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Our everyday experiences teach us that any imbalance like temperature gradients, non-uniform
particle-densities etc. will approach some equilibrium state if not subjected to any external force.
Phenomenological descriptions of these empirical findings reach back to the 19th century where
Fourier and Fick presented descriptions of relaxation for macroscopic systems by stochastic ap-
proaches. However, one of the main goals of thermodynamics remained the derivation of these
phenomenological description from basic microscopic principles. This task has gained much attrac-
tion since the foundation of quantum mechanics about 100 years ago. However, up to now no such
conclusive derivation is presented.
In this dissertation we will investigate whether closed quantum systems may show equilibration,
and if so, to what extend such dynamics are in accordance with standard thermodynamic behavior
as described by stochastic approaches. To this end we consider i.a. Markovian dynamics, Fokker-
Planck and diffusion equations. Furthermore, we consider fluctuation theorems as given e.g. by the
Jarzynski relation beyond strict Gibbsian initial states. After all we find indeed good agreement for
selected quantum systems.
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I. INTRODUCTION

From everyday experience we know that e.g. some hot
(macroscopic) system, respective to its environment,
cools down by exchanging energy with the environment
until both system and environment feature the same
temperature. This experience can be extended to all
kinds of imbalances, i.e., non-equilibrium situations
as e.g. for particle or charge densities etc. where the
system relaxes toward equilibrium densities. However,
we never encounter processes where e.g. heat flows
from some cold regime towards a hotter one. This
phenomenon, i.e., the obvious (temporal) direction of
processes, and thus irreversibility, is connected with the
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so called entropy via the second law of thermodynamics
[8, 9]. It reads in its basic form for closed (isolated)
systems: δS > 0 where δS is the change in entropy.
Thus, entropy can only increase during processes and
never decrease if no external protocols force it to.
The physical and mathematical description of such
equilbration phenomena has therefore always been a
major goal of classical thermodynamics and transport
theories (see e.g. [8, 10, 11]). For example, about 200
years ago, Fourier proposed the still valid phenomeno-
logical laws of heat conduction based on macroscopic
observations [8, 12, 13] or a couple of years later Fick
introduced his law for (diffusive) particle transport
[14]. However, as said above, all these macroscopic
phenomena present irreversible processes while on the
underlying microscopic level the physical laws, i.e.,
Newton and Schrödinger equations, are time-symmetric
and thus describe reversible processes.

Boltzmann equation

One of the first attempts to resolve this inconstistency
goes back to Boltzmann’s work in 1855 [15] in which
he explained and quantified the observation of the irre-
versible process of expanding gas molecules. Rather
than describing the system in real space Boltzmann
introduced the µ-space, i.e., a six-dimensional space
spanned by the positions ~r and velocities ~v of each par-
ticle. Furthermore, he treated the multitude of particles
not as individual points in the µ-space but used a con-
tinuous function f(~r, ~v, t) to describe their dynamics.
This function can be seen as kind of particle density in
µ-space. In order to define such a function properly he
divided the µ-space into equal-sized cells that are large
enough to contain many particles but small compared to
length scales onto which the number of particles would
drastically change for adjacent cells. Thus, this de-
scription disregards the individual microscopic features
of each particle, which is an essential part of this ap-
proach, and already excludes system states that can
not be described by a smooth function f(~r, ~v, t). Boltz-
mann showed that a dynamical change of f(~r, ~v, t) arises
basically from two different processes [16, 17]: non-
interacting particles and particle-particle interactions
like e.g. two-particle scattering. Such particle interac-
tions are micro-reversible according to the fundamen-
tal laws of mechanics. However, Boltzmann proposed
his renowned Stosszahl ansatz which promotes the idea
of non-existing correlations between particles before di-
rect interactions. This later assumption, though often
criticized, allows indeed for a more or less correct de-
scription of irreversible relaxation behavior. At last we
emphasize that the above mention graining of the un-
derlying phase space is artificial and bears no deeper
physical reasoning. As we will see, this shortcoming
is also present in most of the other concepts discussed
below.

Ergodic hypothesis

The ergodic hypothesis, also pursued by Boltzmann,
is based on the assumption that timescales of actual
measurements are quasi-infinite long compared to the
the timescales of molecular motion; see e.g. [18]. In
consequence the result of a measurement can be seen
as the time-averaged outcome w.r.t. many hypothetical
instantaneous measurements. Assuming now that
a trajectory ventures eventually through all points
in the (accessible) phase space, irrespective of its
actual starting point, one might treat the system
(during measurements) as occupying each accessible
phase point at the same time. Following these lines
one can show that the amount of time spend by the
trajectory in some volume is proportional to the size
of this volume [19]. This renders time average and the
ensemble average, i.e., the average over all accesible
states, equal. Furthermore, one may introduce entropy
as a measure that is connected to the volume the
trajectory ventures through w.r.t. the time passed.
However, how exactly this measure should be defined
is not obvious (see e.g. [8]). Note that the approach as
stated so far must be false since a trajectory can never
venture through all accessible points in phase space in
finite time [19]. In order to get rid of this shortcoming
one introduces the quasi-ergodic hypothesis that states
that the trajectory ventures arbitrarily close to any
point in the accessible regime. As demonstrated in
Refs. [20, 21] there are indeed systems that behave
quasi-ergodic but a generalization of the underlying
proof towards a larger class of systems cannot be given.

Ensemble approach

In 1902, Gibbs introduced his ensemble approach
[22] where the basic idea is that, in general, a macro-
scopic observation is consistent with a multitude
of microscopic configurations. The points in phase
space corresponding to these configurations form the
ensemble, i.e., the ensemble is in general represented
by a density distribution on phase space. In order to
describe the evolution of the system one considers no
longer the evolution of a single trajectory but rather
the dynamics of the density distribution. To do so, one
employs the Liouville theorem [22, 23] which basically
states that the phase space volume cannot change
under Hamiltonian mechanincs, though it may change
its shape drastically. Thus, if the system is initially
described by a density function that is uniformly
distributed over the entire accessible regime then it is
in a stationary state since the volume cannot change.
This state is also associated as equilibrium state. One
might connect entropy again with the occupied volume
here but doing so would mean that any state that
starts not in an equilibrium state would also never
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reach it. This is because the volume cannot increase.
In order to resolve this problem Ehrenfest introduced
a coarse graining of the phase space so that entropy is
connected to the number of cells (grains) in which the
density function features non-zero contributions. The
size of the cells, however, must be defined artificially.
Nevertheless, entropy can in this interpretation increase
by deforming the volume into a complex structure
with non-zero contribution in many cells. Due to its
resemblance with mixing of ink (fix volume) in a glass
of water this process is sometimes also denoted as
mixing [22]. Mixing has been demonstrated for a range
of systems but a generalization cannot be given here,
also.

Macroscopic cell approach

The macroscopic cell approach goes also back to
Ehrenfest who, however, called such cells stars [19].
A star is a regime in phase space that features con-
figurations that are consistent with one macroscopic
description of the system e.g. the volume V and inter-
nal energy U of a gas. Due to this approach a graining
arises naturally. The cells, however, are not equal-sized
but form complex shaped structures which may differ
drastically in size. Now, one makes the plausible
assumption (law of large numbers) that the equilibrium
cell is by far the largest, i.e., has the largest volume
w.r.t. phase space (see e.g. [8]). Thus, a trajectory
wandering about the phase space will most likely spend
the entire time in this equilibrium cell even if it started
off in a much smaller cell corresponding to some possi-
bly far-off equilibrium state. Furthermore, one has no
longer need of the ergodic hypothesis or mixing. As will
turn out below this approach is conceptually closely
related to the typicality which we will discuss in more
details in Sec. II B. Similar as in the prior approaches
entropy can again be connected with the volume
of the cell the trajectory is momentarily wandering
through. Determining, however, the exact volume in
this approach follows no deeper physical reasoning
either. One has, as done above, to introduce again
some subjective measure (cf. e.g. [8]). There are still
some other approaches but since they are in general not
as much acknowledged as the presented ones or involve
open system scenarios [24] we will not review them here.

However, we emphasize that so far all concepts
originated from a classical point of view although
on the microscopic level one rather has to consider
quantum mechanics. Numerous investigations reveal
that also for closed quantum systems equilibration is
observed in both, theoretic studies [1, 3, 4, 25–32] and
experiments, enabled by recent progress in probing
quasi-isolated systems e.g. with ultra cold atoms
[33–38] or trapped ions [39, 40]. On the theoretical side
some approaches have similar classical counterparts

(e.g. typicality) whereas other approaches originate
solely from quantum mechanic viewpoints.

In this dissertation, however, we rather focus on the
actually description of the way from non-equilibrium to-
wards equilibrium which the above approaches are not
apt to provide (except the Boltzmann equation which,
however, is not generic). To be precise, we will consider
the description of thermodynamic behavior by means of
standard stochastic processes, i.e., by considering prob-
ability distributions whose evolutions can be calculated
by transition probabilities. Focusing on closed quan-
tum systems we begin by reviewing central concepts
of equilibration in such systems, i.e., Fermi’s Golden
Rule, typicality and the eigenstate thermalization hy-
pothesis in Sec. II. These concepts will allow for first
insights as to when quantum systems may possibly be
described by stochastic processes. In Sec. III, we will
then introduce the general notion of stochastic trajec-
tories before discussing the special case of Markovian
processes. We also provide evidence that for closed
quantum systems such behavior can indeed be observed.
The description of dynamics of probability distributions
by means of master equations is discussed in Sec. IV.
We will furthermore derive from such master equations
the renowned Fokker-Planck equation that is applied
in many investigations to describe irreversible behavior
in classical mechanics. Introducing projection operator
methods (i.e. the time-convolutionless projection oper-
ator method) we demonstrate analytically and numeri-
cally that Fokker-Planck dynamics can also be found in
closed quantum systems.
Diffusive processes, as essential in transport theory, can
be described by the Fokker-Planck equation as well
where certain simplifications lead directly to the dif-
fusion equation (Sec. V). We furthermore exploit the
relationship between the diffusion coefficient, spatial
variance and conductivity of some appropriate current
(Kubo formula, Einstein relation). The analytic re-
sults are again backed by numerical results. At last,
in Sec. VI, we investigate whether the validity of the
Jarzynski relation can be extended to a much wider
class of initial states than the commonly used strict
Gibbsian states. We introduce thereby a property called
stiffness of distribution functions that immediately en-
sures the validity of the Jarzynski relation. In Sec. VII,
we will summarize our findings and discuss conclusions.

II. APPROACHES TO EQUILIBRATION IN

CLOSED QUANTUM SYSTEMS

In this section we will discuss several essential
approaches describing equilibration in closed systems.
We will start by introducing Fermi’s Golden Rule
(FGR) which basically states that quantum dynamics
may be described in terms of transition rates between
energy eigenstates and thus hints already to the
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applicability of stochastic approaches. However, as will
turn out below, such an description is rather restricted
to specific systems.
Thereafter, we will explain in more details the concepts
of typicality and the eigenstate thermalization hypoth-
esis (ETH) since both are especially important in the
here discussed context of closed quantum systems.
Furthermore, the typicality concept not only offers
a direct conceptional approach but also gives rise
to computational simplifications (at least for some
specific systems as described below). In most articles
constituting this dissertation we made use of this fact.
Though both aforementioned concepts are apt to
describe equilibrium properties and also the possible
dynamical approach towards an equilibrium state when
started from a (strongly) non-equilibrium state they
cannot per se describe the exact way such relaxation
proceeds. Nevertheless, these approaches can be em-
ployed to decide whether dynamics may possibly be in
accordance with (macroscopic) stochastic descriptions
as e.g. Markov processes. This point becomes apparent
in particular in Sec. II C.

A. Fermi’s Golden Rule

In this section we introduce a concept, namely
Fermi’s Golden Rule (FGR), that allows for a descrip-
tion of quantum dynamics in terms of transition rates
γij though the Schrödinger equation per se does not
allow for (exponential) relaxation towards a unique
fix point. On one hand, such kind of description of
quantum dynamics in closed systems is one ultimate
goal of this dissertation as will be pointed out in
Sec. III. On the other hand, the applicability of this
concept is rather restricted, as we will see below. Thus,
it may serve in most cases just as a first approximation
towards the actual dynamics.

Here we only repeat the essential aspects of this ap-
proach and refer to Refs. [8, 41] for more details. In

general one divides the full Hamiltonian Ĥ into a time-
independent part Ĥ0 and a so-called time-dependent
interaction part V̂ (t), i.e., Ĥ = Ĥ0 + κ V̂ (t) where κ
denotes the interaction strength. The above mentioned
transition rates γij from one energy eigenstate |i〉 to an-

other one |j〉 (w.r.t. Ĥ0) are then essentially gained by
first order (time-dependent) perturbation theory [41],
i.e., dynamics are iteratively described in time steps of
amount dt. Note that one usually also assumes that the
the system is initially in an energy eigenstate w.r.t. Ĥ0,
since only then one will eventually obtain transition
rates that do not depend on the time t. This aspect
is crucial for the application of standard master equa-
tions (see Sec. III). However, in most scenarios, after
each iteration stepthe system is already in a superposi-

tion of several energy eigenstates according to the above
scheme although it may have been initially in a sin-
gle eigenstate (see for details [8]). Finally, though the
FGR is clearly not universal applicable, it already re-
veals essential connections of quantum mechanics with
stochastic processes.

B. Concept of typicality

Although basically already present in the works of
Boltzmann and Ehrenfest (see above) the later called
typicality approach has until recently not gained as
much attraction as the standard approaches mentioned
above. However, in the last decades the concept
received more and more attention after e.g. Lebowitz
et al. had done pioneering work involving classical me-
chanics [42–44] as well as quantum dynamics [45–47].
Here we are going to review the main points of the
typicality approach without going too deep into details
since, as mentioned above, the scope of this dissertation
is to study the ways relaxation proceeds rather than its
sheer existence (for a detailed review of the typicality
concept see Refs. [8, 48]).
The concept of typicality neither involves time aver-
aging as in the ergodicity approach nor will an initial
microstate evolve into some ensemble as is the case for
the mixing approach. It, however, has great similarity
with the macroscopic cell approach by Ehrenfest (see
above). The basic idea is that a huge amount of
microstates from a specific region in phase space,
Hilbert space etc. gives already rise for very similar
results with respect to functions of an observable like
e.g. expectation values. Thus, by drawing states from
such a region at random the vast majority of results
will be close to each other and one may view this fact
as an analogue to the idea that (nearly) all states of the
region are “occupied at the same time“. This renders
the microstates indistinguishable from the ensemble.

Typicality of expectation values

To introduce the concept in a more formal wise we
first of all consider a system that can occupy a set of
microstates X and represent each as e.g. a point in
phase space (classical system) or point in Hilbert space
(pure quantum state). Now we consider a special set
of states formed by such states that feature a common
property (e.g. the expectation value of some observable
like energy) that is conserved under the dynamics of
the system. Note that this restriction is not mandatory
but makes the argumentation below easier to follow [8].
Since the system can occupy any state from this region
but not leave the region we call the corresponding set of
states the accessible region XAR. Next we define some
function f [X] on the set of states which can be any ap-
propriate observable (classical system) or expectation
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values, or anything alike, in the quantum case. The
average w.r.t. the accessible region is then defined as

EAC[f ] :=

∫

AR

f [X] dVX . (1)

(dVX implies that an appropriate metric has to be de-
fined on XAR). Accordingly the variance is defined as

VAC[f ] := EAC[(f − EAC[f ])
2] = EAC[f

2]− E
2
AC[f ] .

(2)
Now typicality w.r.t. f is said to hold if and only if

√

VAC[f ] ≪ fmax − fmin , (3)

where fmin, fmax denote the smallest and largest
possible value of EAC[f ], respectively. Thus EAC[f ] is
the typical value of f [X] on XAC.

Dynamical aspects of typicality

So far the considerations based on static microstates
only which we now extend towards actual dynamics.
To do so, we consider now dynamics that preserve the
microstate volume (what can be achieved by an appro-
priate representation of the microstate space). Formally
expressed this reads:

dX

dt
= g[X] , divX g[X] = 0 . (4)

Furthermore, we divide XAC into two distinct subsets
A,B, i.e.,

A =

{

X ∈ XAC

∣

∣

∣

∣

ǫ > |f [X]− EAC[f ]|
}

(5)

and

B =

{

X ∈ XAC

∣

∣

∣

∣

ǫ < |f [X]− EAC[f ]|
}

. (6)

We define the volume of a set C as

Ω(C) :=
∫

C

dVX . (7)

If we choose ǫ≪ fmax−fmin and assume that typicality
holds for almost all X’s in the accessible region we even-
tually find Ω(A) ≫ Ω(B), i.e., there any many more
states featuring an value f [X] close to the averaged
value EAC[f ] than other states. Thus, it is reasonable
to call A the equilibrium set and B the non-equilibrium
set. Additionally to these sets let us define the sets that
contain states that initially are located in either the
equilibrium set or the non-equilibrium set and venture
eventually into the other one. Hence, states that start
in the equilibrium set (and venture to the other set) be-
long to Ωt(A → B) whereas in turn the states starting

in the non-equilibrium set belong to Ωt(B → A). Un-
der preservation of the microstate volume both sets are
necessarily equal in size, i.e., Ωt(A → B) = Ωt(B → A).
But weighted by the respected starting volume we find

Ωt(A → B)
Ω(A)

≪ Ωt(B → A)

Ω(B) , (8)

i.e., relatively much more states actually venture from
the non-equilibrium set into the equilibrium set than
otherwise. This result can be seen as explanation
why systems initially in a (single) non-equilibrium
state will nevertheless exhibit relaxation towards an
unique equlibrium state that behaves like the system
occupies all accessible states at the same time. Note
that there may still be states in the non-equilibrium
set that will never leave B or even intial states that
eventually evolve from equilibrium to non-equilibrium.
However, these states are few and their relative ratio
with respect to the whole volume decreases as the later
increases (for details see e.g. [8]).
The above statement does only state that a system
initially in a non-equilibrium state may eventually
reach equilibrium but does not give any insight into
the concrete way such relaxation proceeds, especially
whether the relaxation behavior does depend on the
actual initial state. While typicality is indeed not
able to describe the actual relaxation dynamics it can,
however, give insight into the dependency on the intial
state. To see this we repeat some main results from
[27] (though we note that similar non-analytical results
were already presented in e.g. [49]). To this end we
consider now several different intial states |φ〉 that
belong to the same accessible region and furthermore
feature at some point in time (often chosen to be
t0 = 0) the same expecatation value with respect to an

observable B̂, i.e., b(t0) = 〈φ|B̂(t = t0)|φ〉. The studies
in [27] reveal that the vast majority of such pure
quantum states yield also similar expectation values
at any other time for high dimensional Hilbert spaces.
Thus, the dynamics are typically well described by the
ensemble average upon the underlying set of states.

Hilbert space average method

We demonstrate here the connection of the typical-
ity approach with the Hilbert space average method
(HAM) [8] for closed quantum systems. To do so, we
consider at first pure states |ψ〉 that are drawn at ran-
dom according to a distribution that is invariant un-
der any unitary transformation in Hilbert space (cf. the
Haar measure). Note that the choice of such a specific
distribution is crucial for the following results. Accord-
ing to the HAM the average of expectation values of
some observable Â on the underlying accessible Hilbert
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space w.r.t. such states |ψ〉 reads

HA[〈ψ|Â|ψ〉] =
tr
[

Â
]

d
(9)

and the corresponding variance

HV[〈ψ|Â|ψ〉] = 1

d− 1







tr
[

Â2
]

d
−





tr
[

Â
]

d





2





,

(10)
where d denotes the Hilbert space dimension
(cf. [8, 27]). Thus, if the underlying system features
a large Hilbert space dimension and observable-bound
spectra the HV vanishes and typicality applies. The
typical expectation value is then given by HA[〈ψ|A|ψ〉].
As said above, in [27] it is demonstrated that typicality
may also hold for any time point if it already applies at
some other time point t0, i.e., HV[〈ψ|Â(t)|ψ〉] → 0 ∀ t.

Numerical tool

The above results can be employed to significantly re-
duce numerical efforts for investigations of large systems
(as was done in most projects contributing to this dis-
sertation). To see this, we start by considering the time
evolution of the expectation value of some oberservable
B̂ w.r.t. the initial state ρ, i.e.,

〈B̂(t)〉 = tr
[

B̂(t) ρ
]

. (11)

In order to calculate tr
[

B̂(t) ρ
]

directly one has to em-

ploy advanced methods such as exact diagonalization
that are in general only feasible for rather small sys-
tems. The reason among others is that ρ is in general
not a pure quantum state.
Using the cyclic invariance of the trace operation we
can rearrange Eq. (11) and find by virtue of Eq. (9)

tr
[√
ρ B̂(t)

√
ρ
]

≈ d 〈φ|√ρB̂(t)
√
ρ|φ〉 , (12)

i.e., |φ〉 are drawn at random according to the Haar

measure and we assume that
√
ρ B̂(t)

√
ρ fulfills the typ-

icality approach where the Hilbert space dimension is
d. Note that we can express the constant d by virtue of
Eq. (9) as d = 〈φ|ρ|φ〉−1 since the trace of ρ equals 1.
Thus, after some rearranging we eventually find

〈B̂(t)〉 ≈ 〈ψ|B̂(t)|ψ〉 = 〈ψ(t)|B̂|ψ(t)〉 , (13)

where

|ψ〉 = 〈φ|ρ|φ〉−1/2 √ρ |φ〉 . (14)

The time evolution of |ψ(t)〉 is much easier to calculate

than that of ρ(t) or B̂(t) e.g. by some iterative time
propagation method like a fourth-order Runge-Kutta or
Chebyshev scheme (for details on the concrete numeric
handling see e.g. [7, 50, 51]).

C. Eigenstate thermalization hypothesis and

initial state independent equilibration

The eigenstate thermalization hypothesis (ETH) is
closely related to initial state independent (ISI) equili-
bration. The later is one of the main aspects in stochas-
tic approaches (cf. Sec. III) and will be investigated in-
tensively in the second part of this section. In order
to see this we write the initial state (possible far-from
equilibrium) in the eigenbasis of the underlying Hamil-
tonian as

|ψ(t0)〉 =
∑

n

cn |En〉 , (15)

where |En〉 is eigenstate to the n-th eigenvalue En and
cn = 〈En|ψ(t0)〉. Assume that the En’s are sorted in
ascending order.
Now the expectation value of any observable Â at time
t reads

〈ψ(t)|Â|ψ(t)〉 =
∑

m,n

cm c∗nAmn e
−i t

~
(Em−En) , (16)

where Amn = 〈Em|Â|En〉. A physical reasonable as-
sumption is that the En’s are indeed incommensurable
[25]. Thus for large times one finds

lim
t→∞

〈ψ(t)|Â|ψ(t)〉 ≈
∑

n

|cn|2 Ann . (17)

This expression states that the longtime expectation
value may be approximated by a diagonal ensemble.
However, this is definitely different from the micro-
canonical ensemble average since the later would yield
results independent of the actual initial state whereas
Eq. (17) may explicit depend on |ψ(t0)〉 as encoded in
the coefficients |cn|2.

ETH ansatz for operators

The basic idea of the ETH ansatz is to assume that the
diagonal elements Ann vary smoothly with energy and
the differences between adjacent diagonal matrix ele-
ments, i.e., Ann−An+1,n+1 become exponentially small
in system size. In order to express the later formally we
define

Ā =
∑

n

pn(Ē)Ann , Σ2 =
∑

n

pn(Ē)A2
nn − Ā2 ,

(18)
where pn(Ē) describes a probability distribution cen-
tered at Ē. Σ2 denotes the variance of matrix elements
along the diagonal. Note that the ETH is said to be
fulfilled iff Σ = 0 [52]. In finite closed systems one
finds that Σ is in general not equal to zero. However,
numerous investigations on translational invariant,
solid-state-type observables and models indicate that
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Σ scales approximately as Σ ∝ d−γ where d is the
effective Hilbert space dimension, i.e., the number of
states within the respective energy shell, and γ is some
constant [53–55]. Note that the scaling will in general
depend on whether the observable scales extensively,
intensively or else wise. Nevertheless, since d generally
increases (exponentially) with system size, Σ tends
towards zero whenever γ > 0.
In literature one finds 0 6 γ 6 1/2 for few body
observables. γ = 0 is associated to integrable systems
while γ = 1/2 corresponds to fully chaotic systems.
We emphasize that the definitions may vary depending
on the respective author.
There are also examples for γ < 0 for extensive
observables. E.g. in Ref. [54] this occurs for spin and
energy currents in the integrable Heisenberg chain at
a certain parameter regime. However, for the same
model but another extensive observable one finds γ = 0
[30].

The ETH ansatz also makes statements about the
off-diagonal elements. They must (i) be much smaller
than the diagonal elements and (ii) also become expo-
nentially small in system size. Hence, the ETH is ful-
filled if the corresponding operator in energy eigenbasis
has the follwing structure (see e.g. Ref. [32]):

Amn ≈ Ā(Ē) δm,n +N(Ē)−1/2 fA(Ē, ω)Rmn , (19)

where Ē = (Em+En)/2, ω = En−Em and N(Ē) is the
partition function at energy Ē. The matrix elements
Rmn are randomly distributed where their mean is zero
(Rmn = 0) and their variance equals one (R2

mn = 1).
Note that in turn any operator that has the above rep-
resentation fulfills the ETH. We will take a closer look
at this matrix representation in Sec. VI.
Plugging the above ansatz into Eq. (17) reveals

lim
t→∞

〈ψ(t)|A|ψ(t)〉 ≈ Ā(Ē)
∑

n

|cn|2 = Ā(Ē) . (20)

Thus, if the ETH is fulfilled the long-time expectation
value depends only on the energy of the initial state
not on specific details. Moreover, this expectation
value coincides with the microcanonical average value
of Â.

Predicting and determining ISI equilibration

As pointed out above, if the ETH is fulfilled ISI equi-
libration is inevitable. Whether the fulfillment of the
ETH is indeed a necessary condition for ISI equilibra-
tion was e.g. investigated in Refs. [4, 56, 57].
In order to “predict” ISI equilibration, in particular
when the ETH breaks down, we consider not the “bare”

ETH quantity Σ but a closely related expression, follow-
ing suggestions in [30]. This “new” quantity reads:

ν =
Σ2

δ2A
, (21)

where δ2A =
∑

n pn(Ē) (A2)nn − Ā2 defines the spectral
variance of Ā. Note that, in contrast to Σ, ν is
dimensionless. Thus, the scaling of Σ, i.e., extensive,
intensive, or else, is not relevant for the behavior of ν.
As proposed in Ref. [30], ISI equilibration is said to
hold iff ν → 0 in the thermodynamic limit.
Note that ν may approach zero even so Σ does not.
This is e.g. the case if ν increases much faster than Σ.

In the following we consider expectation values of
some observable Â that are calculated by means of
states ρ that are operator functions of the correspond-
ing Hamiltonian and the investigated observable itself,
i.e., ρ = ρ(Ĥ, Â) (see below). Thus, these states allow
for energy selective probabilities pn as introduced
above.
In case the ETH applies we expect the time evolution
of the expectation value, denoted as 〈Â(t)〉, to converge
against a microcanonical equilibrium value Aeq. The
later can be calculated directly. We emphasize that into
its calculation no details other than the initial energy of
the initial state enter, i.e., the value is universal. This
may allow to check directly whether ISI equilibration
applies by comparing the long-time value of 〈Â(t)〉 with
Aeq. However, we use here a slightly different scheme
since for small (closed) systems there is numerical
evidence that the long time expectation value may not
exactly match with the microcanonical equilibrium
value but rather “remembers” details from the specific
initial state, i.e., the final value “sticks” at some value
different from the microcanonical equilibrium value
(“stick effect”). Nevertheless, there is also numerical
evidence that the stick effects (affecting the long time
expectation value) decrease under certain conditions
with increasing system size N ; cf. [30]. Therefore, we
investigate the following quantity:

r := lim
t→∞

〈Â(t)〉
〈Â(t0)〉

=
a∞
a0

(22)

This quantity compares the initial expectation value a0
to the longtime value a∞. In the following we assume
that |a0| is close to the outmost possible eigenvalue

of Â. By doing so, we circumvent trivial relaxation
processes and can investigate stick effects most clearly
since these effects are expected to be the strongest the
larger the initial deviation from the equilibrium value.
If the stick effect vanishes for large systems we expect
r to tend towards zero, i.e., ISI equilibration emerges.
Otherwise we expect r to converge against a finite
value or even to increase for large systems. In these
cases ISI equilibration does not emerge. Hence, by
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investigating r we can easily decide whether for the
current parameter sets ISI equilibration emerges while
by means of Eq. (18) we can simultaneously determine
whether the ETH holds or not. Moreover, if there is
no agreement between these both quantities w.r.t. in-
dicating the emergence of ISI equilibration, we can
check whether at least the above quantity ν predicts it
correctly.

Analytic and numerical investigations
in closed quantum systems

In Ref. [4], we investigate systems that allow for tun-
ing the scaling parameter γ from γ > 0 to γ < 0.
Thus, we are able to determine whether (i) ν indeed
is a good quantifier to predict ISI equilibration and (ii)
ISI equilibration emerges even so the ETH is strongly
violated. To this end we consider the following asym-
metric Heisenberg spin–1/2 ladder model described by

Ĥ = ĤL + ĤR + Ĥint. The partial Hamiltonian read
for the left/right beam

ĤL,R =

NL/R−1
∑

i=1

[

Ŝx
i Ŝ

x
i+1 + Ŝy

i Ŝ
y
i+1 +∆Ŝz

i Ŝ
z
i+1

]

(23)
and the interaction between the beams

Ĥint = κ

NL
∑

i=1

[

Ŝx,L
i Ŝx,R

i + Ŝy,L
i Ŝy,R

i +∆Ŝz,L
i Ŝz,R

i

]

,

(24)

where Ŝx,y,z are spin–1/2 operators and κ is an ex-
change coupling constants (for details see e.g. [4, 57]).
∆ = 0.1 accounts for an anisotropy along the z axis.
The asymmetry within this model arises fromNL < NR

which denote the number of sites along the left and right
beam, respectively. By varying the coupling strength κ
we are able to tune the scaling of Σ (see below).
We investigate in the following the energy difference
between the left and right part of the system, i.e.,
D̂ = ĤL − ĤR.
As suggested in [30], we construct the initial states

as follows

ρ(t0) ∝ exp

(

− Ĥ2

2 σ2
− (D̂ −D0)

2

2σ 2
D

)

, (25)

where σ, σ 2
D are parameters by which we can adjust the

variances of the initially peaked distributions w.r.t. the
spectra of H and D, respectively. Note that the
parameters σ, σ 2

D do not coincide with the the “true”

variances since Hamiltonian and observable D̂ do not
commute. By carefully tuning σ, σ 2

D and D0 we ensure
that our initial state is peaked w.r.t. energy around
zero with a standard deviation ≈ 0.6. Hence, these
states are basically microcanonical states at energy

E = 0 that also yield a sharp initial expectation value
of D̂ around D0, i.e., these states provide the above
used energy selective probabilities.
Next we will simply display and briefly discuss the
main results of Ref. [4]. In Fig. 1(a) a finite-size
scaling (w.r.t. system size N = NL + NR) of the
ETH quantifier Σ for different κ is shown. One can
distinguish mainly two regimes: Σ converges against
a non-zero value in the thermodynamic limit and
Σ → 0 for increasing system size. The threshold seems
to be close to κ = 3.7. For the same parameters,
Fig. 1(b) displays the behavior of ν. Apparently there
are also the two regimes regarding the behavior in the
thermodynamic limit, but the threshold seems to be a
little larger (κ ≈ 4) than for Σ. This may hint towards
ISI equilibration even though the ETH is violated. In
Fig. 2 dynamics of the system (N = 26) are exemplary
shown for intermediate coupling (κ = 3.0) and strong
coupling (κ = 4.5), i.e., for cases below and above
the predicted thresholds, respectively. Apparently for
intermediate coupling the expectation values tends
towards a universal long-time value. Note, however,
that there are still residues of the initial states visible
(“stick effect”). For strong coupling the “stick effects“
are rather strong, i.e., the residues of the initial
state are large and will most likely not vanish in the
thermodynamic limit. The results are consistent with
the idea of the ETH. In order to quantify this directly
we display in Fig. 3 for different values of κ around the
predicted thresholds the results for r = d∞/d0. Indeed,
ISI equilibration seems to appear for κ = 3.7 though
the ETH is for this case violated. ISI equilibration
seems to break down at κ = 4 what coincides with the
predicted threshold by ν.
Conclusively, we demonstrated that ISI equilibration
may emerge even so the ETH is violated and the
quantifier ν predicts the threshold w.r.t. κ above
which ISI equilibration breaks down correctly while the
“bare” ETH quantity Σ does not.

In the followup work [57] the authors investigate an-
other class of initial states:

ρ(t0) ∝ e−β Ĥ+δD̂ , (26)

where β corresponds to an inverse temperature and D̂
is again the observable of interest. δ regulates the dis-
placement from equilibrium w.r.t. the equilibrium ex-
pectation value 〈D̂〉eq . Such states are physical reason-
able assumptions, see e.g. [56].
For small δ, i.e., small displacement, ISI equilibration
was analytically investigated revealing a linear depen-
dence of the initial expectation value d0 := 〈D̂(t0)〉 as

well as the longtime expectation value d∞ := 〈D̂(t →
∞)〉 on δ if the ETH is violated. Moreover, if the ex-

pectation value of D̂ in thermal equilibrium vanishes
(which can always be achieved by properly construct-
ing the observable) one finds that r = d∞/d0 is (i) inde-
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FIG. 1. In (a) the scaling of the ETH quantifier Σ2

w.r.t. coupling strength κ and system size N is displayed.
One can distinguish mainly two regimes: (i) Σ2 tends to-
wards zero for N → ∞ (ETH is valid) and (ii) Σ2 tends
towards non-zero values (or even diverges) for large systems
(ETH is violated). The threshold is roughly at κ ≈ 3.7. In
contrast the scaling of ν as shown in (b) suggests a slightly
larger threshold at κ ≈ 4.0. This hints toward ISI equilibra-
tion even when the ETH is violated.

−6

−3

0

3

6

0 2000 4000 6000 8000

〈D
(t
)〉

tJ

κ=3.0 κ=4.5

FIG. 2. Relaxation behavior of the energy difference D̂ for
κ = 3.0 (solid lines) and κ = 4.5 (dashed lines). For weak
coupling the system seems to relax toward a unique value
(the visible gap will vanish in the thermodynamic limit)
whereas for strong coupling there remain large residues of
the initial state (stick effects). The behavior is consistent
with the ETH and the thresholds derived from Fig. 1(a).

pendent of δ for small displacements and (ii) describes a
linear scaling of d∞ with d0. In particular r ≡ ν holds,
i.e., this supports the above findings that ν → 0 indi-
cates ISI equilibration.
Numerical studies (for the same model as above) show

that depending on the specific observable D̂ the linear
dependency of d∞ on d0 may remain true also for large
displacements from equilibrium.

0

0.1

0.2

0.3

0.4

1
26

1
20

1
14

r

1
N

κ=3.7

κ=4.0

κ=5.0

FIG. 3. Finite-size scaling of the ISI quantifier r for three
distinct coupling strength near the thresholds predicted in
Fig. 1. The data suggest that ISI equilibration is still pos-
sible for κ = 3.7. This is consistent with the threshold of ν
but in contrast to the threshold for Σ2.

III. STOCHASTIC PROCESSES AND

MARKOVIANITY IN CLOSED QUANTUM

SYSTEMS

As pointed out above the emergence of equilibration
in certain closed quantum systems is backed by both
experiments and theory (as e.g. eigenstate thermaliza-
tion hypothesis and typicality). While these concepts
allow to make statements about equilibrium properties
they do not embed any description of the way into
equilibrium when started from some non-equilibrium
state. As a first step towards investigating relaxation
behavior we are going to introduce stochastic processes
in this section. This will set the foundation on which
we can built several special stochastic approaches in or-
der to describe equilibration in the consecutive sections.

A stochastic process is described by a sequence of
consecutive stochastic variables {xn}n6N , ordered ac-
cording to some parameter n [58]. In physics these
stochastic variables are commonly associated with out-
comes of measurements (events) on the underlying sys-
tem that may be subjected to some random interac-
tion giving rise to non-deterministic dynamics. The or-
dering parameter is then in general the time point at
which the measurement was performed. Furthermore,
to each sequence consisting of N events one assigns a
N -parameter trajectory probability function on phase
space, i.e.,

pN [{xi(tm)}m6N ; ρ] , (27)

where xi(tm) means that the event xi is measured at
time tm and t1 6 · · · 6 tN−1 6 tN . The parameter ρ
expresses that the value of the trajectory probability
function may depend on the initial state ρ. Note that
fully deterministic dynamics are also included in this
framework where only one specific trajectory yields a
non-zero probability, i.e., pN [{xi(tm)}m6N ; ρ] = 1. We
mention already here that in order to actually obtain
such probability functions for quantum systems we will
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introduce in Sec. III A a measurement scheme that is
based on the concept of consistent histories, but until
then we take the probability functions as already given.

According to the above definition a stochastic process
is completely characterized by a sequence of probability
functions, i.e.,

p1[xi(t1); ρ] → p2[xi(t1), xj(t2); ρ] → ... , (28)

where p1 is a one-parameter function, p2 a two-
parameter function and so on. Hence, to describe some
stochastic process properly one may need information
about infinitely many probability functions and events
xi(tm). In Sec. III B we will introduce a special
kind of processes that reduces the amount of needed
information drastically.

In general, one assumes that the events form a com-
plete set, i.e.,

∑

xi

p[xi(t)] = 1 . (29)

In plain words Eq. (29) states: Each measurement per-
formed at any time t must result in one single event or
a linear combination of events of the corresponding set.
By virtue of Eq. (29) we can introduce the notion of
sub-trajectories that are defined as

pN−1[xi(t1) ... xj(tN−1); ρ] =
∑

xk

pN [xi(t1) ... xj(tN−1), xk(tN ); ρ] , (30)

where the sum runs over all possible events measured
at the time point tN . Thus, one can reduce each tra-
jectory probability function to any probability function
with less events by succesively applying Eq. (30). Note
that such reductions can be applied also on any other
time point in between, not only the last one. However,
in these cases one has to make sure that the third
Kolmogorov axiom is satisfied [59, 60]. We will discuss
this issue in the next section.

A. Measurement scheme and decoherence

functional

Measurements in quantum systems can be described
in various ways e.g. as an external compound acting
on the system which is usually the case in open
system scenarios. Here we are going to discuss a
von Neuman measurement scheme along the lines
of the consistent history approach [61] (sometimes
also called decoherent history approach [62, 63]), i.e.,
measurements are mathematically encoded in a set
of projection operators πi. Thus, trajectories (in this
context often referred to as histories) are “generated“

by alternating actions of such measuring operators and
time-propagating the resulting state according to the
Schrödinger equation. Note that the more philosophic
aspects of these approaches exceeding the above
measurement scheme are not relevant here. For criti-
cal reviews on consistent histories see e.g. Refs. [64, 65].

The mentioned measurement operators form a com-
plete set [cf. Eq. (29)], i.e.,

∑

i

π̂i = 1 , (31)

where 1 denotes the unity operator and each projector
π̂i corresponds to a distinct event xi while the whole set
of projectors corresponds to a certain property of the
system like magnetization or energy.
When we denote ρ(t) as the density operator describing
the system at time t then the probability to measure the
event xi at time t reads

p1[xi(t)] := tr [π̂i ρ(t)] . (32)

Introducing U(τ) as time-translation operator which
propagates the a state in amounts of τ , and follow-
ing the above described concept, we define trajectory
probabilities as

pN [xi(0), xj(τ1), · · · , xN (τ ′)] :=

tr
[

Π̂N U(τ ′) · · · Π̂j U(τ1) Π̂i ρ
]

,

(33)

where we used the following abbreviations:

(i) Π̂i ρ := π̂i ρ π̂i ,

(ii) U(τi) ρ := U(τi) ρU(τi)
† and

Without loss of generality, we assume hereafter that all
time steps τi are equal and therefore omit the explicit
time parameters unless necessary.

Next, we are going to discuss the decoherence func-
tional (or consistency condition) which provides state-
ments about the validity of the third Kolmogorov ax-
iom of probability theory [59]. In order to explain this
properly let us exemplary consider a 3-step trajectory
probability function where only the first and last event
are actually known (measured), i.e., in the time in be-
tween there was no measurement performed. In this
case the probability function reads

p3[xn, — , xm; ρ] = tr
[

Π̂m U2 Π̂n ρ
]

=
∑

xk

p3[xn, xk, xm] +

∑

i6=j

tr
[

Π̂m U (π̂i( U Π̂n ρ) π̂j)
]

,

(34)
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where “—” should indicate that at the corresponding
time point no measurement was performed. Note that
the first sum is basically described by Eq. (30) whereas
the second sum accounts for possible interference phe-
nomena. Thus, the second sum is defined as decoher-
ence functional

D(n,m) :=
∑

i6=j

tr
[

Π̂m U π̂i U (Π̂n ρ) U
† π̂j U

†
]

.

(35)
Now the third Kolmogorov axiom (KA3) demands that
D(n,m) = 0, or to put it plain: If some main event
may be obtained as the result of many different inde-
pendent sub-events, then the probability for the main
event to occur is given by the sum of the probabilities
of the sub-events (given here by the first sum term).
Although it seems reasonable to assume D(n,m) = 0
to hold for classical processes (absence of interference)
in the quantum regime we have indeed to deal with
interference (cf. e.g. the famous double-slit experiment
where KA3 is obviously violated). Thus, in general one
finds for finite quantum systems D(n,m) 6= 0. Nev-
ertheless, there may be quantum systems for which
D(n,m) will indeed vanish in the thermodynamic limit;
cf. Sec. III C and especially the analysis in Sec. III of
Ref. [3].
Thus, for the discussions in the next section we are go-
ing to assume that KA3 is always fulfilled.

B. Markov processes and Markovianity

Now we introduce Markov processes that are a spe-
cial sort of stochastic processes and allow to reduce the
information needed to fully describe a stochastic pro-
cess enormously. These processes are indicated by the
fact that the probability to measure an event xn does
only depend on the last measured events {xi · · · xn−1}
instead of the whole prior event sequence (history)
[24, 66, 67]. This is formally best expressed by means
of conditional probabilities

ω(xn|x1 ... xn−1; ρ) =
p[x1 ... xn; ρ]

p[x1 ... xn−1; ρ]
. (36)

For convenience we omitted the subscripts of the
probability functions that indicate the lengths of each
trajectory and will do so unless confusions may arise
otherwise. We emphasize here again that Eq. (36) can
only be an accurate definition of a Markov process if
the trajectory probability functions also fulfill KA3.

Now, according to Eq. (36) we call a process one-step
Markovian if

ω(xn|x1 ... xn−1; ρ) = ω(xn|xn−1; ρ) (37)

holds true, two-step Markovian if only

ω(xn|x1 ... xn−1; ρ) = ω(xn|xn−2, xn−1; ρ) (38)

holds true, and so on. Note that Markovian behav-
ior (Markovianity) is an ambigious term especially
w.r.t. open (quantum) systems, see e.g. [24]. Thus, the
above definition of Markovianity is just one possibility
which we made use of also in [3].

Let us now assume one-step Markovianity applies to
some process. Then one can characterize each possi-
ble trajectory just by the initial measurement and the
corresponding transition probabilities ω, i.e.,

p[x1...xn; ρ] = ω(xn|xn−1; ρ) ... ω(x2|x1; ρ) p[x1; ρ] .
(39)

Note that due to the possible dependence of the tran-
sistion probabilities and especially the first measure-
ment result on the initial state ρ one still may need
for each destinct ρ a corresponding set of the afore-
mentioned quantities. In the next section we are go-
ing to discuss the results of Ref. [3] where we explicitly
used a class of initial states that renders the transition
probabilities independent of the specific initial state.
But before doing so we will use one-step Markovianity
and the consistency condition to derive the renowned
Chapman-Kolmogorov equation. To this end we firstly
write p[x1, — , x3] as ω(x3|x1) p[x1; ρ], i.e., as a con-
ditional transition probability weighted by the initial
occurrence probability of x1. Recalling Eq. (34) where
we already used D(n,m) = 0 and write again explicit
time arguments yields

ω[x3(t3)|x1(t1)] p[x1(t1); ρ] =
∑

x2

p[x1(t1), x2(t2), x3(t3)] . (40)

According to Eq. (39) we can further expand the addend
and obtain finally

ω[x3(t3)|x1(t1)] =
∑

x2

ω[x3(t3)|x2(t2)] ω[x2(t2)|x1(t1)] , (41)

where we already divided by the initial probabil-
ity p[x1(t1); ρ]. This is the renowned Chapman-
Kolmogorov equation that will allow us to derive master
equations in Sec. IV most elegantly.

C. Occurrence of Markovianity and consistency

in closed spin models

In Ref. [3] we investigate a spin–1/2 lattice model

(consisting of two spin ladders) described by Ĥ = ĤL+

ĤR + Ĥint. The uncoupled ladder parts are described
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by

ĤL,R =

2
∑

r=1

N/2−1
∑

i=1

[

Ŝx
i,rŜ

x
i+1,r+

Ŝy
i,rŜ

y
i+1,r + 0.6 Ŝz

i,rŜ
z
i+1,r

]

(42)

and the interaction between these parts by

Ĥint = 0.5

N/2
∑

i=1

[

Ŝx,L
i,2 Ŝ

x,R
i,1 + Ŝy,L

i,2 Ŝ
y,R
i,1 + 0.6 Ŝz,L

i,2 Ŝ
z,R
i,1

]

.

(43)
The parameter r accounts for the left (r = 1) and right
beam (r = 2) of the respective spin ladder and N is the
number of sites per ladder. The observable of interest
is the magnetization difference between left and right
ladder, i.e.,

X̂ =

2
∑

r=1

N/2
∑

i=1

Ŝz,L
i,r − Ŝz,R

i,r , (44)

where we use a measuring scheme as described in
Sec. III A; for more details see the corresponding ar-
ticle below.
The main focus of this work is to test (i) whether the
consistency condition, Eq. (35), is satisfied for the stud-
ied model and (ii) whether we can (at least) observe
λ-step Markovian behavior (λ being a possibly large
number). Both consistency condition and Markovian-
ity are also studied w.r.t. their behavior when the time
interval τ between consecutive measurements is varied.
First analytic studies based on typicality arguments
give rise to the assumption that at least for systems
featuring large Hilbert spaces and few symmetries, i.e.,
systems for which the concept of typical behavior may
be applied, the dynamics are indeed consistent in the
sense of D(n,m) → 0 for arbitrarily events xn and xm.
Furthermore, one-step Markovian behavior should hold
also. However, we should emphasize that the analyti-
cal studied is not exhaustive since it focus on a 3-step
trajectory only; see for further details Sec. III in [3].
Nevertheless, motivated by these first results (and the
behavior of the relaxation dynamics as displayed in Fig.
2 in [3]) we also numerically studied the consistency
condition and one-step Markovianity for one specific 3-
step trajectory (x1 → x2 → x3) (see below). We fur-
thermore resticted the investigation to narrow energy
regime. Thus, in order to discuss the findings of [3]
some preliminary remarks are necessary.
According to the measurement scheme introduced in
Sec. III A the events corresponding to the magnetiza-
tion difference are associated to projectors π̂x. These
projectors π̂x are spanned by all eigenstates of the corre-
sponding magnetization difference operator that feature
the same eigenvalue x. However, because of the restric-
tion to a certain energy shell ∆E w.r.t. the uncoupled

system Ĥ0 = ĤL + ĤR the “true“ projectors read

π̂x,E = π̂∆E π̂x π̂∆E , (45)

where π̂∆E accounts for the energy restriction. Since
the set of π̂x,E’s does not form a complete set we have
to introduce the pseudo event

˜̂πx,E = 1 −
∑

x∈∆E

π̂x,E . (46)

This pseudo event can be interpreted as measuring the
probability loss arising by dynamics that “venture“ be-
yond the boundaries of the respected energy shell. How-
ever, as indicated in [3], almost no loss of probability is
detected on our observation time scales.
One other remark involves the class of initial states that
are simply linear combinations of the measuring projec-
tors itself, i.e.,

ρ =
∑

n

cn π̂n cn ≥ 0 . (47)

It is straightforward to show that such initial states
indeed produce initial-state-independent transition
probabilities ω. (See the corresponding article for
further motivations for this specific class of states.)

Quantifying consistency and Markovianity

In order to decide whether the studied dynamics ful-
fill the consistency condition we calculate the following
quantity:

C(x1, ...,—, ..., xn) :=

∣

∣

∣

∣

1− p(x1, ... ,—, ... , xn−1)
∑

γ p(x1, ... , xn−1)

∣

∣

∣

∣

,

(48)
where

∑

γ · · · denotes a sum over all possible interme-
diate event sequences according to the discussion above.
Thus, if the dynamics indeed fulfill the consistency con-
dition then both the numerator and denominator yield
the same value and C(xk, ... ,—, ... , xn) = 0.
In a very similar fashion we define the quantifier
w.r.t. Markovian behavior:

M(xk, ... , xn) :=

∣

∣

∣

∣

1− ω(xn|xk ... xn−1)

ω(xn|xk+1 ... xn−1)

∣

∣

∣

∣

(49)

Hence, M(xk ... xn) = 0 implies perfect Markovianity.
Note, however, that this quantity just tests whether
the transistion probability changes if one includes one
more event into the sequence but it may be possible
(though unlikely) that just the inclusion of two or
more events actually changes the value. Therefore, one
is possibly forced to perform further checks. For the
present model we found that M(xk ... xn) is sufficient
to ensure Markovian behavior (though not explicit
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FIG. 4. In (a) the results on the consistency condition for a
spin lattice model and various system sizes are shown where
the dashed line indicates a power-law fit. The data suggest
that in the thermodynamics limit, i.e., 1/N → 0, the system
is perfectly consistent with the third Kolmogorov axiom.
Similarly, in (b) results for Markovianity are shown for the
same parameters. The data suggest that Markovianity holds
in the thermodynamic limit, also.

discussed in [3]).

The results on the consistency condition by means
of Eq. (48) are shown in Fig. 4(a) for several system
sizes N and the sequence (x1, x2, x3) = (2, 0, 0). The
data suggests that at least in the thermodynamic
limit the trajectory probability functions obey indeed
the consistency condition. Hence, it is reasonable to
investigate the Markovianity condition, i.e., Eq. (49).
The corresponding results are summarized in Fig. 4(b)
which also suggest that at least in the thermodynamic
limit one-step Markovianity is fulfilled. As said above,
we also investigated the behavior of C(x1,—, x3)
and M(x1, x2, x3) in case one varies the duration
of time steps τ between consecutive measurements.
We found that both consistency condition and one-
step Markovianity are well fulfilled if the time steps
are larger than 1/10-th of the relaxation time of
the underlying system (see Fig. 3 in [3]). Below this
threshold the violation of both increases rather strongly.

So far only the emergence of one-step Markovianity
in the thermodynamic limit was studied. As remarked
above, this, however, does not neccessarily ensure that
two-step, three-step, etc. Markovianity also holds. For
repeatedly measuring the same property one can ana-
lytic show (consistency is taken for granted here) that λ-
step Markovianity always emerges for a sufficient large
sequence length λ (see [3]). Note that this result is
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FIG. 5. Display of the behavior of λ-step Markovianity as λ
increases for N = 16. The solid line corresponds to a history
arising from repeatedly measuring the same property while
the symbols show results for quasi-random histories that are,
however, weighted with transition probabilities ω (see text).
Though the random histories feature high peaks at the first
occurrence of a event different from the uniform history the
data suggests that many-step Markovianity is always valid
for sufficient large λ.

correct for any system and is not restricted to the so
far studied spin models. Since such analytic investi-
gation is not present for sequences that feature vari-
ous possible events we study now λ-step Markovian-
ity, Mλ, for “quasi-random” sequences. All studied se-
quences start with the measurement of the same prop-
erty (x = 0). Consecutive measurements are randomly
selected (weighted by a corresponding transition proba-
bility) to either remain at the current property (x→ x)
or jump to a neighboring one (x→ x± 1). In Fig. 5 we
summarize the results for some of these sequences. Note
that the solid line represents the sequence of repeat-
edly measuring x = 0, which tends towards zero just
as the analytic investigation predicts. Symbols (con-
nected by dashed lines) correspond to the quasi random
sequences. Interesting is the fact that the first measure-
ment of a property x 6= 0 results in a significant increase
of the respective value of the quantity Mλ while Mλ

decreases thereafter drastically (in comparison to the
corresponding value for the uniform sequence) irrespec-
tive of the actual measured property, x = 0 or x 6= 0.
Though we cannot provide any reasoning for this be-
havior, it at least strongly suggests that even if one
allows for random sequences Markovianity will emerge
for sufficient large sequence lengths λ.

IV. MASTER EQUATIONS AND

FOKKER-PLANCK EQUATIONS IN CLOSED

QUANTUM SYSTEMS

In this section we are going to introduce standard
stochastic approaches, i.e., master and Fokker-Planck
equations, that successfully describe the time evolution
of many (classical) relaxation processes; see e.g. [66].
As will be demonstrated below, the later can be de-
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rived from fundamental master equations and involves
already the notion of diffusion which will be the main
topic of Sec. V.

In order to derive the (discretized) master equa-
tion we start with the Chapman-Kolmogorov equation,
Eq. (41), and consider the case t = t3 = t2 = t1:

ω[x3(t3)|x1(t)] =
∑

x2

ω[x3(t3)|x2(t)] ω[x2(t)|x1(t)] ,

(50)
where we immediately see that ω[x2(t)|x1(t)] = δx2,x1

must hold. With this result the short-time transition
probability reads:

ω[x2(t+∆t)|x1(t)] = δx2,x1
[1− Γ[x1(t)] ∆t]+

Wt(x2|x1)∆t+O(∆t2) ,
(51)

whereWt(x2|x1) denotes the transition probability (per
unit of time) from x1 to x2 at time t. Since ω[x2(t +
∆t)|x1(t)] must be normalized for any ∆t the expression
1−Γ[x1(t)] ∆t is interpreted as the probability that no
transition takes place during [t; t+∆t]. Thus, we get

Γ[x1(t)] =
∑

x2

Wt(x2|x1) . (52)

Now, considering the short-time expression for Eq. (41)
yields

ω[x3(t2 +∆t)|x1(t1)] ⋍
∑

x2

[δx2,x3
[1− Γ(x2(t2))∆t] +

Wt2(x3|x2) ∆t] ω[x2(t)|x1(t)] .
(53)

Taking into account the Kronecker delta δx2,x3
and sub-

stituting Γ[x2(t2)] we eventually obtain

∂

∂t
ω[x3(t)|x1(t′)] =

∑

x2

Wt(x3|x2) ω[x2(t)|x1(t′)]−

Wt(x2|x3) ω[x3(t)|x1(t′)] ,
(54)

where we changed the discrete time points to continu-
ous variables, i.e., t1 → t′ , t2 → t and performed the
the limit ∆t → 0. This equation is a differential form
of the (discretized) Chapman-Kolmogorov equation and
sometimes already called master equation. However,
here, we want to obtain a differential equation for the
actual occurrence probabilities of certain event rather
than for transition probabilities. Therefore, by multi-
ply Eq. (54) on both sides with p[x1(t1)] and using the
history generation according to Eq. (39), we find:

∂

∂t
p[x3(t)] =

∑

x2

Wt(x3|x2) p[x2(t)]−

Wt(x2|x3) p[x3(t)]
(55)

This equation is commonly denoted as discretized mas-
ter equation. For the further proceeding it is convenient
to turn over to a continuous version of Eq. (55):

∂

∂t
p[x, t] =

∫

dx′ Wt(x|x′) p[x′, t]−

Wt(x
′|x) p[x, t] ,

(56)

where we adjusted the notation a little.

Next we may perform a Kramers-Moyal expansion
that transforms the above integro-differential equation
into a ordinary differential equation of infinite order.
To do so, we first of all define W (x′; r) :=W (x|x′) with
r := x − x′, i.e., r describes the “distance“ between to
events. Note that we omit unnecessary indices. Then
Eq. (56) reads:

∂

∂t
p[x, t] =

∫

drW (x−r; r) p[x−r, t]−W (x;−r) p[x, t]
(57)

If we now assume that W (x; r) is sharply peaked for
variation in r but smooth for variations in x, and fur-
thermore that p[x, t] is also a smooth function with re-
spect to x than we can perform a Taylor expansion.
This results after some straightforward calculus and re-
arranging in

∂

∂t
p[x, t] =

∞
∑

n=0

(−1)n

n!

∂n

∂xn

{[∫

dr rnW (x; r)

]

p[x, t]

}

(58)
We may also define jump moments

a(n)(x, t) :=

∫

dr rn W (x; r) (59)

and write Eq. (58) in the compact form

∂

∂t
p[x, t] =

∞
∑

n=0

(−1)n

n!

∂n

∂xn

{

a(n)(x, t) p[x, t]

}

(60)

Note that this equation is basically identical to Eq. (56),
and thus may also be difficult to solve. However, there
may exist situations where one can truncate the sum
after a few terms.
Here we will consider the case where the expansion
breaks off after the second term, i.e.,

∂

∂t
p[x, t] = − ∂

∂x

{

a(1)(x, t) p[x, t]

}

+

1

2

∂2

∂x2

{

a(2)(x, t) p[x, t]

}

,

(61)

which is the renowned Fokker-Planck equation. a(1)

is usually referred to as drift coefficient whereas a(2) is
known as diffusion coefficient. We mention already here
that Eq. (61) already contains the diffusion equation
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that we are going to investigation w.r.t. the accordance
with quantum dynamics below in Sec. V.
But prior, we will again discuss (analytic and numer-
ical) results on the accordance of quantum dynamics
with Fokker-Planck dynamics.

A. Projection operator method

A prominent scheme to describe relaxation behavior
(Markovian as well as non-Markovian) in quantum
systems is provided by so called projection operator
methods. These schemes allow to describe the relax-
ation dynamics based on an effective set of relevant
variables rather than a detailed microscopic description
[8]. Although developed orginally in the context of
open quantum systems [68, 69] and well-established
in this field (see e.g. Ref. [24]) there are also studies
demonstrating the applicability for closed quantum
systems [1, 26, 70]. In literature there are mainly two
different approaches, the Nakajima-Zwanzig approach
[68, 69] and the time-convolutionless (TCL) method
[71–74]. We will focus here only on the later.

The full quantum dynamic of some quantum system
can be described by the Liouville-von Neumann equa-
tion [8, 24]:

dρ(t)

dt
= − i

~
[Ĥ, ρ(t)] , (62)

where H denotes the Hamilton operator of the underly-
ing system featuring the general form Ĥ = Ĥ0 + V̂ . V̂
is in this context in general denoted as perturbation op-
erator. For the further proceeding we turn over to the
Dirac picture which leads to the “new“ Liouville-von
Neumann equation

dρD(t)

dt
= −i[V̂D(t), ρD(t)] ≡ L(t) ρD(t) . (63)

The superoperator L is commonly known as Liouvillian.
In order to map the dynamics onto a closed system of ef-
fective dynamic equations for a set of relevant variables
one has to choose an appropriate projection superoper-
ator P . Formally a projection superoperator is a linear
map that operates on system states ρ and can be de-
fined as a linear combination of relevant observables B̂n,
i.e.,

Pρ =
∑

n

tr
[

B̂n ρ
]

B̂n =
∑

n

bn B̂n , (64)

where B̂n = B̂†
n holds. Hereafter, we assume that

the B̂n’s form themselves a complete set of orthogo-
nal projection operators which in particular means that
P2 = P holds. Analog to Eq. (64) we define a super-
operator projecting onto the “irrelevant“ part of the

system as

Qρ =
∑

n

tr
[

ˆ̃Bn ρ
]

ˆ̃Bn , Q = 1 − P . (65)

Employing Eq. (63) to describe the time-evolution of Pρ
we find after straightforward calculations (for a detailed
derivation see e.g. see [24, 75]):

d

dt
Pρ(t) = K(t)Pρ(t) + I(t)Q ρ(t) , (66)

where both TCL generatorK(t) and inhomogeneity I(t)
are explicit time-dependent superoperators. One can
show that, if P ρ(0) = ρ(0) holds, the much shorter
equation

d

dt
P ρ(t) = K(t)P ρ(t) (67)

is valid, i.e., the irrelevant parts of the system do no
longer play a role for the dynamics. In general Eq. (66)
and also Eq. (67) are as difficult to solve as the Liouville-
von Neumann equation itself. Therefore, focusing on
Eq. (67), we will discuss a perturbation expansion with
respect to the strength of the interaction VD(t). This
leads to:

K(t) =

∞
∑

n=1

K(n)(t) (68)

For many physical applications one finds that all odd-
numbered K(n)(t)’s vanish [24, 76]. Employing bn(t) =

tr
[

B̂n ρ(t)
]

we find

d

dt
bn(t) =

∑

m

Knm(t) bm(t) , (69)

with

Knm(t) = tr
[

B̂n K(t) B̂m

]

= K(2)
nm(t)+K(4)

nm(t)+ · · · .

(70)
In many cases already the second-order expansion term
K(2)(t) is sufficient to yield reasonable results. One

finds for K
(2)
nm(t) (see [24, 75, 76]):

K(2)
nm(t) =

∫ t

0

dt′ tr
[

B̂n L(t)L(t′) B̂m

]

(71)

or by directly writing out the Liouvillian:

K(2)
nm(t) = −

∫ t

0

dt′ tr
[

B̂n[V̂D(t), [V̂D(t′), B̂m]]
]

(72)

Comparing Eq. (69) and Eq. (55) reveals that the
TCL method ultimately leads to a (quantum) mas-
ter equation with rates given by Knm(t). We empha-
size, however, that the explicit time-dependence of the
Knm(t)’s may encode memory effects w.r.t. the former
history of the dynamics. Nevertheless, as demonstrated
in [1], under certain conditions a second-order TCL
generator yields constant transition rates (w.r.t. time).
Thus, we are able to compare such rates with such ones
obtained by a simple statistic model in the next section.
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B. Emergence of Fokker-Planck dynamics within

spin-based models

In Ref. [1], we study again a (symmetric) spin–1/2
ladder model (i.e. in comparison to the Hamiltonian in
Sec. II C this means N = NL = NR). The observable
is again the magnetization difference between left and
right beam, i.e.,

X̂ =

N
∑

i=1

Ŝz,L
i − Ŝz,R

i . (73)

We repeat here the main results. To this end, we firstly
consider a classical statistic model whose dynamics is
describable by a master equation as discussed above.
The general assumptions made are: (i) there are non-
zero transition rates for simultaneously spin flips of ad-
jacent spins only if both spins are anti-parallel, (ii) these
transition rates are proportional to the square of the
coupling strength between the corresponding spins, i.e.,
J, κ. For J ≫ κ the dynamics along the beams is ap-
proximately in an instantaneous equilibrium on time
scales of relevant dynamics along the rungs. This leads
to (iii) equal probabilities to find the spin “pointing
up (down)“ for each site along each individual beam.
Following these basic assumptions we obtain transition
rates of the form

W (X ± 1|X) =
γ κ2N

2

(

1

2
∓ 2X

N

)2

, (74)

whereX is a eigenvalue of observable X̂. The parameter
γ cannot be determined from the simple statistic model
but must be determined by more sophisticated meth-
ods. Below we will demonstrate that this can be done
e.g. by projection operator methods like the second-
order TCL generator (see above).
Note that restricting the investigation to the magne-
tization subspace featuring a total magnetization zero
we find |X | 6 N/4. Now, assuming that the probabil-
ity for both X = −N/4 and X = N/4 are zero (or at
least negligible) we can derive that the first and second
moment of X will relax mono-exponentially, i.e.,

〈X(t)〉 ∝ exp(−R1 t) with R1 = 2γκ2 (75)

and

〈X2(t)〉 ∝ exp(−R2 t) with R2 = 4

(

1− 1

N

)

γκ2 .

(76)
This is very similar to the results arising from the
Fokker-Planck equation for an over-damped particle
in a quadratic potential. In this case we would find
2 R1 = R2. The Fokker-Planck equation for our model
reads

∂

∂t
p(x, t) =

∂

∂x

{

∂ U(x)

∂x
p(x, t)

}

+

1

2

∂2

∂x2
{D(x) p(x, t)} ,

(77)

with U(x) = γ κ2x2 and D(x) = γκ2
(

1/4 + 4x2
)

/N .
Note that we used the magnetization difference density
x = X/N here. It becomes in the limit of largeN quasi-
continuous. Eq. (77) emphasizes again the similarity to
the particle in a quadratic potential. (Note that the
dependency on the position in D(x) becomes negligible
if x is close to equilibrium, i.e., x = 0 here.)
In order to investigate now whether the quantum dy-
namics are similar to a description based on Eq. (77)
we have to ensure that the occupation probabilities for
X = ±4/N remain negligible small for all times. This
can be achieved by introducing an appropriate energy
restriction on the initial state. (Since we consider only
closed systems this restriction remains for all times.)
Moreover, as found numerically in [1], quantum dynam-
ics are only describable by the above approach if we
also demand that the initial expectation value w.r.t. X̂
is close to the equilibrium value (here close to zero).
Both requirements can formally be captured by the fol-
lowing initial states ρX(t0):

ρX(t0) =
1

Z
π̂∆E π̂X π̂∆E , Z = tr [π̂∆E π̂X π̂∆E ] ,

(78)
where π̂X denotes a projection operator onto the
eigenspace of X̂ corresponding to the eigenvalue X and
π̂∆E accounts for an energy projection onto an energy
interval ∆E. Here we choose ∆E = [−1; 1].

The parameter γ in Eq. (74) is determined by a com-
parison of the rates according to Eq. (74) and data ob-
tained by applying a second-order TCL generator (see
Sec. IVA). As a reminder, the TCL rates are defined
as

K
(2)
X,X±1(t) = −

∫ t

0

dt′ CX,X±1(t
′) (79)

with

CX,X±1(t
′) = tr

[

π̂X,∆E [V̂D(t), [V̂D(t′), ˜̂πX±1,∆E ]]
]

,

(80)

where V̂ is here given by Ĥint and π̂X,∆E =
π̂∆E π̂X π̂∆E . We find

CX,X±1(0) ∝
W (X ± 1|X)

4γ
. (81)

In order to grant that this proportionality remains also
for all rates after the time integration in Eq. (79) sev-
eral conditions must be fulfilled: (i) The “true“ quan-
tum dynamics can be well approximated by a second-
order TCl generator and (ii) the correlation functions
CX,X±1(t) must decay for all subspaces X in a similar
fashion and on similar timescales. Moreover, the de-
cay must be faster than the relaxation time in order
to allow for constant TCL-rates in the sense discussed
above; cf. [1].
Regarding the first condition, there are numeruos stud-
ies suggesting that second-order TCL generators yield
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FIG. 6. In (a) the dynamics of 〈X̂(t)〉 are displayed as cal-
culated from the Schrödinger equation (symbols) and the
master equation, Eq. (74), (dashed lines). In (b) the dy-

namics of σ2(t) = 〈X̂2(t)〉 − 〈X̂(t)〉2 are displayed. The
data suggest good agreement of both dynamics.

good results if the interaction operator V̂ features a cer-
tain matrix structure when transformed into the eigen-
basis of the unperturbed Hamitlonian Ĥ0. The for-
mal description of these features is quite complex and
exceeds the scope of this review section. For details
see e.g. [26, 77]. However, matrices whose elements
are drawn at random (according to some distribution
with zero mean) belong to this class of operators (see
e.g. [26]). In the present case our “perturbation“ oper-
ator does feature such structures (see Fig. 4,5 and their
discussion in [1]).
In respect to the second requirement we find that it
holds only for a rather restrict parameter regime, i.e.,
κ ∈ [0.15; 0.2]. The fact that there is a lower and upper
bound is in accordance with literature [8, 26].

Eventually we find that the K
(2)
X,X±1’s indeed remain

proportional to the simple statistic rates (the outmost
rates, however, yield some deviations). Chosen an ap-
propriate value for γ, we compare in Fig. 6 the actual
quantum dynamics (symbols) with Fokker-Planck dy-
namics (dashed lines) where 6(a) displays the dynam-

ics of 〈X̂(t)〉 and 6(b) the corresponding dynamics of

the variance σ2(t) = 〈X̂2(t)〉 − 〈X̂(t)〉2. As discussed
in Ref. [1], the agreement between both types of dy-
namics is very well for X being small compared to the
largest possible |X | = N/4. A detailed investigation of
the deviations in the dynamic behavior for initial val-
ues closer to the outmost possible values is given in [28].
Therein the authors introduce quantum transition rates
that lead to much more accurate results for such initial
states.

V. DIFFUSION EQUATION IN CLOSED

QUANTUM SYSTEMS

A special (renowned) case of the Fokker-Planck equa-
tion arises if one assumes that (i) there is no (external)
potential Φ applied to the system that may influence
the observable of interest and (ii) the diffusion coeffi-
cient does not depend on x and t, i.e., D(x, t) ≡ D.
The first assumption can also be written as

0 =
∂ V (x, t)

∂ x
= −a(1)(x, t) . (82)

Hence, the drift coefficient equals zero. Plugging these
assumptions into Eq. (61) and rearranging the resulting
expression a bit yields

∂ p(x, t)

∂ t
− 2D

∂2 p(x, t)

∂ x2
= 0 . (83)

Eq. (83) is commonly known as the (homogeneous) dif-
fusion equation. It was already proposed by Fourier
in 1822 [78, 79] as heat equation in order to describe
heat conduction in several materials (without the no-
tion of diffusion). Furthermore, the diffusion equation
may also be derived from the (linearized) Boltzmann
equation under certain assumptions (see e.g. [80–82]).
The general solution of Eq. (83) is rather subtle. There-
fore we begin by introducing the fundamental solution,
i.e., for an initial distribution function p(x, 0) = δ(x)
and p(x, t) → 0 for |x| → ∞. The correpsonding solu-
tion reads (see e.g. [83]):

p̃(x, t) =
1√

2πDt
exp

(

− x2

2Dt

)

(84)

For general initial distributions p(x, 0) = f(x) one can
obtain the solutions by calculating the convolution in-
tegral

p(x, t) =

∫

IRn

dy p̃(x− y, t) f(y) . (85)

Hence, if for f(x) mean expectation value µ and vari-
ance a2 exist the corresponding variance of p(x, t) reads
σ2(t) = D t+ a2, i.e., the variance is linearly connected
to the diffusion coefficient. Moreover, we find

D =
1

2

d

dt
〈σ2(t)〉 . (86)

A. Scaling behavior of the diffusion coefficient

and Einstein relation

As explained above diffusive processes lead to an lin-
ear increase of the variance with respect to time. How-
ever, in order to derive Eq. (86) we had to make several
assumptions. First of all we assumed that D does not
depend on the time. However this might not be entirely
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true for some special cases. Consider e.g. any kind of
lattice on which a particles can experience scattering
only at few sites. The particles may have initially a
constant velocity ~vi each. Now, as long as the particles
experience no scattering (which may be a long time)
they evolve as free particles. Thus, we may describe
the trajectory of each particle as:

~xi(t) = ~xi(0) + ~vi t (87)

The variance eventually reads then

σ2(t) = 〈~x2(t)〉 − 〈~x(t)〉2 = (〈~v2〉 − 〈~v〉2) t2 , (88)

i.e., the variance scales quadratic in time. This is
inconsistent with the findings above. Consequently,
one divides the transport behavior into several regimes
depending on the scaling behavior of the variance with
respect to time, i.e., σ2 ∝ tα. For 0 < α < 1 we call
the regime subdiffusive, for α = 1 we have diffusive
transport and for 1 < α 6 2 there is the superdiffusive
regime. The special case at α = 2 is also known as
describing ballistic transport. For α = 0 the system is
in a localized phase.

The Einstein relation of transport coefficients con-
nects the diffusion coefficient D with some conductivity
σcon of charge, energy, etc., i.e., a force driven quantity.
In its most elementary form it reads

D(t) =
kB T

ǫ2
σcon(t) , (89)

where T denotes temperature, kB is the Boltzmann
constant and ǫ2 is associated with the uncertainty of
the transport quantity per site at equilibrium [84].
There are numerous studies that demonstrate the
validity of the Einstein relation in the classical context
(see e.g. [85]) and quantum context [84, 86].

In the framework of linear response theory the con-
ductance σcon(t) can be calcualted by the Kubo for-
mula. In the limit of high temperature and low particle
densities n it reads (cf. [85, 87, 88])

σcon(t) =
n

kB T

t
∫

0

〈̂(t′)̂(0)〉 dt′ , (90)

where 〈̂(t′)̂(0)〉 = tr [̂(t′)̂(0)] is the autocorrelation
function of the current density operator corrsponding
to the transported quantity. The study of the decay
behavior of 〈̂(t′)̂(0)〉 may already yield essential in-
formations. We find e.g. that mono-exponential decay
corresponds to transport behavior as described by a lin-
earized Boltzmann equation or as expected for a sim-
ple heuristic Drude model. In the later the general as-
sumption is that the conductivity is proportional to the
squared mean velocity and the relaxation time τ , i.e.,

σcon ∝ v2τ [88–90].
Note that for low densities we find ǫ2 ≈ n. Thus, in
this case we may define

DKubo(t) =

t
∫

0

〈̂(t′)̂(0)〉 dt′ , (91)

i.e., we can calculate the diffusion coefficient also from
transport properties. The Einstein relation can then
rephrased as DKubo(t) = Dvar(t) where Dvar denotes
the diffusion coefficient as calculated from the variance.
However, if this equality indeed holds has to be tested
individual for each model. In the next section we
will among others provide evidence that the equality
holds at least for a specific quantum model in the
thermodynamic limit.

B. Investigation of diffusive behavior in closed

quantum systems

In this section we will discuss briefly several numeri-
cal investigation on different closed quantum systems
w.r.t. the emergence of diffusive behavior. In [2] we
focus on normal diffusive behavior and the validity of
the Einstein relation while in [5] and [6] we consider
the temporal behavior of the diffusion parameter D
and the spatial variance. In the later studies we find
cases that are inconsistent with normal diffusion.

Validity of the Einstein relation

for a tight-binding model

In Ref. [2] we investigate three-dimensional tight-
binding bond percolation models w.r.t. finite conduc-
tivity and diffusive transport behavior. The systems
are described by

Ĥ =
∑

〈ij〉

tij â
†
i âj , (92)

where 〈ij〉 denotes that the sum runs only over neigh-
boring sites on the lattice. tij are hoping amplitudes

and â†i , âi are creation and annihilation operators on
site i, respectively.
Percolation emerges by succecively removing either
bonds (bond percolation) or sites (site percolation)
from an otherwise ideal crystal, lattice or anything
alike. In this way impurities are introduced that may
lead (in addition to possible particle-particle collisions)
to diffusive transport behavior or localization similar to
Anderson localization (see below). Percolation models
were vastly studied (i.a. due to the increase interest in
microscopic structures) in the framework of classical
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FIG. 7. Time-evolution of the diffusion coefficient D(t) as
calculated by means of the Kubo formula for N = 26 (solid
line) and the spatial variance (dashed lines). Obviously the
curves coincide for longer times the larger the system size N
becomes. The behavior of the diffusion coefficient for large
times in case of Dvar arises from finite-size effets (see [2] for
details).

mechnics [91–93] as well as in the quantum context
[94–97]. Furthermore, percolation has also been ad-
dressed in other contexts such as quantum hall effects
[98], Fermi-Bose mixtures [99] and (anti)ferromagnetic
systems [100]. However, most investigations focus on
the determination of the thresholds (e.g. number of
defects relative to the total number of sites) below
which transport is no longer possible, i.e., σcon = 0.
One finds that the classical thresholds for both bond
and site percolation are in general larger than their
quantum counterparts.

In the quantum context one usually calculates the
portion of energy eigenstates that are still expanded
over the entire system e.g. with the inverse participa-
tion number method [101–103]. Such states belong
to the delocalized eigenstate regime and it is obvious
that transport may be possible as long as there exist
a non-trivial delocalized regime. Furthermore, we
investigated among other things σcon(t) close to the
bond percolation threshold via the Kubo formula,
cf. Eq. (90). Finding exponential decay of the au-
tocorrelation function, we furthermore compared the
diffusion coefficients D(t) that we either calculated
by Eq. (86) (Dvar) or Eq. (89) (DKubo). The results
are displayed in Fig. 7 for intermediate deviation
from the percolation threshold. Since the variance
σ(t) is strongly influenced by finite-size effects (see
[2] for details) we display several Dvar’s for different
system sizes N in order to demonstrate that with
increasing N both diffusion coefficients coincide for
longer times. Thus, in the thermodynamic limit we
expect the Einstein relation to hold in the present
case. Fig. 7 also demonstrates that the diffusion
coefficient is indeed time-dependent for small times. In
fact, in the very beginning we find D(t) ∝ t, i.e., the
spatial variance scales ballistic σ2(t) ∝ t2. For t → ∞,
however, the diffusion coefficient becomes constant and

we find indeed normal diffusive behavior, i.e., σ2(t) ∝ t.

Emergence of sub-diffusive behavior

in Anderson localized systems

Apart from scattering induced by defects we investigate
in Ref. [5] an Anderson localized spin chain. In Ander-
son models scattering centers are induced by random
on-site potentials. In case of one-dimensional systems
and non-interacting particles the particles are always
localized [104–107], i.e., there is no finite conductivity
for all disorder strengths and temperatures. Recently,
the investigation of localization for interacting particles
has seen a huge attraction. Even for weak interaction a
localized phase seems to persists [108, 109]. Moreover,
such localization phase may also exist beyond the weak
interaction limit and at infinite temperature [110–112].
This phenomenon is commonly called many-body local-
ization; see [113, 114] for recent reviews.
Most studies focus on the localization phase transi-
tion in dependence of the disorder strength [115–117].
Much less is know for the transition at fixed disorder
strength while varing the number of interacting par-
ticles [118, 119]. For the half-filling sector one finds a
delocalized phase at intermediate interaction and disor-
der strength (see e.g. [120]). Thus, the question arises
whether and when the phase transition actually occurs
in dependence of the particle number. Furthermore, it
stands to question how (if there is a delocalized phase)
transport behavior may be described. These questions
were studied in [5] for a disordered spin chain and pure
initial states of densely packed particles. The model is
described by

Ĥ = J
L
∑

r=1

[

Ŝx
r Ŝ

x
r+1 + Ŝy

r Ŝ
y
r+1 +∆Ŝz

r Ŝ
z
r+1

]

+
L
∑

r=1

hrŜ
z
r ,

(93)
where hr are for each site drawn at random sampling
the disorder potential. L is the length of the chain.
Note that ∆ is a direct measure for the interaction
strengths. The main observable is the expansion of the
particle density distribution pr(t) = tr [n̂r(t)ρ] (n̂r: par-
ticle number operator at site r), i.e., the behavior of the
standard deviation

σ(t) =

√

√

√

√

L
∑

r=1

r2 pr(t)−
(

L
∑

r=1

r pr(t)

)2

(94)

Results are displayed in Fig. 8 for 1 up to 4 parti-
cles and intermediate interaction and disorder strengths
(corresponding results at half-filling suggest a delocal-
ized phase for these parameters). While the one-particle
case shows a constant variance for large times consistent
with Anderson localization for non-interacting particles
there seems to occur saturation also for the two-particle
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FIG. 8. Time-evolution of the variance for N = 1, · · · , 4
particles. For the one and two-particle case the curves even-
tually stagnate for large times consistent with literature (see
text). For N = 3, 4 the increase of the standard deviation
does not stagnate but rather hints towards (sub)-diffusive

behavior with σ(t) ∝ t1/4.

case. The latter may also be consistent with similar
studies for bosons [121–125]. For three and four parti-
cles we found no saturation on the depicted time-scales
hinting toward a delocalized phase. Power-law fits sug-
gest that the standard deviation scales as σ(t) ∝ t1/4,
i.e., subdiffusively, which becomes more pronounced as
the particle number increases.

Role of internal correlations for the emergence of
diffusive behavior

The study in Ref. [6] focuses, in contrast to the afore-
mentioned works, on the impact of randomness embed-
ded in the initial states on the behavior of the variance.
The model investigated is again a spin chain of length
L but without any disorder or scattering centers, i.e.,
hr = 0 for all sites [cf. Eq. (93)]. The investigation
also involves the particle density pr(t) = tr [n̂r(t)ρ] (see
above). The essential point in this work is the initial
state defined as

|ψ〉 ∝ n̂L/2|ϕ〉 , |ϕ〉 =
∑

k

ck |φk〉 , (95)

where nL/2 is a projection operator ensuring the
concentration of the initial particle density around
the center at site L/2 and |phik〉 is the eigenstate
corresponding to site k. It turns out to be crucial in
which way one chooses the coefficients ck. Choosing
the ck’s at random according to the Haar measure may
render the typicality approach (see Sec. II B) valid
while choosing the coefficients as being equal, i.e.,
ck = c ∀ k, does not per se allow for a similar approach.

In case of random ck’s one can derive by virtue of
typicality arguments that the expectation value of pr(t)
can be connected to an equilibrium correlation function,
i.e.,

pr(t)− peq = 2〈(n̂L/2 − peq)(n̂r(t)− peq)〉 , (96)
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FIG. 9. Time-evolutions of the spatial standard deviation
σ(t) and diffusion coefficient D(t). In (a) the results are
shown for ∆ = 1.5 and typical states. D(t) eventually be-
comes constant and the σ(t) ∝

√
t. In (b) the results are

shown for ∆ = 1.0 and “untypical“ states (equal ck’s). D(t)
does not reach a finite constant value on the depicted time
scales suggesting that there is superdiffusive scaling behav-
ior.

where peq is its equilibrium expectation value (see [6] for
further details). Thus, an approach by linear response
theory (Kubo formula) is possible where the current
operator in the present case is the well known spin cur-
rent density operator ̂ =

∑

r ŝ
x
r ŝ

y
r+1 − ŝyr ŝ

x
r+1 (cf. e.g.

[126]). Eventually, following the argumentations in [84],
we derive for the diffusion coefficient

D(t) =
4

L

t
∫

0

〈̂(t′)̂(0)〉 dt′ . (97)

For ∆ = 0 one finds [̂, Ĥ] = 0, i.e., D(t) ∝ t. Thus,
in this case there is ballistic transport behavior. Nu-
merous investigations demonstrate that for ∆ < 1
there seems to occur partial conservation of the cur-
rent ̂ which excludes normal diffusive behavior [126–
138]. There are, however, indications that in the regime
of large ∆ and high temperatures normal diffusive ex-
pansion of the variance can indeed be observed. In
Fig. 9(a), we display the time evolutions of σ(t) as ac-
tually calculated from Eq. (94) and D(t) as calculated
by Eq. (97) for ∆ = 1.5. Indeed after some time the dif-
fusion coefficient becomes constant and σ(t) ∝

√
t, sup-

porting the above statement. (Actually we also com-
puted other cases, i.e., ∆ = 0.5, 1, finding agreement
with literature, too.) In case of equal ck’s the relation in
Eq. (96) cannot be derived. Thus, the transport behav-
ior may be completely different here. Performing the
same investigations as for the typical states we display
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in Fig. 9(b) again the time evolutions of σ(t) and D(t)
for ∆ = 1. Obviously D(t) does not reach a constant
value on the depicted time scales. Consequently, the
behavior of σ(t) is inconsistent with normal diffusion.
The results suggest that internal randomness in the ini-
tial condition has an essential impact on the transport
behavior, i.e., nonequilibrium dynamics.

VI. INVESTIGATION OF THE JARZYNSKI

RELATION FOR CLOSED QUANTUM

SYSTEMS

Apart from investigations on the relaxation behav-
ior of closed systems, recently renewed interest in the
emergence of universal non-equilibrium behavior involv-
ing driven systems arose (see e.g. [139]). Such non-
equilibrium behavior can be captured by fluctuation
theorems [140]. One prominent example apart from the
Einstein relation (see above) is the Jarzynski relation
(JR). It provides a general statement on work that has
to be invested to drive processes [141, 142]. It especially
holds also for drivings far from equilibrium.
The JR has been tested in various settings such as clas-
sical Hamiltonian mechanics, stochastic dynamics (as
described by Langevin or master equations) and quan-
tum mechanics [140, 142–147]. But in almost all of these
investigations it is assumed that the system (which is
subjected to some external force) is initially in a Gibb-
sian state whereas in the field of thermalization the
general starting point is entirely different. As a re-
minder, we demonstrated that thermalization emerges
from properties of the system itself (cf. Sec. II C) rather
than invoking external baths or specifying initial states.
Thus, it is questionable whether the JR holds also for
other initial states.
In this section we are going to present results indicating
that the JR may be valid also for microcanonical ini-
tial states (although the following arguments also hold
in a similar fashion for certain other initial states [7])
in the thermodynamic limit for driven closed quantum
systems. In order to keep the consideration simple we
imply the following features of the work inducing driv-
ing protocol λ. (i) Forward and backward protocols are
symmetric w.r.t. time, i.e., the action of forward proto-
col (λ) and backward protocol (λ̃) is the same, and (ii)
the protocols are cyclic, i.e., the initial and final Hamil-
tonian are also the same (Hi = Hf ). Hence, the JR
reads in this special case:

〈exp(−β Ĥ)〉E = 1 , (98)

where 〈· · · 〉E denotes the microcanonical expectation
value w.r.t. energy E and β is related to the correspond-
ing inverse temperature.
Below we will demonstrate that the validity of the JR
(at least in the above set-up) is basically founded on
the fact that probability distribution functions (pdf’s)

of work are found to remain stiff for varying the initial
energy E of the initial microcanonical state within a
certain energy regime. These energy regimes are dis-
tinguished by the exponential growth behavior of the
density of states (DOS) of the underlying closed sys-
tem.
In order to compute the work pdf’s we again employ

a projection measurement scheme (cf. III A):

pλ,work(W ;E) =
1

δ
tr
[

π̂f
E+W,δ Uλ ρ(E)U†

λ

]

, (99)

where π̂f
E′,δ denotes a projector on all energy eigen-

states (w.r.t. Hf ) within a energy shell of width δ
around energy E′. The initial state of the system is
denoted as ρ(E) and associated to the mean energy E.
The time-propagation operator Uλ comprises the full
action of the protocol λ. Note that we may interpreted
pλ,work(W ;E) as transition probabilities from energy
E to E+W that may depend on the very initial energy
E. For simplicity, we omit hereafter unnecessary
indices unless confusion may arise otherwise.

Microcanonical fluctuation theorems provide con-
nenctions of such work pdf’s and the density of states
(DOS) of the correpsonding Hamiltonians [148, 149],
i.e.,

pλ(W ;E)

p̃
λ̃
(−W ;W + E)

=
Ωf (E +W )

Ωi(E)
, (100)

where p̃
λ̃
denotes the work pdf for reverse protocol λ̃.

Ωi,Ωf are the DOS for the initial and final Hamiltonian,
respectively. (Note that Eq. (100) holds in general only
if the protocols are indeed microreversible.) Due to the
above assumptions regarding the work protocols λ one
finds pλ ≡ p̃

λ̃
. Thus, we can also write it in the compact

form

p(E +W ;E)

p(E;E +W )
=

Ω(E +W )

Ω(E)
, (101)

where we used that the initial and final Hamiltonians
are the same (they feature also the same DOS).

“Stiffness” assumption and validity of the Jarzynski
relation

We assume now that the work pdf’s do not change in
shape if varying the initial energy within a certain en-
ergy regime. In particular, this means that they de-
pend only on the energy differences, i.e., p(E+W ;E) =
p(W ). With this assumption we may write Eq. (101) as

p(W )

p(−W )
=

Ω(E +W )

Ω(E)
. (102)

Note that the l.h.s. of this equality depends solely onW
whereas the r.h.s. may also depend on E. Thus, for this
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equality to hold the DOS must feature a exponential
scaling behavior w.r.t. energy, i.e., Ω(E) ∝ exp(β E)
with β being some constant factor. Finally, we obtain
the following equality:

p(W )

p(−W )
= exp(β W ) . (103)

In plain words: Stiffness of work pdf’s can only occur if
the DOS of the underlying system scales exponentially
with energy. For some systems this may be the case
only on certain energy regimes (see below).
Consider now the following integral:
∫

p̃
λ̃
(E;E +W ) dW =

∫

p(−W ) dW = 1 , (104)

where we used stiffness in the second step and fi-
nally that the p(W )’s are normalized. Employing now
Eq. (103), we can rewrite the above equation as

∫

p(W ) exp(−βW ) dW = 1 , (105)

which is basically the JR for microcanonical initial
states if β can be interpreted as inverse temperature
(see above). In [7] we demonstrate that this is indeed
the case via considerations of basic thermodynamic re-
lations. Thus, the property of stiffness suffices to ensure
the validity of the JR for microcanonical initial states.
For completeness, we remark that in case stiffness holds
only for a certain energy regime which will be the case
in most finite-sized systems (see below) we may find

E′+∆/2
∫

E′−∆/2

p(−W ) dW ≈ 1 , (106)

where we integrate over the energy interval of width ∆
around the mean energy E′. Note that Eq. (106) holds
as long as the contributions of p(W ) vanish beyond the
outlined energy regime.

Numerical investigation of stiffness for closed spin
systems

We numerically investigate again closed spin systems
since there is evidence that the DOS of such systems
scales approximately exponentially with energy on cer-
tain intermediate energy ranges; see e.g. [150]. We “di-
vide” our systems into a “system part” (here simply a
single spin) onto which our work inducing protocol acts
directly and into a “bath part” coupled to the single
system spin. Note that we do not actually investigate
open system-bath scenarios but just use this terminol-
ogy for simplicity here.
We will consider two different bath models: (i) a spin
ladder, as already investigate above, where the system
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FIG. 10. Grayscale map of the energy dependence of
p(E′;E) for different initial energies E. (a) displays results
for the weakly coupled and weakly driven ladder model and
(b) for the strongly driven chain model. In both cases the
work pdf’s suggest independence on E as indicated by con-
stant values along the counter diagonals.

spin couples to the leading spins of each leg and (ii) a
spin chain where the system spin enlarges the system
simply by one additional site. Note that the spin ladder
is non-integrable (in the sense of the Bethe ansatz [151])
while the spin chain is integrable. Thus, we will be able
to study the influence of integrability on the stiffness of
work pdf’s.
For the ladder model the Hamiltonian of the bath reads

Ĥ ′
ladder =

2
∑

r=1

L−1
∑

i=1

(Ŝx
i,rŜ

x
i+1,r + Ŝy

i,rŜ
y
i+1,r + Ŝz

i,rŜ
z
i+1,r)

+

L
∑

i=1

(Ŝx
i,1Ŝ

x
i,2 + Ŝy

i,1Ŝ
y
i,2 + Ŝz

i,1Ŝ
z
i,2) ,

(107)

where Ŝx,y,z
i,r are spin–1/2 operators at site (i,r). Like-

wise, for the chain model the Hamiltonian of the bath
reads

Ĥ ′
chain =

L−1
∑

i=1

(Ŝx
i Ŝ

x
i+1 + Ŝy

i Ŝ
y
i+1 + Ŝz

i Ŝ
z
i+1) . (108)

As for the system-bath coupling, it is given for the lad-
der model by

Ĥ ′′
ladder = (Ŝx

L,1 + Ŝx
L,2) Ŝ

x
sys + (Ŝy

L,1 + Ŝy
L,2) Ŝ

y
sys

+ (Ŝz
L,1 + Ŝz

L,2) Ŝ
z
sys

(109)

and for the chain model by

Ĥ ′′
chain = Ŝx

L Ŝ
x
sys + Ŝy

L Ŝ
y
sys + Ŝz

L Ŝ
z
sys . (110)

Note that the total number of spins is for the ladder
model N = 2L+1 and for the chain model N = L+1.
Since we want to employ a work protocol in resem-

blance of a spin resonant experiment we apply a static
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FIG. 11. Results for the direct calculation of the JR for
microcanonical states with mean energies E from intervals
as specified in the text. (a) summarizes the results for var-
ious parameter sets for the ladder model and (b) shows a
comparison of results from the chain model and strongly
driven ladder model. In all cases the finite-size scaling sug-
gests that the JR becomes true in the thermodynamic limit.
Thus, integrability and non-resonant driving seem to have
not effect here.

magnetic field B = 0.5 (in z direction) to the system
spin in the ladder model, i.e.,

Ĥmag = 0.5 Ŝz
sys . (111)

We do not apply any magnetic field for the chain model
and thus are also able to investigate the influence of
non-resonant driving (see below).
Finally, the full time-independent Hamiltonian for the
ladder model reads

Ĥ0
ladder = Ĥ ′

ladder + κ Ĥ ′′
ladder + Ĥmag (112)

and for the chain model

Ĥ0
chain = Ĥ ′

chain + Ĥ ′′
chain . (113)

Note that we allow for the ladder model for a variable
system-bath coupling strength κ while for the chain
model all coupling strengths are set to 1.
The time-dependent work protocol (driving) is de-
scribed by

ĤD(t, ν) = λ sin(ν t) Ŝx
sys , (114)

i.e., we apply a time-dependent (sine-wave-modulated)
magnetic field in x direction on the system spin with
frequency ν and strength λ. This whole set-up is close
to spin resonance experiments [152, 153] where for the
ladder model we set ν = 0.5 and for the chain model ν =

0.75 (for details see [7]). We emphasize that although
this kind of protocol is not per se microreversible we
discussed in the appendix of [7] that for our specific
models Eq. (100) still holds true.
At last, we introduce our initial states that are (due to
limitations in numerics [7]) microcanonical states with
a finite but sufficiently small energy range σ, i.e.,

ρ(E) =
π̂E,σ

tr [π̂E,σ]
. (115)

Investigating the DOS of either model we find that
on some intermediate energy ranges the DOS is indeed
well described by exponential growth. The width of
these regimes as well as the overall agreement increases
with enlarging the systems; see [7]. Since, however,
the scaling is not perfectly exponential (especially for
small systems) work pdf’s may slightly dependent on
the initial energy (see [7] for details where we investi-
gated explicit the “similarity” between different work
pdf’s). In Fig. 10, we display exemplary for N = 19 a
colormap of work pdf’s corresponding to adjacent initial
energies (horizontal axis) from the energy regime where
Ω(E) ∝ exp(β E) holds (see [7] for details). Fig. 10(a)
corresponds to the ladder model (κ = 0.6, λ = 2.5) and
Fig. 10(b) to the chain model (λ = 3.9). In both cases
we immediately see that the general structure of the
work pdf’s does not change (apart from minor fluctua-
tions). Thus, stiffness is well fulfilled for both models,
i.e., integrability and non-resonant driving seem not to
be relevant here. Note that we quantified the fluctua-
tions in [7] directly (also for different parameters and
system sizes).
Furthermore, we computed the JR directly for various

parameter sets and display the results in Fig. 11. For
all considered scenarios the JR seems to be fulfilled in
the thermodynamic limit (N → ∞) which proves the
relevance of the emergence of stiffness for the validity
of the JR for microcanonical initial states.

Relation of stiffness towards FGR and ETH

The emergence of stiffness in the limit of large systems
gives rise to the question whether this can be under-
stood by more general concepts. Here we will demon-
strate that at least in the weak driving regime stiffness
can be connected to the validity of FGR and ETH.
To this end we consider at first the matrix representa-
tion of the perturbation operator V̂ (cf. Sec. II A) in the

eigenbasis of Ĥ0 of the respective model. This operator
is given for both models by V̂ = Ŝx

sys.
Since the work pdf’s can be interpreted as transition
probabilities we may calculate the transition rates in the
weak driving regime (i.e. weak perturbation) by FGR
from this matrix representation. We denote these rates
from E to E′ by γE→E′ .
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This ultimately yields

γE→E′ ≈ 2π

N(E)

∑

i ∈ E
f ∈ E′

|Vij |2 , (116)

where N(E) the total number of states contributing to
the initial state (for details see [7]).
For the emergence of stiffness we have to demand that
γE→E+W ≡ γ(W ) holds. Thus, the matrix representa-
tion of Vij must feature a corresponding structure which
may be numerically investigated via exact diagonaliza-
tion. One could therefore calculate the transition rates
directly. However, here we will proceed by relating the
emergence of stiffness to the validity of the ETH. To this
end, we recall that any operator featuring the following
structure (cf. Sec. II C)

Vij ≈ V̄ (Ē) δij +N(Ē)−1/2 fV (Ē, ω)Rij , (117)

fulfills the ETH ansatz. As a reminder, Ē = (Ei +
Ej)/2, ω = Ej − Ei and V̄ (Ē), fV (Ē, ω) are smooth
functions of their arguments. Rij are randomly dis-
tributed (complex) numbers with zero mean and vari-
ance 1. Note that we consider here energy intervals
E,E′. Thus, we may also write Ē = (E + E′)/2 and
ω = E′ − E. Inserting this into Eq. (116) yields

γE→E′ ≈ 2π

N(E)

∑

i ∈ E
f ∈ E′

f2
V (Ē, ω)R

2
ij

N(Ē)
. (118)

Since only the factor R2
ij is actually affected by the sum-

mation we find
∑

i ∈ E
f ∈ E′

R2
ij ≈ N(E)N(E′) . (119)

Thus, the rates are eventually given by

γE→E′ ≈ 2π f2
V (Ē, ω)N(E′)

N(Ē)
. (120)

Recalling that stiffness can only emerge if the corre-
sponding DOS scales exponentially with energy we fi-
nally find

γE→E′ ≈ 2π f2
V (Ē, ω) exp(−β ω/2) , (121)

which plainly demonstrates that the stiffness of the
rates ultimately depends on the function f2

V (Ē, ω).
Only if this function varies only slightly with Ē, stiff-
ness may emerge (the above expression depends only on
the energy difference ω).
In Fig. 12, we display a colormap of f2

V (Ē, ω) (in ar-
bitrary units) which clearly shows that for both mod-
els the structure is smooth, i.e., f2

V (Ē, ω) varies only
slightly with Ē. This indicates stiffness. Although these
results are in agreement with the results discussed in de-
tail above, we point out that the validity of results here
is only ensured for the weak driving regime.
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FIG. 12. Grayscale map of the perturbation operator V̂ in
energy eigenbasis of Ĥ0 of the respective model. (a) displays
results for the ladder model and (b) correspondingly for the
chain model. In both cases the matrix structure is consistent
with the ETH ansatz.

VII. SUMMARY AND CONCLUSION

In this dissertation we investigated whether quantum
dynamics of closed systems may behave like described
by standard thermodynamic approaches, i.e., whether
there is equilibration/thermalization for explicit non-
equilibrium scenarios, and if so, can the corresponding
dynamics be mapped e.g. onto stochastic processes.
As a first step towards the answer of the first ques-
tion we introduced well-established approaches for
equilibration in closed quantum systems, namely
Fermi’s Golden Rule, the typicality approach and the
eigenstate thermalization hypothesis (ETH). While
we found that Fermi’s Golden Rule is applicable only
for rather restricted scenarios (weak perturbation,
initial energy eigenstates etc.) we found that the
typicality approaches as well as the ETH may be valid
for a much wider class of systems, initial states and
observables. These discussions unveil that though the
system might be initially in far-from-equilibrium state
its time-evolved state may feature unique equilibrium
properties consistent with thermodynamic equilibrium
states. One major shortcoming of these approaches,
however, is that they do not give any insight into the
actual relaxation behavior.
In order to analyze such relaxation behavior in relation
to standard stochastic processes, that are usually
expected to emerge for thermodynamic behavior,
we introduced thereafter the notion of stochastic
trajectories. Since in the most general case each
trajectory requires knowledge of the entire history
of the system which is clearly not the case in usual
thermodynamic consideration we discussed the special
case of Markovian dynamics. Markovian dynamics
can be constructed by knowledge of the most recent
history of the system only. Such dynamics are indeed
in accordance with standard thermodynamics and we
could show that quantum dynamics can in some cases
actually give rise to such description schemes.



25

Based on Markovian dynamics we derived so called
master equations that basically involve transition
rates from one system state to another describing
dynamics of density functions. Solutions of such mas-
ter equations feature in particular fix points in some
underlying phase space, Hilbert space etc. in contrast
to the unitary dynamics described by the Schrödinger
equation (and Newton equation for classical scenarios).
Thus, equilibration towards unique equilibrium states
is obvious.
The renowned Fokker-Planck equation, often used to
describe classical stochastic processes as e.g. Brownian
motions, can be directly derived from master equations.
We presented numerical and analytic evidence that in
closed quantum system (to be specific: spin systems)
Fokker-Planck-like dynamics can be found. We fur-
thermore discussed projection operator techniques that
result in a master-equation-like description of quantum
dynamics coinciding with the Fokker-Planck related
results.
A further specification of the Fokker-Planck equation
lead directly to the famous diffusion equation that in
its essential form was already introduced about 200
years ago, though not acknowledged for its universal
impact. The diffusion coefficient (appearing in the
diffusion equation) bears a direct correlation with the
(spatial) variance of the underlying density function.
Employing the Einstein relation that connects the diffu-
sion coefficient with a conductivity of some current we
showed that diffusion coefficient can also be calculated
via linear response theory (Kubo formula). In order
to demonstrate that diffusive processes can indeed
be observe in quantum systems we provided several
numerical results on disordered systems (percolation
and Anderson models) and the role of randomness
embedded in the initial condition of the system.
At last we studied under what conditions we may find
that the actual initial condition (to be specific: the
initial energy of a microcanonical state) does have no
influence on the resulting distribution functions of work
under the action of some work-inducing protocol. To
be more precise, we investigated if the shape of work
distribution functions remain stiff if the initial energy
of the initial state is shifted. A direct consequence of
stiff distributions is the validity of the famous Jarzynski
relation beyond Gibbsian initial conditions. It turned
out that the exponential scaling of the underlying

density of states is crucial for the observation of stiff
distributions (where we restricted the investigation on
cyclic and microreversible driving protocols). Finally
we explored a connection of our findings with the
applicability of Fermi’s Golden Rule and the eigenstate
thermalization hypothesis.

After all we presented evidence that standard
thermodynamics behavior as described by stochastic
approaches emerges in various applications of closed
quantum systems.
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Relaxation according to Fokker-Planck equations is a standard scenario in classical statistical
mechanics. It is however not obvious how such an equilibration may emerge within a closed, finite
quantum system. We present an analytical and numerical analysis of a system comprising sixteen
spins in which spatial inhomogeneities of the magnetization relax approximately in accord with a
standard Fokker-Planck equation for a Brownian particle in a parabolic potential.
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Do closed quantum systems show thermal equilibra-
tion and if so how does this equilibration proceed? Since
the Schroedinger equation does not feature any attractive
fixed point and many systems may ultimately be viewed
as closed quantum systems, this question has been de-
bated from the early days of quantum mechanics [1–5].
Recently this question has regained considerable atten-
tion, partially due to experimental progress in the field
of ultra-cold atomic gases, which may provide the possi-
bility of observing isolated quantum equilibration exper-
imentally in a well controlled way [6, 7]. On the other
hand theoretical concepts have been and are being devel-
oped. Some of these approaches focus on the existence of
an equilibrium for generic quantum systems and analyze
properties of pure states concluding that an overwhelm-
ing majority of them features certain “typical” proper-
ties which are then identified as equilibrium properties
[2, 8–12]. The idea that energy eigenstates are likely to
belong to this typical majority as well is now known as
the eigenstate thermalization hypothesis (ETH) [2, 13–
16]. Existence of equilibrium in specific models, such as
interacting spin or interacting bosonic/fermionic model
is also a subject of current research, cf., e.g., [17–22].
Other approaches focus primarily on the thermalization
process and aim at mapping the dynamics of crucial
quantities such as certain expectation values, reduced
density matrices , etc. onto (quantum) master equations,
sometimes taking the form of Fokker-Planck equations
(e.g., for the Caldeira Legett model, etc.). This con-
cept has been developed in great detail for open quantum
systems [23], i.e., the scenario of a comparatively small
system in contact with a much larger system which is
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‡ jgemmer@uos.de

usually called a bath. However, concrete examples which
are not of this “system + bath” structure but can never-
theless be reliably shown to exhibit features of standard
phenomenological equilibration seem to be rare. Or as
stated in [24] “It is an intriguing question whether such
a Fokker-Planck equation can actually also be found for
a thermalizing and closed many-body quantum system”.
This recent publication addresses a system of coupled
spins in which the z-component of the magnetization is
reported to follow a Fokker-Planck equation (FPE), close
to equilibrium and with a non-linear rescaling of the mag-
netization. Furthermore the FPE-generator is found to
grow linear in time rather than being constant. The work
at hand is aimed in a similar direction. However, we
intend to present a finite spin model in which the (un-
rescaled) magnetization difference between to equal parts
of the system relaxes according to a FPE with an time in-
dependent generator and a diffusion term that is almost
constant w.r.t. the magnetization difference.
Our spin model may be described as a finite, anisotropic
Heisenberg spin-ladder of length N/2 = 8. The Hamilto-
nian reads

Ĥ = Ĥ0 + κV̂

Ĥ0 =

7
∑

i,α

J(σ̂α,i
x σ̂α,i+1

x + σ̂α,i
y σ̂α,i+1

y + 0.6 σ̂α,i
z σ̂α,i+1

z )

V̂0 =
∑

i

κ(σ̂L,i
x σ̂R,i

x + σ̂L,i
y σ̂R,i

y + 0.6 σ̂L,i
z σ̂R,i

z ) (1)

where J = 1 is the coupling strength along the beams
(labeled by α = L,R) and κ the coupling strength along
the rungs. Specifically we investigate κ = 0.2 and κ =
0.15. (This model has been suggested in the context of
relaxation dynamics in [25], it is non-integrable at least in
the sense of not being accessible by a Bethe ansatz). The
observable of which we intend to analyze the dynamics
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is the magnetization difference between the beams, x̂:

x̂ =
1

2

(

∑

i

σ̂L,i
z − σ̂R,i

z

)

(2)

Since the z-component of the total magnetization of the
entire system Ŝz is conserved we may restrict our analy-
sis to a corresponding subspace. Here we choose Sz=0,
which means, loosely speaking, half of the spins point
up, half down. In the following we are going to compare
the true quantum dynamics of the magnetization differ-
ence to the dynamics as generated by a naive, stochastic
model formulated on the level of a master equation. The
stochastic model is constructed as follows: Assume there
is a rate at which mutual spin-flips, i.e., simultaneous,
contrariwise flips of adjacent spins occur. Let these rates
be proportional to i.) the probability with which the
adjacent spins actually point in opposite directions, ii.)
the square of the coupling constant between the adjacent
spins. Since the rates for spin-flips within the beams are
much larger than for spin-flips across the beams, one may
assume that the spin-flip dynamics within the chains is
at an approximate local and instantaneous equilibrium
during the ongoing much slower spin-exchange dynamics
between the beams. This implies that the probability for
an, say, up-pointing spin on the, say right beam, is the
same for every site on the beam, namely just the total
number of up-pointing spins on the right beam divided
by the number of beam sites. Of course the respective
applies to the left beam and down-spins. Furthermore
due to the above time scale separation the probabilities
factorize. Following these principles the rates for transi-
tions between the magnetization difference subspaces X
are found to be:

R(X→X±1) =
γκ2N

2

(

1

2
∓

2X

N

)2

(3)

The corresponding master equation exhibits already in its
finite, discrete form strong similarities with a FPE for an
over-damped particle in a parabolic potential: As long as
the respective probabilities PX are negligible for the ex-
treme magnetization differences X = ±N/4, the first and

second moments X :=
∑

X XPX , X2 :=
∑

X X2PX both
relax mono-exponentially with corresponding relaxation
rates, R1 = 2γκ2, R2 = 4(1−1/N)γκ2. (The FPE would
yield corresponding rates with RFP

2 = 2RFP
1 ). Regard-

ing large N and X it is adequate to change to a “mag-
netization difference density” z = X/N which becomes
effectively continuous in the limit of large N . Performing
a truncated Kramer-Moyal expansion w.r.t. z yields

∂tp(t, z) = −∂z((−∂zU(z)p) +
1

2
∂2z(D(z)p) +O(∂3z ) (4)

with U(z) = γκ2z2 and D(z) = γκ2(1/4 + 4z2)/N . Up
to second order in the spatial derivative (i.e., in the large
length scale limit) this is very similar to the standard
FPE for a Brownian particle in a quadratic potential

U(z). The only difference is an additional quadratic
dependence of the diffusion coefficient D(z) on the po-
sition. This, however, becomes irrelevant for positions
sufficiently close to the equilibrium position.
Above the emergence of standard FPE type dynamics
from the analogous stochastic model has been estab-
lished. But do the quantum dynamics as generated by
the Schroedinger equation (setting ~ = 1) indeed follow
the stochastic model? This will be analyzed in the follow-
ing. But before embarking upon a theoretical argument
let us simply illustrate the existence of this similarity by
some numerical data.
The first class of initial states of which we are going to
display the dynamics is constructed as follows: Let P̂X be
the projector comprising all states that span a subspace
with a given magnetization difference X . Let P̂(E,∆E) be
a projector comprising all energy eigenstates from the in-
terval [E −∆E/2, E+∆E/2]. Then we chose our initial
states as

ρ̂X(0) =
1

Z
P̂(0,2)P̂X P̂(0,2), Z = Tr{P̂(0,2)P̂X P̂(0,2)}

(5)
We consider initial magnetization differences X = 0, 1, 2,
and compute the corresponding evolutions of mean and
variance, i.e., a(t) = 〈x̂(t)〉 and σ2(t) = 〈x̂2(t)〉 − 〈x̂(t)〉2.
This is simply done by numerically exact diagonalization.
Fig. 1 shows the evolutions of the probabilities for the
various magnetization differences, i.e., PX(t) = 〈P̂X(t)〉
for the above initial state with X = 1. The solid lines
represent the evolutions as obtained from (3). In order
to analyze more initial states and see the relation to the
FPE dynamics in more detail we plot more data. In Fig.
2 the a(t)’s are displayed, together with the correspond-
ing evolutions as calculated from (3) (The time-scale pa-
rameter γ is numerically determined from a projection
operator approach, see below). Obviously there is good
agreement. In Fig. 3 the σ(t)’s are displayed, again to-
gether with the corresponding predictions from (3). Ob-
viously there also is a less pronounced but still reasonable
similarity.
Further numerical investigations (the display of which
we omit here for clarity) show that the agreement of the
FPE, (or (3)) with quantum dynamics becomes worse if
X becomes larger (which is in accord with the findings
in [24]). The agreement also becomes worse for smaller
models of the same type, i.e., N = 14, 12, .... This encour-
ages the guess that the agreement may become better in
the limit of X/N ≪ 1 but N → ∞
Now the question arises whether the agreement between
the quantum evolution and the FPE dynamics is merely
incidental. Although we are unable to rigorously spec-
ify the class of systems and observables to which a naive
FPE description of the above type applies, we provide
in the following a consideration which indicates that the
above specific spin system is most likely not just a sin-
gular example. This consideration is based on the time-
convolutionless (TCL) projection operator method [23].
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FIG. 1. Evolution of the probabilities of the magnetization
differences X for initial state ρ̂1(0) (see (5)) and coupling
strength κ = 0.2. Solid lines correspond to the evolution
as following from the Schroedinger equation, dashed lines to
the evolution as following from the (discrete) Fokker-Planck
equation (3)
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FIG. 2. Evolutions of the expectation values of the magne-
tization difference for initial states ρ̂X(0) (see (5)) and cou-
pling strength κ = 0.2. Symbols correspond to the quantum
evolutions, solid lines to the evolutions as following from the
Fokker-Planck equation.

We may define a projection superoperator P by:

P ρ̂ = PX

P̂X

dX
, PX = Tr{P̂X ρ̂}, dX = Tr{P̂X} (6)

Following the TCL projection formalism yields an equa-
tion of motion for the PX ’s which has the form of a master
equation:

ṖY =
∑

X 6=Y

RTCL
Y,X (t)PX −

∑

X 6=Y

RTCL
X,Y PY (7)
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FIG. 3. Evolutions of the variances of the magnetization dif-
ference for initial states ρ̂X(0) (see (5)) and coupling strength
κ = 0.2. Symbols correspond to the quantum evolutions, solid
lines to the evolutions as following from the Fokker-Planck
equation.

(This equation technically applies only for initial states
that fulfill P ρ̂(0) = ρ̂(0). However, more recent investi-
gations imply that its applicability may be considerably
wider [26]). The rates RTCL

Y,X (t) are given as expansions
in the coupling strength κ. Readily assessable are the
leading (second) order contributions which in many well-
known cases suffice. They read

RTCL2
Y,X (t) :=

∫ t

0

CY,X(t′)dt′ (8)

i.e., they are integrals over correlation functions which
are given by

CY,X(t′) =
κ2

dX
Tr{[ ˆV (t′), P̂Y ][ ˆV (0), P̂X ]} (9)

where V̂ (t′) denotes a time dependence w.r.t. the Dirac
picture, i.e., unitary dynamics as generated only be
Ĥ0. A straightforward but somewhat lengthy calculation
yields

CY,X(0) = δY,X±1
RX→X±1

4γ
(10)

This result is rigorous and implies that the correlation
functions, from which the TCL-rates are calculated by
temporal integration, feature initial values that are di-
rectly proportional to the rates as obtained from the
naive stochastic description (3). This finding is further-
more independent of the details of the model, i.e., the
“left” and “right” part of the system could be any Hamil-
tonian structure, of course the full system must preserves
the z-component of the magnetization. For (10) to hold
the system neither has to be a spin system, it could also
be a fermionic (tight-binding) system that preserves the
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overall particle number. In this case the observable would
be the particle number difference between a left and right
part of the system. However (10) does not necessarily
render a naive description valid. Such a validity only
results if i.) the true Schroedinger evolution is well ap-
proximated by a leading order TCL approach based on
the projector (6) and ii.) all the correlation functions
CX±1,X(t′) as given in (9) decay in a similar fashion and
on a similar time scale independent of X . Otherwise
the initial proportionality of the correlation functions to
the naive rates (10) does not carry over to a propor-
tionality of the TCL-rates to the naive rates that can
be made into an equality by appropriately choosing γ.
Concerning ii.) one finds numerically that for the above
specific spin model the correlation functions indeed de-
cay in similar fashion on a similar time scale of τ ≈ 3
for |X | ≤ 2. From numerical integration of the correla-
tion functions for those small |X | we find that in order
to obtain RTCL2

X±1,X(t > τ) ≈ RX±1,X one has to choose

γ = 0.528. For larger |X | the dynamics of the correlation
functions becomes more and more irregular (longer relax-
ation times, persisting oscillations) accordingly the full
Schroedinger dynamics are numerically found to be no
longer in agreement with the FPE. Concerning i.), it has

been reported that the matrix that represents V̂ w.r.t.
to the basis formed by the eigenstates of Ĥ0 must fea-
ture a certain structure in order for a leading order TCL
approach to yield valid results (This being true regard-
less of the existence of so-called time scale separation,
see below). The features of this structure are somewhat
complex when stated formally [4, 27], however they are
surely met for matrices the elements of which are chosen
independently at random according to some distribution
with mean zero. Although the Hamiltonian at hand does
not contain any random numbers, V̂ shows features of
a random matrix, and thus give rise to the applicability
of a leading order TCL approach. To illustrate this we
display Figs. 4,5. Both are meant to give an impression
of the structure of the matrix block that corresponds to
the X = 0 → X = 1 transition. Fig. 4 shows the indi-
vidual elements of a 50 × 50 sector of the above block
taken from the center w.r.t. energy. The elements are
real, zero on average and show no apparent structure,
i.e. appear random. To visualize the coarse structure
we average the absolute squares of the matrix elements
over small sectors of size 0.12×0.12 w.r.t. energy (each of
these sectors still contains≈ 1.4·104 individual elements).
Obviously these weights are smoothly distributed on the
coarse scale with a moderate concentration towards tran-
sitions between similar energies. In this sense the matrix
is similar to a matrix the elements of which are drawn in-
dependently at random according to a distribution that
only depends smoothly on the distance to the diagonal
elements.

Regardless of the structure of the coupling matrix the
coupling strength is of course crucial for the applicability
of a leading order TCL projection approach. Generally
projective approaches are considered “weak interaction

FIG. 4. Visualization of the fine structure of the matrix block
corresponding to the X = 0 → X = 1 transition. Displayed
are the values of 50 × 50 matrix elements from the center of
the above block w.r.t. energy. Obviously there is no apparent
systematic pattern, the entries appear random
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FIG. 5. Visualization of the coarse structure of the matrix
block corresponding to the X = 0 → X = 1 transition. Dis-
played are the averages over the absolute squares of the matrix
elements over sectors of size 0.12 × 0.12 w.r.t energy. Both
axis correspond to energy. Obviously there is a smooth coarse
structure with a concentration of weight towards transitions
between states of similar energy.

limit approaches”. And indeed in order to get essentially
time-independent rates a separation of correlation and re-
laxation time scales is imperative. This separation grows
when interactions become weaker. In our specific model
for coupling strength κ = 0.2 those time scales differ be a
factor of ≈ 10, i.e., time scale separation is barely imple-
mented. This suggests even better results of a projective
approach at weaker couplings. However, other than in
the context of infinite systems, for finite systems there
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is also a limit in the direction of weaker couplings below
which results become worse [27, 28]. Numerics indicate
that this limit is already reached at κ ≈ 0.15 for the
model at hand as illustrated by Figs. 6, 7 Apparently
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FIG. 6. Evolutions of the expectation values of the magne-
tization difference for initial states ρ̂X(0) (see (5)) and cou-
pling strength κ = 0.15. Symbols correspond to the quantum
evolutions, solid lines to the evolutions as following from the
Fokker-Planck equation.
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FIG. 7. Evolutions of the variances of the magnetization dif-
ference for initial states ρ̂X(0) (see (5)) and coupling strength
κ = 0.15. Symbols correspond to the quantum evolutions,
solid lines to the evolutions as following from the Fokker-
Planck equation.

the deviations of the true dynamics from the naive de-
scription already become more pronounced than for the
case of κ = 0.2. Thus for the model at hand the range
of possible coupling strengths seems to be quite narrow
(κ roughly between 0.15 and 0.2). However, the lower
limit of the coupling strengths is expected to approach

zero very quickly if the system size approaches infinity.
Thus the possible range of coupling strengths is expected
to increase substantially for “longer spin ladders”. Inves-
tigations in that direction are currently under way.

Concerning the applicability of the above naive
stochastic description to generic systems it should be
stated that it is a priori not clear whether or not the cou-
pling V̂ assumes the above “quasi-random” form when
represented w.r.t. the energy eigenbasis of the decoupled
parts Ĥ0. And it is relatively simple to name examples
for which this quasi-random structure does not emerge,
like, e.g., any two coupled regular lattices filled with non-
interacting fermions, etc. Nevertheless the quasi-random
structure of V̂ is in a mathematical sense typical, fur-
thermore the emergence of quasi-random matrices from
non-random Hamiltonians has been found in other mod-
els, e.g., [29, 30]. Thus it appears reasonable to expect
that naive descriptions will apply to a much wider range
of models then just the specific spin model discussed in
the paper at hand. Investigations in that direction are
currently under way.

An apparent feature that cannot be in accord with
any TCL approach of the above type (6) (that features a
unique fixed point) is the fact that the final variances in
Figs. 3, 7 appear to depend (weakly) on the initial state.
This feature is absent for the expectation values in Figs.
2, 6 These findings may be viewed as a direct conse-
quence of the fact that the ETH does not perfectly apply
to the observable x̂2: For any observable Â one expects
in the long run 〈ψ|Â(t)|ψ〉 →

∑

n〈n|Â|n〉|〈n|ψ(0)〉|
2 (|n〉

being energy eigenstates) if sufficiently many incommen-
surate energies are involved [31]. This constant value can,
however, only be fully independent of the initial state if
the 〈n|Â|n〉’s are independent of n as the ETH claims
and as is to good accuracy the case for, e.g., certain
Hamiltonians comprising random numbers.[13, 16, 32].
In the case at hand that would require 〈n|x̂|n〉 = 0 and
〈n|x̂2|n〉 = 1.1 for all eigenstates n from the relevant
regime. While the former holds exactly true due to sym-
metry, the latter is only approximately fulfilled. As a
consequence the mean values truly approach the same
equilibrium value regardless of the initial state while this
is only approximately correct for variances. This resem-
bles the results in [33, 34], which also find the possibility
of some memory effects even in non-integrable systems.
An issue that has received considerable attention in the
context of open quantum systems and irreversibility is
the role of the initial state. Projection operator meth-
ods, refer routinely to specific initial states (such as fac-
torizing, thermal, etc.) and it is not obvious within the
framework of projection operator methods what kind of
dynamics will result from different initial states [23]. The
initial states we have analyzed so far are factorizing and
high entropy. Now we turn towards pure, i.e., zero en-
tropy initial states. We investigate two types, factorizing
and correlated, the latter here implies entangled. To eval-
uate the deviation from the expected relaxation behav-

ior we calculate δ =
∫ 150

0
|aQ(t) − aFPE(t)|dt/150. Here
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aQ(t) is the mean magnetization difference as resulting
from the respective initial quantum state, aFPE(t) is the
value as calculated from (3). For the factorizing initial
states we draw pure states at random (uniformly w.r.t.
the unitary invariant measure) but from the “5 spins-
up” subspace on the left and the “3 -up” subspace on
the right beam and compute the corresponding product
states. For the entangled initial states we draw states
from the full X = 1 subspace at random (which are cer-
tainly entangled [8]) For the product and entangled states
we draw five initial states for each class and average the
δ’s. We find: δ = 0.0154 for the mixed initial state as
given in (5) with X = 1, δ = 0.0161 for the pure prod-
uct states and δ = 0.0162 for the pure entangled states.
Obviously all those dynamics follow the FPE evolution
quite closely. This supports the concept of an equilibra-
tion that proceeds almost independently of the details of
the initial quantum state as presented in [26].

We investigated the dynamics of the magnetization differ-
ence between the two beams of a specific 16 spin, ladder-
type Heisenberg model. This dynamics is found to be to
some extent in accord with a Fokker-Planck equation for
an over-damped particle in a quadratic potential, thus
making the model an example for the emergence of stan-
dard equilibration within finite closed quantum systems.
An analysis which indicates that this behavior may be
generic for a wider range of quantum systems is pre-
sented. Furthermore the equilibration appears to be in
reasonable accord with the eigenstate thermalization hy-
pothesis. Standard equilibration is found for mixed but
also pure, (to some extent random) factorizing and en-
tangled initial states which agrees with the concept of
dynamical typicality.
We thank R. Tumulka, S. Goldstein, J. Lebowitz and J.
Ummethum for fruitful discussions on this subject.
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Transport in tight-binding bond percolation models
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Most of the investigations to date on tight-binding, quantum percolation models focused on the
quantum percolation threshold, i.e., the analogue to the Anderson transition. It appears to occur
if roughly 30% of the hopping terms are actually present. Thus, models in the delocalized regime
may still be substantially disordered, hence analyzing their transport properties is a nontrivial task
which we pursue in the paper at hand. Using a method based on quantum typicality to numerically
perform linear response theory we find that conductivity and mean free paths are in good accord
with results from very simple heuristic considerations. Furthermore we find that depending on the
percentage of actually present hopping terms, the transport properties may or may not be described
by a Drude model. An investigation of the Einstein relation is also presented.

PACS numbers: 05.60.Gg, 72.80.Ng, 66.30.Ma,

I. INTRODUCTION

Percolation theory is a well known method to describe
transport properties of crystals or other systems which
feature regular lattices with substantial amounts of de-
fects, impurities etc. It has been vastly studied from a
classical point of view [1, 2]. Here usually bonds (or sites)
are filled at random on the above lattice with a probabil-
ity p. It turns out that, depending on the type of lattice,
there exists some p at which the probability of getting a
connected cluster of bonds (sites) which extends through
the whole lattice changes abruptly from approximately
zero to approximately one. This p is called the critical
probability pc.
Due to increasing interest in microscopic structures,

which may be significantly affected by quantum effects,
percolation models based on quantum mechanics, have
also received considerable attention. Also genuinely
quantum phenomena like, e.g., quantum hall effect [3],
Fermi-Bose mixtures [4] or general (anti)ferromagnetic
systems [5], have been addressed by means of percola-
tion theory.
The main focus of the literature on quantum percolation
appears to be on the transition from the ”non-transport”
to the transport regime which is essentially of the same
type as the the well-known Anderson transition [6, 7].
Much effort is dedicated to the determination of the
quantum percolation threshold pq. It is found that the
quantum percolation threshold is greater than the classi-
cal one [6, 8, 9]. For example the classical threshold for

∗ danischm@uos.de
† akhodja@uos.de
‡ jgemmer@uos.de

bond percolation in three dimensions on a simple cubic
lattice is determined to be pbc ≈ 0.25 [2, 10] whereas the
threshold for quantum percolation has been determined
to lie at pq ≈ 0.31 [8, 11]. However, quantitative inves-
tigations of transport in the delocalized regime appear
to be restricted to preliminary studies close to the quan-
tum percolation threshold [6, 8, 11]. With the work at
hand we aim in contrast at a more detailed understand-
ing of transport in systems whose structures are on one
hand far away from clean crystals but on the other also
far from being collections of disconnected clusters. More
specifically, we quantitatively address transport proper-
ties at bond probabilites p at which almost all energy
eigenstates are delocalized. Generally we expect (and
find) diffusive behavior. Unlike the diffusive behavior in
periodic systems which is restricted to finite time (and
length) scales [12–14] the diffusive behavior here persists
due to broken translational symmetry.
The primary motivation for the work at hand is of prin-

cipal and theoretical nature. Just like it has been recently
done for the Anderson model [15], we intend to demon-
strate that also in percolation models regular diffusive
behavior must not necessarily be induced by decoher-
ence sources like phonon-coupling, etc., but may emerge
in a fully coherent set up from the electronic model it-
self. Furthermore, even in the absence of decoherence
this transport behavior will be demonstrated to be in
good accord with simple statistical descriptions like the
Drude-model. However the considerations are not en-
tirely detached from concrete experimental research. In
the context of research based on ultra-cold atoms the dy-
namics of a moderate number of atoms (playing the role
of electrons) subject to a trap and an underlying optical
lattice (but completely isolated from any environment
otherwise) is observed. Among the central questions
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are the transport properties of such coherent systems.
[16, 17] The percolation models we address below may
also possibly be implemented within such an an experi-
mental framework through a modification of the optical
lattice. In this context bond percolation may be more
convenient to implement then site percolation. Further-
more, in the context of real materials, percolation models
may be very rough descriptions of binary mixed crystal
alloys in which the on-site potential of one species ex-
ceeds the band with of a regular crystal formed by the
other species. In this case the lattice would separate in
two sub-lattices, each formed by sites occupied by the the
same species only. This would correspond to site perco-
lation rather than bond percolation, however transport
properties may be expected to behave similarly. Recent
investigations on magnesium alloys indicate an massive
increase of resistivity caused by the substitution of only a
few percent of the sites by another species, this being in
accord with the findings in the paper at hand [18]. This
is discussed in more detail in Sec. VI
The paper at hand is organized as follows. In Sec. II

we introduce our one-particle, tight-binding percolation
model and comment rather briefly on localization using
the density of states and the inverse participation number
in Sec. III. Thereafter (Sec. IV) we specify the quanti-
ties of interest, namely the dc-conductivity and current
auto-correlation function as connected by linear response
theory. We address those quantities numerically and em-
ploy a method based on “quantum typicality” whenever
samples are required that are too large to be assessed by
means of exact diagonalization. We find hints of a tran-
sition from ”non- Boltzmann” to Boltzmann-type trans-
port with increasing p. Section V establishes the validity
of the Einstein relation and, based on the latter intro-
duces a mean free path. A numerical investigation of this
mean free path confirms the above ”non- Boltzmann” to
Boltzmann-transport transition. Section VI is dedicated
to a comparison of our results to experimental data on bi-
nary magnesium alloys. The paper closes with summary
and conclusions in Sec. VII.

II. TIGHT-BINDING BOND PERCOLATION

MODEL

The field of percolation models includes a vast number
of various approaches to describe processes in semicon-
ductors or other disordered materials. A general divi-
sion is given by the description of defects, or whatever
is causing the disorder, either by loss of particles (site
percolation) or loss of bonds between sites (bond perco-
lation), whereby instead of loss one can observe various
bond-strength or energies at the sites as well [6, 8].
In the paper at hand we investigate transport in bond
percolation models. The intention here is not the de-
tailed description of any specific material but rather the
overall description of transport in quantum models of the
percolation type. Therefore we consider in the following
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Figure 1. Two dimensional model of classical bond percola-
tion with p = 0.5. In classical considerations this describes
the situation right at the percolation threshold, whereas from
a quantum point of view this model would be below the quan-
tum percolation threshold, even in a three dimensional ver-
sion. This is due to an effect comparable to Anderson local-
ization.

a three dimensional cubic lattice with edge length L, i.e.,
the total number of sites (or quantum-dimension of the

Hamiltonian) is dim
{

Ĥ
}

=
(

L
a

)3
= N , where a denotes

the lattice constant, i.e., the distance between neighbour-
ing sites.
Generally (quantum) one-particle, tight-binding bond
percolation may be described by

Ĥ =
∑

<ij>

tij â
†
i âj , (1)

where< ij > denotes the summation over next neighbors
and tij is known as transfer amplitude. This amplitude
may given by

tij =

{

t exp(−2πiφij) for connected bond
0 for disconnected bond

.

(2)
Here, t denotes a parameter which quantifies the hoping
strength and φij denotes a parameter which may describe
interactions with an external field, e.g., magnetic fields;
then φij is the Peierls phase [6]. However, for simplic-
ity and in order to guarantee time reversibility we set
φij = 0. Moreover the on-site potential is set to zero for
all sites, i.e. tii = 0. Note that we also set in all calcula-
tions kB = 1 and ~ = 1.
The distribution of the bond “strenghts” (one for con-
nected, zero for disconnected) is given by

P (tij) = p δ(tij = t) + (1− p) δ(tij = 0) . (3)

Fig. (1) shows an two dimensional sketch of bond perco-
lation p = 0.5. In the classical case one would certainly
say that the percolation threshold is just reached, but as
found in in [8, 9, 19] the quantum threshold is (possibly
against a naive guess) higher than the classical thresh-
old, i.e., quantum transport would be not possible in the
above model, even if it was three-dimensional.
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III. PRELIMINARY INVESTIGATION OF

LOCALIZATION

Below (Sec. IV) we compute conductivities in the high
temperature limit, i.e., all energy regimes contribute to
transport. In such a setting an decrease of the conduc-
tivity with decreasing p may indicate both, either an
increase of resistivity in the delocalized energy regime,
or simply an increase of the fraction of localized energy
eigenstates. Since we are primarily interested in the for-
mer we perform in the following a rough analysis of the
fraction of delocalized states for different p’s. Then we
concentrate on the regime in which the vast majority of
the energy eigenstates is delocalized. Generally the pre-
cise calculation of mobility edges is a challenge that is
dealt with using sophisticated methods. [20–22]. For the
purposes at hand, however a rather rough determination
of the mobility edge suffices. To this end we follow the
general approach presented in [23].
The investigation at hand is based on the inverse partic-
ipation number (IPN)

I(En) =
∑

i

|ψi(En)|
4 , (4)

where ψi(En) denotes the the i-th component of the en-
ergy eigenstate corresponding to En. As described in [23]
a convenient way to find the mobility edge is to plot the
IPN at a given energy against the system size L on a
doubly-logarithmic scale. In this representation graphs
corresponding to localized states are expected to “bend
upwards” while graphs corresponding to extended states
are expected to “bend downwards”. Only the logarith-
mic IPN’s at the mobility edge are supposed to form a
straight line, i.e., the inverse participation number is ex-
pected to scale as

I(Ec) ∝ L−d2 , (5)

where Ec denotes the critical energy (mobility edge) and
d2 is referred to as the fractal dimension. Though the
exact determination of fractal dimensions is beyond the
scope of this paper, we note that at p = 0.38 the fractal
dimension in our model is approximately given by d2 ≈
1.6 (cf. Fig (2)). This value stands in accord with results
of a recent work [24] where the critical exponent for the
localization length is d = 1.627± 0.055.
Fig. (2) shows some of the described scaling graphs for

various energies for p = 0.38, all calculated by means of
direct numerical diagonalization. This Fig. suggests that
the mobility edge is around E ≈ 1 (since E = 1 appears
to correspond to the straightest line). In accord with
an overall symmetry of the spectrum w.r.t. energy (see
Fig. (3)) we find the second mobility edge at E = −1.
For later purpose it is useful to calculate the density of
states (DOS) since it will allow us to estimate the energy
range in which most energy eigenstates are delocalized.
To that end we define the portion of delocalized eigen-
states w.r.t. all eigenstates between the above calculated
mobility edges which we denote by Φ(p).

Φ(p) =

∫

∆E

ρ(E)dE . (6)

Before we proceed and introduce the main purpose of
this work, we would like to have a closer look at the den-
sity of states for consistency of the given results.
One finds that for few impurities, i.e. p > 0.65, the den-
sity of states is smooth and the graph is well described by
a Gaussian function, regardless some peaks which corre-
spond to special cluster configurations within the system,
cf. [9, 24].
At one hand one finds for low p’s that the peaks become
more visible, at the other hand one notices a dip around
the energy E ≈ 0, which becomes more significant for
decreasing p’s. For visualization of that fact we calcu-
lated the density of states for p = 0.45. The results are
presented in Fig. (3).
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Figure 2. Scaling of the IPN with system size L at several
energies and percolation ratio p=0.38. Since only at the mo-
bility edge the scaling is allover linear we locate the mobility
edges roughly at E = −1 and E = 1. Only the last one E = 1
is actually displayed above.

The results are displayed in Fig. 4. From the latter
it is obvious that the regime in which the vast majority
of eigenstates are delocalized is bound from below by
p ≈ 0.5. Furthermore the data appear to be in accord
with the value of pc ≈ 0.31 from the literature for the
Anderson transition.
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Figure 3. The density of states, here for p = 0.45, is sym-
metrical w.r.t. the energy E = 0. There are several distinct
peaks, namely at E = 0, which correspond to special cluster
configurations, cf. [9]. Also notable is the dip around E = 0,
that only occurs at low p.

IV. CURRENT DYNAMICS AND

CONDUCTIVITY

As already stated our primary interest in the paper at
hand is (other than in many works in the respective liter-
ature) not the determination of the quantum percolation
threshold, rather it is quantitative description of trans-
port behavior well above that threshold, i.e., in a regime
where the vast majority of states are extended. We aim
at finding the dc-conductivity σdc from linear response
theory (Kubo formula) which amounts to the calculation
of the particle-current autocorrelation function.
We restrict ourselves here to the limit of high temper-
atures and low fillings. Therefore the framework of the
grand canonical ensemble is used [25–28] which results in

σdc = σ(t → ∞), σ(t) =
f

kBT

∫ t

0

1

V
Tr

{

Ĵ(t′)Ĵ(0)
}

dt′

(7)
Here f denotes the filling factor, i.e. the number of parti-
cles per site at equilibrium, and Ĵ(t) denotes the current
operator in the Heisenberg picture. Furthermore T is the
temperature and kB is the Boltzmann constant. The vol-
ume of the system is denoted by V = a3N .
In order to employ (7) we need to specify an adequate
current operator. In the context of periodic systems this
is often done using a continuity equation for the site-
probabilities [29–31]. Since we do not have fully evolved
periodicity here we follow [32] in starting from a velocity
operator instead. The velocity operator ( corresponding
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Figure 4. Ratio of delocalized eigenstates w.r.t. all energy
eigenstates Φ(p) as calculated by counting the states between
the mobility edges.

to motion in x-direction) reads:

v̂ =
i

~
[Ĥ, x̂] , (8)

where x̂ denotes the x-position operator (xi denotes the
x-coordinate of the i-th site)

x̂ =

N
∑

i=1

xin̂i n̂i := â†i âi xi = ia. (9)

Thus, the velocity operator v̂ reads

v̂ =
i

~

N
∑

ij

(i− j) a tjiâ
†
j âi (10)

Note that this expression is at odds with periodic bound-
aries, i.e., a (short) transition from one edge of the sample
through the the “periodic boundary closure” is, give (10),
equivalent to a (long) transition through the whole sam-
ple in the opposite direction. Therefore we modify the
expression to ensure that only the “shortest” transitions
are taken into account. This is achieved by the following
definition of the current operator:

Ĵ =

N
∑

ij

Jjiâ
†
j âi (11)

Jji =
q

~







(j − i) a tij , |i− j|a < L
2

sign(j − i)([L − (j − i)] a tij) , |i− j|a > L
2
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Here q denotes the electric charge per particle, e.g., ele-
mentary charge of a single electron. In addition to the
current operator we introduce one more quantity, namely
the normalized current auto-correlation function j′(t),
which is better suited for the investigation of finite-size
effects and convergence behavior than the actual current
auto-correlation. It is given by

j′(t) =
Tr

{

Ĵ(t)Ĵ(0)
}

Tr
{

Ĵ2(0)
} . (12)

Numerical results for (12) are displayed in Fig. (5) for
various system sizes. (Each curve is the average over 15
runs for different models featuring the same p. However
variations with different individual implementations turn
out to be small.) Since the graphs coincide for times
where they are significant different from zero for, say,
L ≥ 18, it is justified to assume that at L = 28 the
system is no longer affected by finite-size effects. This
conclusion is supported by the observation, that the cal-
culation of (7) reveals a deviation of the results for a
system with L = 26 compared to one with L = 28 of
approximate 0.9%, and continuous decrease of the devi-
ation for larger systems.
At this point a comment on numerical techniques is ap-
propriate. Results up to L = 24 in this paper are always
obtained by numerical matrix diagonalization, whereas
all results for sizes above this limitation are calculated
by means of a algorithm based on “typicality” that al-
lows for the determination of correlation functions on the
basis of propagation of single pure states. In the work at
hand the pure state propagation is performed using a
standard Runge-Kutta algorithm. For a full account of
this typicality technique and its theoretical background,
see Refs. [33–35]. We were able to treat systems up to
L = 34 (N ≈ 39000 ) with this algorithm on standard
computing equipment, however as pointed out above, but
L = 28 appears to be sufficient for a reasonable extrac-
tion of quantitative results. Nevertheless based on data
only from exact diagonalization the whole investigation
presented here would have been far less conclusive.

The results on conductivity are shown in Fig. (6)
where σ′ relates to the σdc from (7) as

σdc =
fq2t2

kBTa~[E]
σ′, (13)

thus σ′ is a dimensionless integrated current autocorrela-
tion function, i.e, q, ~ are set to unity and [E] is the unity
according to which energy is measured. Each conductiv-
ity represents the average over 15 different percolation
models featuring the same p. The error bars indicate the
mean square deviation corresponding to the respective 15
conductivities. As expected, the conductivity increases
with increasing p. A systematic interpretation of this re-
sult appears challenging. Nevertheless we want to point
out the reasonable agreement of the results displayed in
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L = 18
L = 16
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Figure 5. Normalized current auto-correlation functions j′(t)
for various system sizes L. The graphs coincide regardless
of size in regions where they are substantially different from
zero, for, say L ≥ 18. Hence data can reliably be expected to
contain negligible finite-size effects at L = 28.
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Figure 6. Numerically calculated scaled dc-conductivity σ′ :=
Tf−1σdc compared to the result of a simple heuristic theory
given in the text. The agreement is good, deviations appear at
and below p ≈ 0.45. This is due to non-negligible localization.
Note that all data points carry error bars, however for small
p they are barely visible.
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(6) with results from a simple heuristic reasoning. From
simple Drude type arguments one expects the conductiv-
ity to be proportional to the square of the mean particle
velocity v2 and the mean collision-free or relaxation time
τ , i.e. [36],

σ ∝ v2τ. (14)

For the square of the mean particle velocity one may sim-

ply take v2 := Tr
{

Ĵ2(0)
}

/N . From the current operator

as given in (11) it is straightforward to see that his quan-
tity must scale as p, i.e., e v2 ∝ p. The relaxation time
τ is (by definition) inversely proportional to a scattering
rate R. In the percolation model at hand scattering (and
thus relaxation of the current) is caused by the “missing
connections”. The number of the latter is proportional
to 1 − p, hence one obtains for the rate R ∝ 1/(1 − p).
Plugging those results into (14) yields

σ ∝
p

1− p
(15)

The solid line in Fig. 6 shows a fit based on (15) yielding

σ
′

= 0.41p/(1 − p). Obviously the agreement is rather
good for p ≥ 0.45. Apparently in this regime the above
simple heuristic argument captures the relevant physics,
even though below say p ≈ 0.9 this regime can cer-
tainly not be classified as a weak scattering regime. Be-
low p ≈ 0.45 the fit appears to deviate, however, as may
be inferred from Fig. 4, this is the point at which localiza-
tion massively sets in. We thus conclude that the simple
theory given in (15) holds for p down to the quantum per-
colation threshold. Furthermore it is clearly noticeable
that the statistical splay of the results increases with in-
creasing p. This however may be readily interpreted as
a consequence of the law of large numbers: the fewer
scattering centers there are the larger is the statistical
variation of all quantities that depend on scattering.
Next we consider the specific kind of decay of the cur-

rent auto-correlation function. As shown in Fig. (7) a
transition of transport types appears to occur between
p = 0.9 and p = 0.6. Decay at p = 0.9 is compared to a
mono-exponential decay, as to be expected from a simple
Drude model or a linear Boltzmann equation in relax-
ation time approximation [25, 36, 37], the agreement is
reasonable. At p = 0.65, however, the decay behavior is
much closer to a Gaussian as illustrated in Fig. (7). This
transition from exponential to Gaussian decay behavior
on the way from weak to strong scattering has been ob-
served in various other, similar models before. There
it has been explained within the framework of a time-
convolutionless projection operator investigation [15, 38].
If one projects onto the current and performs a pertur-
bative, leading order treatment, then exponential decay
of the current auto-correlation function results at weak,
and Gaussian decay at intermediate strength perturba-
tions. From the results displayed in Fig. (7) it appears
evident that the same applies to the model at hand as
well.

p = 0.6
p = 0.9
fit (0.6) : exp(-2.799 t2)
fit (0.9) : exp(-0.5974 t)
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Figure 7. Normalized current auto-correlation functions j′(t)
at L = 28 for p = 0.9 (few defects) and p = 0.6 (medium de-
fects). At p = 0.6 the decay appears to be Gaussian, whereas
at p = 0.9 one finds rough agreement with an exponential de-
cay. The latter hints in the direction of Drude-type transport.

V. EINSTEIN RELATION AND MEAN FREE

PATH

The diffusion constant of a system is certainly inter-
esting in its own right. However the main purpose of this
section is to establish the validity of an Einstein relation
in oder to arrive at a reasonable definition of a mean free
path. The validity of the Einstein relation in quantum
systems is frequently discussed [39, 40]. Here we examine
it in its most elementary form, namely as the claim of a
proportional relation between conductivity and diffusion
constant

D(t) =
T

ǫ2
σ(t) , (16)

where D(t) denotes the (time dependent) diffusion con-
stant, ǫ2 denotes the uncertainty (variance) of the trans-
ported quantity per site at equilibrium. Since the uncer-
tainty for the dc-current equals at low densities the filling
factor f , cf. [12], we find from linear response theory (7)

DK(t) =

∫ t

0

1

N
Tr

{

Ĵ(t′)Ĵ(0)
}

dt′ . (17)

DK(t) is to be compared to a direct computation of the
diffusion constant in order to check (16). If a diffusion
equation holds, the derivation w.r.t. time of the spatial
variance of the diffusing quantity equals twice the diffu-
sion constant [41].
To directly observe this spatial variance we define an ini-
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tial density operator

ρ̂(0) =
1

Z
exp(−

(

x̂− L
2

)2

2d
), Z = Tr{exp(−

(

x̂− L
2

)2

2d
)} ,

(18)
where d denotes an initial variance, which is here chosen
as d = 0.95.
This implies that the initial site occupation probability
is concentrated in a thin slab of a thickness on the order
of one perpendicular to the x-axis.
Based on this ρ̂(0) we calculate the time-depended vari-
ance and take the derivative w.r.t. time to obtain a dif-
fusion constant; here named DD(t).

DD(t) =
1

2

d

dt
Tr

{

x̂2(t)ρ(0)
}

(19)

Note that, since the mean particle position does not
drift d

dt
Tr {x̂(t)ρ(0)} remains without influence.

If the Einstein relation holds, DK(t) and DD(t) should
coincide. Fig. (8) shows the comparison of both diffusion
constants and reveals that the Einstein relation is appar-
ently fulfilled. Moreover it is obvious that the calculation
of the diffusion constant in the sense of (19) is strongly
influenced by finite-size effects.
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Figure 8. Comparison of time-dependent diffusion constants
either calculated by (17) or (19) at p = 0.5. The calculation
according to (19) obviously suffers from strong finite-size ef-
fects, however, agreement in the limit of large sizes is evident.
This indicates the validity of the Einstein relation.

However, the validity of the Einstein relation allows for
a reasonable definition of a mean free path λ which may
be calculated based on (17).

Ballistic transport behavior, as exhibited by initially con-
centrated, free, non-scattering particles is characterized
by a quadratic increase of the spatial variance w.r.t. time,
i.e.,

〈

x̂2
〉

∝ t2 or D ∝ t, Since the increase of the diffu-
sion constant is linear in the beginning, cf. Fig. (8), we

define the increase of standard deviation
√

〈x̂2〉 during
this ballistic initial period as the mean free path λ. We
define the ballistic initial period as the period beforeD(t)
has reached 90% of its final value. Of course this choice
is not imperative, however from looking at Fig. (8) it
appears reasonable. Fig. (9) shows the results for the
mean free path λ
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Figure 9. Numerically calculated mean free path λ compared
to the result of a simple heuristic theory given in the text. The
agreement is good, deviations appear below p ≈ 0.5. This is
due to non-negligible localization. Note that all data points
carry error bars, however for small p they are barely visible.

Much like the consideration on conductivity in Sec.
IV we discuss the agreement of a simple, heuristically
derived form of λ with the computed data in Fig. (9)
in the following. Consider some “chain” of either con-
nections or voids along some crystal-axis. Assume, for
simplicity that this chain was ordered (which it is in fact
not). Assume furthermore that a longer sequence of con-
nections alternates with just one void. Call the length of
the sequence of connections l. Then the total ratio p of
connections per total number of sites is p = l/l + 1. Or
the length of the uninterrupted sequence of connections
depends on the connection probability as:

l(p) =
p

1− p
(20)

We may associate l with a free path. I order to find
the mean free path we multiply l by p since this is the
probability (relative frequency) of a “site” to sit on a
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sequence of connections. We thus get:

λ(p) =
p2

1− p
(21)

This expression for the mean free path is represented
in Fig. (9) by the solid line. Given the simplicity of
the argument the agreement with the computed data is
good. Of course such an expression can only be expected
to yield reasonable results down to p = 0.5. However
from Fig. (8) we now that below that localization effects
set in anyway. Thus for the fully delocalized regime (21)
appears to capture the relevant physics.

VI. SEMI-QUANTITATIVE COMPARISON OF

THE RESULTS TO MEASURED CONDUCTION

DATA ON BINARY ALLOYS

As already pointed out in the Introduction the primary
intentions of the paper at hand are of principal nature.
However a short comment on the relation of the results to
conductivities of binary alloys should be in order. The
electronic system of a binary alloy in a mixed crystal
phase may be viewed as an implementation of a percola-
tion model. If the valency of the solute element is very
different from that of the host metal, the on-site poten-
tials at the solute sites may be so low (high) that, as a
rough approximation, the solute sites may be regarded as
being “frozen out”, i.e., not contributing to the conduc-
tion process. Such a picture suggests a site percolation
rather than a bond percolation model, but since bond
and site percolation are expected to behave more or less
comparably we simply ignore this difference in this con-
sideration. The conductivity of weakly or non-interacting
fermions at rather low temperatures (kBT small com-
pared to the bandwidth) is roughly given by

σf ≈
n(Ef )

N

∫ t

0

1

Tr
{

P̂f

}Tr
{

Ĵ(t′)Ĵ(0)P̂f

}

dt′ (22)

[25] where n(Ef ) is the density of states at the Fermi
energy, N is the total number of states in the conduc-
tion band of the one-particle model and P̂f is a projec-
tor which projects onto an energy shell (Hilbert space
spanned by energy eigenstates) of width kBT around the
Fermi energy. Separating dimensionless quantities from
quantities carrying dimensions yields

σf ≈
n(Ef )q

2t2

Na~[E]
σ′
f (23)

where σ′
f is the corresponding dimensionless current

auto-correlation function, just like σ′ in (7). Since we
are only doing an estimate we replace σ′

f by σ′ as given

in Fig. 6, i.e., σ′
f ≈ 0.41p/1 − p. If the percentage of

solute atoms c[%] := 100(1 − p) is low we may approx-
imate σ′

f ≈ 41/c. We intend to compare our results to

recently measured data on magnesium alloys, specifically
a magnesium-zirconium alloy [18]. In order to do so we
use the following values in (23): The bandwidth of metal-
lic magnesium is ca. 14eV [42], our simple cubic basis
model yields a bandwidth of ca. 14eV if the hopping
terms are chosen as t = 1.2eV . (Obviously we use eV as
an energy unit). According to [42] we furthermore set the
relative density of states to n(Ef )/N ≈ 0.16/eV . Since
our model does not account for any lattice distortions,
the lattice constant is set to a = 3Å which is about the
mean lattice constant of metallic magnesium. And, nat-
urally, the transported charge per particle is the electron
charge, i.e., q = e. Plugging in all these numbers and cal-
culating the specific electrical resistivity ρ = 1/σf rather
than the conductivity itself, we get

ρ ≈ c · 1.3 · 10−7(Ωm) (24)

Of course this cannot be taken as an absolute result since
even pure magnesium (c = 0) has a non-zero resistivity
due to phonons, impurities, etc. But if one, as suggested
by Matthiessen’s rule, regards (24) as an expression for
the increase of the resistivity due to the gradual addition
of a a solute, (24) may be compared to experimental data.
Pan et al. report in Ref. [18] for a magnesium-zirconium
alloy a value of

ρmeasured = c · 9.311 · 10−8(Ωm) (25)

The atomic volume difference between magnesium and
zirconium is rather low, such that few lattice distortions
can be expected. Furthermore the valency of zirconium
(+4) is rather high. However, note that our model has
simple cubic rather than hexagonal symmetry, we con-
sider bond rather than site percolation, the concept of
zirconium sites being frozen out is surely not completely
correct, we neglect lattice distortions entirely, etc. Re-
garding all these limitations the agreement of (24) with
(25) within about 30% appears reasonable.

VII. SUMMARY AND CONCLUSION

We investigated a simple quantum bond percolation
model on the basis of an one-particle, tight-binding
Hamiltonian. We focus on investigation of transport
properties in the fully delocalized regime, i.e., a regime in
which only a negligible fraction of all energy eigenstates is
localized. This turns out to be the case at bond probabil-
ities of p ≥ 0.5. The conductivity in this regime has been
calculated using linear reponse theory (Kubo-formula)
and a numerical algorithm based on quantum typicality
for the evaluation of the current autocorrelation function.
As expected the conductivity increases rapidly with in-
creasing p and is found to be in accord with the result
of a simple heuristic reasoning involving mean collision
free times and mean particle velocities. The latter may
be defined even though at p ≥ 0.5 no true dispersion
relations exist. Furthermore a gradual transition from a
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current decay that is not in accord with a Drude model to
a current decay that is, is observed between p ≈ 0.6 and
p ≈ 0.9. The proportionality of the conductivity and the
diffusion constant, i.e., the Einstein relation is analyzed
numerically and found to hold. This finding allows for a
definition of a mean free path. Numerical calculations of
this mean free path coincide well with results from yet an-
other heuristic consideration based on counting the mean

length of uninterrupted sequences of connections in the
lattice. Thus, to conclude, in the regime above p = 0.5,
although being fully quantum and strongly disordered,
the dynamics of the model appear to be remarkably well
described by by purely probabilistic, classical reasoning.
Furthermore the result based on the percolation model
are in reasonable agreement with measured data on bi-
nary magnesium alloys.
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[31] J. Benz, T. Fukui, A. Klümper, and C. Scheeren, J. Phys.
Soc. Jpn. 74, 181 (2005).

[32] A. Khodja, H. Niemeyer, and J. Gemmer, Phys. Rev. E
87, 052133 (2013).

[33] T. A. Elsayed and B. V. Fine, Phys. Rev. Lett. 110,
070404 (2013).

[34] R. Steinigeweg, A. Khodja, H. Niemeyer, C. Gogolin, and
J. Gemmer, Phys. Rev. Lett. 112, 130403 (2014).

[35] R. Steinigeweg, J. Gemmer, and W. Brenig, Phys. Rev.
Lett. 112, 120601 (2014).

[36] N. W. Ashcroft and N. D. Mermin, Solid State Physics

(Saunders College Publishing, New York, 1976).
[37] G. D. Mahan, Many-Particle Physics (Springer, 2000),

3rd ed.
[38] R. Steinigeweg and R. Schnalle, Phys. Rev. E 82, 040103

(2010).
[39] R. Steinigeweg, H. Wichterich, and J. Gemmer, Euro-

phys. Lett. 88, 10004 (2009).
[40] Y. Roichman and N. Tessler, Appl. Phys. Lett. 80, 1948

(2002).
[41] A. Einstein, Annalen d. Physik p. 549 (1905).
[42] S. Chatterjee and P. Sinha, J. Phys. F: Met. Phys. 5,

2089 (1975).



44



Preprint version Original publication: PRE, 93, 012125 (2016)
doi: 10.1103/PhysRevE.93.012125

Numerical Evidence for Approximate Consistency and Markovianity of some

Quantum Histories in a Class of Finite Closed Spin Systems

Daniel Schmidtke1, ∗ and Jochen Gemmer1, †

1Fachbereich Physik, Universität Osnabrück, Barbarastrasse 7, D-49069 Osnabrück, Germany

Closed quantum systems obey the Schrödinger equation whereas nonequilibrium behavior of many
systems is routinely described in terms of classical, Markovian stochastic processes. Evidently, there
are fundamental differences between those two types of behavior. We discuss the conditions under
which the unitary dynamics may be mapped onto pertinent classical stochastic processes. This is
first principally addressed based on the notions of “consistency” and “Markovianity.” Numerical
data are presented that show that the above conditions are to good approximation fulfilled for
Heisenberg-type spin models comprising 12-20 spins. The accuracy to which these conditions are
met increases with system size.
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I. INTRODUCTION

May quantum dynamics be mapped onto standard
stochastic processes, especially in closed quantum sys-
tems? It is widely agreed that the general answer to
this question is no (even though there have been in-
vestigations in this direction [36, 37]). Since the mid-
2000s there has been increasing research activities in the
field of “equilibration” and “thermalization” with respect
to closed quantum systems, although the latter mecha-
nisms are traditionally associated with stochastic pro-
cesses. Most of these research activities have focused on
the remarkable fact that after some, possibly very long,
time [38–40], the behavior of many observables is very
well be practically indistinguishable from standard phe-
nomenological equilibrium behavior, despite the fact that
the Schrödinger equation does not feature any attractive
fixed point. Some of these attempts follow concepts of
pure state quantum statistical mechanics [41, 42], typ-
icality [43–45], or eigenstate thermalization hypothesis
[44, 46]. However, according to textbook-level physics,
a multitude of systems not only reach equilibrium after
an extremely long time but also evolve towards it in a
(quick) way that conforms with some master or Fokker-
Planck equations. Moreover, there have recently been
attempts to find and explain the emergence of Fokker-
Planck-type dynamics in closed quantum systems [47–
50]. Here we go a step further in that direction and
investigate to what extent the quantum dynamics of cer-
tain observables in a specific system can be seen as being

∗ danischm@uos.de
† jgemmer@uos.de

in accord not only with a Fokker-Planck equation, but
also with the underlying stochastic process. The latter
allows for producing individual stochastic trajectories.
The approach presented here is based on two central no-
tions: “Markovianity” and “consistency”.
Despite Markovianity already being a somewhat ambigu-
ous term with differing definitions in the context of open
quantum systems, cf. Refs. [51–53], we add below an-
other definition which is furthermore applicable to closed
quantum systems. The definition is based on mathe-
matical constructions which have already been used by
Wigner [54] to quantify probabilities for the occurrence
of subsequent events. Our notion of consistency is the
same as the one used in the context “consistent histories”
which also deals with these mathematical constructions.
Very loosely speaking, it quantifies the absence of coher-
ence between different events. If the dynamics of some
system with respect to some set of projectors is consis-
tent, then the evolution of the expectation values of those
projectors is independent of whether those projectors are
repeatedly measured in time.

To avoid confusion it is important to note that (al-
though measurements are mentioned) we neither address
an open system scenario nor do we use open system anal-
ysis techniques [53]. This is to be contrasted with liter-
ature showing that in open systems, like the Caldeira-
Leggett model, histories of, e.g., position measurements
become consistent in the Markovian limit [55–57]. While
the Caldeira-Leggett model is accessible by a Feynman-
Vernon path integral approach that also allows for the
formulation of consistency [55, 57], our models are not
coupled to any baths, nor are their classical analogs in-
tegrable, thus rendering a path integral approach futile.
A crucial point of our investigation is precisely the fact
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that consistency and Markovianity may occur even with-
out any kind of “environment-induced superselection.”
The present paper is organized as follows: in Secs. II

and IV the “consistency concept” is reviewed and our
notion Markovianity is specified. Furthermore, we use
the general point of view that unitary dynamics may be
mapped onto classical stochastic processes, if the uni-
tary dynamics are consistent and Markovian, onto a more
formal basis. We also argue qualitatively that typical
Hamiltonians yield consistent and Markovian unitary dy-
namics for typical observables in Sec. III.
Section V contains our main result. It is a specific numer-
ical example supporting the correctness of the qualitative
argument given in the previous Sec. III. We numer-
ically investigate some generic sequences of transitions
(or “quantum histories”) in a generic spin system. We
repeat the investigation for the same type of spin sys-
tem but for sizes of 12-20 spins. This finite-size scaling
suggests that the addressed quantum histories become in-
deed consistent and Markovian in the limit of large sys-
tems. Some comments on many-step Markovianity are
given in Sec. VI where special attention is laid on com-
parison of sequences of identical events to random event
sequences. Conclusions are drawn and possible further
investigations are outlined in Sec. VII.

II. CONSISTENCY AND MARKOVIANITY

CONDITIONS

Consistency is obviously a central concept in consis-
tent history approaches [58], which is sometimes also
called decoherent histories [55, 59]. In the context
of the current paper we only need to introduce what
is sometimes called the “decoherence functional” or
“consistency condition” and its properties. The more
philosophic aspects of the consistent history approach,
concerning the interpretation of quantum mechanics are
of no relevance here (for critical reviews see, e.g., Refs.
[60, 61]). However, we will recapitulate the basic notions
of the consistent history approach, in order to enable
the reader unacquainted with the latter to develop a full
understanding of the analysis within this paper.
Broadly speaking, one may describe quantum histories
as a method to deal with the occurrence probabilities
of certain event sequences. An event sequence consists
of the alternating mathematical actions of measuring
a certain property, encoded in some set of projection
operators πn, according to the von Neumann measure-
ment scheme, and time-propagating the resulting state
according to the Schroedigner equation. Note that the
measured properties need not to be identical each time.
The term “consistent“ expresses the accordance of
history probabilities with the Kolmogorov axioms, and
the degree of accordance is quantified by the previously
mentioned consistency condition, which is one of the
central notions of the paper. With these preliminary
remarks we embark on a somewhat more formal presen-

tation of the consistent history approach.

To begin with, we introduce a complete set of projec-
tors, i.e.,

∑

i

πi = 1 , (1)

where 1 denotes the unity operator and each projector
corresponds to a possible event or measurement result.
The set of projectors corresponds to some property.
We denote by ρ(t) the density operator describing the

system at time t and obtain the occurrence probability
of event i at time point t as

P (xi(t)) = tr{πiρ(t)} . (2)

To shorten the following expressions, we define two ab-
breviations, i.e., (i) Πi ρ = πi ρ πi and (ii) U(τ) ρ =
U(τ) ρU(τ)†, where U denotes the time-translation op-
erator which propagates the system states in amounts of
τ .
A history is now created by performing a time transla-
tion after each measurement. To each of these histories
one now assigns an occurrence probability, e.g. the event
sequence x1(0) → x2(τ1) → x3(τ1 + τ2) occurs with the
probability

P (x1(0), x2(τ1), x3(τ1 + τ2); ρ) =

tr{Π3 U(τ2)Π1 U(τ1)Π1 ρ} .
(3)

(This assignment was formally suggested in Ref. [54], i.e.,
before the consistent history concept was introduced.)
For simplicity, we will consider hereafter only equal

time steps, i.e., τ = τ1 = τ2 = · · · , and therefore omit
the time parameter.

A special situation in the context of consistent histories
arises if the observation is not continuous, e.g., if one
actually measures only in the beginning and the end and
leaves the property at an intermediate time unmeasured.
In this case (3) becomes

P (x1,−−, x3; ρ) = tr{Πk U
2 Πi ρ} (4)

=
∑

x2

P (x1, x2, x3; ρ) (5)

+
∑

i6=j

tr{Π3 U(πi(U Π1 ρ)πj)} (6)

where −− indicates that at this intermediate time-point
no measurement is performed.
The crucial expression here is Eq. (6), since this is the

above mentioned decoherence functional. Only if the lat-
ter vanishes (which is called the consistency condition)
does perfect accordance with the third Kolmogorov ax-
iom (KA 3) result. Put another way: If some main event
may be obtained as the result of many different, inde-
pendent “subevents,” then the probability for the main
event to occur is given by the sum of the probabilities of
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the “subevents.”
Since we will specifically calculate the value of decoher-
ence functional numerically for some concrete examples,
we rewrite the consistency condition here in an more ex-
plicit style,

∑

i6=j

tr{π3 U πi U π1 ρ π1 U
† πj U

†} ≈ 0 . (7)

It is not to be expected that this expression ever vanishes
precisely in a generic situation based on a finite quantum
system, but it may possibly approach zero in the limit
of infinitely large systems. It is this latter statement
which is one of the main targets of this paper. At this
point we would like to emphasize some consequence of
(7) for later reference: If (7) applies, then, by virtue of
(1), summing the probability of some quantum history
over all possible events at specific times produces the
probability of a quantum history in which there are no
measurements at the corresponding times, e.g.:

∑

x1,x2

P (x1, x2, x3; ρ) = P (x3; ρ) (8)

Here we close our outline of basic concepts in con-
sistent histories and refer the interested reader to the
pertinent literature, e.g., Refs. [58, 62], and turn towards
Markovianity.

In the context of (open) quantum dynamics the term
“Markovian” has been used for a variety of features [53].
However, for the remainder of this work, “Markovianity”
will be used to describe a property of quantum histories.
The rationale behind this concept is that histories will be
called Markovian, if a few past measurement outcomes
suffice to fix the probabilities for the next future mea-
surement outcomes. Our definition employs the notion
of conditional probabilities as inferred from quantum his-
tories. The construction of such conditional probabilities
is straightforward, and we simply define them as the ra-
tio of the occurrence probability of the event sequence
xk → · · · → xn+1 to that of xk → · · · → xn, i.e.,

ω(xn+1|xk, xk+1, · · · , xn; ρ) =
P (xk, · · · , xn, xn+1; ρ)

P (xk, · · · , xn; ρ)
.

(9)
We call such a conditional probability one-step Marko-
vian if

ω(xn+1|xn; ρ) = ω(xn+1|xk, · · · , xn; ρ) (10)

holds true, two-step Markovian if only

ω(xn+1|xn−1, xn; ρ) = ω(xn+1|xk, · · · , xn; ρ) (11)

holds, and so on. Obviously, conditional probabilities ω
themselves as well as the validity of the above equations
(10 and 11) depend on the initial state ρ. Below, in (21)
we will focus on a specific class of initial states in order
to get rid of this dependence.

III. QUALITATIVE CONSIDERATION ON THE

TYPICALITY OF CONSISTENCY AND

MARKOVIANITY

In the previous section consistency and Markovianity
have been defined as properties of dynamics depending
on both the Hamiltonian Ĥ of the system and the ob-
servable that is actually being watched, the latter being
formalized by the set of projectors {π̂i}. Having a feasi-
ble scheme which allows us to decide whether, for given
Ĥ, {π̂i}, consistency and Markovianity are present would
be very instructive and generally most desirable. Unfor-
tunately, such a scheme is yet unknown (however, we
consider its development as an ambitious and promising
line of future research). Thus we primarily resort to nu-
merics and give in Sec. V a concrete example for a system
and an observable which is consistent and Markovian.

Numerics, however, cannot answer the principal and
important question if consistency and Markovianity may,
in some sense, be generally expected. While we are far
from being able to answer the question conclusively, we
outline in the following a qualitative argument pointing
in the direction of consistency and Markovianity being in-
deed natural for systems and observables featuring large
Hilbert spaces and few symmetries. The argument is
along the lines of the more general concept of “typical-
ity” [43, 63, 64].

Consider an addend of the sum which serves to specify
consistency (7). Denote the eigenstates of the projectors
by πi, πj by {|ni〉}, {|nj〉}, respectively. Then a single
addend for specific i, j reads

∑

ni,nj

〈nj |U
†π3 U |ni〉〈ni|U π1 ρ π1 U

† |nj〉 (12)

For i 6= j the above sum (12) comprises products of two
factors, both of which are complex numbers. The phases
of those numbers are neither related to each other by
any general principle nor restricted to a certain interval
within the full range of ]0, 2π]. Thus the terms in the sum
may “ average out” to zero. Indeed, if U ’s are drawn at
random, (such that the mapping of any pure state onto
any other pure state is equally probable, cf. e.g., Ref.
[64]), then the averages over the individual factors van-
ish, as long as 〈nj |ni〉 = 0 [65]. Furthermore, fluctuations
around this average vanish as ∝ 1/d, where d is the di-
mension of the respective Hilbert space [65]. Thus for the
(overwhelming) majority of U ’s (12) is expected to result
into a very small number, which then implies consistency.
This is to be contrasted with the situation i = j. In this
case both factors of the addends of (12) are real, positive
numbers. Hence summing many of them will typically
yield a considerably larger positive number.

A similar argument can be formulated which indicates
that Markovianity is typical in the same sense. Consider
the probability to get measurement outcome x3 after x1

and x2 have occurred. According to (9) the correspond-
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ing conditional probability reads

ω(x3|x1, x2; ρ) = (13)
∑

n2,m2
〈n2|U

†π3 U |m2〉〈m2|U π1 ρ π1 U
† |n2〉

∑

n2
〈n2|U π1 ρ π1 U † |n2〉

where |n2〉, |m2〉 are eigenstates of π2. If one, based on
the same argument as given below (12), drops all terms
that are not necessarily real and positive, this reduces to:

ω(x3|x1, x2; ρ) ≈ (14)
∑

n2
〈n2|U

†π3 U |n2〉〈n2|U π1 ρ π1 U
† |n2〉

∑

n2
〈n2|U π1 ρ π1 U † |n2〉

Again following the concepts of typicality one finds
〈n2|U π1 ρ π1 U

† |n2〉 ≈ 1/(tr{π2}tr{π1 ρ π1}) for the
overwhelming majority of all randomly distributed) U .
Inserting this into (14) yields:

ω(x3|x1, x2; ρ) ≈

∑

n2
〈n2|U

†π3 U |n2〉

tr{π2}
(15)

= ω(x3|x2;π2) (16)

Thus, for the majority of all U , neither the concrete ini-
tial state ρ nor the next-to-last observed value x1 are
relevant for the occurrence probability of x3; it is only
the very last observed value x2 that matters. This is
what has been defined as one-step Markovianity in (10).
Hence, in this sense one-step Markovianity is typical.
It should be emphasized here, that all the above rea-

soning is based on “typical unitaries” U . While such a
consideration is mathematically legitimate (and can be
made rigorous [43, 45]), it does not imply that coun-
terexamples do not exist. It does not even necessarily
imply that counterexamples are rare in nature. Random
U ’s are generated by Hamiltonians H that are essentially
random, Hermitian matrices. However, most quantum
many-particle models are characterized by Hamiltonians
that differ significantly from random matrices: They are
often sparse with respect to the site-occupation-number
basis, they usually have only real entries, etc. Hence
the considerations presented in the current section by no
means replace the concrete numerical computations in
Sect. V.

IV. FROM UNITARY DYNAMICS TO

ONE-STEP STOCHASTIC PROCESSES

In this section, we establish that the dynamics of
the above event probabilities, as following from the
Schrödinger equation for non measured closed systems,
may be rewritten as Markovian stochastic processes, pro-
vided that Eq. (7) and Eq. (10) hold. To this end we
start by writing out the probability of some event xn+1 at
the corresponding time in a seemingly complicated way,
relying on (8):

P (xn+1) =
∑

x1,··· ,xn

P (x1, · · · , xn, xn+1; ρ) (17)

This shall be rewritten in an even more complicated fash-
ion as:

P (xn+1) =
∑

x1,··· ,xn

P (x1, · · · , xn, xn+1; ρ)

P (x1, · · · , xn; ρ)
P (x1, · · · , xn; ρ).

(18)
However, if one-step Markovianity holds, i.e., if Eq. (10)
applies, the above fraction may be replaced by the sim-
pler one-step conditional probability,

P (xn+1) =
∑

xn

ω(xn+1|xn; ρ)
∑

x1,··· ,xn−1

P (x1, · · · , xn; ρ).

(19)
Exploiting (8) again, this can be written as

P (xn+1) =
∑

xn

ω(xn+1|xn; ρ)P (xn). (20)

Except for the dependence of the transition probabilities
ω on the very initial state, this equation is equivalent to
a standard definition of a Markov chain on the sample
space containing all x. For the remainder of this paper
we specialize in certain initial states ρ of the form

ρ =
∑

i

ciπi ci ≥ 0 . (21)

The motivation for this choice is twofold. First, it may
be viewed as a state in accord with Jayne’s principle:
If nothing is known about a quantum state except for
the probabilities Pi of finding the outcome xi, a state
ρ of the form given in (21) with ci = Pi/tr{πi} maxi-
mizes the von Neumann entropy subject to the informa-
tion given. Second, (16) suggests that a state ρ of the
form of (21) produces transition probabilities in accord
with the Markovian transition probabilities which are ex-
pected for typical unitaries U : It is simply a projector (in
the specific example π2) that takes the role of the initial
state in (16).
From Eq. (9) it may also be inferred that for this

class of initial states the transition probabilities ω are
actually independent of the actual ci, i.e., the transition
probabilities ω are all the same for the entire class of
initial states. Due to this, we omit, for brevity, ρ in the
argument of ω, thus obtaining

P (xn+1) =
∑

xn

ω(xn+1|xn)P (xn). (22)

which defines a standard Markovian stochastic process.
To recapitulate the analysis so far, it can be stated

that, if consistency and one-step Markovianity hold,
it is straightforward to demonstrate that the unitary
time propagation according to Schrödinger equation can
also be expressed by a time-discrete stochastic process.
Obviously the fact that we used one-step Markovianity
is not necessary, i.e., also for more-step Markovianity
stochastic processes may be formulated in an analogous
way. However, since the models we investigate below
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appear to exhibit one-step Markovianity to sufficient
accuracy, we will restrict ourselves to this case in the
present section.

For convenience, at this point we do not (re-)define
the features consistency and Markovianity directly but
rather quantify their complements “nonconsistency” C̄
and “non-Markovianity” M̄ . Both are below defined to
be real numbers with 0 ≤ C̄(M̄) in such a way that
0 indicates perfect consistency (Markovianity) and any
larger value expresses a (gradual) violation of the respec-
tive feature. The definition of nonconsistency reads:

C̄(xk, · · · ,−−, · · · , xn) =

∣

∣

∣

∣

1−
P (xk, · · · ,−−, · · · , xn)

∑

γ P (xk, · · · , xn)

∣

∣

∣

∣

,

(23)
where summation over all possible intermediate outcome
sequences γ is denoted here as

∑

γ . In a similar fashion
non-Markovianity is defined by:

M̄(xk, · · · , xn) =

∣

∣

∣

∣

1−
ω(xn+1|xk−1, · · · , xn)

ω(xn+1|xk, · · · , xn)

∣

∣

∣

∣

, (24)

It may be worth noting here that this is not the only pos-
sible sensible definition of non-Markovianity even within
this framework. It obviously refers only to some specific
conditional probability and takes only one prior measure-
ment into account. In the remainder of this paper we
will mainly focus on the exemplary investigation of some
specific measurement outcome sequences, and return to
more general questions in Sec. VI.

V. NUMERICAL INVESTIGATIONS

Figure 1. (Color online) Schematic visualization of a spin
lattice consisting of two separable spin ladders. Each spin
ladder has an assigned Hamiltonian hL (hR) where the spins
are coupled by a strength J (solid lines). Both ladders are in
turn coupled by a strength of order J β (dashed lines).

The spin lattice that we are going to investigate ba-
sically consists of two spin ladders, with total number

of spins N = 4n, which are brought into contact along
opposing spines, cf. model in Fig. 1. Hence the Hamil-
tonian consists of three parts:

H = hL ⊗ hR + V , (25)

where hL (hR) denotes the local Hamiltonian of the left
(right) subsystem. V comprises the interaction between
the subsystems. The left local Hamiltonian is defined by

hL = J

n
∑

i=1

sxi s
x
i+1 + syi s

y
i+1 +∆szi s

z
i+1

+ J

n
∑

i=1

sxi s
x
i+n + syi s

y
i+n +∆szi s

z
i+n

+ h.c. (26)

where the s······ denote the pertinent operators of compo-
nents of s = 1/2 spins sitting at the respective posi-
tions. The Hamiltonian of the right subsystem, hR, is
obtained through shifting the indices in (26) by 2n, i.e.,
si → si+2n. The overall energy scale is set by J .
The interaction of the both subsystems takes place only
between the two “central” chains of the lattice, namely
in this model between the second and third chain. Thus
the interaction term reads

V = Jβ
2n
∑

i=n+1

sxi s
x
i+n + syi s

y
i+n +∆szi s

z
i+n + h.c. (27)

The observable (or property) we are going to analyze
in detail is the magnetization difference between both
subsystems, i.e.,

X =
∑

szi,L −
∑

szi,R , (28)

where each sum represents the present total magnetiza-
tion in the z direction within the left (right) spin ladder.
Furthermore we restrict our analysis to the subspace of
vanishing total magnetization, i.e.,

∑

szi,L +
∑

szi,R = 0.
Note that the latter is a constant of motion in this model.
This subspace was essentially chosen since it is the largest
one with respect to the dimension of the correspond-
ing Hilbert space. Furthermore, we choose our event-
operators corresponding to the property x concretely as
the following projectors:

πx,E = πE πx πE , (29)

where πx is the projector spanned by all eigenstates of
X featuring the same eigenvalue x, i.e., X =

∑

x xπx.
The projector πE restricts the dynamics to a more or
less narrow region in energy space: It is spanned by all
energy eigenstates of the uncoupled system, (i.e., with-
out taking V into account) that feature eigenvalues with
Ei ∈ [−1.2J ,+0.6J ]. To put this another way: The full
energetic width of the system is on the order of the num-
ber of of spins, i.e., NJ . Moreover the chosen interval
contains the highest densities of states with respect to
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energy.
Note that since [πE , πx] = 0 the πx,E are in fact or-
thogonal projectors. Obviously, the πx,E are not com-
plete in the sense of (1). However, a formally complete
set may always be introduced by adding the complement
π̄ = 1 −

∑

x πx,E to the πx,E ’s themselves. Practically,
this hardly makes any difference since our numerics con-
firm that for our below choices of the model parameters
almost no probability ever goes to π̄, i.e., P (π̄, t) < 10−4.

Before we turn towards numerical results on consis-
tency and Markovianity, we should point out that the
whole setup, i.e., the Hamiltonian, the observable, the
energy shell, etc., have been chosen in the specific way
described above in order to find a nonrandom, finite sys-
tem, in which consistency and Markovianity emerge al-
ready for rather small systems.
There are results in the literature that suggest to those
ends a set-up like the one defined above: In Refs. [47–
50] Fokker-Planck-type dynamics have been reported for
more or less similar spin systems. Furthermore, results
in Ref. [66] indicate that the so-called eigenstate ther-
malization hypotheses (ETH) may be best fulfilled for
bipartite systems in which the local subsystems are not
merely spin chains. (Since the ETH guarantees a sin-
gle, attractive, long-time probability distribution of the
events its applicability is necessary for the emergence of
effective stationary stochastic process dynamics.) For a
first rough and of course non-sufficient check of whether
the dynamics of our model may be in accord with a
stochastic description, we compute the dynamics of the
P [x(t)], starting from P (x = 0) = 1 at t = 0. The re-
sult is displayed in Fig. 2. The solid lines are obtained
by solving simple transition-rate-based master equations.
The agreement indicates that a fully stochastic descrip-
tion may be possible. Of course, since the model is finite,
there will be (quasi-) recurrences. However, these are ex-
pected at times that are by magnitudes larger than any
timescale considered here and thus excluded from our
analysis. We fix the principal time scale of interest by
means of Fig. 2. Although the true dynamics are strictly
unitary, the P [x(t)] appear to relax to towards constant
values. Thus we call the the time scale at which this re-
laxation happens the “relaxation time” τR. Specifically,
we infer τR = 20J .

We now investigate nonconsistency and non-
Markovianity as defined by (23) and (24), in more
detail. As already pointed out before (29), nonconsis-
tency and non-Markovianity here refer to sequences of
transitions between certain magnetization differences.
More precisely: the projectors which enter the definition
of C̄, M̄ through (3) are the projectors πx,E as appearing
in (29). Hence, below x continues to indicate the
magnetization difference. To begin with we kept the
number of spins fixed at N = 12 and calculated C̄, M̄ as
functions of τ (the time elapsed between measurements)
for various coupling strengths β. The paths chosen for
this example are x = 2 → −− → 0 (nonconsistency)
and x = 2 → 0 → 0 (non-Markovianity). The results are

x =     0

x = ±  2

x = ±  4

x = ±  6

P
(x

(t
))

0

0.2

0.4

0.6

0.8

1

t J

0 25 50 75 100 125 150

Figure 2. (Color online) Displayed are the dynamics of
P [x(t)] starting from P (x = 0) = 1 at t = 0 for all oc-
curring values of x within a system of size N = 12, i.e.,
x ∈ {0,±2,±4,±6}. These dynamics are compared to
results from simple transition-rate-based master equations
(solid lines). Agreement indicates that a fully stochastic de-
scription may be possible.

displayed in Fig. 3.

Though the graphs exhibit rather large values for small
portions of relaxation time, they decrease significantly at
times on the order of a tenth of the total relaxation time,
i.e., τ ≈ 0.1 τR. Qualitatively, this behavior is the same
for all investigated interaction strengths. This indicates
that there is a lower limit on the time step τ , below which
neither consistency nor Markovianity may be expected.
This limit may, however, depending on the size and the
structure of the system, only be a small fraction of the to-
tal relaxation time. Precisely finding the minimum time
step which allows for consistency and Markovianity is
left for further research. In the this paper we focus on
a relatively large time step, i.e., τ = 0.5τR, and primar-
ily investigate the effect of increasing system sizes. Fur-
thermore, we restrict our further analysis to interaction
strength β = 0.5. The result (which is our main numeri-
cal result) is displayed in Fig. 4. It shows nonconsistency
and non-Markovianity for various system sizes N . Up to
N = 16 the results have been computed by means of
direct numerical diagonalization. Due to limitations in
computing power, we computed the result for N = 20
using a numerical method based on dynamical typicality.
This method has been used and described e.g., in Refs.
[67–69]. Based on this method we are able to address
N = 20 within reasonable computing time; however, the
method involves random numbers and is thus subject to
statistical errors. The magnitude of the latter is indicated
by the corresponding error bars. Obviously nonconsis-
tency and non-Markovianity are already small for mod-
erate system sizes. Furthermore, both decrease monoton-
ically with increasing system sizes. Figure 4 suggests that
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Figure 3. (Color online) Specific non-consistencies (a) and
(one-step) non-Markovianities (b) are displayed for three dif-
ferent interaction strengths, depending on the “waiting time”
τ between measurements. The latter are given in units of
the respective relaxation time τR. The system size is fix at
N = 12. For waiting times τ larger than, say, τR/10 both
nonconsistency and non-Markovianity, remain, while fluctu-
ating, low compared to unity at all interaction strengths. For
our further exemplary investigations we thus choose β = 0.5
and τ = 0.5τR.

the dynamics become consistent and one-step Markovian
in the limit of infinitely large systems. Whether this is
indeed the case is not to be answered conclusively from
our finite-size scaling. It is possible to perform the same
numerical calculations for system sizes up to, say, N = 36
[69], but this requires high performance computing clus-
ters. The present analysis, however, has been done using
standard desktop computing equipment.

VI. ”MORE-THAN-ONE”-STEP

MARKOVIANITY

So far we primarily focused on one-step Markovian-
ity throughout this paper. Furthermore, the numerical
analysis in the previous section was based on a specific
definition of one-step Markovianity (24) that takes only
one prior outcome into account. Such an analysis is
necessarily insufficient for the rigorous mapping of uni-

(a)

β = 0.5 ; τ = 0.5 τR 
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- 

0
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0
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β = 0.5 ; τ = 0.5 τR 

(b)
M

(2
 0

 0
)
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0.1

0.15

0.2

N

8 12 16 20

Figure 4. (Color online) Specific non-consistencies (a) and
(one-step) non-Markovianities (b) are displayed for increas-
ing system sizes N . Obviously both decrease with increasing
system size. Although the data are not conclusive, it suggests
that both may vanish in the limit of N → ∞.

tary dynamics onto a stochastic process. This may be
seen most easily from considering two aspects: (i) If a
stochastic process is not fully Markovian with respect to
one-step Markovianity, it may nevertheless be possibly
fully Markovian with respect to, e.g., two-step Marko-
vianity. Thus some finite one-step non-Markovianity
does not rule out a process from being Markovian al-
together. (ii) Even if it is found that the conditional
probability to get some event at time (n + 1)τ does not
change much if one takes the measurement outcome not
only at time nτ but also at time (n − 1)τ into account,
this does not a priori mean that the conditional prob-
ability does not change much if, e.g., the outcome at
time (n − 2)τ is additionally taken into account. How-
ever, as explained below (24) only the former feature is
captured by the definition of non-Markovianity and nu-
merically analyzed in Sec. V. We emphasize again that
the concept of “repeated measurements” employed here
does not evolve any outside measurement apparatus or
any external environment. It exclusively refers to his-
tories as formulated in (3) and is thus well defined also
for closed systems. Hence, the present consideration is
not to be confounded with the Zeno effect where quickly
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repeated external measurements “freeze” the dynamics
[70]. While being always well defined our concept pri-
marily addresses repeated measurements with time steps
larger than the time at which consistency vanishes in the
short time limit, cf. Fig. 3.
A full-fledged numerical analysis taking all possible his-

tories and all above aspects of many-step-Markovianity
exhaustively into account is beyond our possibilities,
given the limit of reasonable computing time. However,
in the following we focus on the many-step Markovianity
of some special histories.
The first history we address is the one that is generated

by getting, upon repeated measuring, always the same
outcome. A history like this may be relevant in situations
in which some measurement outcome corresponds to the
equilibrium state of the system. As will be explained
below, it turns out that such a history is necessarily λ-
step Markovian, in the limit of large λ, irrespective of the
concretely considered system.
Considering the occurrence probabilities for this

type of history with initial states of the class in-
troduced in (21) yields P (xi(0), xi(τ), · · · , xi(λτ)) :=
tr{πiUπiU · · ·U †πiU

†πi}, where xi characterizes the
measured property and the second index λ labels the
number of performed measurements. For brevity the
index i will be omitted hereafter. Let us denote
the eigensystem of the (non-Hermitian) matrix U †π by
U †π|ϕn >= φn|ϕn >, and the occurrence probability
of λ identical measurements by P ({x}λ). Then this
occurrence-probability is given by

P ({x}λ) =
∑

ijk

c∗ikcjk{φ
∗
i }

λ{φj}
λ , (30)

where the cij denote the complex matrix element of
the transformation that maps the nonorthogonal eigen-
vectors |ϕn > onto an orthonormal basis, i.e.,

∑

ij <

ϕi|ϕj > c∗ikcjl = δkl .
All eigenvalues of U †π are upper bounded by 1, hence

|φi| ≤ 1 holds, and thus {φλ
i } describes a convex se-

quence with respect to λ. Consequently, P ({x}λ), con-
sisting only of sums of convex functions, is also convex.
Convexity implies

P ({x}λ+1)

P ({x}λ)
≤

P ({x}λ+2)

P ({x}λ+1)
∀ λ (31)

hence ωλ, defined as

ωλ =
P ({x}λ+1)

P ({x}λ)
(32)

is a monotonously increasing sequence. From the def-
inition of the history probability we immediately find
P ({x}λ+1) ≤ P ({x}λ) ∀λ. Thus ωλ is upper bounded
by one. Since ωλ is monotonously increasing but upper
bounded it must converge against some finite value d ≤ 1:

lim
λ→∞

ωλ = d ∈ R
+. (33)

Plugging this result into the definition of non-
Markovianity (24) yields

lim
λ→∞

M̄λ =

∣

∣

∣

∣

1− lim
λ→∞

ωλ+1

ωλ

∣

∣

∣

∣

=

∣

∣

∣

∣

1−
d

d

∣

∣

∣

∣

≡ 0 . (34)

Hence, in case of repeatedly measuring some property
and consequently obtaining identical events as measure-
ment outcomes, perfect Markovianity always results for
sufficiently many steps. Although the implications of this
result are limited (it only applies to a single type of his-
tory and takes consistency for granted) we consider it a
valuable point of reference.
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Figure 5. (Color online) Non-Markovianity for sequences com-
prising λ measurements which yield all x = 0 (a) or gener-
ated from drawing random numbers according to the one-step
transition probabilities ω (b). Data in (a) confirm that λ-step
transition probabilities always become perfectly Markovian in
the limit of λ → ∞ as claimed in the text. This result is in-
dependent of the waiting time τ . Data in (b) suggest that λ-
step transition probabilities may become perfectly Markovian
in the limit of λ → ∞ also in the case of “generic stochas-
tic trajectories.” However, at the first deviation of the mea-
surement sequence from a uniform sequence, somewhat larger
non-Markovianities occur; for more comments see text.

The data displayed in Fig. 5 address λ-step non-
Markovianity for both histories of the previously dis-
cussed type featuring identical outcomes, x = 0, in Fig.
5(a) and for some random event sequences of the typical
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type which would occur if one simply took ω(xn+1|xn) as
a fully one-step Markovian transition probability in Fig.
5(b). Since jump probabilities away from x = 0 are low
but towards x = 0 are high, the latter typical random
sequences are, similarly to the former, characterized by
measuring x = 0 most of the times, but exhibit occa-
sional “excursions” towards x 6= 0. We display data for
N = 12 and various τ in Fig. 5(a) and τ = 0.26τR in (b).
The graphs in (a) are obviously in accord with (34):

Regardless of the “waiting-time” τ , histories become
Markovian in the limit of large λ. Furthermore, non-
Markovianity is not strictly monotonously decreasing
with λ, but in the addressed data sample M̄λ>1 < M̄λ=1

appears to be strictly obeyed. Furthermore sequences ap-
pear to be more Markovian for shorter waiting times. Al-
together one may conclude that for the uniform histories
Markovianity appears to improve if more steps are taken
into account but a restriction to the “one-step-level” may
nevertheless be a very reasonable approximation.
Considering the random histories in (b) it should first

be noted that, while M̄λ>1 < M̄λ=1 no longer strictly
holds, non-Markovianities nevertheless remain very mod-
erate also on the many-step level. Thus, also in these
cases a restriction to the one-step level appears to be
a very reasonable approximation. However, the peaks
towards relatively higher non-Markovianities always oc-
cur at the most recent deviation from measuring iden-
tical outcomes. For example, in the history represented
by the magenta circles, the first (past) 16 outcomes are
x = 0, but the 17’th outcome is x = 2. Nevertheless, in
all our examples, while Markovianity becomes worse for
this most recent deviation, it becomes better again with
taking even longer histories into account. Thus, consid-
ering Fig. 5(b) one may guess that a statement like (34)
also holds for arbitrary histories, and whether or not this
holds true remains a subject of future research.

VII. SUMMARY AND CONCLUSION

The possibility of describing the unitary dynamics as

generated by the Schrödinger equation quantitatively in
terms of pertinent stochastic processes is addressed. We
discuss this possibility based on the notions of “con-
sistency” and “Markovianity.” While the former refers
to the concept of consistent histories, the latter denotes
the independence of probabilities for future measurement
outcomes from measurement outcomes in the distant
past. We outline how a mapping mapping of quantum
onto stochastic dynamics can be performed if, indeed,
the quantum dynamics is both consistent and Markovian.
This obviously leads directly to the question whether
closed system dynamics are approximately Markovian
and consistent for specific, finite closed systems. This
question is exemplarily discussed in the remainder of the
paper. The degree to which the quantum dynamics are
indeed consistent and Markovian is specified by intro-
ducing corresponding quantifiers. These quantifiers are
numerically evaluated for a specific type of spin system.
By means of finite-size scaling we give (strong) evidence
that the dynamics of this closed spin system can indeed
be considered consistent and Markovian. A somewhat
more detailed analysis shows that one may rely on a de-
scription based on stochastic processes that take only the
most recent past event into account. While an exhaus-
tive numerical check of “consistency” and “Markovian-
ity,” covering all aspects of “stochasticity,” is far beyond
of what can be done in finite computing time, our results
indicate that a dynamical stochastic description of closed
quantum systems may be justified, even for rather small
systems.
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This work aims at understanding the interplay between the Eigenstate Thermalization Hypothesis
(ETH), initial state independent equilibration and quantum chaos in systems that do not have a
direct classical counterpart. It is based on numerical investigations of asymmetric Heisenberg spin
ladders with varied interaction strengths between the legs, i.e., along the rungs. The relaxation of
the energy difference between the legs is investigated. Two different parameters, both intended to
quantify the degree of accordance with the ETH, are computed. Both indicate violation of the ETH
at large interaction strengths but at different thresholds. Indeed the energy difference is found not to
relax independently of its initial value above some critical interaction strength which coincides with
one of the thresholds. At the same point the level statistics shift from Poisson-type to Wigner-type.
Hence the system may be considered to become integrable again in the strong interaction limit.
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I. INTRODUCTION

Even in closed quantum systems one may observe re-
laxation, in spite of time evolution being generated by
unitary operations. This statement has many aspects,
it may imply that a reduced density matrix of a part of
some system approaches a thermal state [1–4], it may im-
ply that expectation values of specific observables evolve
more or less against constant values [5, 6], or it may ad-
ditionally even imply that these constant values do not
depend on the initial state [6–8]. It is this latter initial
state independence (ISI) which is in the focus of the pa-
per at hand. Among the concepts addressing this issue is
the so called eigenstate thermalization hypothesis (ETH)
[9, 10]. According to the ETH, the expectation values of

a typical observable D̂ as computed from energy eigen-
states |n〉 should be a smooth function of energy En, i.e.,

〈n|D̂|n〉 ≈ 〈n′|D̂|n′〉 = D̄eq(E) if En ≈ En′ ≈ E. As is
well known, if the ETH applies, the long time averages
of all expectation value Tr{ρ̂ D̂(t)} corresponding to any
initial state ρ̂ that lives inside some energy shell, are equal
[11]. Furthermore, if the spectrum of the Hamiltonian

Ĥ is “non-resonant” (roughly speaking: any energy dif-
ference occurs only once) and the ρnn are fairly spread

over the energy shell, then the actual Tr{ρ̂ D̂(t)} devi-
ates from its long time average very rarely [12]. Hence,
the three features, i. ETH agreement, ii. non-resonant

∗ akhodja@uos.de
† danischm@uos.de
‡ jgemmer@uos.de

spectrum and iii. dilute eigenstate occupation, guaran-
tee the initial state independent (ISI) relaxation of the
expectation value towards a specific “equilibrium” value.
Since this behavior is observed and expected for prac-
tically all physical relaxation phenomena, the question
arises whether the above three features apply to all those
situations. This question has been approached from the
perspective of quantum chaos, and various rigorous re-
sults exist that suggest i. and ii. apply to systems which
have a direct classical counterpart which is chaotic [7].
Much less is known for systems that do not have a di-
rect classical counterpart [10]. However, while the three
features are sufficient for ISI, they are not necessary in
a mathematical sense: classes of initial states exist that
exhibit ISI even though the ETH may not apply. Some
papers put much more emphasis on the extremely high
relative frequency with which ISI may be expected if ini-
tial state are drawn essentially at random from some pre-
scribed sets, rather than on the ETH [3, 5, 13, 46]. How-
ever, it may be the case that the relative frequency of
initial states from the above sets, that exhibit a signif-
icant deviation of the respective expectation value from
its equilibrium value at all, even at t = 0, is very low. In
this case results of relative-frequency-type would imply
the existence of a majority of states the expectation val-
ues of which start and remain in equilibrium. However,
no conclusions on state, that actually do exhibit non-
equilibrium expectation values in the beginning, could
be drawn.

In view of this, a class of initial states that are specifi-
cally tailored to exhibit largely deviating expectation val-
ues, but live in narrow energy shells at the same time has
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recently been suggested [18]. These states (which will be
explained in detail below) have been termed microcanon-
ical observable displaced (MOD) states. MOD states are
“natural” in the sense that they may be viewed as results
of state determination according to Jayne’s principle un-
der the conditions of a given expectation value and the
state living in an certain energy shell. For the remainder
of this paper we focus on dynamics as resulting from such
initial MOD states.
In order to set the content of the paper at hand in

context to the state of research, we need to specify our
notion of ETH in somewhat more detail. Consider

D̄ =

d
∑

n=1

pn Dnn , Σ2 =

d
∑

n=1

pn D
2
nn − D̄2 , (1)

where Dnn are diagonal matrix elements with respect
to the Hamiltonian eigenstates |n〉 with eigenvalues En,

pn ∝ e−(En−Ē)2/2σ2

E is a probability distribution centered
at Ē, and d is the Hilbert-space dimension. The quan-
tities D̄(Ē, σE) and Σ(Ē, σE) are obviously functions of
Ē and an energy width σE . Routinely, the ETH is said
to be fulfilled if Σ is small for small σE . Technically, ISI
equilibration is only guaranteed for all initial states from
a given energy window σE at Ē iff Σ = 0, [14]. If instead
a finte-size scaling scheme is employed, i.e., Σ → 0 for
N → ∞ (N being the “system-size”, e.g., the number
of spins, etc.) not only the Hamiltonian, but also the

observable D̂ often scales with N in some fashion as well
(cf. below). In this context it is relevant to note that ISI
equilibration is only ensured if Σ itself approaches zero
in the limit of large system sizes, the vanishing of, e.g.,
Σ2/N , is not sufficient. However, in our analysis we do
not intend to demonstrate ISI equilibration for all initial
states of a given energy window but rather focus on the
afore mentioned special class of states, i.e., MOD states.
Below we will employ a quantifier which is closely related
to Σ but independent of the scaling of the observable it-
self.
In order to put our work into perspective, we list some

exemplary results from the literature on the generic scal-
ing properties of Σ, and classify our results in relation
to these. In the context of translational invariant, solid-
state type observables and models, the observable is fre-
quently defined to scale “extensively”, like, e.g., a cur-
rent, a total kinetic energy, etc. In this case, there is
substantial numerical evidence that Σ scales more or less
as Σ ∝ d−γ

eff , where deff is the effective dimension, i.e.,
the number of states within the respective energy shell
and γ is some constant [27, 41, 45]. Note, however, that
the scaling behavior of Σ generally depends strongly on
whether the observable itself is defined to scale exten-
sively, intensively or else. Since the effective dimension
deff usually increases (exponentially) with system size, Σ
tends to zero with increasing system size whenever γ > 0.
The existing literature contains numerous examples ex-
hibiting 0 ≤ γ ≤ 1/2 for few body observables. γ = 0
appears to be related to integrable systems, γ = 1/2 for

fully chaotic systems, where both definitions may vary
depending on the respective authors [47].

In Ref. [41], however, also examples are discussed with
γ < 0 for extensive observables, i.e., the unscaled Σ it-
self increases with system size. This occurs for spin and
energy currents in the (integrable) Heisenberg chain at
some parameter regime. In contrast to that, in Ref. [18]
the same Heisenberg chain model is investigated while
the considered observable is different, namely the energy
difference between two parts of the chain. The latter
observable is also extensive. Nonetheless, in this case
Σ = const, i.e., γ = 0 is found. As already mentioned
above, for γ ≤ 0 ISI equilibration is not guaranteed, i.e.,
the construction of initial states for which the expecta-
tion value of D̂ does not decay towards the corresponding
equilibrium ensemble value is always possible. Thus we
will primarily focus on the question whether such a “in-
complete decaying” occurs for MOD states for models
and observables exhibiting γ ≤ 0.

For the remainder of this paper we follow [18] in inves-
tigating the (extensive) energy difference between cer-
tain system sections. We present a model that allows
for a continuous tuning of the scaling parameter γ all
the way from γ > 0 to γ < 0, i.e., depending on some
system parameter, Σ either decreases, remains constant
or increases under upscaling of the system-size. We also
follow [18] in considering an alternative parameter v for
the “prediction” of ISI for MOD states:

v =

(

Σ

δD

)2

(2)

δ2D denotes the spectral variance of the observable D̂ in

the respective energy shell, i.e., δ2D = Σd
n=1pn(D̂

2)nn −
(D̄)2 (the bars overD symbolize the averaging as defined
in Eq. (1)). Note that v is, other than Σ, dimensionless.
Thus for the scaling behavior of v, the scaling behavior
of the observable itself (extensive, intensive or else) is
irrelevant. It has been proposed that ISI for MOD states
occurs, if and only if v → 0 in the limit of large systems.
Although closely related to the ETH, the v criterion is
not quite the same, for it may possibly approach zero
even if Σ increases, if δ2D increases more quickly.

The present paper is organized as follow: In section
II, we shortly introduce the investigated models and the
addressed observable, i.e., the energy difference. In sec-
tion III, we present the results on Σ, v in dependence
of the tuning parameter κ and show the existence of two
different regimes based on the scaling behavior of the for-
mer. The computations in Sec. IV clarify whether MOD
states give rise to ISI relaxation of the energy difference
and how this relates to the results of Sec.III. We discuss
the integrability of the model at hand in Sec. V using
the generalized Brody parameter, whose behavior turns
to be correlated to the ETH parameter v. Finally, we
close with summary and conclusion.
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II. MODELS AND OBSERVABLES

RL

Figure 1. Schematic visualization of the investigated spin-
ladder. To suppress symmetry, the number of spin in the
right chain is taken to be different than the left chain in the
following systematic fashion NL = 2NR − 1. Note that both
chains only interact by vertically opposing sites (here indi-
cated by red rungs).

The model we address in this work is an asymmetrical
Heisenberg-ladder which consists of two XXZ spin-1/2
chains of different length, coupled along some “rungs”
with interaction strength κ, cf. Fig. 1. The total Hamil-
ton operator is given as follow

Ĥ = ĤL + ĤR + κĤI (3)

where

ĤL,R =

NL,NR
∑

i=1

[(Ŝx
i Ŝ

x
i+1 + Ŝy

i Ŝ
y
i+1) + ∆Ŝz

i Ŝ
z
i+1] (4)

describes the two side-chains. ∆ denotes the anisotropy
parameter, which is kept at ∆ = 0.1 throughout the en-
tire investigation. NL, NR are the numbers of spins with
respect to left and right spin chain respectively, thus the
total number of spins is N = NL + NR. We choose
NL = 2NR − 1 in order to suppress symmetry, since for
the symmetrical case the ETH is trivially fulfilled. The
two subsystems are allowed to exchange energy through
the interaction Hamiltonian, which reads

ĤI =

NL
∑

i=1

[(Ŝx,L
i Ŝx,R

i + Ŝy.L
i Ŝy,R

i ) + ∆Ŝz,L
i Ŝz,R

i ]

Obviously, at any non-zero κ, this model is not accessible
by a Bethe ansatz. Thus, in this sense it is always non-
integrable. For a more detailed discussion of integrability,
see Sec. V
The observable we are going to investigate is the energy

difference operator D̂ = ĤL − ĤR. Our motivation for
this particular choice stems form the intuitive example

of two the cups of coffee brought into contact with each
other, where one anticipate more or less an uniform en-
ergy density throughout the system. The model (3) has
been numerically studied in detail for weak interactions,
where the ETH turned out to be valid [18],

III. COMPUTATION OF ETH-QUANTIFYING

PARAMETERS

Numerical computation of ETH related data like Σ, D̄,
etc. for large systems is not a trivial task. Usually, it re-
quires exact diagonalization [17, 18, 41] that is limited to
rather small system sizes. Thus, we apply a recently sug-
gested method [23] that is based on dynamical typicality
and allows for the extraction of information about ETH
from the temporal propagation of pure states. This prop-
agation can be performed by iterative algorithms such as
Runge-Kutta [23, 25, 26], Chebyshev [28, 29] etc. and is
feasible for larger system sizes. We use a Chebyshev iter-
ator with reasonably small time step in order to improve
the computation accuracy. Due to typicality-related rea-
sons, the so-computed quantities D̄ and Σ are subjected
to statistical errors. These errors, however, turn out to
be small. Apart from the model size N = 14, which is
treated by exact diagonalization (LAPACK-routine), all
data in this section has been computed using the above
technique. This way we are able to address systems up
to N = 26.
We focus on a narrow energy shell around E = 0 which

is the energy regime with the highest density of states.
More precisely we choose Ē = 0 and σE = 0.6. To set
this into perspective, the total energy range of this type
of model is on the order of N . The results for the ETH-
fluctuations Σ are depicted in figure 2(a).
Figure 2(a) indicates that there are two clearly distinct

regimes: Above κ = 3.7 a convergence of the ETH pa-
rameter Σ to zero appears unlikely, even though the pre-
sented data may not allow for the precise determination
of Σ in the large system limit. At κ = 3.7 a simple linear
scaling also indicates a non-zero Σ in the large system
limit, even though the presented data may no be entirely
conclusive. However, below κ = 3.5 Fig. 2(a) clearly
indicates Σ → 0 for N → ∞. Thus for κ ≥ 3.7 the con-
sidered model potentially shows no ISI relaxation of the
energy differences between the two chains. This is to be
contrasted with the overall concept of heat conduction or
the second law of thermodynamics, which demands that
energy eventually distributes evenly over all parts of a
system, regardless of how uneven it was distributed in
the beginning.
Figure 2(b) displays the ETH parameter v which has

been suggested as a “detector” of ISI relaxation [18].
While the behavior of Σ and v may appear similar at
first sight, there are relevant differences: for all κ ≤ 3.7
v clearly vanishes in the limit of large systems, whereas
at κ = 4.0 a more or less constant scaling occurs for
N ≥ 20. Thus the “switching” from vanishing to non-
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Figure 2. Comparison of the finite size scalings of the ”bare”
ETH-fluctuation Σ (a) and the scaled ETH parameter v (b)
in dependence of the interaction strength κ. Both quantifiers
vanish in the large system limit for small κ while they reach
constant values (or possibly even diverge) for large κ. For Σ
the transition between the two different regimes appears to
occur at κ ≈ 3.7. Whereas for v the transition appears to
occur at κ ≈ 4.0.

vanishing values in the large system limit appears to oc-
cur at κ ≈ 3.7 for Σ, whereas it occurs at κ ≈ 4.0 for
v.

IV. INVESTIGATION OF ISI-RELAXATION OF

ENERGY DIFFERENCES FROM INITIAL

MOD-STATES

In this section we are going to discuss the long time
behavior of 〈D(t)〉 as resulting from initial states from the
class of MOD states. The latter are defined as follows:

ρMOD :∝ e(−(Ĥ−H01̂)
2−β2(D̂−D01̂)

2)/2σ2

. (5)

These states may be viewed as being based on Jayne’s
principle: They represents the maximum-entropy states
under given means and variances for the energy and the
observable. Since Ĥ and D̂ do not commute with each
other, it is not possible to generate states with arbitrary
values of total energy energy 〈Ĥ〉MOD, energy difference

〈D̂〉MOD and the respective variances. However, by tun-
ing the parameters H0, D0, β, σ, carefully, we are able to

prepare initial states having a well-defined energy width
σE ≈ 0.6 around E = 0 and exhibiting initial expectation
values for the observable D(0) = 〈D̂〉MOD , which devi-
ate strongly from their corresponding equilibrium values
Deq; more quantitatively, 〈D〉MOD reaches about 50% of
the difference between its highest possible value and its
long-time average. To enable such strong deviations we
choose D0 = ±(NL − 2) throughout all investigations.
This is to be contrasted with various quench scenarios
[30, 31], where the initial deviations from the equilibrium
value are rather small. Note also that such MOD states
do not necessarily feature a smooth probability distribu-
tion with respect to the corresponding energy eigenbasis,
as required by Ref. [21] in order to establish ISI.
Neither constructing states of the MOD-type (5) nor

propagating such states according to the Schroedinger
equation is numerically simple for larger systems. Thus,
we instead prepare and evolve a corresponding pure state
|φMOD〉, which exhibits, up to very small statistical errors
the same 〈D(t)〉 as ρMOD:

|φMOD〉 = 〈ϕ|ρMOD|ϕ〉
−1/2 ρ

1/2
MOD |ϕ〉 , (6)

where |ϕ〉 is a random state drawn according to the uni-
tary invariant (Haar-) measure. This concept relies on
dynamical typicality and has been explained and applied
in e.g, [18, 25, 39, 41].
As an example the time evolutions of 〈D(t)〉 for

D(0) = ±7, N = 26 and two different interaction
strengths, namely κ = 3, 4.5, are displayed in Fig. 3 First

κ = 3.0 , D0=   7

κ = 3.0 , D0 = -7

κ = 4.5 , D0 = -7

κ = 4.5 , D0 =  7

<
D
(t
)>

−7.5

−5

−2.5

0

2.5

5

7.5

t

0 2000 4000 6000 8000

Figure 3. Time evolution of 〈D(t)〉MOD for various interaction
strengths starting at D0 = ±7 for systems of size N = 26. In
case of κ = 3.0, ISI equilibration is obvious but for κ = 4.5 the
expectation value converges against finite offsets indicating
that some portion of the initial value persists (see text for
details). Note that due to slightly different |D(0)| occurring
for κ = 4.5 the ”equilibrium values” for corresponding curves
also slightly differ.
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of all one should note that the non resonance condition
and the dilute eigenstate occupation principle obviously
apply since in all instances 〈D(t)〉 converges against con-
stant values with time. However, while the energy dif-
ference 〈D(t)〉 clearly vanishes quickly for κ = 3.0 (as
required by the validity of the ETH) this is not the case
at κ = 4.5. There it appears that a fixed portion of
the initial value persists. Hence, this system indeed par-
tially preserves an uneven distribution of local energy
in the long time limit, which may be viewed to be at
odds with the principle of heat conduction. This find-
ing motivates the introduction of the “ISI quantifying”
parameter Λ, which we define as the long time equilib-
rium value divided by the initial expectation value. Since
the preserved portion seems to be more or less indepen-
dent of actual D0, we calculated only dynamics featuring
D0 = NL − 2. Thus, the definition of the ”ISI quantify-
ing” parameter reads

Λ =
〈φMOD|D(t)|φMOD〉

〈φMOD|D(0)|φMOD〉
with t ≫ τ , (7)

where τ is the relaxation time. Obviously Λ = 0 indicates
ISI whereas larger Λ indicate a violation of ISI. Further-
more, note that Λ, like v, is insensible with respect to
scaling of observables with system size and hence applies
to any kind of observable. We computed Λ for three dif-
ferent interaction strengths κ for increasing system sizes.
The result is displayed in Fig. 4 Clearly Λ vanishes in

κ = 5.0

κ = 4.0

κ = 3.7

Λ

0

0.1

0.2

0.3

0.4

N
-1

0.04 0.05 0.06 0.07

Figure 4. Scaling of Λ with various interaction strengths and
system sizes. At κ = 3.7 the ISI-quantifying Λ tends to zero
indicating ISI equilibration whereas for both larger interac-
tion strengths Λ remains finite in the limit of large systems
quantifying deviations from the equilibrium value Deq . This
behavior corresponds rather accurately to the finite size scal-
ing behavior of v, cf. Fig. 1. Statistical errors are of order of
symbol size.

the limit of large system for κ = 3.7, thus ISI relaxation

holds at this interaction strength. At and above κ = 4,
Λ appears to converge against non-zero values, hence no
ISI relaxation exists at these interaction strengths, not
even for N → ∞. This result should be discussed in re-
lation to the results of Sec. III. Obviously the transition
form ISI to non-ISI with increasing interaction strength
happens at the same point at which v starts to converge
against non-zero values. Thus the behavior of v predicts
ISI rather precisely. Σ, on the other hand, starts to con-
verge against non-zero values at κ > 3.5, i.e., in a regime
in which ISI is still present. Thus, in this sense, v ap-
pears to be a more reliable predictor of ISI than Σ. This
is one of the main results of this paper.

V. INTEGRABILITY INVESTIGATIONS

So far, we focused on the issue of ISI equilibration
of a specific observable and found the existence of two
regimes, ISI and non-ISI, depending on the interaction
strength. Next we address the existence of an integrable
regime in the model at hand and study its relevance for
the emergence of ISI for the MOD states. Again, similar
to the discussion of ETH and ISI, a range of papers
more or less explicitly states that non-integrability is
imperative for ISI [20], whereas other works analyze ISI
without even mentioning integrability. Also different
features of “statistical relaxation” ( other than ISI) are
addressed; examples exist in which the occurrence of
statistical relaxation does not depend on integrability
[24]. However, this type of investigation generally
suffers from a conceptual shortcoming: there is no
unambiguous definition for integrability in quantum
mechanics. Contrary to classical mechanics notions
like phase space, Lyapunov exponents and ergodicity
are not well defined. In the context of lattice particle
systems, quantum integrability is sometimes associated
with being accessible by the Bethe ansatz, i.e., the
1D quantum Heisenberg-chain with nearest neighbor
interaction [34], the 1-D δ-function interacting Bose
[35] and the Fermi [36] gases are considered as inte-
grable. According to this later definition the model
considered in this paper is integrable. Nevertheless, the
break down of the ETH for large interaction strength
may be viewed as being due to the proximity of the
integrable (according to any standard definition) limit
of non-interacting spin-dimers. In order to address and
quantify this possible integrability, we resort to the well
known approach which is based on the Nearest Neighbor
Level Spacing Distribution (NNSD) denoted by P (∆ǫ)
[42, 43]. The distinction between integrability and chaos
is as follows: if the most frequent energy spacing is
approaching zero ∆ǫ = 0 and the shape of the NNSD
mimics a Poisson distribution, the system is considered
to be integrable. Whereas, if the most frequent energy
spacing takes some finite value (level repulsion) with
an NNSD shape of Wigner-Dyson type, the system is
considered to be non-integrable. This classification of
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quantum systems using level statistics has been derived
in the context of quantum models, whose corresponding
classical counterparts are chaotic [37] and has been
adopted even for quantum systems which do not have
classical counterpart,.e.g., spin systems.

For most finite systems of condensed matter type the
NNSD turns out not to correspond exactly neither to
Poisson nor Wigner-Dyson like distributions. To deal
with intermediate statistics, Brody proposed in Ref. [38]
to compare each real NNSD to a one parameter ω-family
of analytically given NNSD’s, where ω = 0 corresponds
to pure Poisson and ω = 1 to pure Wigner statistics.
Matching a real NNSD to a pertinent Brody-NNSD thus
yields a specific ω that may be used to quantify the close-
ness to either Poisson or Wigner, respectively. Following
this scheme, we computed (by means of exact diagonal-
ization) and normalized an NNSD for various interaction
strengths and NR = 6 in a narrow energy interval around
E = 0. The results, for κ = 0.3, 4.0, together with the
matching Brody NNSD’s are displayed in Fig. 5. Ob-

data : κ = 0.3

data : κ = 4.0
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Figure 5. NNSD for κ = 0.3 and κ = 4.0 both for N =
14 where symbols display computed data and dashed lines
corresponding Brody distributions. In case of κ = 0.3 the
Brody parameter reads ω ≈ 1.1 (Wigner-Dyson type) and for
κ = 4.0 the Brody parameter reads ω = 0.4 (Poisson type).

viously the agreement is rather good. This justifies the
usage of the above described method to quantify the “de-
gree of integrability” by means of the parameter ω. Fi-
nally, Fig. 6 displays ω as a function of κ together with
the ETH parameter v. First one should note that for
large interaction strengths the NNSD is much closer to
Poisson than to Wigner. This indicates that this model
class may indeed become integrable again for stronger
interactions, say κ ≈ 3.7, which are nonetheless far away
from the integrable dimer limit at κ ≫ 1. To repeat, this
integrability is not induced by the possibility of apply-
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Figure 6. Comparison of Brody parameter ω and alternative
ETH parameter v. The transition from integrable to non-
integrable systems indicated by ω obviously coincides with
the transition from the ISI to non-ISI regime, respectively.
This links the equilibration dynamics to quantum chaos; see
text for details. Note that that ω is gained from systems of
N = 14 whereas v is gained from systems of size N = 20.

ing a Bethe ansatz. We are furthermore unable to judge
whether this integrability may be explained by stretch-
ing the quantum KAM theorem [48] all the way down
from κ → ∞ to κ ≈ 3.7. However, it is striking that the
transition from ISI to non-ISI (indicated by increasing
v) happens at the very same point at which the NNSD
changes from Wigner to Poisson (indicated by decreas-
ing ω). While this finding is just based on numerics in
suggests that “chaoticity” in the sense of a large Brody
parameter may indeed be a sufficient criterion for the ISI
relaxation of few-body observables for systems starting
in MOD states. Investigations on different spin systems
that point in a similar direction [41] also exist.

VI. TOWARDS THE PHYSICS BEHIND THE

NUMERICAL FINDINGS

While the numerical results clearly indicate a break-
down of “chaoticity” as well as of full relaxation of differ-
ences of local energies at strong couplings, the physical
reason for this behavior is yet unclear. In the following
we shortly speculate about such physical reasons, thus
arriving at at some suggestions for further research.
All our findings refer to exchange of local energy between
two asymmetric legs of a ladder. It may, however, be
elucidating to consider the exchange of local energy be-
tween the part of the system that is a regular ladder
(upper part in Fig. 1) and the part that consists of the
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“elongation” of one leg that really is just a chain (lower
part in Fig. 1). If energy exchange between these two
parts (ladder and chain) is suppressed, this will result
in a suppression of energy exchange between the original
asymmetric legs, since the two energy-differences surely
have an overlap in the sense of a Mazur inequality [49].
Thus taking the “ladder and chain” point of view, two
features are evident: In the limit of large κ the mean
level spacing in the ladder will eventually become signif-
icantly larger than the mean level spacing in the chain.
Furthermore, the chain is integrable in the sense of a
Bethe-Ansatz, whereas the ladder is not. Regarding the
increasing level spacing in the chain, it may be the case
that transitions that amount to an exchange of local en-
ergy become more and more off-resonant. If the coupling
strength (here: between ladder and chain, i.e., not κ)
remains constant but the coupling becomes rather off-
resonant, the relaxation of the respective observable may
eventually not only be slowed down but inhibited com-
pletely [50]. Concerning the integrability, the eigenstates
of the chain may in principle be described by a respec-
tive set of rapidities, whereas this is not applicable to
the eigenstates of the ladder. This structural difference
between the eigenstates may cause the eigenstates of the
chain to scatter strongly at the interface, thus prevent-
ing them from penetrating deeply into the ladder. This
could also lead to an effective suppression of the transi-
tions that facilitate an exchange of local energy.
Deciding which of the two above schemes is (if at all)
dominantly responsible for the inhibition of the exchange
of local energy is beyond the scope of the present paper.
Future research, however, could focus on the “ladder and
chain partition” and take more variables, other than just
local energy differences into account.

VII. SUMMARY AND CONCLUSION

The paper at hand aims at clarifying the interrelations
between the eigenstate thermalization hypothesis (ETH),
initial state independent relaxation and chaos in quan-
tum systems. The investigations are of primarily numer-
ical character and focus on a class of (asymmetric) ladder
type spin systems with variable interaction strength be-
tween the legs. We investigated the energy difference
between the legs of the spin system where we found that
two ETH quantifying parameters, a standard one and an
alternative, recently suggested one, indicate violation of
the ETH, even in the limit of large systems above certain
“threshold” interaction strengths. However, the thresh-
olds differ for the standard and the alternative ETH pa-
rameter.
Furthermore, the relaxation behavior of the energy dif-
ference between the legs of the spin system is analyzed
for a specific class of initials states. It is found that those
energy differences no longer equilibrate to zero above a
certain interaction strength. This interaction strength
precisely coincides with the ETH violation threshold of
the alternative ETH parameter but not with the thresh-
old of the standard one.
Finally the level spacing statistics are considered. It
turns out that they shift from Poisson-type to Wigner-
Dyson type with increasing interaction strengths, again
rather distinctly at the threshold of the alternative ETH
parameter. To conclude: numerical evidence suggests
that the alternative ETH parameter reliably signals the
relaxation of an observable towards a common value
that is independent of the initial, possibly largely off-
equilibrium value of the respective observable. Moreover
there appears to be a strong correlation of this alterna-
tive parameter with either chaotic or integrable type of
level statistics.
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We investigate real-space localization in the few-particle regime of the XXZ spin–1/2 chain with
a random magnetic field. Our investigation focuses on the time evolution of the spatial variance
of non-equilibrium densities, as resulting for a specific class of initial states, namely, pure product
states of densely packed particles. Varying the strength of both particle-particle interactions and
disorder, we numerically calculate the long-time evolution of the spatial variance σ(t). For the two-
particle case, the saturation of this variance yields an increased but finite localization length, with
a parameter scaling different to known results for bosons. We find that this interaction-induced
increase is the stronger the more particles are taken into account in the initial condition. We further
find that our non-equilibrium dynamics are clearly inconsistent with normal diffusion and instead
point to subdiffusive dynamics with σ(t) ∝ t1/4.

PACS numbers: 05.60.Gg, 71.27.+a, 75.10.Jm

I. INTRODUCTION

Non-interacting particles in a disordered potential are
Anderson-localized in one dimension (1D), for any dis-
order strength and temperature1–4. Recently, it has
become clear that Anderson localization is also sta-
ble against weak particle-particle interactions5,6. More-
over, numerous works suggest the existence of a many-
body localized (MBL) phase beyond the weak-interaction
limit and even at infinite temperature7–9. This MBL
phase is a new state of matter with several fascinat-
ing properties, ranging from the breakdown of eigenstate
thermalization10–16 to the logarithmic growth of entan-
glement as a function of time after an initial quantum
quench17–19. In particular the optical conductivity fea-
tures a zero dc value20–22 and a low-frequency behav-
ior as described by Mott’s law20. On the experimen-
tal side, an MBL phase was recently observed for inter-
acting fermions in a quasi-random (bichromatic) optical
lattice23,24 as also delocalization by coupling identical 1D
MBL systems25. Investigations of amorphous iridium-
oxide indicate that MBL might play an important role
for its insulating states26.
The existence of a MBL phase at finite disorder and

interaction strength implies that the decrease of disorder
induces a transition from a localized phase (non-ergodic,
non-thermal) to a delocalized phase (ergodic, thermal)27.
This disorder-induced transition has been under active
scrutiny and different probes have been suggested28 such

as subdiffusive power laws in the vicinity of the crit-
ical disorder20 (which may or may not exist21,29–35).
So far, a full understanding of the MBL transition is
still lacking. This lack of knowledge is also related to
restrictions of state-of-the-art numerical methods. On
the one hand, full exact diagonalization is restricted
to small systems with only a few lattice sites, where
finite-size effects are strong in disorder-free cases36–38.
On the other hand, much more sophisticated methods
such as time-dependent density-matrix renormalization
group are restricted to times scales with sufficiently low
entanglement35,39,40.

While the overwhelming majority of works has focused
on the disorder-induced transition at half filling, much
less is known on the transition induced by filling at fixed
disorder strength16,39. Since a single particle is local-
ized for any finite disorder, a transition from a localized
phase to a delocalized phase has to occur, if the half-
filling sector is delocalized. However, when and how such
a transition happens exactly constitutes a non-trivial and
challenging question. So far, this question has been in-
vestigated only partially, with a remarkable focus on the
special case of two interacting bosons41–44. Though there
are a few works containing results on two interacting
fermions, see e.g. Refs. 45 and 46, there is, to the best
of our knowledge, no detailed investigation for this case,
especially in connection with increasing the particle num-
ber beyond two. The latter is the main focus of the work
at hand.
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Thus, we study this question for the XXZ spin-1/2
Heisenberg chain. To this end, we consider a non-
equilibrium scenario. First, we prepare a pure initial
state of densely packed particles (also known as bound
states47,48), where all particles (↑-spins) are concentrated
at adjacent sites and holes (↓-spins) are located on the
other sites. Then, we calculate the evolution of the
particle distribution in real time and real space, us-
ing a Runge-Kutta integration of the time-dependent
Schrödinger equation36,37,49,50. While the time depen-
dence of the distribution width allows us to study the
type of dynamics in general, a convergence of this width
to a constant value in the long-time limit (which may or
may not exist) also allows us to extract a finite local-
ization length. To eliminate that this length is a trivial
boundary effect, we choose large system sizes. The lat-
ter are feasible for different particle numbers due to our
integration scheme.
The paper is organized as follows: In Sec. II, we intro-

duce the investigated model, namely a Heisenberg spin–
1/2 chain subjected to random magnetic fields. Fur-
thermore our main observable, i.e., the time-dependent
particle density distribution arising from densely-packed
initial states, comparable to so-called bound states, is
discussed. Also its (dynamical) broadening in terms of
standard statistical variances is presented. At the end of
this section, we describe shortly our numerical methods.
In Sec. III, the variance is investigated regarding the scal-
ing behavior with particle number ranging from only one
particle up to four. Sec. IV is dedicated to a thorough in-
vestigation of the scaling behavior of the saturation value
of the aforementioned variance in the two-particle case.
This scaling behavior is analyzed with respect to the
particle-particle interaction and disorder strength within
appropriate regimes, where we interpret finite saturation
values of the variances as real-space localization lengths.
In Sec. V, we provide evidence that the cases of non-
interacting and interacting particles can be distinguished
in terms of local density correlations where we again in-
vestigate exemplary only the two particle case. Finally
we end with a short summary and conclusions in Sec. VI.
In Appendix A we provide a thorough analysis regarding
statistical error estimations for mean localization lengths
and Appendix B presents a discussion of the behavior of
two-particle localization lengths in the large interaction
regime in comparison to results on bosons.

II. MODEL AND NON-EQUILIBRIUM

DENSITIES

We study the XXZ spin-1/2 chain with a random mag-
netic field oriented in z direction. The Hamiltonian reads
(with periodic boundary conditions)

H =

L∑

i=1

[
J(Sx

i S
x
i+1 + Sy

i S
y
i+1 +∆Sz

i S
z
i+1) + hiS

z
i

]
,

(1)

where Sx,y,z
i are spin-1/2 operators at site i, L is the

number of sites, J > 0 is the antiferromagnetic exchange
coupling constant, and ∆ is the exchange anisotropy.
The local magnetic fields hi are random numbers drawn
from a uniform distribution in the interval hi ∈ [−W,W ].
We note that, via the Jordan-Wigner transformation51,
this model can be mapped onto a one–dimensional model
of spinless fermions with particle-particle interactions of
strength ∆ and a random on-site potential of strength
hi. We are interested in the time evolution of the density
distribution

〈ni(t)〉 =
1

N
tr[ni ρ(t)] ,

L∑

i=1

〈ni(t)〉 = 1 , (2)

where N is the number of particles, ni = Sz
i +1/2 is the

occupation-number operator at site i, and ρ(t) is the den-
sity matrix at time t. In this way, we can investigate the
time-dependent broadening of an initial state ρ(0) in real
space. In the few-particle regime, i.e., N ≪ L/2, studied
in this paper, due to short–range interactions, only initial
states with a sharp concentration of particles at adjacent
sites are appropriate. For such “narrow” initial states
we can expect non-trivial dynamics, while “broad” initial
states essentially correspond to the one-particle problem.
Thus, our initial states ρ(0) = |ψ(0)〉〈ψ(0)| read (in the
Ising basis)

|ψ(0)〉 =
p+N−1
∏

i=p

S+
i |↓ . . . ↓〉 = | . . . ↓ ↑ . . . ↑

︸ ︷︷ ︸

N

↓ . . .〉 , (3)

where S+
i is the creation operator at site i and p is cho-

sen to concentrate particles (↑-spins) around i = L/2.
These pure states of densely packed particles describe
an alignment of N particles directly next to each other
(known as bound states for N ∼ 2 47,48 and domain walls
for N ∼ L/2 40,52). Note that, due to periodic boundary
conditions, the specific choice of p is irrelevant. However,
to avoid boundary effects in the following definition it is
convenient to choose p ≈ L/2.
A central quantity of our paper is the spatial variance

of the above introduced particle density distribution

σ2(t) =

L∑

i=1

i2 〈ni(t)〉 −
(

L∑

i=1

i 〈ni(t)〉
)2

. (4)

On the one hand, the time dependence of σ(t) yields in-
formation on the type of dynamics such as power laws
tα 44,53 for sub- (α < 1/2), normal (α = 1/2), or super-
diffusion (α > 1/2). On the other hand, we can use
the long-time value l = limt→∞ σ(t) as a natural def-
inition for the localization length. Since l, as well as
all other quantities introduced, depend on the specific
disorder realization considered, we average over a suffi-
ciently large number of disorder realizations r, typically
r > 1000, to determine the mean of l within negligible
statistical errors, see Appendix A for details. To also en-
sure negligibly small finite-size effects, we set L = 100
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FIG. 1. (Color online) Log–log plot of the time evolution of
the width σ(t) for different particle numbers N = 1, . . . , 4
for ∆ = 1, W/J = 1. For the N = 2 case, corresponding ED
results are also shown. For the N = 3 case, long-time data for
fewer r ≈ 100 is further depicted. Power laws are indicated
for comparison. Inset: Lin–lin plot for short times.

throughout this paper. We checked that such L is suf-
ficiently large for all quantities and time scales investi-
gated here. Thus, for the two-particle case, i.e., N = 2,
(with Hilbert-space dimension dimH = 4950), we use full
exact diagonalization (ED). For larger N , e.g., N = 3
(dimH = 161700), we rely on a forward iteration of the
pure state |ψ(t)〉 using fourth-order Runge-Kutta with
a time step t J = 0.01 ≪ 154, feasible for L = 100
due to sparse-matrix representations of operators, see
Refs. 36, 37, and 50 for details. As demonstrated below,
the results obtained from this iterative method coincide
for N = 2 with the ED results.

III. SCALING OF THE VARIANCE

Now, we present our results, starting with the time
evolution of the width σ(t) and focusing on the isotropic
point ∆ = 1 and intermediate disorder W/J = 1. Fig. 1
summarizes σ(t) for different particle numbers N = 1, 2,
3, and 4 in a log-log plot, with statistical errors smaller
than the symbol size used (see Appendix A).
Several comments are in order. First, in the long-time

limit, σ(t) increases monotonously as N increases from
1 to 4. Second, for N = 1 and 2, σ(t) is approximately
time-independent for t J > 1000 and takes on a con-
stant value σ < 10, much smaller than the size of the
lattice L = 100. On the one hand, the saturation for
N = 1 is expected since in this case the actual value
of ∆ is irrelevant and single-particle Anderson localiza-
tion persists1,55. On the other hand, the saturation for
N = 2 is in qualitative accord with corresponding results
on bosons41–44,56. Third, for N > 2 such conclusions are
less obvious. The long time scale relevant for our dy-
namics, as typical for disordered problems15,16,44,57, sys-
tematically increases with N and we do not observe a
saturation of σ(t) at the time scales depicted in Fig. 1.
Note that we have also calculated σ(t), for N = 3 and
r ≈ 100, up to very long t J = 12000, where it still in-
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FIG. 2. (Color online) Site dependence of the density profile
〈ni(t)〉 for ∆ = 1 and W/J = 1 at (a) times tJ = 0, 10, 100,
and 1000 for N = 2 particles and (b) at fixed time tJ = 1000
for N = 2, 3 and 4 particles, both in a semi-log plot. In (a)
exponential fits to the tails are indicated. Insets: Lin-lin plots
with a Lorentzian fit indicated in (a).

creases significantly, see Fig. 1. This ongoing increase
could be a signature of a diverging localization length
and would be consistent with the delocalized phase at
N = L/2 for this choice of ∆ and W . Finally, the time
dependence of σ(t) is for all cases inconsistent with nor-
mal diffusion, where σ(t) ∝ t1/2, which has been found
so far only in few disorder-free cases58,59. In fact, we
find σ(t) ∝ t1/4 on intermediate time-intervals. The lat-
ter becomes more pronounced for larger N . This scaling
is also expected for the chaotic spreading of nonlinear
wave packets in disordered potentials44,53. Nevertheless,
our data is not sufficient to state conclusively whether
the observed agreement indeed indicates subdiffusion or
whether it is essentially cross-over effect.
In clear contrast, for short times, σ(t) in the inset of

Fig. 1 is larger for smaller N , inverse to the long-time
behavior discussed so far. This short-time behavior sim-
ply reflects that fewer particles expand in a more empty
lattice. Here, disorder is not relevant yet.
To gain insight into the origin of the slow dynamics

of σ(t), we depict in Fig. 2 time snapshots of the site
dependence of the underlying density profile 〈ni(t)〉 for
N = 2 in a semi-log plot. For simplicity, we focus only on
the right part of the symmetric function. While the pro-
files are well approximated by Lorentzians around their
center, see inset of Fig. 2 (a), the tails show a different be-
havior. Remarkably, they are well described by exponen-
tials over orders of magnitude, as expected for Anderson-
localized states1,55, but here for interacting particles; see
Ref. 60 for a similar decay behavior. We have found
similar behavior for N = 3 and 4. In fact, as shown in
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FIG. 3. (Color online) Log-log plot of the time-dependence
of the inverse decay constant ξ for ∆ = 1 and W/J = 1. The
crossover behavior is similar to the one found for the variance
σ(t); see inset of Fig. 1. Dashed line indicates power-law fit
with ξ ∝ t0.21 for N = 4 supports sub-diffusive expansion of
σ(t) as discussed above.

Fig. 2 (b), the spatial decay appears to be very similar
for different N at fixed t.
In the following, we are going to quantify this by ex-

tracting localization lengths from in Fig. 2 shown expo-
nential tails according 〈ni〉 ∝ exp(−i/ξ). As usual local-
ization lengths are then denoted as the inverse decay con-
stant, i.e., l := ξ. Fig. 3 shows the time-evolution of ξ for
N = 2 and 4 in the time-interval 80 ≤ tJ ≤ 1000. Note
that for t < 80 exponential tails do not yet exist properly
and density profiles are governed by the Lorentzian-type
expansion at the center. Moreover since this Lorentzian-
type behavior persists for all times and deviation from
exponential decay may occur at the edges of the chain, we
fit the tails only for 60 ≤ i ≤ 90. Remarkably, the time
evolutions show a similar behavior with respect to differ-
ent particle numbers as the variance σ discussed above,
i.e., at the beginning of the aforementioned time-interval
the localization length is the larger the less particles are
taken into account but it also increases the slower. Thus,
subsequently at large times the localization length is the
larger the more particles are taken into account. How-
ever, here the crossover occurs at much larger times than
above. A power-law fit (see dashed lines in Fig. 3) sug-
gests that for N = 4 it scales as ξ ∝ t0.21 for the entire
interval shown. This is rather close to a sub-diffusive ex-
pansion with σ(t) ∝ t1/4 and thus supports the idea that
the slow growth of the tails yields sub-diffusive expansion
(at least in a certain interval for the particles numbers
considered here).

IV. LOCALIZATION LENGTH

Next, we turn to the localization length l which is here
only analysed for N ≤ 2 since for more particles satura-
tion is not observed on time-scales investigated here. In
Fig. 4 we summarize our results for the ∆ and W depen-
dence of l for the two-particle case. There, we observe a
clear saturation of σ(t) at times t J = 5000 for all ∆ and

W considered, cf. Fig. 1. Thus, l ≈ σ(t J = 5000). In
order to check saturation we also calculated σ(t = 107)
and found σ(t = 107) ≈ σ(5000); data not shown for
clarity.

According to Fig. 4, the localization length l is finite
for all parameters depicted. Clearly, at fixed interac-
tion strength ∆, l increases as disorder W is decreased.
At fixed W , l increases with interaction strength for
∆ ≤ ∆max ≈ 0.75. The decrease of l for ∆ > 0.75
occurs since our initial state is an eigenstate of the Ising
limit ∆ → ∞. This might be seen as running into local-
ized states comparable to Mott states2. In Appendix B,
we provide results for W/J = 0.7, 1 for large interaction
strengths, i.e., up to ∆ ≤ 14, that visualize this behav-
ior. Note that for ∆ → ∞, bosons act like free fermions,
i.e., there is no Mott insulting phase. Moreover, we find
that the two-particle localization length l2 := l(∆ 6= 0)
scales approximately linear with the one-particle localiza-
tion length l1 := l(∆ = 0), at least in the disorder regime
0.7 ≤ W ≤ 1.25. This becomes apparent from the en-
hancement factor λ = l2/l1 in Fig. 4 (inset). λ appears
to be almost independently of W , and hence of l1, and
is largest in the region ∆ ≈ ∆max where λ ≈ 1.4. This
is significantly different from the enhancement factor for
bosons with, e.g., contact interaction where λ increases
monotonously with l1 at least in the regime of interme-
diate disorder, see e.g. Refs. 41–46. The dependence of
λ on the interaction strength for bosonic models appears
to be under dispute. E.g. in Refs. 41–44 the authors
find also a monotonous increase of λ with interaction
strength, whereas in Refs. 45 and 46 the authors find a
similar behavior as the one at hand with a distinct inter-
action strength for which the enhancement is strongest
(see Appendix B). Nevertheless in comparison to our re-
sults, there are still significant differences e.g. regarding
the maximum enhancement and its distinct interaction
strength; see Refs. 45 and 46 for details.
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FIG. 4. (Color online) Dependence of the N = 2 localization
length l on the interaction strength ∆ for various disorders
W , as obtained from σ(t) at times t J = 5000. Inset: The
same data as in main panel but for the relative localization
length λ = l(∆)/l(∆ = 0).
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FIG. 5. (Color online) Local density correlator Ci,δ(t) vs.
site i and distance δ for N = 2 particles, W/J = 1, and fixed
time tJ = 3500. (a) shows results for the noninteracting case
∆ = 0 and (b) for the interacting case ∆ = 1.

V. LOCAL DENSITY CORRELATIONS

Finally, we intend to shed light on the nature of the
transport process and on the differences between nonin-
teracting and interacting cases, i.e., ∆ = 0 and ∆ 6= 0,
respectively. To this end, we consider the local density
correlator

Ci,δ(t) =
〈ni(t)ni+δ(t)〉
〈ni(t)〉〈ni+δ(t)〉

(5)

of site i and another site in distance δ, both at a given
time t. This correlation function can be interpreted as
the probability to find simultaneously site i and i + δ
occupied, weighted by their individual occupation prob-
ability. Thus, compared to similar correlator definitions,
see e.g. Refs. 43, 47, and 48, ours is apt to display corre-
lations even if 〈ni(t)ni+δ(t)〉 is very small; here especially
in the outer tails, see Fig. 2. Note that, uncorrelated sites
have Ci,δ(t) ≈ 1/2.

In Fig. 5 we show ourN = 2 results for Ci,δ(t) in a color
map vs. site i and distance δ for interactions turned off
(∆ = 0) and interaction turned on (∆ = 1), focusing on
long times t J = 3500 and intermediate disorder W/J =
1. For the ∆ = 0 case in Fig. 5(a), there generally is
no strong enhancement of correlations. The horizontal
line visible, corresponding to site i ≈ L/2 and arbitrary
δ, has the slightly enhanced value ≈ 0.6. Note that the
diagonal line is equivalent to the horizontal one. Thus
these lines suggest that one particle moves freely while
the other remains at the initial site. For the ∆ = 1
case in Fig. 5(b), correlations are much more enhanced.
A striking feature are strong correlations at i ≪ L/2
and i ≫ L/2 but with a small δ. These correlations
suggest that the two particles do not move independently
and stay close to each other during the time evolution,
in clear contrast to the noninteracting case ∆ = 0; cf.
Refs. 47, 48, and 61 for results on the disorder-free case
and Refs. 41 and 43 for bosons.

VI. SUMMARY AND CONCLUSIONS

In summary, we investigated real-space localization in
the few-particle regime of the XXZ spin-1/2 chain with a
random magnetic field. Our investigation focused on the
time evolution of the spatial variance of non-equilibrium
densities, as resulting for a specific class of initial states,
namely, pure states of densely packed particles. We
showed that our non-equilibrium dynamics are clearly
inconsistent with normal diffusion and instead point to
subdiffusive dynamics. For the two-particle case, our
numerical results indicated that interactions lead to an
increased but still finite localization length for all pa-
rameters considered, whereas for three and four particles
saturation of the variance is not observed on time-scales
manageable numerically here. We also found that this
interaction-induced broadening of the non-equilibrium
densities is the stronger the more particles are taken
into account in the initial condition. We also performed
an investigation of the scaling behavior of the localiza-
tion length with particle-particle interaction strength and
strength of the magnetic fields where our results differ
significantly from those known for bosons. Finally, we
also provided evidence that the cases of non-interacting
and interacting particles can be distinguished in terms
of local density correlations. Our corresponding results
further suggested that two interacting particles cannot
move independently and stay close to each other during
the time evolution in accordance with other works.
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Appendix A: Statistical Errors

As the local magnetic fields hi are drawn at random,
σi(t) is randomly distributed around its mean 〈σ(t)〉 and
it is necessary to estimate statistical errors. In Fig. 6 his-
tograms for the individual deviations ǫi(t) = σi(t)−〈σ(t)〉
at fixed time t J = 5000, interaction ∆ = 1, and disorder
W/J = 1 are shown. Note that we also computed the er-
rors for all the other parameter choices in the same way
as described below. For N = 2 and 3 the distributions
are of Gaussian type while for N = 1 the distribution is
slightly asymmetric. Interestingly, the distributions be-
come broader as the particle number is increased.
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In the inset of Fig. 6 we show the time evolution of

〈ǫ2(t)〉 = 1

r

r∑

i=1

ǫi(t)
2, (A1)

for the same set of parameters. The time dependence
of 〈ǫ2(t)〉 is similar to the one of 〈σ(t)〉 itself; however,
〈ǫ2(t)〉 < 〈σ(t)〉. Furthermore, for N = 1 and 2, the
time scale where 〈ǫ2(t)〉 saturates at its maximum is also
comparable. For N = 3, 〈ǫ2(t)〉 still increases in the
long-time limit, just as 〈σ(t)〉.
Given the Gaussian form in Fig. 6, we can estimate the

error of determining 〈σ(t)〉 by r realizations from

√

〈ǫ2(t)〉
r

. (A2)

We choose r such large that this error is smaller than
the symbol sizes used in the corresponding figures, i.e.,
typically r > 1000.

Appendix B: Two-particle localization length for

large interaction strengths

As pointed out in the main text, the two-particle lo-
calization length l decreases if the interaction strength
increases beyond a certain threshold. This fact is visual-
ized for W/J = 0.7, 1 and ∆ ≤ 14 in Fig. 7. Indeed the
localization lengths decreases rather strong for increasing
interaction strength. For comparison, the smallest local-
ization length, i.e., when both particles are localization
on adjacent sites with l = 1/

√
2, is displayed (dashed

line). Note that our initial states are constructed to fea-
ture this value in the beginning. Clearly, for both dis-
order strengths the localization length tends toward this
value in the large interaction regime. This also means
that (detectable) dynamics of the system are not present
anymore. For bosons such behavior in the high interac-
tion regime is, as pointed out in the main text, a dis-
puted topic. Some works propose a constant increase of
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FIG. 6. (Color online) Histogram of ǫi(t) = σi(t)− 〈σ(t)〉 for
N = 1, 2, and 3 at fixed t J = 5000 (∆ = 1, W/J = 1, and
L = 100). Clearly, the overall shape is Gaussian (solid lines)
and the width grows with N . Inset: Time evolution of 〈ǫ2(t)〉
for the same parameters.
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FIG. 7. (Color online) Two-particle localization length for
W/J = 0.7, 1 and strong interaction, i.e., ∆ ≤ 14. For com-
parison the smallest localization length l = 1/

√
2 (which is

also the initial localization of our initial states) is displayed
(dashed line). Obviously, l2 tends to this value in the large
interaction regime, i.e., there are no significant dynamics
present anymore. Statistical errors are smaller than symbol
size.

the localization length with interaction strengths while
others find also decreasing localization lengths as pre-
sented here. However, the differences between such re-
sults on bosons and our results remain quantitatively sig-
nificant see e.g. Ref. 46 for results on the same interaction
strength regime. Ref. 45 even shows that in the large in-
teraction regime the enhancement vanishes, i.e., l2 ≈ l1.
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M. H. Fischer, R. Vosk, E. Altman, U. Schneider, and
I. Bloch, Science 349, 842 (2015).

24 S. S. Kondov, W. R. McGehee, W. Xu, and B. DeMarco,
Phys. Rev. Lett. 114, 083002 (2015).
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U. Schollwöck, and T. Giamarchi, Phys. Rev. A 78, 023628
(2008).

40 J. Hauschild, F. Heidrich-Meisner, and F. Pollmann, Phys.
Rev. B 94, 161109 (2016).

41 D. L. Shepelyansky, Phys. Rev. Lett. 73, 2607 (1994).
42 K. Frahm, EPJ B 10, 371 (1999).
43 D. O. Krimer, R. Khomeriki, and S. Flach, JETP Letters

94, 406 (2011).

44 M. V. Ivanchenko, T. V. Laptyeva, and S. Flach, Phys.
Rev. B 89, 060301 (2014).

45 I. V. Ponomarev and P. G. Silvestrov, Phys. Rev. B 56,
3742 (1997).

46 K. M. Frahm, EPJ B 89, 115 (2016).
47 M. Ganahl, E. Rabel, F. H. L. Essler, and H. G. Evertz,

Phys. Rev. Lett. 108, 077206 (2012).
48 T. Fukuhara, P. Schauß, M. Endres, S. Hild, M. Cheneau,

I. Bloch, and C. Gross, Nature 502, 76 (2013).
49 R. Steinigeweg, J. Herbrych, X. Zotos, and W. Brenig,

Phys. Rev. Lett. 116, 017202 (2016).
50 T. A. Elsayed and B. V. Fine, Phys. Rev. Lett. 110, 070404

(2013).
51 P. Jordan and E. Wigner, Z. Phys. 47, 631 (1928).
52 R. Steinigeweg, J. Gemmer, and M. Michel, Europhys.

Lett. 75, 406 (2006).
53 T. V. Laptyeva, J. D. Bodyfelt, D. O. Krimer, C. Skokos,

and S. Flach, EPL (Europhysics Letters) 91, 30001 (2010).
54 The build-up errors ǫ arising from the Runge-Kutta algo-

rithm remain much smaller, due to the very small iteration
step, than the symbol sizes we use. In fact ǫ ∼ O(Ndt4)
where N denotes the number of iteration steps. See, e.g.,
Ref. 62 for details.

55 E. Abrahams, P. W. Anderson, D. C. Licciardello, and
T. V. Ramakrishnan, Phys. Rev. Lett. 42, 673 (1979).

56 M. Aizenman and S. Warzel, Commun. Math. Phys. 290,
903 (2009).

57 D. J. Luitz, N. Laflorencie, and F. Alet, Phys. Rev. B 93,
060201 (2016).

58 R. Steinigeweg, EPL 97, 67001 (2012).
59 R. Steinigeweg, J. Herbrych, P. Prelovšek, and M. Mierze-
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The real-time broadening of density profiles starting from non-equilibrium states is at the center
of transport in condensed-matter systems and dynamics in ultracold atomic gases. Initial profiles
close to equilibrium are expected to evolve according to linear response, e.g., as given by the current
correlator evaluated exactly at equilibrium. Significantly off equilibrium, linear response is expected
to break down and even a description in terms of canonical ensembles is questionable. We unveil
that single pure states with density profiles of maximum amplitude yield a broadening in perfect
agreement with linear response, if the structure of these states involves randomness in terms of
decoherent off-diagonal density-matrix elements. While these states allow for spin diffusion in the
XXZ spin-1/2 chain at large exchange anisotropies, coherences yield entirely different behavior.

PACS numbers: 05.60.Gg, 71.27.+a, 75.10.Jm

I. INTRODUCTION

The mere existence of equilibration and thermaliza-
tion is a key issue in many areas of modern many-body
physics. While this question has a long and fertile his-
tory, it has experienced an upsurge of interest in recent
years [1] due to the advent of cold atomic gases [2] as well
as due to the discovery of new states of matter such as
many-body localized phases [3]. In particular, the the-
oretical understanding has seen substantial progress by
the fascinating concepts of eigenstate thermalization [4–
6] and typicality of pure quantum states [7–14] as well as
by the invention of powerful numerical methods such as
density-matrix renormalization group [15]. Much less is
known on the route to equilibrium as such [16] and still
the derivation of the conventional laws of (exponential)
relaxation and (diffusive) transport on the basis of truly
microscopic principles is a challenge to theory [17].
In strictly isolated systems any coupling to heat baths

or particle reservoirs and any driving by external forces
is absent. In such systems, the only possibility to induce
a non-equilibrium process is the preparation of a proper
initial state. While different ways of preparation can be
chosen, a sudden quench of the Hamiltonian is a common
preparation scheme [18]. However, once a specific state

∗ rsteinig@uos.de
† jgemmer@uos.de

is selected, a crucial question is: To what extent is this
state a non-equilibrium state? To answer this question,
it is natural to measure the observable one is interested
in. If the expectation value is far from equilibrium, the
state should be also. If this value is close to equilibrium,
the state should be correspondingly. Moreover, only in
the latter case, the resulting dynamics of the expectation
value and linear response theory are expected to agree
with each other. While this line of reasoning is certainly
intuitive, it neglects internal degrees of freedom of the
initial state. In particular, the measurement of a single
observable cannot detect if the underlying state is pure
or mixed, entangled or non-entangled, etc. Therefore, an
intriguing question is: Do such internal details play any
role for the dynamics of an expectation value?

In this paper, we investigate exactly this question for
the anisotropic spin-1/2 Heisenberg chain. Dynamics in
this integrable many-body model has been under active
scrutiny in various theoretical works and, in particular,
spin dynamics constitutes a demanding problem resolved
only partially despite much effort [19–40], even within the
linear response regime and at high temperatures. While
it has become clear that quasi-local conservation laws
[25, 26] necessarily lead to ballistic behavior below the
isotropic point, numerical studies [36–39] have reported
signatures of diffusion above this point, in agreement
with perturbation theory [39] and classical simulations
[40].
To investigate spin transport, we first introduce a class

of pure initial states. These initial states feature identical
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density profiles, where a maximum δ peak is located in
the middle of the chain and lies on top of a homogeneous
background, similar to [38]. For a subclass with internal
randomness we then show analytically that the resulting
non-equilibrium dynamics can be related to equilibrium
correlation functions via the concept of typicality. This
relation is verified in addition by large-scale numerical
simulations. These numerical simulations also unveil the
existence of remarkably clean diffusion for large exchange
anisotropies, as one of our central findings. Eventually,
we demonstrate that entirely different behavior emerges
without any randomness in the initial state.

II. MODEL AND OBSERVABLES

The Hamiltonian of the XXZ spin-1/2 chain with pe-
riodic boundary conditions reads

H = J

L
∑

r=1

(Sx
r S

x
r+1 + Sy

rS
y
r+1 +∆Sz

rS
z
r+1) , (1)

where Sx,y,z
r are spin-1/2 operators at site r, L is the

number of sites, J > 0 is the antiferromagnetic exchange
coupling constant, and (∆ − 1) is the anisotropy. For
all parameters, this model is integrable in terms of the
Bethe Ansatz and the total magnetization Sz =

∑

r S
z
r

is a strictly conserved quantity. We take into account all
subsectors of Sz, i.e., we consider the case 〈Sz〉 = 0. We
note that, via the Jordan-Wigner transformation, this
model can be mapped onto a chain of spinless fermions
with particle interactions of strength ∆ and total particle
number N = Sz +L/2, i.e., 〈N〉 = L/2 (see Appendix A
for the half-filling case N = L/2).
We are interested in the non-equilibrium dynamics of

the local occupation numbers nr = Sz
r +1/2. Specifically,

we consider the expectation values pr(t) = tr[nr ρ(t)] for
the density matrix ρ(t) at time t. In this way, we study
the time-dependent broadening of density profiles for a
given initial state ρ(0). In this paper, we focus on pure
states ρ(0) = |ψ(0)〉〈ψ(0)|.

III. INITIAL STATES

Obviously, it is possible to choose many different initial
states |ψ(0)〉 and the resulting dynamics can depend on
details of the specific choice. A frequently used prepa-
ration scheme is a quantum quench, i.e., |ψ(0)〉 is the
eigenstate of another Hamiltonian. In this paper, how-
ever, we proceed in a different way.
To introduce our class of initial states, let |ϕk〉 be the

common eigenbasis of all nr, i.e., the Ising basis. Then,
this class reads

|ψ(0)〉 ∝ nL/2 |Φ〉 , |Φ〉 =
2L
∑

k=1

ck |ϕk〉 , (2)

where ck are complex coefficients and nL/2 projects onto
Ising states with a particle in the middle of the chain. By
construction, pL/2(0) = 1 is maximum.
In the above class, a particular state is the one where

all ck are the same. It yields pr 6=L/2(0) = peq. = 1/2
and still pL/2(0) = 1. Hence, its density profile has a
δ peak on top of a homogeneous background. However,
exactly this density profile also results when the ck are
drawn at random according to the unitary invariant Haar
measure [11] (where real and imaginary part of the ck are
drawn from a Gaussian distribution with zero mean, as
done in our numerical simulations perfomed below). In
other words, it is impossible to distinguish the two states
with equal and random coefficients by a measurement
of their initial density profiles pr(0) [41]. Only at times
t > 0, their density profiles pr(t) can be different, if these
density profiles differ at all. Note that similar pr(0) have
been studied in Ref. [38].
Because our initial states are pure and have maximum

pL/2(0) = 1 as well, these states have to be considered as
far-from-equilibrium states. Thus, it is natural to expect
that the resulting dynamics of pr(t) cannot be described
by linear response theory. However, such a expectation
turns out to be wrong for the case of random ck. In this
case, |Φ〉 is a typical state [7–14], i.e., a trace tr[•] can
be approximated by the expectation value 〈Φ| • |Φ〉 with
high accuracy in large Hilbert spaces. Using this fact and
exact math (see Appendix B for more details), we find
the relation

pr(t)− peq. = 2 〈(nL/2 − peq.)(nr(t)− peq.)〉 , (3)

where 〈•〉 = tr[•]/2L. This relation is a first main result
of our paper. It unveils that the expectation value pr(t)
of a far-from-equilibrium state is directly connected to a
equilibrium correlation function. It is important to note
that such a relation cannot be derived for the other case
of equal ck (see also Appendix C for the specific type of
randomness).
Due to the above relation, it is also possible to connect

our non-equilibrium dynamics to the Kubo formula. To
this end, one has to define the spatial variance

σ(t)2 =

L
∑

r=1

r2 δpr(t)−
[

L
∑

r=1

r δpr(t)
]2

(4)

with δpr(t) = 2(pr(t)−peq.) and
∑L

r=1 δpr(t) = 1. Then,
following Ref. [42], it is straightforward to show that the
time derivative of this variance

d

dt
σ(t)2 = 2D(t) (5)

is given by the time-dependent diffusion coefficient

D(t) =
4

L

∫ t

0

dt′ 〈j(t′)j〉 , (6)

where j =
∑L

r=1 S
x
r S

y
r+1−Sy

rS
x
r+1 is the well-known spin

current. For ∆ = 0, [j,H ] = 0 leads to D(t) ∝ t such that
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FIG. 1. (Color online) Time-space density plot of occupation
numbers pr(t) for a typical initial state |ψ(0)〉 in the XXZ
spin-1/2 chain with L = 36 sites and different anisotropies:
(a) ∆ = 1.5, (b) ∆ = 1.0, (c) ∆ = 0.5. The broadening in (a)
is consistent with a diffusive process while the broadening in
(c) is ballistic.

σ(t) ∝ t2 scales ballistically. The partial conservation of j
for ∆ < 1 [19–31] also excludes diffusive scaling σ(t)2 ∝ t
in this ∆ regime. In fact, signatures of diffusion at high
temperatures have been found only in the regime of large
anisotropies ∆ > 1 [36–39]. Note that σ(t)2 ∝ t is merely
a necessary and no sufficient criterion for diffusion since,
by definition, the variance yields no information beyond
the width of the distribution δpr(t). This is why we study
the full space dependence. For a recent numerical survey
of Eq. (5), see [45].

IV. NUMERICAL METHOD AND RESULTS

Numerically, the time evolution of a pure state |ψ(t)〉
can be calculated by the method of full exact diagonal-
ization. But this method is restricted to L ∼ 20 sites,
even if symmetries such as the translation invariance of
H are taken into account. Thus, we proceed differently
and rely on a forward propagation of |ψ(t)〉 in real time.
Such a propagation can be done by the use of fourth-order
Runge-Kutta [14, 30, 31] or more sophisticated schemes
such as Trotter decompositions or Chebyshev polynomi-
als [43, 44]. Here, we use a massively parallelized im-
plementation of a Chebyshev-polynomial algorithm. In
this way, we can treat system sizes as large as L = 36.
For such L, we can guarantee that the initial δ peak is
located sufficiently far from the boundary of the chain.
Otherwise, we would have to deal with trivial finite-size
effects and also Eq. (5) would not hold [42].
Next, we turn to our numerical results, starting with

a typical initial state |ψ(0)〉, i.e., the case of random ck.
For a single realization of this state, we summarize in Fig.
1 the resulting expectation value pr(t) in a 2D time-space
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FIG. 2. (Color online) (a) Density profile pr(t) with respect
to site r at fixed times tJ = 0, 5, 10, 20 for a single anisotropy
∆ = 1.5 (and the parameters in Fig. 1), shown in a semi-log
plot (symbols). The Gaussian fits indicated describe the data
very well over several orders of magnitude (curves). (b) Time
dependence of diffusion coefficient D(t) and profile width σ(t)
according to linear response theory, calculated in Ref. [31] for
the same anisotropy ∆ = 1.5 and L = 34 sites (curves). For
comparison, the standard deviation σ(t) of the Gaussian fits
in (a) is depicted (symbols).

density plot for different anisotropies ∆ = 1.5, 1.0, 0.5
and a large system with L = 36 sites. Several comments
are in order. First, for all values of ∆ shown, the initial
δ peak monotonously broadens as a function of time and
the non-equilibrium density profiles have the irreversible
tendency to equilibrate. Such equilibration is non-trivial
in view of our isolated and integrable model. Second, for
times below the maximum tJ = 20 depicted, the spatial
extension of the density profiles is still smaller than the
length of the chain. Thus, unwanted boundary effects do
not emerge for such times. Third, the broadening of the
density profiles is faster for smaller values of ∆ because
the scattering due to particle interactions decreases as ∆
decreases. Moreover, for the small ∆ = 0.5 in Fig. 1 (c),
the width of the density profile clearly increases linearly
as a function of time. This linear increase is the expected
ballistic dynamics arising from partial conservation of the
spin current. In contrast, for the larger ∆ = 1.5 and 1.0
in Figs. 1 (a) and (b), the width of the density profiles
does not increase linearly and is rather reminiscent of a
square-root behavior. However, such a conclusion is not
possible on the basis of a density plot.

To gain insight into the dynamics at ∆ = 1.5, we depict
in Fig. 2 (a) the site dependence of the expectation values
pr(t) at fixed times tJ = 0, 5, 10 and 20. Conveniently,
we subtract the equilibrium value peq. and use a semi-log
plot to visualize also the tails of the density profiles. As
illustrated by fits, the site dependence can be described
by Gaussians (with σf(t) as the only fit parameter)

pr(t)− peq. =
1

2

1√
2π σf(t)

exp

[

− (r − L/2)2

2 σf(t)2

]

(7)
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FIG. 3. (Color online) The same data as depicted in Fig. 1
but now for the anisotropy ∆ = 1.0. In (a) the Gaussian fits
cannot describe the tails of the density profiles accurately. In
(b) the standard deviation of these fits (open symbols) and
according to Eq. (4) (closed symbols) still agrees with linear
response; however, the time dependence is clearly inconsis-
tent with diffusion. Note that finite-size effects are negligibly
small, see Appendix D.

and, remarkably, over several orders of magnitude. Such
a pronounced Gaussian form of the density profiles is a
second main result of our paper and has, to best of our
knowledge, not been reported in the literature yet. This
result unveils that the standard deviation σf(t) is not just
a width but also the only parameter required to describe
the full site dependence. Furthermore, the Gaussian form
is one of the clearest signatures of diffusion so far. Still,
diffusion requires that σf(t) scales as σf(t) ∝

√
t.

To further judge on diffusion, we show in Fig. 2 (b) the
standard deviation σf(t), as resulting from the Gaussian
fits in Fig. 2 (a). We further depict linear-response results
for σ(t) in Eq. (5) and the underlying D(t) in Eq. (6), as
calculated in Ref. [31] for L = 34 ∼ 36. On the one hand,
the excellent agreement shows the very high accuracy of
the typicality relation in Eq. (3). On the other hand, this
agreement demonstrates that the known linear-response
result σ(t) ∝

√
t, resulting from D(t) ≈ const. at such

t [31, 38, 39], also holds for our non-equilibrium density
dynamics. Hence, together with the Gaussian form, we
can conclude that diffusion exists.

An analogous analysis for the isotropic point ∆ = 1.0
in Fig. 3 (a) shows that simple Gaussians are not able to
describe the tails of the density profiles accurately. This
is why the standard deviation σf(t) of corresponding fits
slightly deviates from the linear-response result in Fig. 3
(b). But these deviations disappear if σ(t) is calculated
exactly according to Eq. (4). Most notably, however, the
time dependence of σ(t) is inconsistent with diffusion, as
can be seen easiest from the non-constant D(t). In fact,
σ(t) points to superdiffusion [37, 40], contrary to [46].

Now, we turn to the untypical initial state |ψ(0)〉, i.e.,
the case of equal ck. Recall that for this state we obtain
the same initial density profile but the relations in Eqs.

1
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FIG. 4. (Color online) Time-space density plot of occupation
numbers pr(t) for another and untypical initial state |ψ(0)〉
in the XXZ spin-1/2 chain with L = 36 sites and different
anisotropies: ∆ = 1.5, (b) ∆ = 1.0, (c) ∆ = 0.5. Compared
to Fig. 1, the dynamics is frozen in (a), similar to [33], and
features pronounced jets in (c).

(3) and (5) do not need to hold. In Fig. 4 we summarize
the resulting expectation values pr(t) in a 2D time-space
density plot again. Compared to Fig. 1, the broadening
turns out to be clearly different. The dynamics is frozen
for ∆ = 1.5 in Fig. 4 (a) and features pronounced jets
for ∆ = 0.5 in Fig. 4 (c). In particular, we do not find
obvious indications of equilibration, at least for all times
considered. These observations constitute a third main
result of our paper. This result suggests that the lack of
internal randomness in the initial condition is essential
for the observation of non-equilibrium dynamics beyond
linear response theory.
Finally, let us briefly mention another property of the

untypical initial state |ψ(0)〉, which could be responsible
for the special dynamics found. This property is the lack
of entanglement. In fact, it is easy to see that |ψ(0)〉 can
be written as the product state

|ψ(0)〉 ∝ . . . (|↑〉+ |↓〉) ⊗ |↑〉 ⊗ (|↑〉+ |↓〉) . . . (8)

with a spin-up state | ↑〉 in the middle of the chain and
a spin-up/spin-down superposition | ↑〉+ | ↓〉 at all other
sites. By definition, such a product state is not entangled
at all. In clear contrast, the typical initial state cannot
be written as a product state.

V. CONCLUSIONS

In this paper, we have investigated the real-time broad-
ening of non-equilibrium density profiles in the spin-1/2
XXZ chain. First, we have introduced a class of pure
initial states with identical density profiles where a max-
imum δ peak is located in the middle of the chain. Then,
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FIG. 5. (Color online) The same data as shown in Fig. 4 but
now for the half-filling sector Sz = 0.

we have shown for a subclass with internal randomness
that the resulting non-equilibrium dynamics can be con-
nected to equilibrium correlation functions via the con-
cept of typicality. This analytical result has been also
verified by large-scale numerical simulations. These nu-
merical simulations have further unveiled the existence
of diffusion for large exchange anisotropies, as one of our
key results. Finally, we have demonstrated that entirely
different behavior emerges without any randomness in
the initial state. Promising future directions of research
include the identification of typical and untypical initial
states in non-integrable models, in many-body localized
phases, and at low temperatures as well as a systematic
analysis of the role of entanglement.
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Appendix A: Half-Filling Sector

To demonstrate that our results do not depend on our
specific choice of 〈Sz〉 = 0, we do the calculation in, e.g.,
Fig. 4 again for the half-filling sector Sz = 0. We depict
the corresponding results in Fig. 5. It is clearly visible
that the real-time broadening of the expectation values
pr(t) is practically the same, apart from minor details
related to peq. ≈ 1/2 in the half-filling case.

Appendix B: Typicality Approximation

Here, we provide details on the calculation leading to
the relation in Eq. (3) of the main text. By carrying out
the multiplication of the two brackets in the correlation
function

C(t) = 2 〈(nL/2 − peq.)(nr(t)− peq.)〉+ peq. (B1)

and applying 〈nr(t)〉 = peq., we obtain

C(t) = 2 〈nL/2 nr(t)〉 = 2
tr[nL/2 nr(t)]

2L
. (B2)

Using n2
L/2 = nL/2 and a cyclic permutation in the trace,

we get

C(t) = 2
tr[nL/2 nr(t)nL/2]

2L
. (B3)

Exploiting typicality of the pure state |Φ〉, the correlation
function can be rewritten as

C(t) = 2
〈Φ|nL/2 nr(t)nL/2 |Φ〉

〈Φ|Φ〉 + ǫ (B4)

with the small error ǫ ∝ 2−L/2. Due to n†

L/2 = nL/2, this

expression becomes

C(t) = 2
〈nL/2 Φ|nr(t) |nL/2 Φ〉

〈Φ|Φ〉 + ǫ (B5)

and, due to nr(t) = eıHt nr e
−ıHt, it reads

C(t) =
〈e−ıHt nL/2 Φ|nr |e−ıHt nL/2Φ〉

〈Φ|Φ〉/2 + ǫ , (B6)

where we have moved in addition the factor 2 from the
front to the denominator. Finally, due to the definition
of |ψ(0)〉, we can write

C(t) = 〈ψ(t)|nr |ψ(t)〉 + ǫ = pr(t) + ǫ . (B7)

Therefore, comparing Eqs. (B1) and (B7) and skipping
the small error ǫ for clarity yields

pr(t)− peq. = 2 〈(nL/2 − peq.)(nr(t)− peq.)〉 . (B8)

Appendix C: Specific Type of Randomness

As stated in the main text, the relations in Eqs. (3) and
(5) have to be understood for typical states |Φ〉 drawn at
random according to the unitary invariant Haar measure
(where real and imaginary part of the ck are drawn from
a Gaussian distribution with zero mean). However, it is
instructive to consider other types of randomness. Thus,
we choose

ck ∝ eı αk (C1)
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FIG. 6. (Color online) Time-space density plot of occupation
numbers pr(t) in the spin-1/2 XXZ chain with L = 30 sites
and a single anisotropy ∆ = 1.5 for three different types of
randomness in the pure initial state: (a) random amplitudes,
(b) random phases, (c) random product state; see text for the
detailed definitions.
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FIG. 7. (Color online) Density profile pr(t) with respect to
site r at a single time tJ = 10 for the two system sizes L = 30
and L = 36 and for the two anisotropies (a) ∆ = 1.5 and (b)
∆ = 1.0 (symbols). Gaussian fits are indicated for comparison
(curves).

with constant amplitudes |ck|2 and random phases αk

drawn from a uniform distribution [0, 2π]. In Fig. 6 (a)
and (b) we compare the resulting real-time broadening
of the expectation values pr(t) for this and the previous
choice of the ck, where we focus on a single anisotropy
∆ = 1.5 and restrict ourselves to a chain length L = 30
to reduce computational effort. The excellent agreement
demonstrates that the specific type of randomness does
not matter. Moreover, constant amplitudes |ck|2 as such
are not responsible for the untypical dynamics observed
in Fig. 4.
Note that not any kind of randomness can yield the

same dynamical behavior. To illustrate this fact, let us
randomize the product state in Eq. (8) of the main text
in the following way: At all sites r 6= L/2 we replace the
spin-up/spin-down superposition |↑〉+ |↓〉 by

eı αr |↑〉+ eı βr |↓〉 (C2)

with site-dependent phases αr, βr drawn from a uniform
distribution [0, 2π]. This randomized product state has
still pr 6=L/2(0) = 1/2 and pL/2(0) = 1. It involves only
2(L− 1) random numbers, in contrast to the state from
the Haar measure with 2L random numbers. In Fig. 6
(c) we depict the resulting dynamics of the expectation
values pr(t). Compared to the two other random cases
in Figs. 6 (a) and (b), the dynamical behavior turns out
to be very different. This difference suggests again that
the lack of entanglement could be the source of untypical
dynamics.

Appendix D: Finite-Size Effects

Eventually, we show that our numerical results for the
real-time broadening of the expectation values pr(t) are
free of significant finite-size effects. To this end, we redo
the t J = 10 calculations in Figs. 2 (a) and 3 (a) for a
smaller but still large system size L = 30. In Fig. 7 we
depict the results of these calculations, together with the
previous L = 36 data. It is clearly visible that finite-size
effects are negligibly small and are not responsible for the
non-Gaussian tails at the isotropic point ∆ = 1.0.
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[22] J. Benz, T. Fukui, A. Klümper, and C. Scheeren, J. Phys.

Soc. Jpn. 74, 181 (2005).
[23] F. Heidrich-Meisner, A. Honecker, D. C. Cabra, and W.

Brenig, Phys. Rev. B 68, 134436 (2003).
[24] S. Fujimoto and N. Kawakami, Phys. Rev. Lett. 90,

197202 (2003).
[25] T. Prosen, Phys. Rev. Lett. 106, 217206 (2011).
[26] T. Prosen and E. Ilievski, Phys. Rev. Lett. 111, 057203

(2013).
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We consider closed quantum systems (into which baths may be integrated) that are driven, i.e.,
subject to time-dependent Hamiltonians. Our point of departure is the assumption that, if systems
start in non-Gibbsian states at some initial energies, the resulting probability distributions of work
may be largely independent of the specific initial energies. It is demonstrated that this assumption
has some far-reaching consequences, e.g., it implies the validity of the Jarzynski relation for a
large class of non-Gibbsian initial states. By performing numerical analysis on integrable and non-
integrable spin systems, we find the above assumption fulfilled for all considered examples. Through
an analysis based on Fermi’s Golden Rule, we partially relate these findings to the applicability of
the eigenstate thermalization ansatz to the respective driving operators.

I. INTRODUCTION

The long-standing question regarding whether, and in
which way, closed finite quantum systems approach ther-
mal equilibrium has recently gathered renewed attention.
On the theoretical side thermalization and equilibration
have been investigated e.g. for rather abstract settings
[1–6] and also for more specific condensed-matter type
systems [7–10]. In these works major concepts are the
eigenstate thermalization hypothesis (ETH) and typical-
ity, both of which will also play certain roles in the paper
at hand. The developments of experiments on ultra-cold
atoms now allow for testing what have been merely the-
oretical results before; see e.g. Ref. [11–13].
Rather than just the existence of equilibration within
closed quantum systems, lately the very peculiarities of
the dynamical approach to equilibrium have moved to
the center of interest [11, 14]. Questions addressed in
this context include limits on relaxation time scales and
agreement of unitary quantum dynamics of closed quan-
tum systems with standard statistical relaxation princi-
ples, such as Fokker-Planck equations [15–18], or more
general, standard stochastic processes [19, 20]. But also
the emergence of universal non-equilibrium behavior in-
volving work and driven systems is under discussion at
present [21].
To a large extent universal non-equilibrium behav-

ior may be captured by fluctuation theorems, see e.g.

∗ danischm@uos.de
† lknipschild@uos.de
‡ jgemmer@uos.de

Ref. [22] and references therein. The Jarzynski relation
(JR), a general statement on work that has to be invested
to drive processes also and especially far from equilib-
rium, is a prime example of such a fluctuation theorem.
Many derivations of the JR from various starting grounds
have been presented. These include classical Hamiltonian
dynamics, stochastic dynamics such as Langevin or mas-
ter equations, as well as quantum mechanical starting
points [22–27]. However, almost all these derivations as-
sume that the system, that is acted on with some kind of
“force”, is strictly in a Gibbsian equilibrium state before
the process starts. (The notion of “the system” here rou-
tinely includes the bath.) Thus, this starting point differs
significantly from the progresses in the field of thermal-
ization: There, the general features of thermodynamic
relaxation are found to emerge entirely from the system
itself without any necessity of evoking external baths or
specifying initial states in detail. Clearly, the preparation
of a strictly Gibbsian initial state requires the coupling
to a bath prior to starting the process.

This situation renders the question whether or not the
JR is valid for systems starting in other states than Gibb-
sian states rather exigent. Clarifying this question is the
main purpose of the paper at hand. Since counterexam-
ples may be constructed, there cannot be any affirmative
answer without restrictions on the quantum system and
the process protocol. However, previous works [28–31]
have shown that, when the initial state is microcanoni-
cal, the JR does not follow, but a related entropy-from-
work relation emerges instead. The question remains,
however, if and under what conditions the JR holds ap-
proximately for non-canonical initial states. Thus, the
emphasis in the search for the origins of the JR’s validity
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is shifted from specifying the initial state to specifying
the nature of the system.
An intimately related question has lately also been

addressed in Ref. [32]. There the validity of fluctuation
theorems for typical pure initial states is traced back to
certain features of the bath, including the existence of
a “quantum speed limit” (Lieb-Robinson bound) within
the bath. While this argument is certainly valid, it re-
quires rather large baths to apply for enduring processes.
In the examples discussed below, processes are too long
and systems are too small to employ the argument given
in Ref. [32] to explain the validity of the JR. Indeed the
paper at hand offers a largely unrelated, alternative ap-
proach.
The paper at hand is organized as follows: Sect. II

starts with the introduction of our basic hypothesis of
probability distribution functions of work (work pdf’s)
being largely independent of the respective initial en-
ergy for microcanonical initial states. The validity of
the JR is shown to follow from this assumption. In order
to quantify this independence (“stiffness”), we discuss
an appropriate measure which is one main target of the
later numerical investigations. In Sect. III we describe
our spin models as well as the specific microcanonical
initial states and the general form of the work-inducing
protocols. After these introductive sections we finally
present in Sect. IV and V the numerical results on the
stiffness of the work pdf’s and verify the asymptotic va-
lidity of the JR directly. In order to provide indications
that our results may be understood by more fundamental
concepts, i.e., Fermi’s Golden Rule (FGR) and eigenstate
thermalization hypothesis, we also present matrix repre-
sentations of the driving operators and discuss them in
Sect. VI. At last we briefly summarize in Sect. VII and
draw conclusions.

II. STIFFNESS OF WORK PDF’S AND
JARZYNSKI RELATION FOR NON-GIBBSIAN

INITIAL STATES

The analysis at hand focuses exclusively on closed sys-
tems. While it is physically appropriate to interpret the
examples in Sect. III in terms of “considered system” and
“environment” or “bath”, we technically treat the sys-
tem+environment compound regardless of the coupling
strength as one closed system. Thus, since there is no
external source or sink of heat, any energy change of the
full system is to be counted as work W (for an overview
over different perspectives, see e.g. Ref. [33].) In this re-
spect we choose the same starting point as employed in
derivations of the JR as described, e.g., in Ref. [31] and
references therein. However, while in Ref. [31] the as-
sumption of a canonical, Gibbsian initial state is of vital
importance, we base our consideration on much larger
classes of initial states of the full system. The central
role which the assumption of a strictly Gibbsian state
plays in the aforementioned works is replaced by the as-

sumption of “stiffness” of the work pdf’s [as introduced
in detail below in Eq. (5)].

A. Stiffness of Work pdf’s and Jarzynski Relation
for Microcanonical Initial States

We now embark on the detailed presentation of our
approach to a derivation of the JR for microcanonical
initial states. Our initial states are given in terms of
projection operators πα

E,σ. These πα
E,σ are spanned by

the energy eigenstates of some Hamilton operator Hα,
featuring eigenvalues from the interval [E−σ/2, E+σ/2].
The “shell width” σ is supposed to be small compared
to any physical energy scale in the scenario described
below [34]. The parameter α may take on the values
i, f , indicating “initial” and “final”, respectively. The
microcanonical initial states ρi(E) may then be simply
written as:

ρi(E) := πi
E,σ/Tr{πi

E,σ} . (1)

The considered process is driven by a time-dependent
HamiltonianH(t). We denote the duration of the driving
by T such that Hi = H(0) and Hf = H(T ). For later

reference we also introduce the Hamiltonian H̃(t) which

implements the “backward protocol” as H̃(t) := H(T−t).
The forward protocol induces a unitary time-propagation
operator U(t) defined by:

U(t) := T exp

(

−i
∫ t

0

H(t′)dt′
)

, (2)

where T is the time-ordering operator and we tacitly set
~ = 1. The time propagation for the backward protocol
Ũ(t) is defined by an completely analogous expression

based on H̃(t). Now we are set to define the work pdf
for the forward protocol pE(W ), namely the probability
density with which the process consumes an amount of
work W if the system was initialized at energy E and
driven according to H(t):

pE(W ) :=
1

δ
Tr{πf

E+W,δ U(T ) ρi(E)U†(T )} (3)

Here, δ is the energy resolution of the work pdf. For rea-
sonable results it is chosen large compared to the level
spacing of the full system, but small compared to the in-
volved energy scales of E,W . We assume that a range of
such δ exists for which pE(W ) indeed becomes approx-
imately independent of δ. (All our numerical investiga-
tions at hand agree with this assumption, see Appendix
A). Obviously, pE(W ) may equally well be simply per-
ceived as the transition probability density with which
the full system ends up at energy E +W if it started at
E under the forward driving. By p̃E′(W

′) we denote the
corresponding work pdf for the backward protocol. Its
definition is completely analogous to Eq. (3), but with the

replacements E → E′,W → W ′,U(T ) → Ũ(T ), i ↔ f .
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We remark that below in Eq. (5) we will assume a certain
property of the work pdf’s pE(W ), p̃E′(W

′). While this
assumption appears physically plausible, we want to em-
phasize that acquiring any information on the work pdf’s
requires the solution of the time-dependent Schrödinger
equation for the full system, since Eq. (3) comprises the
time propagation operator U(t). Computing the latter is
in general accompanied by great numerical efforts, espe-
cially when the Hamiltonian is explicitly time-dependent
and the underlying Hilbert space is high-dimensional, as
is usually the case for relevant setups in this context; see
e.g. Refs. [35, 36] and Appendix B. We further remark
that a classical version of the approach at hand has al-
ready been mentioned and numerically addressed in [37].
Irrespective of the concrete forms of the work pdf’s,

microcanonical fluctuation theorems [28, 38] offer a con-
nection between the work pdf’s and the densities of states
(DOS) Ωα of the corresponding Hamiltonians Hα:

pE(W )

p̃E+W (−W )
=

Ωf (E +W )

Ωi(E)
. (4)

This microcanonical fluctuation theorem is expected to
hold for dynamics as generated by microreversible Hamil-
tonians H(t) [30]. We note that the models analyzed be-
low are not microreversible in the standard sense [30, 39],
since they involve magnetic fields. However, due to a
property which is somewhat similar to microreversibility,
Eq. (4) applies to these models as well; for details see
Appendix C.
Next we define a property of the work pdf’s which we

call “stiffness”. We call a forward work pdf pE(W ) stiff
if does not depend on the initial energy E. Likewise we
call a backward work pdf p̃E+W (−W ) stiff if it does not
depend on its initial energy E+W . To be more explicit,
stiffness implies

pE(W ) = pE0(W ) , p̃E+W (−W ) = p̃E0(−W ) , (5)

where E0 is some fixed, constant energy. Note that Eq.
(5) is the central assumption from which the validity of
the JR for microcanonical initial states will eventually be
inferred. Of course, Eq. (5) is not expected to hold for
all energies E. Here we only require that the relations
in Eq. (5) hold for energies E from an energy interval
[E0 −∆/2, E0 +∆/2] such that

∫ E0+∆/2

E0−∆/2

pE0(W ) dW ≈ 1 . (6)

This means, the stiffness Eq. (5) must hold at least for an
energy interval which is large enough to comprise almost
the entire work pdf pE0(W ).
If the work pdf’s are indeed stiff, Eq. (4) may be rewrit-

ten as

pE0(W )

p̃E0(−W )
=

Ωf (E +W )

Ωi(E)
. (7)

Obviously, the l.h.s. of Eq. (7) no longer depends on en-
ergy E. This, however, restricts the possible functional
forms of Ωi,Ωf to the following:

Ωi(U)
!
= Zie

βU , Ωf (U)
!
= Zfe

βU , (8)

where U parametrizes the inner energy and should not
be confused with the previously introduced time prop-
agation operator. (So far, Zi, Zf , β are just constants.
Later on they will take the roles of partition functions
and inverse temperature, respectively.) This implies that
stiff work pdf’s can only occur if the DOS’s of the initial
and the final Hamiltonian are both exponential in en-
ergy at least on the energy interval where the pdf’s are
non-negligible, with the same energy prefactor β. Note,
however, that the converse does not hold, i.e., DOS’s in
agreement with Eq. (8) do by themselves neither imply
stiffness of the work pdf’s, nor the validity of the JR for
microcanonical initial states.
Note furthermore that the form of the DOS in Eq. (8)

implies that the respective systems are actually thermal
reservoirs in the following sense: According to a standard
definition of (inverse) temperature [cf. below Eq. (15)]
the temperatures of Hi, Hf are constant over the energy
regime set by the possible amounts of work, W . This
also elucidates for what general type of physical scenario
the validity of Eq. (8) may be reasonably be expected.
Plugging Eq. (8) back into Eq. (4) and rearranging a

little yields:

p̃E+W (−W ) = pE(W )
Zi

Zf
e−βW . (9)

In general, the backward work pdf’s do not neces-
sarily sum up to unity in the following sense [29]:
∫
p̃E+W (W )dW 6= 1. However, under the assumption

of stiffness of the backward work pdf’s in Eq. (5), they
do, i.e.,

∫

p̃E+W (−W )dW =

∫

p̃E0(−W )dW = 1 . (10)

Upon inserting Eq. (9) into Eq. (10) and rearranging one
obtains

∫

pE(W )e−βWdW =
Zf

Zi
, (11)

which formally is a JR for the work pdf’s obtained by
starting from microcanonical initial states, with the tem-
perature replaced by a parameter describing the expo-
nential growth of the DOS of the full system. As such
Eq. (11) already represents the main result of the present
section. Note that Eq. (11) holds for arbitrary processes
and its r.h.s. only contains static, process-independent
model parameters. However, in order to demonstrate
even closer analogy with the standard JR, it remains to
be explained in which sense the r.h.s of Eq. (11) may
be considered as the familiar r.h.s of the standard JR,
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e−β∆F , where F is the free energy. Such an identifica-
tion would hold if

− lnZα

β

?
= Fα . (12)

In order to judge whether or not Eq. (12) is justified,
consider the logarithm of Eq. (8),

lnΩα = lnZα + βU . (13)

If one identifies, along the lines of Boltzmann’s original
approach, the entropy Sα as

lnΩα := Sα (14)

(where we tacitly set kB = 1), one may convert Eq. (13)
into

− lnZα

β
= U − Sα

β
. (15)

Note that, in accordance with Eq. (8), ∂USα = β,
hence β has the meaning of inverse temperature, and
the r.h.s. of Eq. (15) is accordingly the free energy F
as introduced in standard textbooks on phenomenologi-
cal thermodynamics. In this sense Eq. (12) indeed holds,
which entails the rewriting of Eq. (11) in a form closer
to the familiar one:

〈e−βW 〉E = e−β∆F , (16)

where 〈· · · 〉E denotes the microcanonical expectation
value corresponding to energy E. This concludes our
consideration on the validity of a JR for microcanonical
initial states under the assumption of stiff work pdfs.
While we argue below that the JR holds for an even

larger class of initial states, the following sections may
be skipped and reading may be continued in Sect. II D
for a first overview.

B. Typical Validity of Jarzynski Relation for
Random Pure States from an Energy Shell

So far, only microcanonical initial states that are diag-
onal in the energy eigenbasis of the initial Hamiltonian
have been considered. However, some arguments related
to “typicality” suffice to establish that, given the valid-
ity of Eq. (5), the validity of a JR will hold, even for a
very large majority of pure states. Consider to this end
pure states |ψE,σ〉 which are drawn at random according
to the unitary invariant Haar measure from the Hilbert
space spanned by the projector πi

E,σ. The corresponding
work pdf is then given by

pE(W ) :=
1

δ
〈ψE,σ|U†(T )πf

E+W,δ U(T )|ψE,σ〉 . (17)

Of course, here pE(W ) technically depends on the spe-
cific |ψE,σ〉. However, employing the methods and results

of “typicality” [40, 41] one finds for the “Hilbert-space
average” (HA[. . .]) of pE(W ) over the above |ψE,σ〉

HA[pE(W )] =
1

δ
Tr{πf

E+W,δ U(T ) ρi(E)U†(T )} , (18)

which equals the corresponding result for the mixed, mi-
crocanonical initial state ρi(E), cf. Eq. (3). While this
finding points in the direction of the JR being fulfilled
for the vast majority of the |ψE,σ〉, it is, by itself, not
sufficient to conclude for the latter. In order to do so,
it remains to be shown that the corresponding “Hilbert-
space variances” (HV[. . .]) is small. Expressions for such
Hilbert space variances may also be found in the litera-
ture [40, 41]. Prior to computing these expressions for
the current case, we introduce some convenient notation.
Let Σ2(A) denote the variance of the spectrum of some
operator A, with A being Hermitian, i.e., featuring real
eigenvalues. Then the Hilbert-space variance for the work
pdf is given by [40, 41]:

HV[pE(W )] =
Σ2(πi

E,σU
†(T )πf

E+W,δ U(T )πi
E,σ)

Tr{πi
E,σ}+ 1

(19)

Since the operator for which the spectral variance has
to be determined contains only projectors and unitaries,
i.e., has only eigenvalues between zero and one, an upper
bound on the spectral variance is readily found:

σ2(πi
E,σU

†(T )πf
E+W,δ U(T )πi

E,σ) < 1 (20)

(This bound may easily be tightened, but this is of no
further relevance here). This yields an upper bound for
the Hilbert-space variance

HV[pE(W )] <
1

Tr{πi
E,σ}+ 1

. (21)

The crucial quantity here is obviously Tr{πi
E,σ} which is

just the number of eigenstates of the initial Hamiltonian
Hi within the energy interval of size σ around E. For any
finite σ it is to be expected that this number of eigen-
states increases quickly (exponentially) with increasing
bath size. Hence, for large baths HV[pE(W )] becomes
very small, thus rendering the outcome for pE(W ) for
the overwhelming majority of individual |ψE,σ〉’s indeed
very close to the outcome one obtains from the micro-
canonical initial state ρi(E). Or, to rephrase, all above
findings on microcanonical initial states ρi(E) transfer
to pure initial states |ψE,σ〉for all practical purposes. In
this sense the JR also applies to very many pure states.
Moreover, this principle underlies all numerical calcula-
tions of work pdf’s for large systems presented in the
paper at hand. Time evolutions of a mixed states ρi(E)
are simply replaced by the time evolution of a randomly
drawn, pure |ψE,σ〉, since the latter are numerically much
less costly, cf. Appendix B.
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C. Energetically Broader Initial States

Next we discuss the generalization of the validity of
the JR for initial states which live within the region to
which the stiffness assumption Eq. (5) applies. For con-
ciseness we only discuss generalized diagonal (w.r.t. Hi)
initial states. However, the generalization to correspond-
ing typical pure states analogous to the considerations in
Sect. II B is straightforward. Such a more general initial
state Ri may be written as

Ri :=
∑

n

K(En)ρi(En),
∑

n

K(En) = 1 , (22)

where the K(En) are the probabilities to find the system
initially in the energy interval around En. As mentioned
above, the work pdf’s pE(W ) may be viewed as condi-
tional probability densities. Thus, the total probability
density p(W ) to invest the work W is given by

p(W ) =
∑

n

K(En)pEn
(W ) . (23)

Computing the average exponential of work thus yields

∫

p(W )e−βWdW =
∑

n

K(En)

∫

pEn
(W )e−βW dW

=
∑

n

K(En)
Zf

Zi
=
Zf

Zi
, (24)

where we used Eqs. (23), (22) and (11). This concludes
the reasoning for the validity of the JR for more general,
diagonal initial states.

D. Quantifying Stiffness

Prior to investigating specific models and protocols in
Sect. III, we now introduce a measure that allows us to
quantify the “quality” of stiffness for specific cases in
Sect. IV and V. By making use of well-tailored numer-
ical techniques we are able to compute the work pdf’s
pE(W ), p̃E+W (−W ) at reasonable expense for system
sizes that allow for significant results; see below for de-
tails. (For conciseness we formally introduce the “stiff-
ness quantifier” χ̄ for the forward processes only.) The
difference of two work pdf’s pE(W ), pE′(W ) induced by
the same protocol, but for two different microcanonical
initial states may most simply be quantified as

χ(E,E′) :=

∫

[pE′(W )− pE(W )]
2
dW . (25)

Evidently, the χ(E,E′) are positive by construction. The
mean difference of the work pdf’s as resulting from mi-
crocanonical initial states from an energy region of size
∆ around a central energy E0 [cf. paragraph above Eq.
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FIG. 1. Sketches of the spin models. (a) displays a spin
ladder (green dots) acting as bath for an additional spin (red
dot) which is coupled to the ladder with strength κ. Each
leg of the ladder consists of L spins. (b) displays an isotropic
spin chain (green dots) also consisting of L spins. Here the
additional spin just enlarges the chain by one site.

(6)] from the work pdf corresponding to the initial state
living at E0 may be written as

χ̄ :=
1

∆

∫ E0−∆/2

E0−∆/2

χ(E0, E
′)dE′ . (26)

Since all χ(E,E′) are positive, a small χ̄ not only im-
plies a small average, but also that most of the respective
χ(E,E′) must be individually small. Or, to rephrase, if
one had χ̄ = 0, this would be sufficient to infer that
χ(E0, E

′) = 0. Thus below we employ χ̄ as a reliable
stiffness quantifier or, more specific, χ̄ ≪ 1 signals stiff
work pdf’s.

III. MODELS, INITIAL STATES, AND
DRIVING PROTOCOL

In the paper at hand, we focus our investigation on
models that can be associated to actual spin resonance
experiments (see e.g. [42, 43]). For this purpose we con-
sider an isotropic Heisenberg spin–1/2 ladder (denoted
as “bath”) to which we attach an additional spin–1/2 as
displayed in Fig. 1(a). Non-integrable spin ladders (in
the sense of the Bethe ansatz) and derivates of it are
already intensively studied regarding e.g. relaxation of
magnetization [17, 18, 20] or energy imbalances [44, 45]
and thus are ideal systems to start with. Note that, in
order to allow for a non-trivial resonant driving protocol,
we apply also a static magnetic field on the additional
spin.
Furthermore, we investigate a second model, which
stands in contrast to the first, where we drop (i) the
non-integrability, (ii) the “distinction” between bath and
system, and (iii) the resonant driving. This results here
in a simple spin–1/2 chain as displayed in Fig. 1(b). In
both cases we allow only for next neighbor interactions.
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The bath Hamiltonian for the ladder model reads

H ′
ladder = J

2∑

r=1

L−1∑

i=1

(
Sx
i,rS

x
i+1,r + Sy

i,rS
y
i+1,r + Sz

i,rS
z
i+1,r

)

+ J

L∑

i=1

(
Sx
i,1S

x
i,2 + Sy

i,1S
y
i,2 + Sz

i,1S
z
i,2

)
,

(27)

where Sx,y,z
i,r are spin–1/2 operators at site (i, r). Like-

wise, the bath Hamiltonian for the chain model reads

H ′
chain = J

L−1∑

i=1

(
Sx
i S

x
i+1 + Sy

i S
y
i+1 + Sz

i S
z
i+1

)
. (28)

In all cases, J denotes the exchange coupling constant
which throughout this work is set to J = 1.
As seen in Fig. 1, for the ladder model we attach the
additional spin in such a way that it only interacts with
the last spin of each leg with coupling strength κ, whereas
for the chain model the system spin simply enlarges the
chain by one site. Thus, for the ladder model the bath-
system interaction reads

H ′′
ladder = J

[

(Sx
L,1 + Sx

L,2)S
x
sys + (Sy

L,1 + Sy
L,2)S

y
sys

+(Sz
L,1 + Sz

L,2)S
z
sys

]
, (29)

where Sx,y,z
sys denote the respective spin–1/2 operators of

the additional (system) spin. Furthermore, we apply a
static magnetic field B in z direction onto the additional
spin, i.e.,

Hmag = BSz
sys . (30)

Finally, the whole time-independent Hamiltonian (at
time t = 0) for the spin ladder model is given by

H0
ladder := H ′

ladder + κH ′′
ladder +Hmag . (31)

In case of the chain model the bath-system interaction
reads

H ′′
chain = J

[
Sx
LS

x
sys + Sy

LS
y
sys + Sz

LS
z
sys

]
(32)

and hence the whole time-independent Hamiltonian for
the chain model is

H0
chain := H ′

chain +H ′′
chain . (33)

In order to use hereafter a unified parameter denoting the
corresponding system size of either model we introduce
the total number of sites N . Thus, for the ladder model
we have N = 2L+1 and for the chain model N = L+1.
Next we explain the driving protocol which is here a time-
dependent magnetic field in x direction, applied onto the
additional spin, similar to spin-resonance experiments;
see e.g. [42, 43]. The time-dependent driving Hamilto-
nian reads

HD(t, ν) = λ sin(νt)Sx
sys , (34)

where λ denotes the strength of the irradiation and ν
its frequency. We remark here that for the ladder model
we choose ν = B so that the driving is indeed resonant,
whereas for the chain model where no static magnetic
field is applied the protocol is inevitably non-resonant.

Finally we can state the time-dependent Hamiltonians
describing the dynamics during the entire protocol as

Hl/c(t) = H0
l/c + HD(t, ν) , (35)

where the subscript denotes either the ladder model (l)
or the chain model (c).

Calculating work pdf’s according to (3) for the above
models and driving protocols is numerically rather costly.
Thus we restrict the analysis to a few concrete implemen-
tations. This concerns concrete choices of the interaction
strength κ and the magnetic field B for the ladder set-up,
as well as the driving strength λ, the driving frequency ν,
and the duration of the driving T for all set-ups. Choos-
ing parameter sets which are, in the present context, most
significant is rather subtle. For some “trivial” choices the
JR may be fulfilled for reasons that are entirely unrelated
to stiffness. E.g. one trivial limiting case features very
strong driving λ together with very weak coupling κ. In
this case the bath coupling may be neglected during the
process. Hence, the JR is routinely fulfilled if the sys-
tem spin is initially in a Gibbs state. The latter is to
be expected for systems which fulfill the ETH and initial
states which are (a mixture of) energy eigenstates of the
full system. The other trivial limiting case features very
weak driving togehter with very strong coupling. In this
case the dynamics may remain in the adiabatical follow-
ing regime. In order to simulate ladder-scenarios that
are far away from these trivial cases we choose an ap-
proriate “weak” and a “strong” coupling strength, i.e.,
κweak, κstrong respectively. Furthermore, we choose two
different driving strengths, i.e., λweak and λstrong. (For
details on the elaborate selection procedure of theese pa-
rameters see Appendix E). Though just the two combi-
nations (κweak, λweak) and (κstrong, λstrong) are most far
away from the trivial cases in this setup, we investigate
all four possible combinations [46]. For the chain-scenario
we also choose one specific “non-trivial” driving, cf. Ap-
pendix E. We apply the drivings for different durations
T , but all T correspond to half-integer multiples of the
respective driving periods. This way driving is cyclic and
forward and backward protocols are actually the same.
(For concrete parameter values, cf. captions of the re-
spective figures below.)

At last we recall that our initial states are microcanon-
cical states as implemented by Eq. (1). Since generating
such states requires exact diagonalization, which is only
feasible for small systems, we employ for systems con-
sisting of more than 15 spins an approximation scheme
based on typicality that allows for computing energeti-
cally sharp states; cf. [36, 45, 47] and Appendix F. Like-
wise, work pdf’s for large systems cannot be gained di-
rectly, i.e., we again need to employ an approximation
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FIG. 2. Work pdf’s for the ladder model for N = 19, E ≈
−3.2 and all four combinations of κweak = 0.2, κstrong = 0.6
and λweak = 0.26, λstrong = 2.5. Note that for λweak the
duration of the protocol is T = 13π/ν whereas for λstrong it is
only T = π/ν. In all cases driving is resonant at B = ν = 0.5.

scheme as discussed in Appendix D.

IV. PROBABILITY DISTRIBUTIONS OF
WORK FOR THE SPIN-LADDER MODEL

With all parameters set, numerical simulations of the
spin-resonance experiment as outlined in Sect. III can
be performed and work pdf’s according to Eq. (3) can
be extracted. Some exemplary results are displayed in
Fig. 2. The work pdf’s for weak driving are qualitatively
nicely interpretable in terms of time-dependent pertur-
bation theory: Since the spin is resonantly exposed to
radiation of frequency ν = 0.5, energy may be absorbed
or released in quanta of ǫ = 0.5. This corresponds to the
peaks appearing in distances of ∆W = 0.5. If the irradi-
ation endures, a second, third, etc. quantum of amount
ǫ may be absorbed/released. Thus, more peaks appear
at the sides, with decreasing intensity, though. The only
work pdf that defies this interpretation is the one corre-
sponding to strong interaction and strong driving [panel
(d)]. Since the interpretation roots in time-dependent
perturbation theory, this is hardly surprising. Note that
the set-ups addressed in panels (a) and (d) are most far
away from the two trivial limiting cases discussed in Ap-
pendix E, while the set-ups corresponding to panel (b)
and (c) are much closer to them.
We now turn to the central question of the probability

distributions being stiff. Fig. 3 shows a colormap of work
pdf’s corresponding to weak coupling and weak driving.
Displayed is the function pE(W = E′ − E), cf. (3). In
this display style, a structure which is invariant w.r.t.
translations along the diagonal of the graph indicates
a stiff work pdf in the sense of Eq. (5). Thus qualita-
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E
′
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0 0.01 0.02

FIG. 3. Colormap of work pdf’s (N = 17) corresponding to
weak coupling and weak driving (for parameters, see Fig. 2).
Displayed is the function pE(W = E′ −E), cf. (3). The data
indicate stiffness of the respective work pdf’s.

tively stiffness may already be inferred from Fig. 3. In
order to investigate stiffness more thoroughly, we calcu-
late the corresponding χ̄ according to Eq. (26) for dif-
ferent system sizes. The results are displayed in Fig. 4
for E0 ≈ −0.2N and ∆ = 2.5. The data strongly in-
dicate that in the limit of large systems the work pdf’s
indeed become strictly stiff, as χ̄ quickly tends to zero
as 1/N → 0 (N → ∞). This appears to be true for all
cases considered, i.e., regardless of whether the coupling
is weak or strong and regardless of whether the driving
is weak or strong. This finding is a main result of the
paper at hand.

As argued in Sect. II A, these results also render the
JR valid for massively non-Gibbsian, e.g., microcanoni-
cal initial states. However, in order to demonstrate this
directly, we display in Fig. 5 results for 〈exp(−βW )〉E .
Since we consider cyclic processes, perfect agreement
with the JR would yield 〈exp(−βW )〉E = 1. The data
in Fig. 5 is obtained based on ≈ 50 (slightly differing
with system size), energetically equidistant microcanon-
ical initial states from the same energy regime which is
also addressed in Fig. 4. As outlined in Sect. II A, we
expect good agreement with the JR if β (inverse tem-
perature) is chosen as the scaling exponent of the DOS,
which is β ≈ 0.68 for all considered system sizes here (see
Appendix E). The symbols in Fig. 5 display the respec-
tive averages of the 〈exp(−βW )〉E over the above micro-
canonical initial states, the “error bars” indicate the cor-
responding standard deviations. Clearly, the mean val-
ues tend towards 1 for large systems, in the same limit
the standard deviations appear to vanish quickly, i.e.,
the data suggest agreement with the JR in the limit of
infinitely long ladders.
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FIG. 4. Scaling of the stiffness of work pdf’s with system
size in a double logarithmic plot, system paremters as given
in Fig. 2. Symbols correspond to χ̄. (Dashed lines indicate
power-law fits and, as guide to the eye, the solid line indicates
a power-law ∝ N−α with mean exponent w.r.t. these fits, i.e.,
α ≈ 9.5.) These data indicate stiffness in the limit of large
system sizes for all considered system parameters.
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FIG. 5. Finite-size scaling of 〈exp(−βW )〉E for microcanoni-
cal initial states and system parameters as given in Fig. 2.
Displayed are averages (symbols) and standard deviations
(bars) of 〈exp(−βW )〉E for various microcanonical initial
states from a certain energy regime, see text. As perfect
agreement with the JR would result in 〈exp(−βW )〉E = 1,
the data suggest increasing agreement with increasing system
size.

V. PROBABILITY DISTRIBUTIONS OF WORK
FOR THE SPIN CHAIN MODEL

As in Sect. IV, we again calculate the work pdf’s ac-
cording to the prior identified parameters and display ex-
emplarily in Fig. 6 for one fix initial energy a correspond-
ing work pdf. For comparison, Fig. 6 also includes a work
pdf for the strongly coupled and strongly driven ladder
model (κstrong, λstrong). In order to analyze the stiffness
of the work pdf’s, we again compute χ̄ for increasing
chain lengths and display the results in Fig. 7 (again
along with the results for the strongly coupled, strongly
driven ladder model). Here we used E0 ≈ −0.18N and
∆ = 2.5. The behavior of stiffness of the work pdf’s ap-
pears to be very similar to the one for the non-integrable
ladder model. The data indicate that also for the inte-
grable chain model the work pdf’s become strictly stiff
in the limit of large system sizes. This finding is another
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FIG. 6. Work pdf for the driven chain model for N = 19
and E ≈ −3.4. The protocol parameters are λ = 3.85, ν =
0.75, T = π/ν. For comparison the work pdf for the strongly
coupled, strongly driven ladder model is also re-displayed.
Apart from minor peaks in the work pdf of the chain model
the general shape of both distributions is very similar, al-
though the chain model is integrable and the ladder model is
non-integrable; see text for details.

10−5

10−4

10−3

10−2

1
19

1
17

1
15

1
13

1
11

χ̄

1
N

κ=0.6,λ=2.50

chain ,λ=3.85

FIG. 7. Scaling of the stiffness of work pdf’s with system
size in a double logarithmic plot, system parameters as given
in Fig. 6. Symbols correspond to χ̄. (Dashed lines indicate
power-law fits and, as guide to the eye, the solid line indicates
a power-law ∝ N−α with mean exponent w.r.t. these fits,
i.e., α ≈ 8.4.) These data indicate stiffness in the limit of
large system sizes for the chain model. For comparison the
corresponding data for the strongly coupled, strongly driven
ladder model is also re-displayed.

main result of the paper at hand. Just like in the case
of the ladder model, it implies the validity of the JR also
for massively non-Gibbsian, i.e., microcanonical initial
states. Thus, evidently, this asymptotic validity is not
restricted to chaotic models, otherwise it could not occur
in a clean spin chain.

At last, similar to Sect. IV, we display in Fig. 8 data
concerning 〈exp(−βW )〉E , in order to check the validity
of the JR directly. Again we show averages (symbols)
and standard deviations (vertical bars) of 〈exp(−βW )〉E
for a set of ≈ 50 (slightly differing with system size) mi-
crocanonical initial states from the energy regime which
is also addressed in Fig. 7. Again, we expect good agree-
ment with the JR if β is chosen as the scaling exponent
of the DOS, cf. Sect. II A which is β ≈ 0.86 for all con-
sidered chain model sizes here [see Appendix G]. (We



87

0

0.5

1

1.5

2

2.5

1
19

1
17

1
15

1
13

1
11

〈e
x
p
(−

β
W

)〉
E

1
N

chain

ladder

FIG. 8. Finite-size scaling of 〈exp(−βW )〉E for microcanoni-
cal initial states and system parameters as given in Fig. 6.
Displayed are averages (symbols) and standard deviations
(bars) of 〈exp(−βW )〉E for various microcanonical initial
states from a certain energy regime, see text. As perfect agree-
ment with the JR would result in 〈exp(−βW )〉E = 1, the data
suggest increasing agreement with increasing system size.(The
corresponding data for the strongly coupled, strongly driven
ladder model are re-ploted for better comparability.)

also re-plot the results for the strongly coupled, strongly
driven ladder model for comparison). The overall re-
sults for the chain set-up are very similar to those for
the ladder set-up. However, in comparison to the ladder
model the standard deviations for smaller system sizes
are somewhat larger. Nevertheless, the data suggest va-
lidity of the microcanonical JR in the thermodynamic
limit for the chain model also.

VI. STIFFNESS OF FERMI’S GOLDEN RULE
RATES AND EIGENSTATE THERMALIZATION

HYPOTHESIS

Since all the various examples addressed so far point to
stiff work pdf’s in the limit of large systems, the question
arises whether this phenomenon can be made accessible
by more general concepts. The present paragraph shows
that this is indeed the case: If the driving operator agrees
with the ETH-ansatz and the DOS is exponential, stiff-
ness may indeed be expected, at least at weak driving.
Recall that an exponential DOS in itself is not sufficient
to justify this expectation.
As a first step in this direction we analyze the structure

of the matrices that represent the driving operator Sx
sys,

displayed in the basis formed by the energy eigenstates
of the non-driven system, i.e., H0

ladder, H
0
chain. In the case

of weak driving, a link between the work pdf’s and the
above driving matrices arises from Fermi’s Golden Rule
(FGR). As mentioned before, the work pdf’s may simply
be viewed as transition probabilities from energy E to
energy E+W . In the weak-driving case, these transition
rates may be well-described by rates as calculated from
FGR which we denote by γE→E′ . The latter, however,
have to be computed from the driving (perturbation) op-
erator w.r.t. the above basis of energy eigenstates (for
details, see below). Thus, if the actual dynamics are well

captured by a FGR approach, the stiffness of the work
pdf’s implies a corresponding stiffness of the FGR rates,
namely

γE→E′
!
= γ(E − E′) . (36)

This can, however, only hold if the matrix representing
the driving operator features a corresponding structure.
(We investigate the structure of the corresponding ma-
trix directly numerically in Appendix H.) In general,
the FGR rate for the transition from an energy eigen-
state |i〉 from a small interval around E into the set of
eigenstates {|j〉} that span the energy interval around
E′ under the influence of some (weak) driving of the
form HD(t) = sin(|E − E′| t)V (i.e. in our specific case
V = λSx

sys) is given by [39]

γi→E′ =
2π

δ

∑

j ∈ E′

|Vij |2 , (37)

where Vij := 〈i|V |j〉 and “j ∈ E′” is short for: “such
that the energy eigenvalue of |j〉 lays in the interval of
width δ around E′” (for the size of δ cf. Eq. (3) and
below). In order to convert the transition probability
from a single state to an energy interval, γi→E′ , to the
transition probability from an energy interval to another
energy interval, γE→E′ , one has to coarse grain, i.e., to
average:

γE→E′ =
1

δ · Ω(E)

∑

i ∈ E

γi→E′ , (38)

where the notation is completely analogous to that used
in Eq. (37). Exploiting Eq. (37), a reformulation of
Eq. (38) reads:

γE→E′ =
2π

δ2 · Ω(E)

∑

i ∈ E
j ∈ E′

|Vij |2 (39)

Whether or not Eq. (36) applies obviously depends on
the matrix elements Vij . On one side, this can simply be
checked for specific cases by computing the FGR rates
according to Eq. (39) numerically. (Of course this re-
quires the numerically exact diagonalization of the un-
driven Hamiltonians H0

ladder, H
0
chain). On the other side,

Eq. (39) can be used to show that the condition (36)
is closely related to quantities occurring in the so-called
ETH ansatz. The latter may be described as follows.
Within the framework of the ETH, it has been sug-

gested that the matrix representation of a generic few-
body operator V w.r.t the basis formed by the eigenstates
|n〉, |m〉 of an Hamiltonian should be in accord with the
following description [7, 48, 49]:

Vmn = V(Ē) δmn +Ω
(
Ē
)− 1

2 f
(
Ē, ω

)
Rmn , (40)

where Ē = (Em + En)/2, ω = En − Em. Furthermore,
both, V

(
Ē
)
and f

(
Ē, ω

)
, are assumed to be “smooth
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functions of their arguments” [48] and Rmn may be “con-
veniently thought of as independent random variables
with zero mean and unit variance” [48]. For a detailed
discussion on the comparability of many-body Hamilto-
nians and random matrices see [50]. (To repeat: often
and in all our examples, the Rmn are real.) For the pur-
pose of the present investigation we interpret “smooth”
in the sense of “approximately constant on the interval
δ”. Hence, we may equivalently define Ē, ω on the basis
of the interval labels rather than the individual energy
eigenvalues as Ē := (E + E′)/2, ω = E − E′. Plugging
the ansatz in Eq. (40) into Eq. (39) yields

γE→E′ =
2π

δ2 · Ω(E)

∑

i ∈ E
j ∈ E′

f2
(
Ē, ω

)
R2

ij

Ω
(
Ē
) . (41)

Since the summation runs over i, j, it essentially only con-
cerns the R2

ij within the summand. The latter, however,
are independent random numbers with variances normal-
ized to unity. This implies that, to an accuracy set by the
law of large numbers, the summation simply amounts to
counting the number of terms whitin the sum, i.e.,

∑

i ∈ E
j ∈ E′

R2
ij ≈ δ2 · Ω(E) · Ω(E′) . (42)

Plugging (42) into (41) yields

γE→E′ ≈
2πf2

(
Ē, ω

)
Ω(E′)

Ω
(
Ē
) . (43)

In order to proceed further, we now specialize in expo-
nential DOS’s, i.e. , Ω(U) ∝ eβU , as given in and argued
for above Eq. (8). Doing so yields

γE→E′ ≈ 2πf2
(
Ē, ω

)
e−βω. (44)

This unveils that the stiffness of the FGR rates (36) de-
pends directly on f2

(
Ē, ω

)
. To be more specific: If

f2
(
Ē, ω

)
varies negligibly with Ē on an interval ∆ as

defined by Eq. (6), then the FGR rates are stiff, i.e., Eq.
(36) applies, since then the r.h.s. of Eq. (44) only de-
pends on ω. Hence, the approximate independence of
f2
(
Ē, ω

)
w.r.t. Ē is, together with an exponential DOS

and the applicability of FGR, sufficient for the validity of
the microcanonical JR at weak driving. This is a central
result of the present section.
Motivated by the previous considerations, we proceed

by numerically investigating the applicability of the ETH
ansatz (40) to the driving operator Sx

sys for the ladder and
the chain scenario. Particularly relevant is the function
f
(
Ē, ω

)
and its dependence on Ē. In order to visual-

ize f
(
Ē, ω

)
from the respective matrix representation of

Sx
sys, we use the construction

f(E′, E) ∝

∑

i ∈ E
j ∈ E′

|Vij |
√

Ω
(
E+E′

2

)

Ω(E′)Ω(E)
. (45)
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FIG. 9. (a) Vizualization of the ETH-related function
f(E′, E) [according to Eq. (45)] corresponding to the Sx

sys

operator for the ladder model (N = 15, κ = 0.2) for an exem-
plary energy section. (b) 50× 50 matrix elements of the Sx

sys

operator in energy basis of H0
ladder at E ≈ −3.1, E′ ≈ −3.3.

In Fig. 9 (left panel) we display f(E′, E) for the weakly
coupled ladder setup and V ∝ Sx

sys. As varying Ē corre-
sponds to moving parallel to the diagonal on the panel,
it is obvious that f(E′, E) is indeed practically indepen-
dent of Ē. (Furthermore, Fig. 9(a) essentially reflects
the weakly damped Larmor oscillations of the spin’s x
component). The right panel of Fig. 9 visualizes a small
sector of the Sx

sys matrix on the level of individual matrix
elements. Their values are plotted in false color against
their indices. Without any further analysis it appears
reasonable to interpret the individual matrix elements
as independent random numbers in the sense of the Rmn

from Eq. (40). Performing the same analysis for the inte-
grable chain set-up produces data as displayed in Fig. 10.
Again, the left panel visualizes f(E′, E) whereas the right
panel shows individual matrix elements. Obviously, re-
gardless of integrability, f(E′, E) appears to be indepen-
dent of Ē to very good approximation, too. (Moreover,
Fig. 10(a) essentially indicates the absence of any Larmor
precession in this case and the comparatively quick decay
of the Sx

sys autocorrelation function.) This, in the sense
described above, explains the validity of the microcanon-
ical JR in spite of integrability. On the level of individual
matrix elements, however, the consequences of integrabil-
ity are clearly visible: most matrix elements are strictly
zero. Since the Sx

sys operator may only couple eigenstates
from the same conserved subspaces, the many conserva-
tion laws of the spin chain render most matrix elements
zero. However, if strictly ordered according to energy, as
done here, the non-zero matrix elements appear at more
or less random positions. Furthermore, their values ap-
pear to be random with zero mean. The results on the
microcanonical JR suggest that these properties suffice
for the applicability of FGR.
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FIG. 10. (a) Vizualization of the ETH-related function
f(E′, E) [according to Eq. (45)] corresponding to the Sx

sys

operator for the chain model (N = 15) for an exemplary en-
ergy section. (b) 50×50 matrix elements of the Sx

sys operator
in energy basis of H0

chain at E ≈ −2.8, E′ ≈ −3.

VII. SUMMARY AND CONCLUSION

In the paper at hand we investigated the question
whether for closed systems (into which a bath may be
included), that are driven and initially in a microcanon-
ical state, the resulting work pdf’s are independent of
the actual initial energy. We find that this assumption,
denoted as stiffness, can only hold if the DOS of the
underlying system is strictly exponential w.r.t. energy.
Furthermore, this assumption has far-reaching con-
sequences, e.g., the validity of the Jarzynski relation
for a large class of non-Gibbsian states. We studied
the stiffness of work pdf’s numerically for integrable
and non-integrable spin models for various parameter
sets. We found that (i) integrability seems to have no
influence on the behavior of the stiffness of work pdf’s
and (ii) for all studied cases stiff work pdf’s are expected
in the thermodynamic limit. Eventually, we provided a
study of the driving operator based on Fermi’s Golden
Rule which unveils a relation of our above findings to the
applicability of the eigenstate thermalization hypothesis
to the driving operator.

Lastly, we remark the connection of the present find-
ings with the theory of ensemble equivalence in equilib-
rium statistical mechanics. It is known that for a very
large system with an exponential DOS, equilibrium mi-
crocanonical and canonical expectations (with a corre-
sponding temperature) of ordinary quantum observables
coincide. Here we have been focussing rather on a non-
ordinary two-point quantum observable (i.e. the work
W ), and on its statistics under a non-equilibrium setting.
According, a non equilibrium object, namely the stiffness
of the work pdf gives information about the DOS, and
in turn about an equilibrium property, namely ensemble
equivalence.

ACKNOWLEDGMENTS

This work has been funded by the Deutsche
Forschungsgemeinschaft (DFG)-GE 1657/3-1; STE
2243/3-1. We sincerely thank the members of the DFG
Research Unit FOR2692 for fruitful discussions.

Appendix A: Energy graining of final work pdf’s

The exact work distribution PE′(W ) after the driving
protocol for an initial state starting at energy E′ is given
by

PE′(W ) =
∑

n

|〈En|U(T )|E′〉|2 δ(W +E′−En) . (A1)

For any finite system the energy spectrum is discrete and
thus initial states at different energies will in general yield
different PE′(W ). However, in the thermodynamic limit
the energy spectra can be seen as quasi-continuous, i.e.,
Eq. (A1) may be replaced by

PE′(W ) =

∫

dE′′ |〈E′′|U(T )|E′〉|2 δ(W + E′ − E′′)

= |〈E′ +W |U(T )|E′〉|2 = c(E′,W ) .

(A2)

Since c(E′,W ) is per definition continuous and normal-
ized, we can interpret it as a work pdf, i.e., pE′(W ) :=
c(E′,W ) as used in the main text. Note that in all cases
studied, the energy spectra are far off from being (quasi-
)continuous. Nevertheless, it is possible, by properly
graining the resulting work distributions as calculated
from Eq. (A1), to obtain distributions that behave like
actual work pdf’s, i.e., are independent of the graining
parameter. To do so, we have to make sure that (i) the
graining width δ (or energy resolution) is much smaller
than the energy scale on which the details we are in-
terested in appear and (ii) δ has to be larger than the
individual level spacing of the energy spectrum. This
gives us a lower and upper bound for δ where the lower
bound decreases with increasing system size due to the
exponential growth of the Hilbert space. As prior said,
the main indication for a “good” graining parameter δ is
given by the fact that the resulting work distribution will
be mostly independent of the actual used δ. In order to
demonstrate that this is indeed the case for the systems
studied, we display for the ladder model (N = 15) in
Fig. 11(a) the “ungrained” work distribution according
to Eq. (A1) and in Fig. 11(b) exemplarily three grained
work distributions for several distinct δ. The lower panel
clearly suggests that the general shape of the work dis-
tribution is indeed independent of the actual choice of
the graining parameter δ. Thus, we are able to interpret
these distributions as accurate work pdf’s. Note that
fluctuation decrease as the system size increases as is the
case in e.g. Fig. 2.
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FIG. 11. (a) Discrete “ungrained” work distribution as cal-
culated by Eq. (A1) and (b) “grained” work distributions for
three distinct graining parameter δ for N = 15. All data for
the ladder model. The grained versions suggest that the gen-
eral behavior of the distribution becomes nearly independent
of the actual choice of δ.

Appendix B: Solving the time-dependent
Schrödinger equation (TDSE)

In the paper at hand we deal with time-dependent
Hamiltonians, i.e., Hl/c(t) = H0

l/c + HD(t, ν) [cf. Eq.

(35) in main text], where H0
l/c is the time-independent

Hamiltonian that describes the whole system at t = 0,
and HD(t, ν) denotes the time-dependent driving oper-
ator [see main text Eq. (34)]. Since we do not need to
distinguish between ladder and chain models as is neces-
sary in the main text we omit hereafter the subscripts.
Thus, the dynamics are governed by the TDSE

i
∂

∂ t
|ψ(t)〉 = H(t) |ψ(t)〉 , (B1)

where |ψ(t) denotes the wave function of the system and
solutions may be written as

|ψ(t+ δt)〉 = U(t+ δt, t) |ψ(t)〉 ,

U(t+ δt, t) = T exp

(

−i
∫ t+δt

t

H(t′)dt′

)

. (B2)

Note that we set ~ = 1 here.
In general, getting these solutions is accompanied by ex-
tensive amounts of numerical efforts; see e.g. Refs. [35,
36]. Here we employ an iterative approximation scheme
for small time steps δt.
To do so, we assume that for some sufficiently small δt the
Hamiltonian can be considered as being constant during
each time step, i.e., H(t) ≈ H(t + δt/2) on the interval

[t, t+ δt]. Then the iterative solutions for Eq. (B1) read

|ψ(t+ δt)〉 = exp [−iH(t+ δt/2) δt] |ψ(t)〉 . (B3)

Hence, to solve the TDSE one can conveniently use any
iteration scheme as long as the Hamiltonian fulfills the
step-wise-constant condition.
Here we use a fourth-order Runge-Kutta iteration scheme
[45, 47] where in each time step we recalculate the
Hamiltonian, i.e., evaluate the present protocol terms
HD(t + δt/2). In the following we sketch the general
numerical process.

1. Calculate the initial Hamiltonian and the initial
state, and store them into temporary objects, i.e.,
H ′ = H(t = 0) and |φ〉 = |ψ(t = 0)〉

2. Evaluate the four temporary Runge-Kutta vectors

|ν1〉 = i δtH ′ |φ〉 ,

|ν2〉 = i δt/2H ′ |ν1〉 ,

|ν3〉 = i δt/3H ′ |ν2〉 ,

|ν4〉 = i δt/4H ′ |ν3〉

(B4)

3. Collect all Runge-Kutta vectors to form the final
state |ψ(t+ δt)〉 = |φ〉+ |ν1〉+ |ν2〉+ |ν3〉+ |ν4〉

4. Recalculate H ′ and |φ〉, i.e., H ′ = H(t + δt) and
|φ〉 = |ψ(t+ δt)〉

5. Repeat 2-4 till the end of the protocol duration

For sufficiently small δt the accumulated error remains
negligible; see e.g. [51].

Appendix C: Applicability of microreversibility to
the models

As mentioned in the main text, Eq. (4) holds if the
Hamiltonian of the system is microreversible. This re-
quirement is sufficient, but not necessary. In this section
we assume that H(t) is a real, symmetric matrix for all
times t regarding a basis B, which will be proven to be
another sufficient condition in a way similar to microre-
versibility:

H(t) ≡ H(t)∗ (C1)

The matrices in this and in the subsequent equations,
which depend on the concrete choice of a basis, are all
meant regarding the basis B.
Before describing the details of the proof, we discuss
briefly the ladder model again. This model is a spin
system with a static magnetic field acting on a single
spin of this system. This magnetic field breaks the mi-
croreversibility, cf. e.g. Ref. [39]. Nevertheless, the time-
dependent Hamiltonian has a real, symmetric matrix rep-
resentation with respect to the eigenbasis of the Sz

sys-
operators of the spins (possible choice for B in this case).
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This can be easily seen by expressing the Sx
sys and Sy

sys

by the respective creation and annihilation operators.
Next we show that these conditions suffice to proof the
validity of Eq. (4) even so the system is not microre-
versible. To this end we start from the left side of Eq.
(4). By using Eq. (1) and (3) we find:

pE(W )

p̃E+W (−W )
=

Tr(πf
E+W,δ)

Tr(πi
E,δ)

Q ,

Q =
Tr(πf

E+W,δUπ
i
E,δU

†)

Tr(πf
E+W,δŨ

†πi
E,δŨ)

(C2)

In order to prove that Q is identical to 1 and thus
Eq. (C2) becomes equivalent to Eq. (4), we complex-
conjugate the numerator of Q, which does not affect its
value:

Q =
Tr(πf

E+W,δU
∗πi

E,δ(U
†)∗)

Tr(πf
E+W,δŨ

†πi
E,δŨ)

(C3)

We used Eq. (C1), which implies that πf
E+W,δ and πi

E,δ
have real representations regarding B as well. In order
to show that Q is identical to 1, we show that

U∗ = Ũ † . (C4)

We start from a more explicit form of the time-ordered
exponential [52]:

Ũ † =

∞∑

n=0

1

n!
W̃ †

n ,

W̃n =

∫

Xn

dnτ T





n∏

j=1

(−i)H̃(τj)



 ,

X
n =[0, t]n

(C5)

Firstly we calculate W̃ †
n:

W̃ †
n =

∫

Xn

dnτ T̃





n∏

j=1

iH̃(τj)



 (C6)

T̃ is the inverse time-ordering operator. Next we replace
H̃ with its definition and apply the following integral
transformation:

φ : Rn → R
n, τj 7→ T − τj (C7)

Since φ−1(Xn) = X
n and |det(dφ)| = 1 the integral fi-

nally becomes:

W̃ †
n =

∫

Xn

dnτ T





n∏

j=1

iH(τj)



 =W ∗
n (C8)

Wn is defined in the same way as W̃n, just for H instead
of H̃ . In the last step we used Eq. (C1) again. Thus, Eq.

(C4) is valid where the necessity of microreversibility is
replaced by the validity of Eq. (C1).

Generally, the fluctuation theorem holds whenever the
HamiltonianH(t) is invariant under the action of an anti-
unitary transformation K, at each time t. Combination
of the property of invariance [H(t),K] = 0, and anti-
unitarity of K (specifically the property KuK† = u∗ for
any complex u [53]), imply that the instantaneous evolu-
tion be reversed by K, Ke−iH(t)δK† = eiH(t)δ with δ an
arbitrary small real number. The latter, combined with
the peculiar property TrKAK† = TrA† of anti-unitary
transformation (A being any trace class linear operator),
is the crucial property that is employed in proving the
fluctuation theorem, either in the microcanonical form
of Eq. (4) or in the canonical form and as well in other
forms [31, 54]. Thus invariance under time-reversal Θ
(which is a anti-unitary operation) at each time t implies
the validity of the fluctuation relation [31, 55]. In the
case studies presented in the main text, even though a
magnetic field is present, which breaks the time-reversal
invariance, the Hamiltonian is invariant, at each time t,
under the complex conjugation KB relative to the repre-
sentation B which is evidently an anti-unitary operator
[53]. Accordingly the fluctuation theorem is obeyed. It is
worth recalling, that generally, when a magnetic field B is
present, H = H(t, B), time reversibility breaks, but since
Θ H(t, B) = H(t,−B) Θ holds, the validity of the FT
can be realised under the further provision that the mag-
netic field be reversed in the backward protocol [31, 55].
In the present cases, such reversal would be superfluos.

Appendix D: Density of states and energy
distributions

The density of states (DOS) Ω(E) can be written as

Ω(E) = d−1
∑

n

δ(E − En) , (D1)

where n runs over all eigenvalues of H = H0(t = 0) and
d = dim{H} denotes the dimension of the Hilbert space
of the respective system. Equivalently, we can express it
in terms of time evolutions as

Ω(E) =
1

2π

∫ +∞

−∞

eiE t Tr
{
e−iH t

}
dt . (D2)

Note that the trace in the latter equation can be evalu-
ated accurately by employing quantum typicality [47, 56],
i.e.,

Tr
{
e−iH t

}

d
≈ 〈φ(0)|e−iH t|φ(0)〉 = 〈ψ(0)|φ(t)〉 , (D3)

where d is again the dimension of the underlying Hilbert
space and |φ(t)〉 is a random state drawn according the

Haar measure. The error scales with 1/
√
d. As before,
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|φ(t)〉 can conveniently be calculated by a fourth-order
Runge-Kutta scheme.
Now, the DOS can be approximated by

Ω(E) ≈ C

∫ +Θ

−Θ

ei E t 〈ψ(0)|φ(t)〉 dt , (D4)

where C accounts for the normalization of the DOS and
Θ denotes the time range required to obtain the energy
resolution π/Θ. Note that the Nyquist sampling theorem
presents a restriction according the time steps that can
be used (see e.g. Ref. [56]). However, here we use such
parameters that errors remain small.
At last we want to demonstrate that in a very similar
way as just presented we can obtain energy distributions
of any pure quantum state |Ψ〉. To do so, we consider
the discrete energy distribution

p(E) =
∑

i

|〈Ei|Ψ〉|2 δ(E − En) (D5)

where |En〉 denotes the i-th eigenvector. In terms of time
evolutions it reads

p(E) =
1

2π

∫ +∞

−∞

ei E t 〈Ψ|e−iH t|Ψ〉 dt

≈ C

∫ +Θ

−Θ

eiE t 〈Ψ(0)|Ψ(t)〉 dt .

(D6)

We want to emphasize that the concept of typicality
does not enter the last derivation.

Appendix E: Appropriate Choice of Parameters for
Spin-Ladder Setup: Density of States and Free

Relaxation Dynamics

As argued in Sect. II, the stiffness of the work pdf’s
is conditioned on the DOS being exponential. Thus,
prior to examining the work pdf’s as resulting from an
actual driving, we numerically analyze the DOS of the
non-driven model in order to identify exponential regions.
Later on we will choose our starting energies and driv-
ing protocols such that the work pdf’s essentially remain
within those exponential regions. In Fig. 12 we display
semi-log plots of the DOS Ω for several system sizes,
N = 13−19, and system-bath coupling strength κ = 0.2,
within an intermediate energy regime. (The energy reso-
lution (graining) is for all cases fix, ≈ 0.09.) Note that Ω
becomes smoother with increasing system size. Within
energy regimes [E0 −∆/2, E0+∆/2] (with E0 ≈ −0.2N
and ∆ = 2.5) we indeed find the DOS well described by
Ω ∝ exp(βE) with β = 0.68, see fits in Fig. 12. Thus in
the following we restrict our investigations to the above
energy regimes. Computing concrete work pdf’s based
on specific system and driving parameters is numerically
rather costly, especially for larger system sizes. Thus

10−5

10−4

10−3

(a) N = 13 (b) N = 15

10−5

10−4

10−3

-5 -4 -3 -2 -1

(c) N = 17

-5 -4 -3 -2 -1

(d) N = 19

∝ exp(β E)

←∆
2
→

E0

Ω
Ω

E E

FIG. 12. Semi-log plots of the DOS (Ω) for the ladder model
for L = 6− 9 and κ = 0.2. Dashed lines indicate exponential
fits within a specific energy regime (see text) of the displayed
energy range. The fits correspond to β ≈ 0.68. Ω becomes
smoother with increasing system size. Note that for κ = 0.6
we find a very similar behavior.

we intend to restrict our analysis to a few carefully per-
formed simulations. As argued in Sect. III, there are cer-
tain trivial limiting cases for which JR is fulfilled without
invoking stiffness. Here we intend to give a reasoning for
specific choice of parameters κ and λ that allow for sce-
narios most possible away from such trivial cases in the
present set-up (see Sect. III).
In these limiting cases the time scale corresponding to
the driving strength, i.e. 2π/λ [57], will either be much
shorter or much larger than the relaxation dynamics of
the system spin in the coupled but non-driven systen.
Thus, to obtain meaningful, non-trivial examples, we
want to choose the driving strength λ such that 2π/λ
becomes comparable to the time scale of the “free relax-
ation” dynamics. To this end we first analyze the free
relaxation dynamics of the magnetization of the system
spin and its dependence on κ. In order to obtain relax-
ation dynamics, i.e. 〈Sz

sys(t)〉, corresponding to the en-
ergy regime around E0, we employ initial states of the
form

ρ =
πbath
E0,σ

⊗ πm

Tr
{

πbath
E,σ ⊗ πm

} , (E1)

where πbath
E0,σ

denotes an energy projector onto an en-

ergy shell of the isolated bath described by H ′
ladder, with

mean energy E0 and width σ, and πm denotes a projec-
tor onto one of the eigenstates of Sz

sys, i.e., m = ±1/2.
(Note that, for simplicity of numerics, we restrict the ini-
tial state to the conserved magnetization subspace with

Mtot =
∑N

i=1 S
z
i = (N − 1)/2). For these initial states

ρ we compute 〈Sz
sys(t)〉 based on H0

ladder with B = 0.5.
In Fig. 13 we summarize the results for two interaction
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strength κ = 0.2 and κ = 0.6. As the relaxation dy-
namics are eihter clearly exponential (κ = 0.2) or clearly
non-exponential (κ = 0.6) we classify them as examples
of weak and strong coupling, respectively. (For details
cf., e.g., [17, 58]). From Fig. 13 we infer relaxation time
scales τR as τR ≈ 24 for weak coupling and τR ≈ 2.5
for strong coupling [59]. Accordingly we choose two cor-
responding driving strengths as λ = 0.26(≈ 2π/24) and
λ = 2.5(≈ 2π/2.5). Eventually the duration of the driv-
ing must be fixed. In general a longer driving will re-
sult in a larger amounts of delivered work which is favor-
able. On the other hand we intend to induce work pdf’s
that essentially live in the above exponential region of
the DOS. Given this condition, the weak driving may be
applied longer than the strong driving. A duration of
the driving of 6.5 periods in the case of weak driving and
a duration of a half period in the case of strong driving
are reasonable choices. While the parameter combina-
tions (κ = 0.2, λ = 0.26) and (κ = 0.6, λ = 2.5) are
most far away from both trivial limiting cases, below we
also compute work pdf’s for the “remaining” combina-
tions (κ = 0.2, λ = 2.5) and (κ = 0.6, λ = 0.26), for
completeness. The latter are much closer to either of the
above trivial limiting cases. A side comment on the re-
laxation dynamics itself may be in order. Irrespective
of the coupling strengths and the initial value, 〈Sz

sys(t)〉
appears to converge against an “universal” expectation
value. This value is in accord with the corresponding
standard, canonical equilibrium value at inverse temper-
ature β ≈ 0.68, as suggested by Fig. 12. This example
thus agrees with the principles of “canonical typicality”
[2, 41] and the ETH in the sense discussed in Ref. [60].

Appendix F: Generating initial states

Since for our models exact diagonalization is only feasi-
ble for system comprising maximal 15 spins (dim{H15} =
32768), we employ for larger systems a typicality-based
approximation scheme [10, 45, 47] to mimic the initial
states as defined in the main text. To be precise, we gen-
erate Gaussian projections of random states |φ〉, drawn
according to the Haar measure, onto narrow energy shells
of the total Hilbert space of the corresponding system,
i.e.,

|ψE〉 = C−1 exp

(

− (H0 − E)2

4 σ2

)

|φ〉 , (F1)

where C = 〈φ| exp
(

− (H0−E)2

2 σ2

)

|φ〉. This state mimics

for small σ to good accuracy a sharp energy shell around
energy E. In order to calculate the r.h.s. of Eq. (F1)
we again employ a fourth-order Runge-Kutta scheme.
However, here we replace H ′ = (H0 − E)2 and use
imaginary time steps δt = i δτ . The final “time” is
correspondingly T = 1/4 σ2.
Comparison with exact-diagonalization data for N = 15
yields that σ = 1/

√
1000 is an appropriate choice to
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FIG. 13. Dynamics of the expectation 〈Sz
sys〉, for weak

(κ = 0.2, upper panel) and strong (κ = 0.6, lower panel)
coupling between bath and system for N = 19. Dashed lines
show exponential fits. While for the weak coupling we find
exponential decay, we find for strong coupling a strong non-
exponential behavior. However, both dynamics tend toward a
“universal” expectation value corresponding to β ≈ 0.68 (see
text).

mimic the initial states defined in the main text. Again,
we choose such time steps that errors remain negligible.

Appendix G: Appropriate Choice of Parameters for
the Spin-Chain Setup: Density of States and Free

Relaxation Dynamics

Since, as argued in Sect. II, stiff pdf’s may only oc-
cur in regions featuring an exponential DOS, we start
(just like in Appendix E) by identifying such exponen-
tial regions in the DOS of the spin chain (as defined
in Sect. III) as displayed in Fig. 14. In accord with
the literature [61], the calculations indicate that there
are energy regimes in which the DOS is well described
by an exponential growth, e.g. , at E0 ≈ −0.18N and
∆ = 2.5. . There we find the DOS well described by
Ω ∝ exp(βE) with β ≈ 0.86. As for the ladder model,
the agreement between Ω and the exponential fits in-
creases as the system size becomes larger. Thus also for
this model, regardless of its integrability, stiff work pdf’s
are possible. Again, in order to stay away from the triv-
ial limiting cases (cf. Sect. E), we want to chosse the
driving strength λ such that corresponding driving time
scale is comparable to the time scale of the free relax-
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FIG. 14. Semi-log plots of the density of states for the chain
model for N = 15 − 19. As in Fig. 12 dashed lines indicate
exponential fits. The fits correspond to β ≈ 0.86. Here, also,
it seems that the energy range for which Ω agrees well with
the fits increases as the system size rises.
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FIG. 15. Dynamics of the magnetization for the integrable
chain model (N = 19). The relaxation behavior is strongly
non-exponential and features fluctuations even for large times.
Nevertheless, the dynamics fluctuate around an “universal”
expectation value corresponding to β ≈ 0.86. The relaxation
time τR is similar to the one for the strongly coupled ladder
system.

ation. To this end we compute the free relaxation dy-
namics based on an initial state according to Eq. (E1)
with πbath

E,σ based on H ′
chain. The relaxation behavior

of 〈Sz
sys〉 is displayed in Fig. 15. We infer a relaxation

time of τR ≈ 1.6 and correspondingly choose a driving
strength of λ = 3.9(≈ 2π/1.6). We furthermore choose
a (off-resonant) driving frequency of ν = 0.75 and aply
the driving for half a sine-period. (Note that because of
the large λ and small detuning corrections [57, 62] for
the Rabi frequency due to the off-resonant driving are
negligible here.) A few side comments on the relaxation
behavior itself may be in order. The relaxation behav-
ior is reminiscent of that of the strongly coupled ladder

model. However, 〈Sz
sys〉 fluctuates around some long-time

average. Up to the times shown here, apparently these
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FIG. 16. Colormap of the energy dependencies of transition
rates γE→E′ vs. E,E′ according to Fermi’s Golden Rule for
the (a) spin ladder and (b) spin chain [arbitrary units]. Both
indicate that the transition rates do only depend on the en-
ergy difference E−E′, i.e., γE→E′ = γ(E−E′), in the energy
regimes onto which we focused our investigations.

fluctuations are no finite-size effect but persist in the limit
of large systems. This principal difference reflects the in-
tegrability of the system. Nevertheless, irrespective of
the initial value, 〈Sz

sys(t)〉 appears to converge against,
or fluctuate around, an “universal” expectation value.
This value is also in accord with the corresponding stan-
dard, canonical equilibrium value at inverse temperature
β ≈ 0.86, as suggested by Fig. 14. Regardless of integra-
bility this example thus also agrees with the principles of
“canonical typicality” [2, 41] and the ETH in the sense
discussed in Ref. [60]. For a more detailed discussion of
thermalization in the presence of conservation laws, see
e.g. [63].

Appendix H: Investigation of the transition rates
according Fermi’s Golden Rule

As discussed in Sect. VI (main text) for weak driving,
the internal transition rates from energy E to E′ may
be well-described by Fermi’s Golden Rule. There, we
denoted these transition rates as γE→E′ and the under-
lying perturbation operator is identified as the Sx

sys op-
erator. Here we will display our results on these γE→E′

in a similar way as we have done for the ETH-related
quantity g(E′, E). In fact, as pointed out in Sect. VI,
both quantities may be related to each other. Moreover,
if Ω(E) ∝ eβ E holds true, one can calculate the one
from the other. Fig. 16 shows the energy dependence of
γE→E′ for the ladder model (left panel) and the chain
model (right panel) in the corresponding energy regimes
as discussed in the main text. Both matrix presentations
indicate that the transition rates do only depend on the
energy difference E − E′, i.e., γE→E′ = γ(E − E′).
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