX an isomorphism between the
determinant bundle and the trivial bundle, the Thom class th(E, λ) = [(κ(E, λ)]
is the corresponding element in KO

[n]
0 (E,E − X). From this we see that for

every SLn-bundle (E, λ), where λ : ΛnE ∼−→ OX , we have a functor

Chb(V ect(X),∨m, η, q)→ Chb(V ect(E)qE−X ,∨m+n, η, q)

which on objects is given by tensoring with κ(E)

C. 7→ p∗C.⊗ κ(E).

This induces a map of orthogonal K-theory spacesKO[m](X)→ KO[m+n](E,E−
X) which we denote by ⊗th(E, λ).

Theorem 4.2.1. Let X ∈ SmS with S a regular Noetherian scheme of finite
dimension with 1

2 ∈ Γ(S,OS). For any pair (E, λ) described above, the map
⊗th(E, λ) : KO[m](X)→ KO[m+n](E,E −X) is a weak equivalence of spaces.
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This is a corollary of [PW18, Th.5.1]. Note that this map is well defined
over any scheme. We need the regularity and the invertibility of 2 for this map
to be an isomorphism. For any scheme X, let E = OX be the trivial bundle
with λ = id. κ(E, λ) is then,

0 OA1
X

OA1
X

0

0 OA1
X

OA1
X

0

t

−1 1
−t

where t is the variable in A1
Spec(R)

∼= Spec(R[t]). κ(O, id) induces an isomor-
phism

⊗th(O, id) : KO[n](X) ∼−→ KO[n+1](A1 ×X, (A1 \ {0})×X)

which is functorial on X. Therefore there is a levelwise weak equivalence of
simplicial presheaves KO[n](−) ∼−→ KO[n+1](A1 ×−, (A1 \ {0})×−). If KO[n]

f

is the fibrant replacement of KO[n], we have a zigzag of A1-weak equivalences

HomsPSh•(S)(−∧T,KO
[n]
f ) ∼←− HomsPSh•(S)(−∧T,KO[n]) ∼−→ KO[n](A1×−, (A1\{0})×−).

HomsPSh•(S)(−∧ T,KO
[n]
f ) is fibrant and hence we can lift this to get a weak

equivalence of simplicial presheaves

KO
[n]
f (−) ∼−→ HomsPSh•(S)(− ∧ T,KO

[n]
f ).

The structure map is the adjoint of this map.

4.3 The geometric HP 1 spectrum BO
As before, the stable homotopy category SH(S) is the stabilization of H•(S)
with respect to the functor (X,x0) 7→ T ∧ (X,x0) where T = A1/(A1 − 0).
There is a Quillen equivalence between Spt(S)T and Spt(S)T∧2 given by the
adjoint pair (Xn) 7→ (X2n) and (Xn) 7→ (X0, T ∧X0, X1, T ∧X1, . . .), inducing
an isomorphism SH(S)T ∼= SH(S)P∧2 . To construct our desired spectrum,
we need a different model of the stable homotopy category which utilizes the
quaternionic projective space HP 1 = HGr(2, 4).

Theorem 4.3.1. Let x0 : pt → HP 1 be the distinguished point corresponding
to the subbundle [H ⊕ 0]. There is an isomorphism η : (HP 1, x0) ∼= T∧2 in
H•(S).

This is proved in [PW18]. We elaborate some of the arguments below.

Proof. Applying 3.3.3 to HP 1, we have an open subscheme A4 ∼= N ↪→ Gr(2, 4),
such that N = N+ ⊕N−, where N+, N− ∼= A2 are closed subschemes of HP 1.
By 3.3.4 HP 1 −N+ is the quotient of A5 = A2 × A2 × A1 by the Ga-action,

t · (a, b, r) = (a, b+ ta, r + t(1− φ(a, b)))

The inclusion A1 ↪→ A5 given by t 7→ (0, 0, 0, 0, t) is then Ga-invariant and an
A1-equivalence. Therefore we have an induced A1-equivalence of the quotients
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x0 : pt → HP 1 − N+ given by the subspace 0 ⊕ 0 ⊕ H−. The commutative
square,

pt HP 1

HP 1 −N+ HP 1

∼ =

gives us an equivalence of pointed spaces (HP 1, x0) ∼−→ HP 1/(HP 1 −N+) We
have a similar square induced by the equivalence N− ∼−→ N ,

N− − 0 N−

N −N+ N

∼ ∼

The left hand side is an equivalence as N − N+ = A4 − A2 is a rank 2 vector
bundle over N− − 0. Hence we have N−/(N− − 0) ∼= N/(N − N+). We then
have a zigzag of equivalences

T 2 ∼= A2/(A2 − 0) ∼= N−/N− − 0 HP 1/(HP 1 −N+) (HP 1, x0)

N/N −N+ N ∩HP 1/((N ∩HP 1)−N+)

∼

∼

excision

excision

Using the 2 out of 3 property twice, this gives us an equivalence T∧2 ∼−→
HP 1/(HP 1 −N+) and hence T∧2 ∼= (HP 1, x0) in H•(S).

Therefore we have SH(S) ∼= SH(S)T∧2 ∼= SH(S)HP 1 . We now have the
desired model of SH(S). In the category SH(S)HP 1 , we have an alternate
description of the structure maps of KO. For any rank 2 symplectic bundle
(E, φ) over a scheme X, φ : E ⊗ E → Λ2E → OX is an isomorphism. Let
(U2,4φ2,4) → HP 1 × X be the canonical symplectic bundle. The canonical
morphism U2,4 � H⊕2

− HP 1 , restricts to a set of four maps U2,4 � OHP 1 . The
pair which factors through U2,4 � H− differ upto isomorphism only by a sign.
Therefore denote these pairs by (x0,−x0) and (x∞,−x∞) respectively (this
notation in consistent with the fact the these are isomorphisms when pulled
back along points x0 and x∞). Consider the symmetric form

OHP 1 U2,4 OHP 1

OHP 1 U∨2,4 OHP 1

−1

x0

φ2,4 1
(−x∞)∨

in Chb(V ect(HP 1 × X),−η, q), indexed from degrees 0 to 2. By construction
this form is equal to [U2,4]− [H−] in KSp(HP 1 ×X) under

KO[2](HP 1 ×X) ∼−→ KSp[0](HP 1 ×X) ∼−→ KSp(HP 1 ×X)

and is the pullback of κ(U2,4, φ) along the zero section z : HP 1 → U2,4. We will
call this element of KO[2]

0 (HP 1×X) the Borel class −b1(U2,4). The Borel class
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will give us the desired structure map. For simplicity, given two complexes C.
and D. over two distinct schemes X and Y , we denote by C.�D. the complex
p∗1C.⊗p∗2D. over X×Y where pi are the projections. We will similarly use the �
notation when taking tensor products of symplectic bundles p∗1U⊗p∗2V = U�V .

Theorem 4.3.2. Let S be a regular Noetherian scheme of finite dimension with
1
2 ∈ Γ(OS , S). The structure morphisms of KO are represented by maps

KO[n](−)→ KO[n+2](−×HP 1) C. 7→ C.� (−b1(U2,4))

Proof. It follows from taking the image of the Borel class under the zigzag of
weak equivalences between HP 1 and T∧2.

Let Z×HGr := colimn[−n, n]×HGr(2n, 4n), where by [−n, n]×X we mean
disjoint union of 2n copies of X. Note that this is equivalent to

∐
nHGr. Let

[−n, n]′ = {i ∈ Z| − n ≤ i ≤ n and i ≡ nmod 2}

For real Grassmannians, RGr(2n, 4n) and RGr(2n−1, 4n−2) behave differently.
We define,

Z×RGr := colim
n

[−2n, 2n]′×RGr(2n, 4n)∪[−2n+1, 2n−1]′×RGr(2n−1, 4n−2)

Note that, in both these definitions, the terms in the colimit are schemes.

Lemma 4.3.3. For all n ≥ 0, there exist morphisms of pointed schemes

f2n : ([−n, n]×HGr(2n, 4n))×HP 1 → RGr(16n, 32n)

such that f2n|(0,H⊕n− ⊕0)×HP 1 is constant, f2n|[−n,n]×HGr(2n,4n)×(H−⊕0) is A1-
homotopic to a constant morphism and all the morphisms and homotopies are
compatible with inclusions HGr(2n, 4n)→ HGr(2(n+1), 4(n+1)) and RGr(16n, 32n)→
RGr(16(n+ 1), 32(n+ 1)).

Proof. We have decompositions U2n⊕U⊥2n ∼= H⊕2n
− for all n. As discussed earlier

in 2.2.6, the tensor product of symplectic spaces are symmetric. This means we
have inclusions of symmetric spaces over HGr(2n, 4n)×HP 1,

U2n � U2 � H⊕2n
− � U2 and U⊥2n �H− � H⊕2n

− �H−,

where we suppress the base schemes for simplicity. Further, for each i ∈ [−n, n]
we have

H⊕n−i− � U⊥2 � H⊕2n
− � U⊥2 and H⊕2n+2i

+ � H⊕4n
+ ,

putting these together, we get

(U2n � U2)⊕ (U⊥2n �H−)⊕ (H⊕n−i− � U⊥2 )⊕H⊕2n+2i
+ , (4.3.1)

which is a rank 16n symmetric subspace of the rank 32n symmetric space

(H⊕2n
− � U2)⊕ (H⊕2n

− �H−)⊕ (H⊕2n
− � U⊥2 )⊕H⊕4n

+ , (4.3.2)
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which is isometric to the hyperbolic space H⊕16n
+ . Hence we have 2n + 1 sub-

spaces of H⊕16n
+ each of which is rank 16n. Hence we have a morphism

f2n : ([−n, n]×HGr(2n, 4n))×HP 1 → RGr(16n, 32n). (4.3.3)

restricting to (0, H⊕n− ⊕ 0)×HP 1 we have U2n ∼= U⊥2n
∼= H⊕n. So the subspace

becomes
(H⊕n− � U2)⊕ (H⊕n− �H−)⊕ (H⊕n− � U⊥2 )⊕H⊕2n

+ ,

We choose the isometry to H⊕16n
+ such that the subspace above goes to H⊕8n

+ ⊕
0 � H⊕16n

+ . Hence the restriction corresponds to the point of RGr(16n, 32n)
given by the subspace H⊕8n

+ ⊕ 0 � H⊕16n
+ . The restriction to ([−n, n] ×

HGr(2n, 4n) × (H− ⊕ 0) gives us U2 ∼= U⊥2
∼= H−. The subspace then be-

comes
(U2n �H−)⊕ (U⊥2n �H−)⊕ (H⊕n−i− �H−)⊕H⊕2n+2i

+

For each i, this is isometric to H⊕8n
+ but to different summands of H⊕16n

+ .
As given in 2.2.6, there are signed permutations which permute 2×2 diagonal

blocks of the matrix Ω2n, and hence induce isomorphisms of these subbundles,
which are A1-homotopic to identity. The composition

HGr(2n, 4n)×HP 1 → HGr(2n+ 2, 4n+ 4)×HP 1 → RGr(16 + 16, 32n+ 32),

for a fixed i, is given by the subspace

(U2n ⊕H− � U2)⊕ (U⊥2n ⊕H− �H−)⊕ (H⊕n+1−i
− � U⊥2 )⊕H⊕2n+2+2i

+ ,

collecting the terms representing the subspace of f2n we get

(U2n�U2)⊕(U⊥2n�H−)⊕(H⊕n−i− �U⊥2 )⊕H⊕2n+2i
+ ⊕H−�(U2⊕U⊥2 )⊕H−�H−⊕H⊕2

+ .

The last three terms add up to H⊕8
+ . It is easy to verify that the composition

HGr(2n, 4n)×HP 1 → RGr(16n, 32n)→ RGr(16n+ 16, 32n+ 32),

gives the same subspace. Hence the maps are compatible with the inclusions
HGr(2n, 4n)→ HGr(2n+2, 4n+4) and RGr(16n, 32n)→ RGr(16n+16, 32n+
32).

From the above lemma, we get a morphism of pointed spaces f : (HP 1)+ ∧
Z×HGr → RGr (cf.1.8.5), where Z×HGr is pointed by (0, [H−]) and RGr is
pointed by [H+]. The next lemma can be proved analogously,

Lemma 4.3.4. For all n ≥ 0, there exist morphisms of pointed schemes

gn : ([−n, n]′ ×RGr(n, 2n))×HP 1 → HGr(8n, 16n)

such that, gn|(0,H⊕n+ ⊕0)×HP 1 is constant when n is even, gn|[−n,n]×RGr(2n,4n)×(H+⊕0)

is A1-homotopic to a constant morphism and all the morphisms and homo-
topies are compatible with inclusions RGr(n, 2n) → RGr(n + 1, 2(n + 1)) and
HGr(8n, 16n)→ HGr(8(n+ 1), 16(n+ 1)).
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Proof. The proof is the same except for a change in indices. gn is defined on
the ith component, where i ∈ [−n, n]′, by the subspace

(Vn � V1)⊕ (V ⊥n �H+)⊕ (H⊕
n−i

2
+ )⊕ (H⊕n+1 � V ⊥1 ) (4.3.4)

From the above lemma, we get a morphism g : (HP 1)+ ∧Z×RGr → HGr.
Putting these together we get the main theorem by 1.8.5.

Theorem 4.3.5. For any scheme S, there exists an HP 1-spectrum BOS such
that BO2i+1 = Z×HGr, BO2i = Z×RGr and structure maps given by f and
g respectively.

This proof is essentially given in [PW18] but has the extra assumption of
1
2 ∈ Γ(S,OS). Here we see that we do not need it. Let f : S1 → S2 be a
morphism schemes. We have f∗(HGr(2r, 2n)S2) ∼= HGr(2r, 2n)S1 and f∗(Z ×
HGrS2) ∼= Z×HGrS1 . This pullback isomorphism is also compatible with the
structure maps of BO as the tensor product is preserved under pullback. By
1.8.9 we then have the following.

Theorem 4.3.6. For any morphism f : S1 → S2, there is an isomorphism
Lf∗BOS2

∼−→ BOS1 in SH(S1). In particular, for any scheme S, BOS is
isomorphic to the pullback of BOZ = BOSpec(Z) by the structure map S →
Spec(Z).

Proof. By 1.8.9 we have that Lf∗Σ∞HGr(2r, 2n)S2 +
∼= Σ∞HGr(2r, 2n)S1 +.

We have by modifying 1.8.1, BO = hocolimn Σ−4n,−2nΣ∞Z × HGr. Again
Σ∞Z × HGr+ is a homotopy colimit of Σ∞{i} × HGr(2n, 4n), as suspension
preserves homotopy colimits. The result then follows by 1.5.2.

Remark 4.3.1. In such cases BO is called an absolute spectrum (cf.[Dég18,
Def.1.1.1]).

4.4 Properties of BO
Having constructed BO we will look at some of its properties. The first thing
to note is that BO over Spec(Z[ 1

2 ]) gives us back the spectrum in [PW18]. We
then have the representability result for hermitian K-theory.

Theorem 4.4.1. The HP 1-spectrum BO is isomorphic to KOHP 1 over Spec(Z[ 1
2 ]).

Hence BO represents hermitian K-theory over regular Noetherian schemes with
1
2 ∈ Γ(S,OS).

Proof. We have isomorphisms τ4n+2 : Z×HGr ∼−→ KSp
∼−→ KO[4n+2] in H•(S)

for all n ≥ 0. We need to show that the diagram

HP 1 ∧HP 1 ∧ (Z×HGr) Z×HGr

HP 1 ∧HP 1 ∧KO[4n−2] KO[4n+2]

1∧1∧τ4n−2 τ4n+2
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commutes in H•(S). To see this we use the fact that Z×HGr is an ind-scheme
and hence the restriction {i} ×HGr(2r, 2n) ↪→ Z ×HGr ∼−→ KSp is classified
by an element in KSp0(HGr(2r, 2n)). The map BSp2n → BSymp in H•(S) is
given at the level of schemes by sending principal Sp2n-bundles to the associated
symplectic bundle. Consequently the map HGr(2r, 2n) → BSp2n → BSymp
corresponds to the tautological symplectic bundle Ur,n → HGr(2r, 2n). From
this and the definition of the map Z × M∞ → RΩ1BM it follows that the
isomorphism τ : Z×HGr → KSp satisfies

τ|{i}×HGr(2r,2n) = [U2r,2n] + (i− r)[H−]
∈ KSp0(HGr(2r, 2n))→ HomH•(S)(HGr(2r, 2n),KSp).

The last map is an isomorphism over regular Noetherian schemes S with 1
2 ∈

Γ(S,OS). We denote by τ4k+2 the isomorphism

Z×HGr τ−→ KSp
∼−→ KO[4k+2]

where KSp ∼−→ KO[4k+2] is the isomorphism induced by X 7→ X[2k + 1]. We
then have

τ4k+2|{i}×HGr(2n,4n) = ([U2n,4n] + (i− 2n[H−]))[2k + 1]

Similarly the map HP 1 ∧HP 1 ∧ (Z×HGr)→ Z×HGr → KSp restricted to
HP 1×HP 1×{i}×HGr(2n, 4n) is given by ([U2,4]− [H−])� ([U2,4]− [H−])�
([U2n,4n] + (i−2n)[H−]) (to see this note that [U⊥2n,4n] = 2n[H]− [U2n,4n]). But
tensoring twice with ([U2,4]− [H−]) is exactly the structure map of KO (4.3.2)
and hence the diagram commutes when restricted to the finite Grassmannians.
As Z×HGr is the colimit of {i} ×HGr(2n, 4n) we have a map

HomH•(S)(colim
n

HGr(2n, 4n), X)→ lim
n
HomH•(S)(HGr(2n, 4n), X)

for any X ∈ Spc•(S). This is an isomorphism if

HomH•(S)(S1
s ∧HGr(2n+ 2, 4n+ 4), X)→ HomH•(S)(S1

s ∧HGr(2n, 4n), X)

is a surjection. To see this take a fibrant replacement of X to get the set
of simplicial homotopy classes. Surjectivity then implies that we can lift a
collection of homotopy classes, uniquely up to homotopy, to the colimit. This
holds for X = KO[k] as then we have

HomH•(S)(S1
s ∧HGr(2n, 4n),KO[k]) ∼= KO

[k]
1 (HGr(2n, 4n))

and the maps KO[k]
i (HGr(2n + 2, 4n + 4)) → KO

[k]
i (HGr(2n, 4n)) are surjec-

tions by [PW10, Th.11.4] applied to KO[∗]
∗ which is a cohomology theory with

a −1-commutative ring structure [PW18, Th.1.4].

Remark 4.4.1. Note that we needed 1
2 ∈ Γ(S,OS) to get the isomorphism

KSp
∼−→ KO[2k+1] as only then do we have the identification between skew-

symmetric and alternating forms.

We can also extend the cellularity result in [RSØ18] to arbitrary schemes.
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Theorem 4.4.2. Let S be any scheme. The motivic spectrum BOS is cellular.

Proof. The proof is essentially given in [RSØ18]. By 4.3.6 and 1.8.10, it is
enough prove this over Spec(Z). As before we have BO = hocolimn Σ−4n,−2nΣ∞Z×
HGr. Therefore by 1.8.11 and 1.8.8(3) it is enough to show that Σ∞HGr(2n, 4n)+
is cellular for each n.

Lemma 4.4.3. Let m ≥ 0, the suspension spectrum of the Thom space of U⊕m2r,2n
on HGr(2r, 2n) is a finite cellular spectrum. In particular when m = 0 we get
Σ∞HG(2r, 2n)+.

Proof. The proof is by induction on r and n. As HGr(0, 2n) ∼= pt the statement
holds for r = 0. Let 0 ≤ r ≤ n and Y be the open subscheme HGr(2r, 2n) \
N+ (where N+ is a summand of the normal bundle of HGr(2r, 2n − 2) →
HGr(2r, 2n) (by 3.3.3). By [Spi10, Lem.3.5] the cofiber of the map

Th(U⊕m2r,2n|Y )→ Th(U⊕m2r,2n),

is isomorphic to Th(U⊕m2r,2n|N+ ⊕N ) where N is the normal bundle of the closed
embedding N+ → HGr(2r, 2n). We have U2r,2n|N+

∼= π∗+U2r,2n−2 by 3.3.3(3)
and in fact the proof shows us that π∗+U2r,2n−2 ∼= N . We therefore have a
cofiber sequence

Th(U⊕m2r,2n|Y )→ Th(U⊕m2r,2n)→ Th(π∗+U⊕m+1
2r,2n−2).

π+ is the structure map of a vector bundle and hence an A1-weak equivalence.
We then have Th(π∗+U⊕m+1

2r,2n−2) ∼= Th(U⊕m+1
2r,2n−2) by 1.7.3. By induction on n we

have reduced to showing that Σ∞Th(U⊕m2r,2n|Y ) is cellular. By [PW10, Th.5.1]
we have

Y ← Y1 ← Y2 → HG(2r − 2, 2n− 2)

where every map is an affine bundle and there is an isomorphism of symplectic
bundles

U2r,2n|Y2
∼= O⊕2

|Y2
⊕ U2r−2,2n|Y2

.

Furthermore, the map Y2 → HG(2r − 2, 2n − 2) has a section by the proof of
[PW10, Th.5.2] and hence every scheme in the sequence has a point. By 1.7.1,
1.7.2 and 1.7.3 we then have isomorphisms

Th(U2r,2n|Y ) ∼= Th(U2r,2n|Y2
) ∼= Th(O2m

|Y2
⊕U⊕m2r−2,2n|Y2

) ∼= S2m,m∧Th(U⊕m2r−2,2n).

Therefore we are done by induction.
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[Dég18] Frédéric Déglise. Bivariant theories in motivic stable homotopy. Doc.
Math., 23:997–1076, 2018.

[DI05] D. Dugger and D.C. Isaksen. Motivic cell structures. Algebr. Geom.
Topol., 5:615–652, 2005. doi:10.2140/agt.2005.5.615.

79

http://arxiv.org/abs/1605.00929
https://doi.org/10.2140/gt.2018.22.1181
https://doi.org/10.2140/gt.2018.22.1181
http://arxiv.org/abs/2002.01848
http://arxiv.org/abs/2009.07225
https://doi.org/10.2140/agt.2005.5.615


[DLR+07] B.I. Dundas, M. Levine, O. Röndigs, V. Voevodsky, and P. A.
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