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”Viele hoffen auf das Große und übersehen das Kleine,
was zusammengenommen das Große ist.” - Marcel Baumert
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Abstract

This thesis focuses on the impact of spatially heterogeneous environments on
the spatio-temporal behavior of planktonic systems. Specific emphasis placed
is on the influence of spatial variations in the strength of random or chaotic
movements (diffusion) of the organisms. Interaction between different species
is described by ordinary differential equations. In order to describe movements
in space, reaction–diffusion or advection–reaction–diffusion systems are studied.
Examples are given for different approaches of diffusive motion as well as for the
possible effects on the localized biological system. The results are discussed based
on their biological and physical meanings.

In doing so, different mechanisms are shown which are able to explain events
of fast plankton growth near turbulent flows. In general, it is shown that local
variation in the strength of vertical mixing can have global effects on the biological
system, such as changing the stability of dynamical solutions and generating new
spatiotemporal behavior.

The thesis consists of five chapters. Three of them have been published in
international peer-reviewed scientific journals.

Chapter 1. Introduction: This chapter gives a general introduction to the
history of plankton modeling and introduces basic ideas and concepts which are
used in the following chapters.

Chapter 2. Fokker-Planck law of diffusion: The influence of spatially in-
homogeneous diffusion on several common ecological problems is analyzed. Dif-
fusion is modeled with Fick’s law and the Fokker–Planck law of diffusion. A
discussion is given about the differences between the two formalisms and when
to use the one or the other. To do this, the discussion starts with a pure diffu-
sion equation, then it turns to a reaction–diffusion system with one logistically
growing component which invades the spatial domain. This chapter also provides
a look at systems of two reacting components, namely a trimolecular oscillating
chemical model system and an excitable predator–prey model. Contrary to Fick-
ian diffusion, spatial inhomogeneities promote spatial and spatiotemporal pattern
formation in the case of Fokker–Planck diffusion.
A slightly modified version of this chapter has been published in the Journal of
Mathematical Biology (Bengfort et al., 2016).
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Chapter 3. Plankton blooms and patchiness: Microscopic turbulent mo-
tions of water have been shown to influence the dynamics of microscopic species.
Therefore, the number, stability, and excitability of stationary states in a predator–
prey model of plankton species can change when the strength of turbulent mo-
tions varies. In a spatial system these microscopic turbulent motions are naturally
of different strength and form a heterogeneous physical environment. Spatially
neighboring plankton communities with different physical conditions can impact
each other due to diffusive coupling. It is shown that local variations in the
physical conditions can influence the global system in the form of propagating
pulses of high population densities. For this, three local predator–prey models
with different local responses to variation in the physical environment are consid-
ered. The degree of spatial heterogeneity can, depending on the model, promote
or reduce the number of propagating pulses, which can be interpreted as patchy
plankton distributions and recurrent blooms.
This chapter has been published in the Journal Ecological Complexity (Bengfort
et al., 2014).

Chapter 4. Advection–reaction–diffusion model: Here, some of the models
introduced in chapter 1 and 2 are modified to perform two dimensional spatial
simulations including advection, reaction and diffusion. These models include
assumptions about turbulent flows introduced in chapter 1.

Chapter 5. Competition: Some plankton species, such as cyanobacteria, have
an advantage in competition for light compared to other species because of their
buoyancy. This advantage can be diminished by vertical mixing in the surround-
ing water column. A non–spatial model, based on ordinary differential equations,
which accounts for this effect is introduced. The main aim is to show that vertical
mixing influences the outcome of competition between different species. Hystere-
sis is possible for a certain range of parameters. Introducing a grazing predator,
the system exhibits different dynamics depending on the strength of mixing. In
a diffusively coupled horizontal spatial model, local vertical mixing can also have
a global effect on the biological system, for instance, destabilization of a locally
stable solution, or the generation of new spatiotemporal behavior.
This chapter has been published in the Journal Ecological Modelling (Bengfort
and Malchow, 2016).
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Chapter 1

Introduction

Algae are one of the oldest and most common life-forms on earth. Hedges et al.
(2001) discovered that the first phytoplankton (marine cyanobacteria) appeared
almost three billion years ago. In general, one can say that wherever there is
water, there are algae as well.

The first person to actually see individual plankton organisms probably was
the Dutch microscopist Antonie van Leeuwenhoek in 1676 (van Leeuwenhoek,
1677). He called the observed animals “animalcula or living atoms”.

The name plankton derived from the Greek adjective πλαγκτóς (planktos),
meaning errant or drifting, and was introduced by the German Victor Hensen in
1889 (Hensen, 1898). This gives a primary definition for plankton: In opposite to
the so called nektons (e.g. fish, marine mammals and calamari) which can swim
against the flow of the water, plankton are passively drifted by the flow. For most
plankton species the size of the organism is a limitation for their swimming speed.
However, there are very large organisms like jellyfish which belong to the group of
plankton (Sommer, 1996). Generally we distinguish between plankton organisms
which feed on other small organisms (zooplankton) and plankton organisms which
generate their energy due to photosynthesis (phytoplankton).

Phytoplankton is essential for the global primary production of biomass. Ap-
proximately one third to one half of earth ’s primary production can be attributed
to these organisms (Sommer, 1996; Field, 1998; Katz et al., 2004). Because of
this, they also produce half of the atmospheric oxygen derived from photosyn-
thesis each year and are the basin of the whole aquatic food chain (Villar et al.,
2015).

A disturbance of this system due to global change or other factors, like the
emission of harmful substances or nutrients by humans, can have disastrous ef-
fects on the global ecosystem (Litchman et al., 2006; Hinder et al., 2012). It
seems that a change is already in process. Boyce et al. (2010) observed that the
phytoplankton biomass in the oceans declines with a rate of ≈ 1% of the global
mean per year.

Algae are of local, economic interest as well. A balanced algal ecosystem is
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of great importance for fisheries, and also for the tourism sector. A plankton
bloom is a sudden rise in the population density of a plankton species. In a
lake or at beaches this does not only visibly diminish the water quality and lead
to anaerobic conditions, but it can be toxic as well (Anderson et al., 2000). A
bloom of a harmful or toxic plankton species is called harmful algal bloom or
HAB. A well known kind of plankton blooms are the so called red tides. They
are caused by several species of dinoflagellates which have a red or brown color,
but sometimes the term red tide is used for different kinds of algal blooms as well
(Anderson, 1989; Sellner et al., 2003).

In theoretical biology, different plankton groups are often modeled with the
help of ordinary differential equations (ODE), which describe the growth or decay
of their population size. Here one can think of behavior that influences the growth
and decay of population size, such as predator-prey interaction or the competition
between species. If we are not only interested in the temporal behavior of those
systems, we can also look at the spatial distribution and its variations in time. For
this purpose the mathematical description would be a system of partial differential
equations (PDE).

Field observations show that plankton are not homogeneously distributed in
the horizontal space (Fasham, 1978; Mackas and Boyd, 1979; Green et al., 1992;
Abbott, 1993; Sterner and Hessen, 1994). There are different mechanisms on
different spatial and temporal scales which lead to spatial heterogeneity, and not
all of them are known yet. On large scales of many kilometers the horizontal
plankton distribution is mainly controlled by hydrophysical properties like tem-
perature, nutrient distribution etc. (Denman, 1976; Weber et al., 1986). Turbu-
lence has a known effect on plankton distributions on scales less than a hundred
meters (Platt, 1972). Between these two spatial scales, the plankton distribution
does not seem to be determined by the environmental conditions (Powell et al.,
1975; Nakata and Ishikawa, 1975; Powell and Okubo, 1994; Seuront et al., 1999).

This thesis consolidates some studies which focus on the influences of the en-
vironmental conditions on plankton organisms. These influences can vary in time
and/or in space. For this purpose a mathematical description for the movement
of plankton in its aquatic environment is required. This motion can be a directed
movement like in a river. On smaller scales, as well as with very high velocities,
the movement of water may also become chaotic. The focus of this research is
on the influence of these turbulent environments on the dynamics of plankton
ecosystems. It is shown that local variations in the strength of mixing or turbu-
lence in the water can globally affect the biological system and provides possible
explanations for the development of large-scale plankton blooms.
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Outline

In the following introductory paragraphs some of the mathematical models which
are used throughout this thesis to describe different plankton systems are pre-
sented. After that, a short historical overview of plankton modeling is given.
Furthermore, the notion of turbulence as applied in the context of this thesis is
explained.

This will form the basis for chapter 2, where two different mathematical mod-
els of diffusion, namely Fickian (Fick, 1855) and Fokker–Planck (Fokker, 1914;
Planck, 1917) diffusion, are discussed to find an adequate model for the systems
we investigate. Both models are frequently used to model random motion in dif-
ferent scientific fields. However, there are uncertainties about which model gives
more precise results in different contexts. This chapter analyses the differences
between both models in different mathematical descriptions of biological systems.
In doing so, a mechanism is described which explains the occurrence of plankton
blooms as a consequence of inhomogeneous diffusion.

The influence of spatially inhomogeneous turbulent motion on plankton sys-
tem is investigated in detail in chapter 3. There is some evidence that the behav-
ior and health of plankton is affected by the strength of turbulence (MacKenzie
and Leggett, 1991; Kiørboe and Saiz, 1995; Peters and Marrasé, 2000; Visser
and Stips, 2002; Metcalfe et al., 2004; Peters et al., 2006; Visser et al., 2009).
Therefore it can affect different parameters in mathematical models. This effect
is studied on different predator–prey models. The different strength of turbu-
lent motion of the water is approximated with a spatially varying coefficient of
diffusion. It turns out that a local variation of turbulent diffusion can initial-
ize a local plankton bloom, which then propagates through the whole spatially
extended system.

Chapter 4 sums up findings in a two-dimensional spatial model which includes
an explicitly modeled advective flow in two dimensions. This enables spatial
regions with persisting high phytoplankton concentrations.

A varying strength of mixing in the vertical dimension of a water column
can influence the competition between species with different vertical movement
strategies. This is investigated in chapter 5. Many phytoplankton species have a
slightly higher density than their surrounding water. As a consequence they are
sinking slowly to the ground due to gravity. On the other hand, some species,
e.g. some cyanobacteria, have the ability to build gas vessels which result in a
negative sinking velocity (Reynolds et al., 1987; Scheffer, 1998). These buoyant
species have a competitive advantage in respect to photosynthesis. The strength
of vertical mixing due to turbulence can influence this competition.



4 CHAPTER 1. INTRODUCTION

1.1 Mathematical methods

This section sums up the most important methods and ideas used in the following
chapters. It further gives a short historical overview of the theoretical research
on plankton ecosystems.

1.1.1 Mathematical models for ecological systems

There are two possibilities to study plankton systems: The first one is to look
at real plankton in a laboratory or their natural environment. The second one is
to use mathematical models of the system and answer questions analytically or
with the help of computer simulations.

On the one hand, a big disadvantage of the latter is that a mathematical
model never exactly describes a real system. On the other hand, this precisely is
the advantage of mathematical models. Compared to real systems, it is easy to
focus on a singe effect in mathematical models. If the researcher is interested in
the influence of spatially heterogeneous mixing in a plankton system, and wants
to eliminate all other impacts like e.g. gravity, varying temperatures or nutrient
concentrations, it would be a very expensive and nearly impossible task for an
experimental setup. In a mathematical model, this is extremely easy.

In some cases we can get important information about the dynamical behavior
of the models with analytical calculations. However, in most cases we have to
perform numerical simulations to analyze the model. The programs and routines
to perform the simulations in this study are written in the computer language
FORTRAN 95.

1.1.2 Growth models

Since the 17th century scientists have used models do describe the growth of a
population (Graunt, 1665; Euler, 1767; Malthus, 1798; Gompertz, 1825; Verhulst,
1838). The exponential growth model uses the assumption that the growth rate
of a population is proportional to its current size P :

dP

dt
= rP, P (0) = P0. (1.1)

This models fits quite well into experimental data, e.g. human world population
(Murphy, 1985), for a short time interval with a small initial population. Equa-
tion (1.1) can easily be solved analytically. Its solution is P (t) = P0 exp(rt). For
positive r and large values of t it predicts that the population P goes to infinity,
which is not possible in real systems. Pierre-Francois Verhulst (1838) added a
term into Eq. (1.1), which models a negative influence of high densities on the
growth rate. This can be caused by limitation of space or resources. It results in
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the logistic growth equation:

dP

dt
= rP − cP 2 (1.2)

In 1920 Pearl and Reed restructured equation 1.2 in the following way.

dP

dt
= r

(
1− P

K

)
P, with K =

c

r
and P (0) = P0. (1.3)

K is the so called carrying capacity. The population will reach this value with
t→∞ for all P0 > 0.

0.0

0.2

0.4

0.6

0.8

1.0

 0  2  4  6  8  10

P
(t

)/
K

time t in days

logistic growth
exponential growth

Figure 1.1: Exponential and logistic growth with r = 1 1
d and P (0)/K = 0.1.

There is still an ongoing debate whether the implicit carrying capacity, in
terms of c and r in Eq. (1.2), or the explicit carrying capacity in Eq. (1.3), where
K is an independent parameter, gives a more realistic description for population
growth (Bowers et al., 2003; Hoyle and Bowers, 2007; Sieber et al., 2014).

In most systems, there are many different species interacting with each other.
This makes the dynamics more complicated. Typical possibilities of interaction
are predation and competition.

1.1.3 Predator–prey models

Alfred J. Lotka (1925) and Vito Volterra (1928) used a system of differential
equations to model two interacting species. One equation describes an exponen-
tially growing prey population P , which is consumed by predators Z with rate
c. The predators transform a fraction ε of the consumed prey into their own
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biomass and die with a rate m.
dP

dt
= rP − cPZ, P (0) = P0

dZ

dt
= εcPZ −mZ, Z(0) = Z0,

(1.4)

Even though this model shows some interesting results, like oscillating popula-
tion densities (Fig. 1.2a), it is not a representative model for most ecological
situations.

 0

 1
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 0  20  40  60  80  100

P
(t
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 Z

(t
)

time t

P(t)
Z(t)

(a) Abundances with time

 1

 2
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 0  1  2  3  4

Z
(t

)

P(t)

(b) Abundances in phaseplane (thin solid
line). Non-trivial solutions of dP

dt = 0

(dashed line) and dZ
dt = 0 (thick solid line).

Figure 1.2: Predator-Prey Oscillations in model (1.4). Dimensionless parameters: r = 1.0, c =
0.5, ε = 0.2,m = 0.1, P0 = r

c + 0.1, Z0 = m
εc + 0.1

In order to model a specific biological system, it is necessary to carefully
think about every single term in system (1.4). Is a logistic growth rate more
realistic than the exponential ansatz? Is the mortality of the predators linearly
proportional to their number?

The Lotka–Volterra model can be generalized by replacing the constants with
variable functions:

dP

dt
= r(P )P − F (P,Z)Z, P (0) = P0,

dZ

dt
= εF (P,Z)Z −m(Z)Z, Z(0) = Z0.

(1.5)

There are a number of mathematical formulation to model the predation term
in a predator–prey system. Holling (1959) introduced the general form of a catch
rate

F (P ) := Fmax
Pm

Hm + Pm
(1.6)

instead of the catch rate cP used in the Lotka–Volterra model (Eq. (1.4)). The
most frequently used forms are the Holling type II functional response with m = 1
and the Holling type III functional response with m = 2.
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Figure 1.3: Holling II (m = 1) and Holling III (m = 2) functional response. H = 0.5. The
dimension of H equals the dimension of P .

These formulations assure that the predators can not handle an arbitrary
amount of prey. For P →∞ the catch rate F (P ) reaches an asymptotic maximal
value Fmax (see Fig. 1.3). If P equals H the catch rate has the value Fmax/2.
Thus, H is often called the half saturation density.

The specific mathematical formulation of the biological processes can change
the possible dynamical behavior of the model drastically. This phenomenon is
called structural sensitivity (Adamson and Morozov, 2012). For a modeler these
are always difficult decisions to make. Consequently, the work of experimental
scientists is essential, to find out which simplified mathematical description fits
the best for given species.

For instance, Truscott and Brindley (1994) modeled ocean plankton popula-
tions with a logistic growth for the prey species, a linear predator mortality rate
and a Holling type III functional response for the predating zooplankton. With
their model, it is possible to explain the appearance of sudden rises in the con-
centration of plankton which is at equilibrium but randomly disturbed. But it is
not clear whether this mechanism is realistic for all blooming plankton species,
because the assumptions they made are not necessarily plausible for all species. If
their model uses a Holing type II functional response instead, the concentrations
of the predator and the prey species oscillate continuously.

1.1.4 Competition models

Thinking of two slightly different species, P1 and P2, that share the same re-
sources, it is often interesting to ask whether or not these species can coexist, or
if not which of these species will become extinct. Let us assume that both species
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grow logistically. A competition for the same resource means that the existence
of one species has a negative effect on the other species. The disadvantage for
one species becomes even stronger with growing number of competitors. This
simple assumption can be expressed in a competitive Lotka–Volterra model:

dP1

dt
= r1P1

(
1− P1

K1

)
− c1P1P2, (1.7)

dP2

dt
= r2P2

(
1− P2

K2

)
− c2P2P1. (1.8)

Here ci describes the inter-specific (between species) competition, whereas the
intra-specific (within species) competition is proportional to ri/Ki. To answer
the first question of whether or not the species can coexist, we have to find
stationary solutions of the system. Those solutions are values of P1 and P2,
where both equations (1.7 and 1.8) equal zero. The nullcline of a differential
equation is a function in the phase–plane (the plane with axes being the values of
the state variables), on which the temporal derivative equals zero. The nullclines
for equation (1.7) are

N
(1)
P1

(P2) = 0 and (1.9)

N
(2)
P1

(P1) =
r1

c1

(
1− P1

K1

)
. (1.10)

The nullclines for equation (1.8) are

N
(1)
P2

(P1) = 0 and (1.11)

N
(2)
P2

(P1) = K2 −
c2

r2

K2P1. (1.12)

A stationary solution is an intersection of a nullcline from Eq. (1.7) with a
nullcline from Eq. (1.8). The origin (0, 0) in this model is always a stationary

solution, because here the nullclines N
(1)
P1

(P1) and N
(1)
P2

(P2) intersect. There are
up to three other stationary solution in this model. If only one species exist, it
can grow up to its carrying capacity. Consequently, the solutions (K1, 0) and
(0, K2) are stationary solutions. The third additional stationary solution is a
coexistence of the two species. The values P1 and P2 for this special state are
given by the intersection of the nullclines N

(2)
P1

(P1) and N
(2)
P2

(P1). Coexistence is
only possible if the parameters r1, r2, c1, r2, K1, K2 are chosen in a way, that these
nullclines intersect for positive values of P1 and P2.

To find out, how a system with given initial conditions behave for t→∞, an
analysis of the stability of the stationary solutions is required.

A stationary solution is linearly stable if a small variations δ1(t) and δ2(t) in
the state variables decrease with t (see for example Strogatz (2007)). In a linear
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approximation near a stationary solution (P ∗1 , P
∗
2 ), the system (1.7-1.8) can be

written as 
dP1(t)

dt

dP2(t)

dt

 =


dδ1(t)

dt

dδ2(t)

dt

 ≈ J∗
(
δ1(t)
δ2(t)

)
, (1.13)

where J∗ is the Jacobian matrix of system (1.7-1.8) calculated at the stationary
solution (P ∗1 , P

∗
2 ).

J∗ =

(
r1 − 2 r1

K1
P ∗1 − c1P

∗
2 −c1P

∗
1

−c2P
∗
2 r2 − 2 r2

K2
P ∗2 − c2P

∗
1

)
If both eigenvalues of J are negative the variations δ1(t) and δ2(t) will vanish for
t→∞ and the stationary solution (P ∗1 , P

∗
2 ) is linearly stable.

• In case of the stationary solution (0, 0) the eigenvalues are λ1 = r1 and λ2 =
r2. Because the growth–rates are supposed to be positive, this stationary
solution is unstable.

• If only one species (e.g. P1) is present and has reached its carrying-capacity,
the eigenvalues are λ1 = −r1 and λ2 = r2 − c2K1 (or λ1 = −r2 and λ2 =
r1 − c1K2 for (0, K2)). This solution is stable if r2 < c2K1 (r1 < c1K2 for
(0, K2)). (See panel a) and b) in Fig. 1.4)

• If the stationary solution of coexistence is stable, it is the only stable solu-
tion in this system. This is only possible if the intra-specific competition
is stronger than the inter-specific competition (c1c2 <

r1r2
K1K2

). In case of
a unstable coexistence, the two solutions (K1, 0) and (0, K2) are locally
stable.(See panel c) in Fig. 1.4)

• In this case the final state for t→∞ depends on the initial conditions P1(0)
and P2(0). (See panel d) in Fig. 1.4)

Consequently, in case of strong inter-specific competition only one species can
survive (Hardin et al., 1960). This finding motivated G. Evelyn Hutchinson to
formulate the paradox of the plankton (Hutchinson, 1961). This paradox dis-
cusses the observable coexistence of numerous competing plankton species in the
ocean, which contradicts this theoretical analysis. Most plankton species share
resources like light, carbon dioxide and inorganic nitrogen. There are many possi-
ble mechanisms solving this paradox (Scheuring et al., 2000; Record et al., 2013).
Some of those ideas, like predator–prey interaction, spatial inhomogeneities and
movement behavior, are discussed in this thesis.

For a more detailed model the analysis shown here becomes more complex.
We will analyze such a model in chapter 5.
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Figure 1.4: Schematic nullclines. Arrows indicate the direction of the temporal dynamic. Filled
dots indicate locally stable solutions, empty dots indicate instable stationary solutions. The
origin (0, 0) is a instable stationary solution (not indicated).

1.1.5 Spatial models

Using ordinary differential equations (ODEs) to model an ecological system im-
plies that every individual is able to interact at any time with any other indi-
vidual. In a spatially extended system this is not a valid assumption. Only
individuals in a small range in space (patch) can interact with each other. In
this small spatial scale an ODE is a proper approximation. Because individuals
can move for different reasons, they are able to leave and enter a patch. On
the one hand individuals can move in a certain direction like plankton in a river
(advection), or can move randomly. This random motion can have different ori-
gins. Motile species can swim randomly to find some food, or plankton can drift
randomly due to turbulent motion of its surrounding water.

In both cases this is often modeled with the help of reaction–diffusion equa-
tions. The coefficient of diffusion D gives the strength of the random motion.
Because every individual moves randomly the density of the population diffuses
in space as shown in figure 1.5, for example. A partial differential equation (PDE)
with reaction and spatially homogeneous advection and diffusion looks like

∂P

∂t
= f(P )︸ ︷︷ ︸

Reaction

−v∂P
∂x︸ ︷︷ ︸

Advection

+D
∂2P

∂x2︸ ︷︷ ︸
Diffusion

, (1.14)

where v is the velocity along the spatial dimension x and f is a function describing
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the local dynamic of the population P .
As mentioned above, this formulation is valid only if v and D are constant

in space. In chapter 2 the specific case of spatially heterogeneous diffusion is
discussed.
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Figure 1.5: Diffusion of a one-dimensional Gaussian distributed population P (x, t) with Dirich-
let boundary conditions (P (0, t) = P (1, t) = 0).

1.1.6 The history of plankton models

The first mathematical model for plankton populations was introduced in 1939
by Richard Fleming. He used ordinary differential equations to describe how
grazing by zooplankton affects the temporal variability of phytoplankton (Flem-
ing, 1939). Fleming used many simplifying assumptions in order to be able to
solve his equations analytically. He assumed that grazing is the only loss pro-
cess for phytoplankton, that transport effects are negligible, and that the specific
growth rate of phytoplankton is constant over time. He also assumed that the
zooplankton population increases linearly in time.

dP

dt
=(µ− g(t))P (t).

g(t) =g1 + g2t,

⇒ P (t) =P (t0) exp [(µ− (g1 + g2t/2))t] . (1.15)

Despite these simplifications, the model showed reasonable agreements with data
for the spring bloom in the English Channel.
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The model was improved by Riley and Bumpus (1946) using a linearly in-
creasing growth rate µ(t) = µ1 +µ2t and also including dilution of the population
from mixing. If d(t) = d1 + d2t is a linearly increasing dilution rate, the solution
of the model reads:

P (t) = P (t0) exp [(µ1 + µ2t/2− (g1 + g2t/2))t(1− t(d1 + d2t))] . (1.16)

This was the first coupled physical–biological plankton model.
In a second model Riley (1946) identified seven environmental variables which

control the processes in the phytoplankton dynamic.

dP

dt
=

ph(l, k, h,N,m)︸ ︷︷ ︸
Growth

− rP (T )︸ ︷︷ ︸
Respiration

− g(Z)︸︷︷︸
Grazing

P (1.17)

The gross growth rate ph in this model is a function of light intensity (l), water
transparency (k), euphotic zone depth (k), nutrients availability (N), turbulence
(described by a mixed layer depth m), and the euphotic zone depth (h). The
respiration rate rP varies with temperature T , and the grazing rate g depends on
the zooplankton density Z. Later Riley developed the first model for zooplankton
dynamics in a similar way (Riley, 1947). In 1949, Riley et al. introduced a model
of coupled partial differential equations to describe the dynamics of nutrients (N)
and phytoplankton (P )

∂N

∂t
= rPP + rZZ︸ ︷︷ ︸

Respiration

−phP︸ ︷︷ ︸
Consumption

+
∂

∂z
D
∂N

∂z︸ ︷︷ ︸
Mixing

,

∂P

∂t
= (ph − rP )P︸ ︷︷ ︸

Net Growth

−gZ︸︷︷︸
Grazing

+
∂

∂z
D
∂P

∂z︸ ︷︷ ︸
Mixing

−s∂P
∂z︸ ︷︷ ︸

Sinking

,

∂Z

∂t
= (g − rZ)Z︸ ︷︷ ︸

Net Growth

.

(1.18)

The zooplankton (Z) is assumed to be vertically homogeneously distributed.
However, phytoplankton sinks to the bottom of the water column with a speed s
due to gravity. The vertical distribution of phytoplankton and nutrients are also
affected by turbulent mixing. This is modeled with a constant vertical coefficient
of diffusion D.

Systems like (1.18) can not be solved analytically. We can approximate the
solution of those system with the help of numerical schemes. However, the first
electronic computer, the ENIAC (electronic numerical integrator and computer),
came up in 1946. It was able to perform 5000 calculations per second, needed 1800
square feet of floor space and was controlled by 6000 switches which had to be set
by hand to program it (Goldstine and Goldstine, 1996). So most researches had
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to perform their numerical calculations by hand, which was very time intensive.
The first manageable personal computers were available in the late 1970’s. These
machines changed the potential of models like (1.18) drastically.

Researchers like John Steele were able to use more realistic and complex
model descriptions. For example, he and his colleague Bruce Frost developed a
model where a zooplankton population was described with different subclasses
representing different life–stages of the animals (Steele and Frost, 1977). Steal
also used the new tool of computational power for sensitivity studies of his models.
He showed that the result of many models vary drastically when parameter values
or process formulations are changed (Steele, 1959, 1961, 1974). This phenomenon
became famous in the analysis of an atmospheric model by Edward Norton Lorenz
(Lorenz, 1963) and is discussed for more complex planktonic ecosystem models
as well (Scheffer, 1991b; Denman, 2003).

Due to increasing accessibility of computational power in the following years,
researchers were able to use models, where all ecological variables were trans-
ported by local currents and turbulence (Wroblewski, 1977; Davis, 1984; Franks
et al., 1986). In this context, the ability of planktonic systems to generate spa-
tial patterns became the focus of many studies. Levin and Segel (1976) put
forward the hypothesis that some observed spatial plankton pattern are a result
of a mechanism theoretically described by Alan Turing in 1952. Turing showed
that a reaction–diffusion equation can result in spatial or spatio-temporal pattern
formations of two reacting components if the initial conditions are not fully ho-
mogeneous and the components have considerably different diffusion coefficients.
Another mechanism explaining patterns in planktonic systems including diffusion
and advection has been given by Malchow (1996) using a modification of Schef-
fer’s model (Scheffer, 1991b). These patterns can be influenced for example by
planktivorous fish (Malchow et al., 2000, 2001; Medvinsky et al., 2002).

Since the 1990’s numerous studies have been published about plankton mod-
eling. One reason for this growing interest was anthropogenic climate change.
Today, one of the main aims of most plankton studies is to figure out how cli-
mate variability can influence aquatic ecosystems and the other way around.

A new modeling approach which became possible because of the improving
computer technology was the Individual-Based Model approach (IBM). In con-
trast to former models an IMB does not use the mean density of cells or animals,
but simulates each single individual in a population. So it is possible to study
the effect of a single individual on the whole community (e.g. Grünbaum, 1998;
Flierl et al., 1999).

1.1.7 Turbulence

The American Heritage Dictionary defines turbulence as “turbulent flow” or “an
eddying motion of the atmosphere that interrupts the flow of wind”. The New
Oxford American Dictionary uses the definition “violent or unsteady movement
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of air or water, or some other fluid”.

Figure 1.6: Drawing by Leonardo da Vinci (approx. 1508/1509).
Licence: public domain

The motion in a turbulent environment is not fully random. Already da Vinci
knew that turbulence is interspersed with spatial–temporal complex structures
like eddies (Fig. 1.6). This is consistent with Lewis F. Richardsons phenomeno-
logically founded turbulent energy–cascade (Richardson, 1920) which he formu-
lated in a little poem (Richardson, 1922, p. 66):

Big whorls make little whorls
which feed in their velocity;

little whorls make smaller whorls,
and so on to viscosity. . .

These considerations are the basin for the quantitative theory of Kolmogorov
et al. (1937).

Even though scientists have been thinking about the nature of turbulence for
more than 500 years, so far there is no satisfying theoretical description. Well
known scientists talk about turbulence as one of the mayor problems in physics:

”I am an old man now, and when I die and go to heaven there
are two matters on which I hope for enlightenment. One is quantum
electrodynamics, and the other is the turbulent motion of fluids. And
about the former I am rather optimistic.”
- Horace Lamb (1932)
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”...the last great unsolved problem of classical physics.”
- Richard Feynman (unreported)

One feature of real three–dimensional turbulence is that energy is transported
from large scales to smaller scales. On a macroscopic level external energy (e.g.
wind or coriolis-force) generates eddies. In the ocean those eddies have a hori-
zontal radius of about 100 km. These large–scale eddies brake down to smaller
eddies until the viscosity of the water disable any smaller eddies. The energy
then dissipates as thermal energy. The length scale of the smallest eddies is
approximated by the Kolmogorov scale (Kolmogorov, 1991)

η =

(
ν3

ε̄

)1/4

. (1.19)

Here ε̄ represents the spatially and temporally averaged rate of turbulent dissi-
pation of kinetic energy and ν is the kinematic viscosity of the medium. In water
these length scale is in the order of 1 mm.

Interestingly, if only two spatial dimensions are available an inverse energy
cascade from small to large scales is observed (Kraichnan, 1967; Belmonte et al.,
1999).

In practice it takes a lot of computational power (time and resources) to
simulate a fully developed turbulence in three dimensions. Most often, turbulent
flows are modeled with a time-averaged velocity v̄ and a fluctuating part v

′
called

Reynolds decomposition
v = v̄ + v

′
. (1.20)

In general, the same ansatz should describe the pressure p. However, for an
incompressible fluid the pressure is constant.

Inserting this into the Navier–Stokes equations (after Claude-Louis Navier
1785-1836 and Sir George Gabriel Stokes 1819-1903) results in the Reynold equa-
tions which corresponds to a balance of mean linear momentum.

∂v̄i
∂xi

=0, (1.21)

∂v̄i
∂t

=− v̄j
∂v̄i
∂xj
− ∂p̄

∂xi
+ ν∇2v̄i −

∂τij
∂xj

, (1.22)

with τij =v
′
i v

′
j .

ν is the kinematic viscosity of the fluid and p̄ = p/ρ, where ρ is the density
which is assumed to be constant. The Einstein summation convention applies
to repeated indices. τ is the Reynolds stress tensor. Because this tensor is an
unknown variable, we can not use equation (1.22) to calculate the velocity v of a
given system without some approximation assumptions about this tensor. One of
the simplest assumptions is the eddy viscosity model (Smagorinsky, 1963). This
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model assumes that the Reynolds stress tensor is proportional to the mean strain
tensor S̄ij:

S̄ij =
1

2

(
∂v̄i
∂xj

+
∂v̄j
∂xi

)
(1.23)

τij ∝ |S̄|S̄ij. (1.24)

In this thesis, turbulence is described going the other way around. Instead
of deriving the velocity field from the Reynolds equations (1.21) and (1.22), an
analytical mean flow field v̄ is defined and used to approximate the stress tensor
which describes the strength of the turbulent fluctuations.

A frequently used method to simulate a turbulent flow is the seeded–eddy
model (Abraham, 1998; Vainstein et al., 2007; Serizawa et al., 2010). This model
analytically describes the stream function of a flow in two dimensions as a sum
of randomly distributed eddies of different size:

Ψ(x, t) = A
N∑
j=1

(±)jR
2
j exp(−|x− xj(t)|2/(2R2

j )). (1.25)

Rj is the radius of the eddy number j. xh(t) = (xj(t), yj(t)) specifies the position
of its center at time t. A is a calibration constant and each eddy has a randomly
assigned orientation given by the sign ±. The flow speed v can be calculated
from this stream function as follows:

v = (u, v) =

(
−∂Ψ

∂y
,
∂Ψ

∂x

)
. (1.26)

Real geostropic turbulence has an energy spectrum E(k) ∝ k−3 where k is the
wavenumber (Kraichnan, 1967; Charney, 1971). Therefore the probability distri-
bution for the radius R should be p(R) ∝ R−3 for Rmin < R < Rmax. Turbulence
on smaller scales than Rmin is usually approximated as a diffusive process, which
is set to be constant in space (Reigada et al., 2003).

This approximation gives a qualitatively good model for a fully developed
turbulent flow on a macro- and mesoscopic scale. Instead, we focus on spatially
inhomogeneous turbulent flows, in which the strength of turbulence should vary
its strength spatially.

For this purpose only the macroscopic flow is described in detail. This could
be a single eddy, which is a common feature in many aquatic flows (Witten and
Thomas, 1976; Nadaoka and Yagi, 1998; Sandulescu et al., 2007, 2008), or a few
interacting eddies.

The stress-similarity model by Liu et al. (1994) assumes that velocities on large
scales give rise to turbulent stresses with similar structures on smaller scales. As
a consequence we can assume, that in case of small strain rates on macroscopic
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scales, the turbulent motion on microscopic scales is rather small. In the con-
trasting case of large values of strain on macroscopic scales, the turbulent motion
on microscopic scales is high as well.

We describe the meso- and microscopic flow in our model as diffusive process.
The strength of this diffusion is proportional to the strain rates of the macroscopic
flow.

Sn =
∂u

∂x
− ∂v

∂y
normal strain,

Ss =
∂v

∂x
+
∂u

∂y
shear strain,

S̄2 =S2
n + S2

S squared absolute strain.

Figure 1.7 shows an example of an eddy simulation with the resulting strain
rates and vorticity.
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Figure 1.7: Simple eddy simulation with 20 randomly distributed eddies of different size and
periodic boundary conditions. Maximal eddy-radius: 20, minimal eddy-radius: 4 units of
length.
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So far this model only describes the horizontal motion of the medium. Kosza-
lka et al. (2009) numerically investigated a three dimensional flow field consisting
of multiple eddies on the surface of the medium. Within and around the vortices
and filaments, they found alternating upwelling and downwelling regions which
do not correlate with the relative vorticity but result from the interplay of ad-
vection, stretching, and instantaneous vorticity changes. Their results indicate
that vertical mixing seems to be stronger inside a eddy, than in a laminar flow.
Martin et al. (2002) used a similar approximation for the upwelling regions in
a two-dimensional horizontal eddy flow using a parameter defined by Hua and
Klein (1998).

If we use an eddy model describing the macroscopic hydrodynamic motion in
the system, we can associate these eddies with local microscopic turbulence and
vertical mixing. We describe these random motions on small scales with the help
of diffusion. The strength of this turbulent diffusion is then not homogeneous in
space, but depends on the structure of the flow on larger scales.

With the help of these simplifications we are able to define spatial areas
with high or low turbulence. We can further define a parameter turb ∝ S̄2

describing the strength of turbulence and use it as a parameter in the local
biological equations.

There are different mathematical formalisms for describing random motion as
a diffusive process. We have a closer look at this in the next chapter.



Chapter 2

The Fokker–Planck law of
diffusion and pattern formation
in heterogeneous environments1

2.1 Introduction

Diffusion equations are often used to model the random movement of particles
in space. They have also been applied to population dispersal and have provided
fundamental insights into spatial ecology (Skellam, 1951; Kierstead and Slobod-
kin, 1953; Keller and Segel, 1971; Skellam, 1973; Andow et al., 1990; Holmes
et al., 1994; Okubo and Levin, 2001; Malchow et al., 2008; Cantrell et al., 2010).
Although spatial inhomogeneities are ubiquitous in nature, the strength of dif-
fusion is often assumed to be homogeneous in space. In this case, Fick’s (1855)
and Fokker–Planck’s laws (Fokker, 1914; Planck, 1917) of diffusion are identical.
However, if there are spatial heterogeneities, these two laws yield very different
results.

Usually, those papers that consider spatially varying diffusivities use piecewise
constant coefficients of diffusion (Shigesada et al., 1987; Lutscher et al., 2006),
or they use the classical Fick’s law of diffusion (Benson et al., 1998; Maini et al.,
1992; Kinezaki et al., 2006; Jin et al., 2014; Bengfort et al., 2014). The latter
reads

∂

∂t
u(x, t) =

∂

∂x

(
D(x)

∂

∂x
u(x, t)

)
=
∂D(x)

∂x

∂u(x, t)

∂x
+D(x)

∂2u(x, t)

∂x2
, (2.1)

1This chapter has been published in Journal of Mathematical Biology in a slightly modified
version, see Bengfort et al. (2016) Reprinted with kind permission of Springer Science and
Business Media. Copyright Springer 2016
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where u(x, t) is the local concentration of particles or, in ecology, individuals
at position x and time t, and D(x) is a spatially varying coefficient of diffu-
sion. Throughout this paper, all equations are dimensionless. In a dimensionless
diffusion equation, the coefficient of diffusion scales with the typical time- and
length-scale chosen for the dimensionless variables. In appendix 2.A we trans-
form a diffusion equation into a dimensionless form. This example additionally
includes a reaction term.

An alternative way to model diffusion in heterogeneous media is the Fokker–
Planck law of diffusion (Smoluchowski, 1916; Chapman, 1928; Kolmogorov, 1931;
Patlak, 1953; Okubo and Levin, 2001):

∂

∂t
u(x, t) =

∂2

∂x2
(D(x)u(x, t)) . (2.2)

Both laws of diffusion are special cases of the more general Fokker–Planck equa-
tion, which is a continuum equation for particles moving randomly in space and is
explained in the next section. Fick’s law and the Fokker–Planck law of diffusion
differ in their assumptions about the underlying random movement. Fick’s law
assumes that the speed of each step of movement depends on the conditions at
the end point of that step, whereas the Fokker–Planck law assumes that move-
ment speed depends on the conditions at the starting point of each step. Again,
this is discussed in detail in the following section.

Differentiating the diffusion term in Eq. (2.2) once, we obtain

∂

∂t
u(x, t) =

∂

∂x

D(x)
∂u(x, t)

∂x︸ ︷︷ ︸
Fick’s law

+u(x, t)
∂D(x)

∂x︸ ︷︷ ︸
additional term

 . (2.3)

Compared to Eq. (2.1), Eq. (2.3) includes an additional term proportional to
∂D

∂x
.

Further differentiation yields

∂

∂t
u(x, t) =D(x)

∂2u(x, t)

∂x2
+
∂D(x)

∂x

∂u(x, t)

∂x︸ ︷︷ ︸
Fick’s law

+
∂D(x)

∂x

∂u(x, t)

∂x
+ u(x, t)

∂2D(x)

∂x2︸ ︷︷ ︸
growth adaptation term

. (2.4)

Eq. (2.4) includes a term proportional to
∂2D

∂x2
, i.e. to the curvature of the diffu-

sivity. If the curvature is positive, there is extra net growth of the population. If
the curvature is negative, there is additional net decay of the population. Hence,
the growth adaptation term leads to growth in diffusion minima and to decay
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in diffusion maxima. In other words, the growth adaptation term generates a
net shift of particles from diffusion maxima to diffusion minima. This implies an
increased propensity of pattern formation and destabilization of uniform distri-
butions of reaction components or populations.

The growth adaptation term vanishes if the second derivative of the diffu-
sivity is zero. Hence, for diffusion coefficients that are linear in space, the only
difference between the Fokker–Planck and Fickian law of diffusion is the second
∂D(x)

∂x

∂u(x, t)

∂x
term. If the diffusion coefficients are constant, Fokker–Planck’s

and Fick’s law are equal.

Because diffusion models are a continuum description of a random motion
process of many particles, they are often used to approximate the influence of
a turbulent environment (Okubo, 1971; Thomson, 1984; Roberts and Webster,
2002; Tabak and Tal, 2004). However, because un-mixing by turbulence is un-
physical (Holloway, 1994), some authors (Hunter et al., 1993; Visser, 1997) apply
a “correction term” to the Fokker–Planck formulation, which compensates the ad-

ditional term
∂

∂x

(
u(x, t)

∂D(x)

∂x

)
in Eq. (2.3) in order to avoid this effect. They

refer to the work of Thomson (1987) who postulated the so called well–mixed
condition which does not allow structuring of passive tracers due to diffusion.
Those tracers are non-reacting particles which passively drift through the flow
of the surrounding medium. Thomson formulated this criterion for models de-
scribing turbulent diffusion in water or air, where “initially well-mixed particles
of tracers will remain so” (Thomson, 1987, p. 534).

Contrary to this, van Milligen et al. (2005) showed that the Fokker–Planck law
of diffusion is more in accordance with experimental data. In their experiment,
they used water with an inhomogeneous concentration of gelatine to create a
system with spatially inhomogeneous diffusion. As time went by, homogeneously
distributed food color diffused towards areas of lower diffusion and created a con-
centration gradient. This is in contrast to Thomson’s well–mixed condition and
shows good agreement with the Fokker–Planck law of diffusion. Other physical
experiments with moving particles, in plasmaphysics (Lanon et al., 2001; White-
ford et al., 2004), or cell movement in the brain (Belmonte-Beitia et al., 2013)
show similar results. Hillen et al. (2013) showed that a Fokker–Planck diffusion
model can even generate a Dirac-type mass concentration phenomenon in the
large time limit.

The differences between these papers underline that the theory of diffusion
and dispersion is not well understood yet and that the choice of the diffusion
model is not trivial.

Bringuier (2011) pointed out that Fick’s law might be a good model in cases
where diffusion itself has a physical origin like turbulent motion of the medium,
in which the tracers drift. The inhomogeneity of diffusion in those cases arises
from geometric conditions like boundary conditions of the system, which lead to
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spatially inhomogeneous turbulence. We will refer to this kind of diffusion as
physical diffusion.

In contrast to that, Bringuier (2011) remarked that the Fokker–Planck law
of diffusion is valid in cases where the inhomogeneity arises from a gradient in
temperature and/or density of the medium. For example, molecular diffusion on
a temperature gradient will lead to accumulation of molecules at cooler places.
The Fokker–Planck law of diffusion is also a good description for population
dynamics where individuals move differently based on local information. For
instance, individuals move more slowly if the local environment has beneficial
conditions, whereas they move faster in case of bad conditions (Turchin, 1998;
Cantrell et al., 2006). Keller and Segel (1971) and Lapidus and Levandowsky
(1981) use the term motility for the diffusion coefficient in this context. We use
the term ecological diffusion (Garlick et al., 2011) to make clear that this kind of
diffusion has another origin than physical diffusion.

Because Fick’s law is the most commonly used model of diffusion, here we
apply the Fokker–Planck law of diffusion to some typical biological reaction-
diffusion systems in inhomogeneous environmental conditions. We will point out
a number of differences between the two formalisms and try to make clear under
which conditions the one or the other is a more appropriate model.

Finally, we propose a model that combines the two formulations of diffusion.
This is based on the assumption that diffusion has different origins, as is often
the case when species change their movement behavior and adapt to varying
environmental conditions.

2.2 The Fokker–Planck equation

We consider a one–dimensional stochastic trajectory of a particle (Visser, 2008).
The spatial position x(t) at time t of this particle follows

x(t+ ∆t)− x(t) = Λ∆t+ ξ∆ν. (2.5)

Here ∆t is a small time step and ∆ν is a Wiener process with mean 〈∆ν〉 = 0
and variance 〈(∆ν)2〉 = ∆t. Λ is a drift and ξ the intensity of the stochastic
process.

A general continuum equation for particles following a general random walk
process like (2.5) is the Fokker–Planck equation (Okubo and Levin, 2001, chapter
5):

∂

∂t
u(x, t) =

∂

∂x

(
−Λ(x)u(x, t) +

∂

∂x
(D(x)u(x, t))

)
=− ∂

∂x
(Λ(x)u(x, t)) +

∂2

∂x2
(D(x)u(x, t)) , (2.6)
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which is also known as the Kolmogorov forward equation (Kolmogorov, 1931) or
Smoluchowski equation (Smoluchowski, 1916). The diffusion coefficient D(x) can
be related to the intensity of the stochastic process:

D =
ξ2

2n
, (2.7)

where n is the number of spatial dimensions (in this paper n = 1).

There are different options to specify the drift term Λ(x). In general it can be

any function, but the choice Λ = α
∂D

∂x
is especially interesting. α = 1 leads to

Fick’s law (2.1). If we set α = 0, the Fokker–Planck equation reduces to Eq. (2.2)
which is called the Fokker–Planck law of diffusion (Bringuier, 2011) and was first
derived by Chapman (1928). Patlak (1953) developed Eq. (2.2) as a continuum
equation for a correlated random walk and the special case that the probability
for a particle moving with a certain velocity into a certain direction is the same
for any direction.

The physical meaning of α can be understood by looking at the underlying
stochastic process (Sattin, 2008; Visser, 2008; Potapov et al., 2014). If, on the
one hand, the velocity of a randomly moving particle depends on the conditions
at the starting point of each movement step, ξ = ξ(x(t)), we set α = 0 and
obtain the Fokker–Planck law of diffusion. If, on the other hand, the velocity
of this particle depends on the conditions at the end point of each movement
step, ξ = ξ(x(t + ∆t)), we set α = 1. In this sense the biological meaning
of α is related to the amount of information an individual random walker has
about its neighborhood. This can be the ability to perceive or remember its
environment. Potapov et al. (2014) also analyzed the case α = 2, which is not a
subject of this paper. For turbulent diffusion, the choice of α is determined by
Thomson’s well mixed condition, which is fulfilled in case of α = 1. However, in
case of ecological diffusion, this condition does not need to hold, because living
organisms have internal energy reserves that can be utilized to decrease entropy
(Visser, 2008). The choice of α then depends on the ability of the individual to
sense its environment, and to “choose” its movement behavior based on this
information.

If the individual adapts its movement behavior (e.g. speed) only to the local
information of its current location, then α would be zero. Individuals which can
sense the environment over a longer distance (optical or chemical sensors), or
which can remember the conditions of places visited earlier (Fronhofer et al.,
2013), have more information available and may behave differently. In this case,
an appropriate choice is 0 < α ≤ 1. Colombo and Anteneodo (2015) used a similar
ansatz to describe the coupling between favorable and unfavorable habitats in an
ecological landscape.
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2.3 Pattern formation without any reactions

To understand the effect of ecological diffusion on a system of partial differential
equations, we first investigate the diffusion of passive tracers. Because there is
no reaction of the tracers, we can readily see how the different descriptions of
diffusion affect the system. This has been demonstrated by other authors be-
fore (Turchin, 1998; Okubo and Levin, 2001; Visser and Thygesen, 2003; Garlick
et al., 2011). Because it is essential to understand the effect on reaction-diffusion
systems later on, a simple example is given which describes the mechanism of
unmixing by the Fokker–Planck law of diffusion.

We look at a one–dimensional periodic domain with a spatially varying diffu-
sion coefficient

D(x) = A+B cos

(
2π

λ
x

)
with A > |B|, (2.8)

where A is the spatial mean of D(x), B its amplitude, and λ the wavelength of
the periodic variability.

The steady state solution for the distribution of tracers u(x) > 0 is given by

u(x) = u0D(x)−(1−α), (2.9)

where u0 is a constant. For a detailed derivation see appendix 2.A.1.
In case of Fickian diffusion (α = 1, Eq.2.1), the homogeneous distribution is

a steady state. This is because the term D(x)
∂2

∂x2
u(x, t) in (2.1) will smooth any

tracer distribution and
∂

∂x
D(x)

∂

∂x
u(x, t) will vanish for t→∞.

Instead, if the Fokker–Planck equation with α = 0 (Eq. 2.2) is used, the
stationary state is proportional to the inverse of the coefficient of diffusion (see
also Patlak, 1953). This is illustrated in Fig. 2.1, where tracers move away from
regions of high diffusivity and accumulate in regions of small diffusivity. The
qualitative result for t → ∞ is the same for any initial distribution u(x, 0), and
will also appear for any value α < 1.

When we think of turbulent diffusion, these results also mean that the density
of the medium (e.g. water) itself varies in space because of the inhomogeneous co-
efficient of diffusion. For an incompressible medium this is an unphysical feature.
In this case other forces like pressure and gravity are stronger, so that an inhomo-
geneous water density is not generated by that mechanism. For living organisms
like plankton other mechanisms are important and the well–mixed condition does
not necessarily hold. Visser (2008) modeled the movement of zooplankton with
Fokker-Planck diffusion (α = 0) and Garlick et al. (2011) used it to model the
movement of deer.
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Figure 2.1: Fokker–Planck law of diffusion (α = 0): Stationary pattern of passive tracers (solid
line) for large t with a spatially inhomogeneous diffusion coefficient D(x) (dashed line). Initial
condition: u(x, 0) = 1∀x. The choice of the non-trivial initial condition does not change the
result. Periodic boundary conditions.

2.4 Speed of spatial invasion

In the previous section we saw that the Fokker–Planck law of diffusion leads to a
drift of particles to areas where the coefficient of diffusion has a local minimum.
In this section we look at particles or organisms that change in number due to
biological growth while they spread in space. In particular, we look at the speed
of traveling waves of a logistically growing population, which is initially located
in a small area in space. Due to diffusion, the population can spread in space
(Fisher, 1937; Kolmogorov et al., 1937). The speed of this invasion depends on
the strength, variability, and kind of diffusion.

Logistic growth in dimensional form is described here by the equation
dU/dτ = ρ (1− U/K)U , where U is the dimensional species density, ρ is the
intrinsic per-capita growth rate, and K is the carrying capacity. Using dimen-
sionless quantities u = U/K, τ = tT0 and r = ρT0, where T0 is a typical time
unit of the system, we can add the scaled reaction term

f(u) = (r − u)u (2.10)

to the right-hand side of Eqs. (2.1) and (2.6). In case of spatially periodic
intrinsic per-capita growth rate, the emerging traveling wave will have a periodic
shape as illustrated in Fig. 2.2. Shigesada et al. (1987) called this a “traveling
periodic wave”.

Shigesada et al. (1987) calculated a lower boundary for the speed of such a
traveling wave. To this end, they assumed that the intrinsic per-capita growth
rate r(x) was spatially periodic but piecewise constant in space. Moreover, they
assumed Fickian diffusion with a diffusivity D(x) that varied also periodically



26 CHAPTER 2. FOKKER–PLANCK LAW OF DIFFUSION

u
(x
,t
)

x

T

T
T T

T
1

2
3

4 5

Figure 2.2: Traveling periodic wave at different times T1 < T2 < T3 < T4 < T5. Logistically
growing population with spatially (sinusoidally) intrinsic per-capita growth rate and Fickian
diffusion.

and piecewise constant in space. In order to avoid the mathematical singularities

in
∂D

∂x
where D(x) changes its value, they introduced the condition that the

density u(x) and the flux D(x) · ∂u
∂x

are continuous functions at the boundaries

between patches of different D(x). As the lower boundary cmin for the speed c of
a traveling wave, they obtained

c ≥ cmin = 2
√
〈r(x)〉A〈D(x)〉H , (2.11)

where 〈· 〉H is the spatially harmonic and 〈· 〉A the arithmetic mean. Note that, if
the wavelength λ of the spatially periodic variation of the diffusion coefficient (2.8)
is extremely small, the lower bound cmin in Eq.(2.11) will be the actual wave
speed, i.e., lim

λ→0
c = cmin.

Kinezaki et al. (2006) considered spatially periodic D(x) and r(x) that varied
smoothly (sinusoidally) in space. They also assumed Fick’s law of diffusion. We
can write their model in the following form:

∂u

∂t
= (r̂(x)− u)u+

[
∂

∂x
D(x)

∂

∂x
u+D(x)

∂2

∂x2
u

]
, (2.12)

where D(x) is given by Eq. (2.8) and r(x) by

r̂(x) = r − (1− α̃)
∂2D(x)

∂x2
(2.13)

such that it varies spatially in anti-phase with D(x). Parameter α̃ changes the
amplitude of the variability in r̂(x).

For the sake of comparison, we now consider a model that also uses a sinusoidal
D(x) but a constant per-capita growth rate r and the full Fokker–Planck equation
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as diffusion term:

∂

∂t
u(x, t) = (r − u)u+

[
∂2

∂x2
(D(x)u)− ∂

∂x

(
αu

∂D(x)

∂x

)]
.

Splitting the Fokker–Planck equation into separate terms, we can write this as
a reaction term with spatially varying intrinsic per-capita growth rate r̂(x) and
Fick’s law of diffusion, plus an additional term called “FPadd ”:

∂

∂t
u(x, t) =(r̂(x)− u)u+

[
(2− α)

∂D(x)

∂x

∂u

∂x
+D(x)

∂2u

∂x2

]
=(r̂(x)− u)u

+

∂D(x)

∂x

∂u

∂x
+D(x)

∂2u

∂x2︸ ︷︷ ︸
=̂Fick’s law

+ (1− α)
∂D(x)

∂x

∂u

∂x︸ ︷︷ ︸
Term ’FPadd’

 , (2.14)

where

r̂(x) = r − (1− α)
∂2D(x)

∂x2
= r − (1− α)

4π2

λ2
B cos

(
2π

λ
x

)
(2.15)

is the effective intrinsic per-capita growth rate and varies again in anti-phase
with D(x). Parameter α comes from the Fokker–Planck equation; it has the
same influence on the amplitude of r̃(x) as α̃ in Eq. (2.14), but in contrast to the
Kinezaki model α obviously also affects the diffusion.

Even though r was assumed constant in space, the spatial variation in the dif-
fusion coefficient effectively leads to a variation in the intrinsic per-capita growth
rate of the population if α < 1. Hence, we can also observe traveling periodic
waves.

Without the additional term ’FPadd’, Eq. (2.14) would be equal to the system
in Eq. (2.12) analyzed by Kinezaki et al. (2006). As the effective intrinsic per-
capita growth rate r̂ and the coefficient of diffusion oscillate in anti-phase, we
might presume that the results of Kinezaki et al. (2006) also hold for model (2.14)
based on the Fokker–Planck equation, but we will show in the following that this
is not the case.

To this end, we compare the speeds c of the traveling periodic waves. We
approximated these wave speeds by using a spatial domain with 20 oscillations
in D(x). As initial condition u(x, 0) we used a Gaussian distribution with small
variance in the center of the domain. We then determined the time ∆t it took
until the concentration at two locations of distance ∆x = 5λ/(2π) to each other
reached a certain value. The wave speed is then defined as c = ∆x/∆t.

Figure 2.3a shows the speed c of a traveling wave of an initially localized
population using the Kinezaki model (2.12). In case of constant diffusion (B = 0),
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the speed c does not vary with α̃. In this case r̂(x) is a constant as well. If α̃ = 0,
the amplitude of r̃(x) is maximal. There is a maximum of the wave speed at
B ≈ 0.75. For increasing α̃, the amplitude of r̂(x) decreases and so the wave
speed decreases as well. This result has been observed by Kinezaki et al. (2006).

Figure 2.3b shows the wave speeds when using the Fokker–Planck equation
with constant r as in Eq. (2.14). For α < 1 and B > 0, the population also
forms traveling periodic waves because of the variations in the effective per-
capita growth rate. Nevertheless, the wave speed c is nearly unchanged with
varying α, even for large B. This must be due to the additional term ’FPadd’ in
Eq. (2.14), as this term is the only difference to the Kinezaki model. In the nu-
merical simulations considered here, the additional term apparently slows down
the traveling periodic wave for small values of α. The additional term ’FPadd’
can be interpreted as an advection term with advective speed (1− α)∂D(x)/∂x.
As the gradient of D(x) averages zero over a period, this suggests that it is the
variability in the heterogeneous diffusivity that seems to slow down the traveling
wave for small α and thus makes the difference to the Fickian diffusion used by
Kinezaki et al. (2006). in this case slows down the front speed for small values of
α.

Therefore, the presumption that the additional term ’FPadd’ has a neglectable
influence on the invasion speed is wrong. The Fokker–Planck law of diffusion can
create traveling periodic waves without a significant change in the front speed as
the amplitude in the growth rate varies.
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Figure 2.3: a: Speed c of traveling periodic waves with Fick’s law of diffusion and spatially
varying intrinsic per-capita growth rate. (Eq. (2.12)). b: Speed c of traveling periodic waves
with the Fokker–Planck equation and constant intrinsic per-capita growth rate (Eq. (2.14)).
In both cases D(x) is given by Eq. (2.8) and r = 1. The front speed approaches zero if the
amplitude of D(x), B, equals the mean value of D(x), A = 1, because then D(x) becomes
zero at x = λ/2 · (2m + 1) with m ∈ N. The parameters α and α̃ change the amplitude
of the effective intrinsic per-capita growth rates. Note that α is also found in the additional
term ’FPadd’ which comes from the Fokker–Planck equation. The lines are isolines for different
values of c.

2.5 Turing instability driven by inhomogeneous

diffusion

Now we look at a more complex system with two interacting components. The
two of them have different abilities to move in space. A system with two interact-
ing components is said to exhibit a diffusion-driven instability (Turing, 1952) if a
uniform steady state is stable to spatially homogeneous perturbations but unsta-
ble to spatially inhomogeneous perturbations. In those cases, a stable spatially
inhomogeneous solution of the model equations may exist. The two components,
u and v, in those models must have significantly different coefficients of diffusion
Du and Dv, they must be of activator–inhibitor type, and the spatially inhomo-
geneous perturbation must be supercritical.
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Like Maini et al. (1992), we analyse the Schnakenberg model (1979), which is
one of the simplest activator-inhibitor models. Maini et al. (1992) showed that
using Fick’s law of diffusion, i.e., α = 1, spatially inhomogeneous diffusion can
produce isolated spatial patterns. The non–dimensional model equations, as used
in Maini et al. (1992), read:

∂u

∂t
= γ (a− u+ u2v) +

∂2u

∂x2
,

∂v

∂t
= γ (b− u2v) +

∂

∂x

(
D(x)

∂v

∂x

)
,

(2.16)

where v and u are non-dimensional values for some chemical concentrations, with
v being the activator and u the inhibitor. D(x) = Dv(x)

Du
is the ratio of the two

coefficients of diffusion, which can vary in space if Dv varies in space. Maini
et al. (1992) assumed that Du is constant and that Dv(x) is controlled by the
inhomogeneous concentration of some regulatory chemical. γ is a scale factor
proportional to the length of the domain, a and b are positive constants.

We change system (2.16) by using the Fokker–Planck law of diffusion (α = 0)
and obtain 

∂u

∂t
= γ (a− u+ u2v) +

∂2u

∂x2
,

∂v

∂t
= γ (b− u2v) +

∂2

∂x2
(D(x)v(x, t)) .

(2.17)

If we use formulation (2.16), it is well known that we need a spatially inhomo-
geneous perturbation in our initial conditions to create Turing patterns. These
disturbances must be located in areas where the ratio D(x) of the two coefficients
of diffusion is large enough.

If, on the other hand, formulation (2.17) is used, Turing patterns appear for
homogeneous non-zero initial conditions, i.e. in the absence of any perturbation.
This is shown in Fig. 2.4. The spatially inhomogeneous perturbation which drives
the Turing pattern has its internal origin in the diffusion itself and does not need
any external forcing or inhomogeneous initial conditions. Like in the simulations
by Maini et al. (1992), the patterns are localized at areas with large D(x).

Maini et al. (1992) suggest the possibility that the mechanism of Turing pat-
terns is involved in the developmental process of spatial patterns in an early
embryo. They conclude that the dependence on the initial conditions in their
model with Fickian diffusion is a “drawback as most development processes are
robust.” (p. 211) We have shown that using the Fokker–Planck law of diffusion
yields the desired robustness of the pattern formation, because the pattern for-
mation is initialized by the inhomogeneous diffusion and does not need random
fluctuations or an initially inhomogeneous distribution of u or v.
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Figure 2.4: Turing pattern from initially homogeneously distributed state variables u and v.
In areas where D(x) = Dv(x)/Du = (8 + 7 · cos(2πx)) is too small, i.e. around x = 0.5, no
pattern-formation occurs. a = 0.1, b = 0.9, γ = 2000; initial conditions are the values of the
local stationary solution v(x, 0) = 0.9, u(x, 0) = 1. The values for a, b and γ are also used in
Maini et al. (1992). D(x) varies in a similar range of values.

2.6 Interaction of turbulence and ecological dif-

fusion: example of spatially and temporally

periodic blooms in a plankton model

So far we have assumed that particles or organisms move according to either
Fickian or Fokker–Planck diffusion. In reality, however, some species may use a
combination of physical and ecological diffusion. For instance, consider the ran-
dom movement of zooplankton cells. On the one hand, they are exposed to their
hydrodynamic environment, which is characterized by random flows in the water,
which may be described by Fick’s law of diffusion with a spatially inhomogeneous
diffusion coefficient Dturb(x). On the other hand, zooplankton are able to swim
actively. Here, we assume that they do so in search of prey, and that their active
random motion can be described by ecological diffusion. More specifically, we
assume that in a calm environment with little turbulence zooplankton frequently
change their position to find prey. However, if zooplankton is located in a turbu-
lent region, they encounter prey due to the turbulence and there is no need for
active swimming. Hence, ecological diffusion depends on the turbulence of the
environment. The spatial inhomogeneity of the diffusion describing the active
random movement, Deco(x), thus varies in anti–phase with the inhomogeneity of
Dturb(x). In contrast to Dturb, the ecological diffusion Deco does not have to sat-



32 CHAPTER 2. FOKKER–PLANCK LAW OF DIFFUSION

isfy the well-mixed condition because there is no physical reason for the predators
to remain in a uniform distribution while they move. In section 2.3 we showed
that depending on the swimming behavior and the knowledge of the individuals
about their environment, this can lead to spatial aggregation of the predators.
In this section we show that this can have a major effect on the spatiotemporal
dynamic of a predator–prey system.

Let us consider a system of a prey species p (algae) which is consumed by a
predator species z (zooplankton). We describe the movement of the predators by
a combination of Fick’s and Fokker–Planck’s laws of diffusion to describe physical
and ecological diffusion, respectively:

∂p

∂t
= f(p, z) +

∂

∂x

(
Dturb(x)

∂

∂x
p

)
,

∂z

∂t
= g(p, z) +

∂

∂x

(
Dturb(x)

∂

∂x
z

)
+

∂2

∂x2
(Deco(x)z) .

(2.18)

All quantities are dimensionless. They describe the speed of diffusion in compar-
ison to the biological dynamics. The distinction between ecological and physical
diffusion is similar to the model by Jin et al. (2014). In contrast to their model,
we do not assume constant ecological diffusion. The functions f(p, z) and g(p, z)
represent the vital dynamics of the two species, for which we consider a predator–
prey model used by Truscott and Brindley (1994) to describe the interaction of
oceanic phyto- and zooplankton:

dp

dt
= βp (1− p)− p2

ν2 + p2
z = f(p, z),

dz

dt
= γ

(
p2

ν2 + p2
− ω

)
z = g(p, z).

(2.19)

The prey grow logistically while they are grazed by the predators with a Holling-
type III functional response. Here, β is the maximal per-capita growth rate of the
prey plankton–species p, ν is the half saturation density of prey for the predator
species z, γ a factor describing the different time scales of the two dynamics, and
ω is the per-capita mortality rate of the predators.

The values of these parameters are taken from Truscott and Brindley (1994)
(β = 0.43, ν = 0.053, γ = 0.05 and ω = 0.34) and are such to describe a plankton
system. Using these values, the model (2.19) has a unique non-trivial stable
stationary solution. However, if a supercritical perturbation applied to one of
the stationary variables, the system becomes excited and the two populations
grow to large values before they return to the stable stationary state (Fig. 2.5).

For the sake of simplicity, we assume that the ecological diffusion Deco varies
linearly with the turbulent diffusion Dturb. In case of a sinusoidal varying turbu-
lent diffusion this means that the ecological diffusion varies in anti–phase with
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the turbulent diffusion (Fig. 2.6a). In our simulations we chose

Dturb(x) =10−3 · (1 + 0.9 cos(2πx)) and (2.20)

Deco(x) =10−3 · (0.6− 0.5 cos(2πx)) . (2.21)

The magnitude of the dimensionless diffusion coefficients scales with the spatial
domain.

Without reaction terms, the Fokker–Planck law in the predators’ equation
leads to an accumulation of predators in regions with small Deco (and, here, large
Dturb) and a reduction of the concentration of predators in areas with large Deco.
Turbulent diffusion (Dturb) described by Fick’s law of diffusion has a smoothing
effect on any inhomogeneities in the species’ concentrations. The prey distri-
bution would be homogeneous without reaction terms, because we assume that
phytoplankton is not able to swim actively and, therefore, follows only turbulent
diffusion modeled by Fick’s law.

In the full system with reaction and diffusion terms, initially homogeneously
distributed predators will not remain so. Instead, their concentration will ap-
proach a stationary state ∼ constant/Deco(x). Locally reduced density of preda-
tors can initialize plankton blooms as illustrated in Fig. 2.5. Once a bloom
occurs locally, it “infects” its neighborhood and a traveling pulse of excitation
propagates through the spatially extended system.

Even though the system is excitable everywhere in space, the pulse of excita-
tion does not propagate to areas with small values of Deco. The reason for this
is the same mechanism which initializes the bloom in areas with large values of
Deco(x). The density of predators is higher in areas with small values of Deco(x).
This stabilizes the stationary state and the pulse can not excite the system here.
The prey concentration undergoes only insignificant variations in these areas.

As shown in Figure 2.6b, the maximum densities of prey in time and space
are located in areas of minimal Dturb and maximal Deco. To initialize a bloom,
the spatial derivatives of the ecological diffusion have to be large enough. Oth-
erwise the smoothing effect of Dturb destroys any inhomogeneity in the plankton
distributions. The negative influence of turbulent diffusion on the variation in
the density of actively swimming plankton has been observed for vertical mixing
by Maar et al. (2003). High ecological diffusion does not automatically induce
stronger inhomogeneities. This can be seen more clearly if we look at the dif-
fusion terms in detail. To this end we rearrange the second equation of system
(2.19) as follows.

∂z

∂t
− g(p, z) =

∂

∂x

(
Dturb(x)

∂

∂x
z

)
+

∂2

∂x2
(Deco(x)z)

=
∂z

∂x

(
∂(Dturb(x) + 2Deco(x))

∂x

)
+
∂2z

∂x2
(Dturb(x) +Deco(x)) + z

∂2Deco(x)

∂x2
.
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With D(x) ≡ Dturb(x) +Deco(x) we get

∂z

∂t
− g(p, z) =

∂z

∂x

(
∂(D(x) +Deco(x))

∂x

)
+D(x)

∂2z

∂x2
+ z

∂2Deco(x)

∂x2

=
∂z

∂x

(
∂D(x)

∂x

)
+D(x)

∂2z

∂x2
x︸ ︷︷ ︸

Fickian diffusion (smoothing)

+
∂z

∂x

∂Deco(x)

∂x
+ z

∂2Deco(x)

∂x2︸ ︷︷ ︸
enables spatial inhomogeneity of z

.

So a higher mean value of Dturb(x) or Deco(x) leads to a stronger smoothing effect.
Aggregation of z can only arise from the terms proportional to the derivatives of

Deco. Especially the term proportional to
∂2

∂x2
Deco(x) has an effect on initially

homogeneously distributed z. In order to generate a plankton bloom, this sug-

gests that higher mean values of D(x) require larger values of
∂2

∂x2
Deco(x), too

(Fig. 2.7).
Although a direct effect of turbulent diffusion on biological processes can be

observed only on relatively small scales (Powell et al., 1975), our results show that
inhomogeneous physical mixing on small scales can have visible indirect effects
on larger scales in form of plankton blooms.
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Figure 2.5: Nullclines (solid lines) of the Truscott–Brindley model (2.19). If a trajectory
starts in the gray area, both population densities markedly increase before they return to the
nontrivial stationary state. A sample trajectory (dotted line) starts at the black rectangle
within the gray area and ends at the stationary state marked with a dot. Parameter values:
β = 0.43, ν = 0.053, γ = 0.05 and ω = 0.34

The choice of the connection between Deco and Dturb as in Eq.(2.20) and (2.21)
is arbitrary. We assume that predators do not have to actively swim under turbu-
lent conditions and save energy by just passively drifting with the flow. Similar
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Figure 2.6: (a): Turbulent and ecological diffusion vary in anti-phase. Dturb(x) =
10−3 (1 + 0.9 cos(2πx)). Deco = 10−3 (0.6− 0.5 cos(2πx)). This leads to an effective drift of
predators z to areas of low values of Deco. (b): Periodic blooms in an excitable predator–
prey system with periodic boundary conditions. Prey concentration in space and time. Initial
conditions are the stationary solutions of system (2.19).

behavior of zooplankton in turbulent environments have been studied theoreti-
cally by Yamazaki et al. (2004) and Visser et al. (2009). In the experiments of
Saiz and Alcaraz (1992), a turbulent environment increased the frequency and
the velocity displayed in the jumping behavior of copepods. This is in contrast
to our assumptions, but the effects are similar (see appendix 2.A.2).
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Figure 2.7: Numerically analyzed values of Dmin
eco (the minimal value of Deco(x)) and ∆Deco

(the amplitude of Deco(x)) where periodic blooms occur in a spatially diffusive system with

Deco(x) = Dmin
eco +

∆Deco

2
(1− cos(2πx)). Dmin

eco is the minimal value of Deco(x) and ∆Deco is

the difference between its maximal and its minimal value. Solid line: Dturb(x) = 10−3(1 +
0.9 cos(2πx)); Dashed line: Dturb(x) = 10−3(0.5 + 0.4 cos(2πx)); We tested whether or not
the value of the prey concentration exceeded a threshold of 0.5 at least twice, to define if there
are periodic blooms in the system. Initial conditions are the stationary solutions of system
(2.19). For parameter values above the line, blooms occur.

2.7 Conclusion

Even though spatial heterogeneities are all around in nature, diffusion problems
are almost exclusively modeled with spatially homogeneous or piecewise constant
coefficients of diffusion. In those cases, there is no difference between the Fickian
and the Fokker–Planck description. However, there is no reason to exclusively
consider the rather specific type of piecewise constant or linear heterogeneities.
In fact, spatial inhomogeneities that vary nonlinearly in space seem much more
common. If spatially nonlinearly changing diffusion coefficients are essential, the
accurate choice of the mathematical description of diffusion is not trivial.

It turns out that pattern formation in spatially inhomogeneous diffusive sys-
tems is considerably more prevalent if the diffusion is described by the Fokker–
Planck law rather than by Fick’s law. This is because of the strong influence
of the second derivative of the coefficient of diffusion in the Fokker–Planck law,
which results in a drift of individuals/particles into areas with small coefficients
of diffusion.

Our main results are as follows:

• As already pointed out by other authors, the Fokker–Planck equation (2.6)

with Λ = α
∂D

∂x
and α < 1 enables pattern formation in inhomogeneous
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systems even in a diffusive system without any reactions.

• The Fokker–Planck diffusion influences the speed of a traveling wave of a
spreading population. It also enables traveling periodic waves without a
spatially varying intrinsic per-capita growth rate of the population.

• In two-component systems, in which the difference of the diffusion coeffi-
cients of the components varies inhomogeneously in space, Turing patterns
can be formed even from homogeneous non-perturbed initial conditions of
the components.

• In excitable systems, Fokker–Planck diffusion can locally destabilize the
stationary state and initialize blooms.

Because Fokker–Planck diffusion is used to model ecological diffusion, these re-
sults can be important for many models which deal with biological components.
Especially because of the pattern-forming tendencies, our results may be interest-
ing with respect to the formation of oceanic plankton blooms. Systems where the
origin of the inhomogeneity of diffusion arises only from hydrodynamics, Fick’s
law of diffusion is supposed to be a more accurate description (Bringuier, 2011).
However, if other mechanisms than turbulent diffusion create spatial inhomoge-
neous diffusion, aggregation of individuals in certain areas of space is possible.
This has been investigated by Visser and Thygesen (2003) with different random
walk models for motile zooplankton. In this case, the Fokker–Planck law of dif-
fusion might play an important role in the formation of patterns and blooms in
some biological systems.

Anderson et al. (2012) used the Fokker–Planck law of diffusion in a reaction–
diffusion–advection model where the coefficient of diffusion and the velocity are
functions of a species’ density which changes in space and time. This leads to
an indirect dependence of the diffusion coefficient on space and time. Similarly
to our results, this formulation supports spatial pattern formation (see appendix
2.A.3). However, as outlined in Anderson et al. (2012), the stabilities in their
model do not rely on activator–inhibitor interactions, which is why they are based
on a different mechanism.

In addition to an increased propensity for species agglomeration, this paper
has demonstrated that there is still a gap in our understanding of diffusion.
In particular, we suggest there may be a scope for combined approaches where
organisms adapt their movement behavior to environmental conditions.
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Appendices

2.A Dimensionless diffusion equation

We transform a reaction–diffusion–equation with the Fokker–Planck equation into
a dimensionless form. The original equation reads

∂U

∂τ
= f(U)− ∂

∂X

(
α
∂δ(X)

∂X
U

)
+

∂2

∂X2
(δ(X)U), (2.22)

where U has the dimension of a concentration, X is the spatial variable, τ has the
dimension of time, and δ(X) is a diffusion coefficient with dimension space2/time.
We introduce dimensionless variables: u = U/U0, t = τ/T0, and x = X/X0.
U0, T0, and X0 are constants with the dimension of U, T , or X, respectively.
Using these variables gives

∂u

∂t
= f(uU0)

T0

U0

− T0

X2
0

∂

∂x

(
α
∂δ(X)

∂x
u

)
+
T0

X2
0

∂2

∂x2
(δ(X)u). (2.23)

Now we can define a dimensionless coefficient of diffusion D(x) ≡ δ(xX0)
T0

X2
0

.

This coefficient scales with the timescale T0 and the scaling factor of space X0.
The final, dimensionless version of the Fokker–Planck equation with a reaction
term then reads

∂u

∂t
= F (u)− ∂

∂x

(
α
∂D(x)

∂x
u

)
+

∂2

∂x2
(D(x)u), (2.24)

where F (u) is a dimensionless formulation of the reaction term f(U).

2.A.1 Stationary solution of the Fokker–Planck equation

A stationary solution to the Fokker–Planck equation (2.6) with Λ = α
∂D

∂x
has to

fulfil the following condition:

0 =− ∂

∂x

(
α

(
∂D(x)

∂x

)
u(x)

)
+

∂2

∂x2
(D(x)u(x))

c =(1− α)

(
∂D(x)

∂x

)
u(x) +D(x)

∂u(x)

∂x
,
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where c is a constant. Using the ansatz u(x) = k exp(f(x)) > 0 with an unknown
function f(x) we get

c =(1− α)u(x)
∂D(x)

∂x
+D(x)u(x)

df(x)

dx

⇒ df(x)

dx
=

c

D(x)u(x)
− (1− α)

1

D(x)

∂D(x)

∂x
if D(x) 6= 0 and u(x) 6= 0

⇒ f(x) =c

∫ x

0

1

D(x ′)u(x ′)
dx

′ − (1− α) (ln |D(x)|+ c∗) ,

where c∗ is another constant. Substituting f(x) into the ansatz we made for u(x)
gives us the steady state solution for the Fokker–Planck equation:

u(x) = exp

(
c

∫ x

0

1

D(x ′)u(x ′)
dx

′
)
u0D(x)−(1−α) with u0 = k ·exp(−(1−α)c∗).

We used periodic boundary conditions. In our case with D(x) = A+B cos(2πx),
D(x) is a periodic function with the same values at x = 0 and x = L, where L is
the length of the spatial domain. The same must apply for u(x). Therefore the
constant c must be set to zero. The solution reads

u(x) = u0D(x)−(1−α),

where the constant u0 depends on the initial conditions,

u0 =

∫ L
0
u(x, t = 0)dx∫ L

0
D(x)−(1−α)dx

.

2.A.2 Plankton model with turbulent and ecological dif-
fusion in phase

To study the effect of ecological diffusion, which varies in phase with the turbulent
diffusion Dturb, we set D

(2)
eco(x) = Dturb(x). In this case, the zooplankton drift

to areas with small Dturb, and blooms occur with the same mechanism as in the
previous simulations (Fig. 2.8). The drifting effect caused by the Fokker–Planck
law of diffusion has to be stronger than in the former case (where Dturb and Deco

are in anti-phase) to create a bloom (Fig. 2.9). This is because the smoothing
effect of Dturb prevails in areas where the predators are diminished by the drift.
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Figure 2.8: Spatial and temporal periodic blooms in an excitable predator–prey system with
periodic boundary conditions. Only prey concentrations are shown. Turbulent and ecological

diffusion vary in phase. Dturb(x) = D
(2)
eco(x) = (1 + 0.9 cos(2πx))10−3. The initial condition is

a homogeneous distribution of the stationary solution of system (2.19).

[x10   ]-3

0.5

1.0

1.5

2.0

2.5
[x10   ]-3

0.0 0.2 0.4 0.6 0.8 1.0

∆
D

e
c
o

(2
)

Deco
(2)min

blooms

no blooms

Figure 2.9: Numerically analyzed values of D
(2)min
eco and ∆D

(2)
eco where excitation occur in a

spatially diffusive system with D
(2)
eco =

(
D

(2)min
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D
(2)
eco

2
(1 + cos(2πx))

)
. Dturb(x) = 10−3 ·

(1 + 0.9 cos(2πx)). We tested whether or not the value of the prey concentration exceeded a
threshold of 0.5 at least twice, to define if there are periodic blooms in the system. Homogeneous

initial conditions are the stationary solutions of system (2.19). Note that the values of ∆D
(2)
eco

are much larger than in the case in which Deco and Dturb vary in anti-phase (Fig. 2.7).
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2.A.3 Cross-population pressure

In some situations the intensity of random movement of individuals of a certain
population (P1) depends on the density of another population (P2) and vice
versa. This is called cross-diffusion or cross-population pressure. Kerner (1959)
and Jorné (1977) formulated this as follows

∂P1

∂t
= D1

∂2P1

∂x2
+D12

∂2P2

∂x2
,

∂P2

∂t
= D2

∂2P2

∂x2
+D21

∂2P1

∂x2
,

(2.25)

where D1 and D2 are the self-diffusion coefficients of species P1 and P2, and D12

and D21 the cross-diffusion coefficients.
Another frequently used formulation is the Fokker–Planck law of diffusion

with a diffusion coefficient D depending on the opposite population (Mimura
and Kawasaki, 1980; Iida et al., 2006; Anderson et al., 2012).

∂P1

∂t
=

∂2

∂x2
(D(P2)P1),

∂P2

∂t
=

∂2

∂x2
(D(P1)P2).

(2.26)

We assume two logistically growing populations with the same intrinsic per
capita growth rate r but different carrying capacities K1 > K2. In a non-spatial
model a coexistence of the two population is not possible (see section 1.1.4). The
nullclines of this system do not intersect and the species with the lower carrying
capacity will go extinct. This PDE model describes Lotka–Volterra competition
with Fokker–Planck cross-diffusion in two spatial dimensions:

∂P1

∂t
= rP1

(
1− P1 + P2

K1

)
+

(
∂2

∂x2
+

∂2

∂y2

)
(D1(P2)P1) ,

∂P2

∂t
= rP2

(
1− P1 + P2

K2

)
+

(
∂2

∂x2
+

∂2

∂y2

)
(D2(P1)P2) ,

(2.27)

with K1 > K2,

D1(P2) = D
(min)
1 +

P2

K2

∆D1,

D2(P1) = D
(min)
2 +

P1

K1

∆D2.

x and y are the two spatial variables, D
(min)
1 and D

(min)
2 are the minimal values

of the coefficients of diffusion for populations 1 and population 2 respectively.
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∆D1 and ∆D2 are the maximal variations of these coefficients in the case that
the other population reaches its carrying capacity. The system is similar to the
one constructed by Mimura and Kawasaki (1980) in one spatial dimension. They
analyzed a system with stable and unstable coexistence of the two population.
In system (2.27) a local coexistence solution does not exist.

In the following the species with the smaller carrying capacity is set to diffuse
with a constant diffusion coefficient(∆D2 = 0). If ∆D1 is large enough, the initial
patch of population P2 starts to grow and split into two separate patches. This
goes on until the entire spatial domain is filled with patches of population P2

separated by population P1. For larger value of ∆D1, the two populations form
a labyrinth-like pattern (see Fig. 2.10). Therefore, the cross-diffusion enables
coexistence of the competing populations.

These findings are consistent with the results by Mimura and Kawasaki (1980).
They also used a spatially discrete model based on a model by Levin (1974). This
model describes two logistically growing populations (u and v) in two patches.
The population can migrate between the two patches depending on the population
densities in the other patch.

dui
dt

= (α + β1vj)uj︸ ︷︷ ︸
Immigration

− (α + β1vi)ui︸ ︷︷ ︸
Emigration

+ (R− aui − bvi)ui︸ ︷︷ ︸
Growth

,

(i, j = 1, 2, i 6= j) (2.28)

dvi
dt

= (α + β2uj)vj︸ ︷︷ ︸
Immigration

− (α + β2ui)vi︸ ︷︷ ︸
Emigration

+ (R− bui − avi)vi︸ ︷︷ ︸
Growth

,

In this spatially discrete model the factor d(x) = (α + βix) is equivalent to the
coefficient of diffusion in our PDE model. The condition 0 < a < b ensures
strong intra-specific competition and therefore no stable coexistence. For the
specific case of β1 > 0 and β2 = 0, Mimura and Kawasaki (1980) showed that
for any initial conditions (u0, v0), there exists a positive constant β∗ such that
spatial segregation arises for β∗ < β1 and does not arise for 0 ≤ β1 < β∗.

Iida et al. (2006) mentioned that the cross-diffusion terms in (2.27) can be
separated into a term describing Fickian diffusion, and a second term describ-
ing “directed movement” due to the gradient of the opposite population. They
also note that this second term is “essential to generate cross-diffusion induced
instability [of the locally stable solution].”

But, how do we know that Fokker–Planck diffusion is the correct description
for this ecological problem?

To answer this question we use an individual based model (IBM) of two differ-
ent populations sharing the same resource. This IBM was developed by Alexey
Ryabov. The two populations live on cells on a two-dimensional grid. Each in-
dividual lives for a certain time-span ∆Tmax = 40 time units and can reproduce
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until the sum of both populations reaches a carrying capacity. Thereby the car-
rying capacity of one species is slightly smaller than the carrying capacity of the
other population (K1 < K2).

In this IBM, individuals are able to emigrate randomly with a certain proba-
bility to cells in a certain neighborhood around their actual cell. The distance of
the migration of one population depends on the population density of the other
population. The larger the population density of one population on a cell, the
larger the range of random emigration of the other population on the same cell.
Both populations have a minimal emigration radius of R

(min)
emi = 1 cells. The

species with the smaller carrying capacity has a maximal emigration-radius of
R

(max)
emi,1 = 2 cells

The density dependent migration is a repulsive effect which leads to spatio-
temporal coexistence where the two population form different patterns, depending
on the emigration radius of the second population (see Fig. 2.11).

The patterns generated by the IBM are similar to those we find in the PDE
model with Fokker–Planck diffusion. This is not surprising, because the individ-
uals emigrate if the other population becomes too dense on the cell where they
live. If they would emigrate dependent on the population density of other cells,
Fokker–Planck diffusion would be an incorrect description of the process. But
from an ecological point of view this is not meaningful in this context.

Conclusion

It was demonstrated that conceptionally different modeling approaches can show
similar results. In our example, the stochastic motion of individuals lead to
similar patterns as Fokker–Planck diffusion in a PDE model. It was further
shown that spatial dispersal of populations under certain conditions can enable
coexistence, while this is impossible in case of no dispersal.

In case of spatially inhomogeneous Fickian diffusion, coexistence is not pos-
sible in the PDE model. The repulsive effect of the Fokker–Planck diffusion
separates the two populations and allows coexistence.



44 CHAPTER 2. FOKKER–PLANCK LAW OF DIFFUSION

(a) initial distribution

(b) ∆D1 = 23.75 · 10−5 (c) ∆D1 = 48.75 · 10−5

Figure 2.10: The distribution of species 1 for different values of ∆D simulated with system

(2.27). Dimensionless parameters: K1 = 2, K2 = 1.8, r = 1, D
(min)
1 = 1.25 · 10−5, ∆D1 =

23.75 · 10−5, D
(min)
2 = D

(min)
1 , ∆D2 = 0. Panel (a) shows the density of population P1 at time

t = 4. Panel (b) shows the same population density at time t = 4000. The density of population
P2 is conversely distributed (not shown). Panel (c) shows the distribution of population P1 at
time t = 2000 with the same initial conditions, but ∆D1 = 48.75 · 10−5. All simulations run
with periodic boundary conditions.
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Figure 2.11: Pattern on a two-dimensional (200× 200) grid of the two competing populations
in an IBM. Shown is the normalized density of population P2 at time t = 800. As initial
conditions both species are randomly distributed on the grid. Each individual lives for 40 time
units and can reproduce until the total population on the cell reached the carrying capacity of
its population (K1 = 1.8 or K2 = 2). Both populations have a minimal emigration radius of
one cell. Population P1 has a maximal emigration radius of two cells. The maximal emigration
radius of P2 is given in the sub-captions.
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Chapter 3

Plankton blooms and patchiness
generated by heterogeneous
physical environments1

3.1 Introduction

Organisms in the ocean crucially depend on their physical environment. There-
fore, biological–physical interactions have a great impact on the spatial distribu-
tion, growth, and dominance of species. Of particular interest are flow patterns
in the ocean which influence marine organisms on all spatial scales (Mann and
Lazier, 1996). Large-scale flow patterns across the equatorial Pacific which are
related to the El Niño phenomenon considerably diminish the plankton and sub-
sequently the fish production at the South American coast (Marzeion et al., 2005;
Heinemann et al., 2011). Mesoscale hydrodynamic flow patterns like jets and vor-
tices are responsible for the emergence of filamental plankton patterns (Tél et al.,
2005; Hernández-Garćıa et al., 2002; Sandulescu et al., 2007) which in turn have
a large impact on growth, coexistence, and dominance of species (Hernández-
Garćıa and López, 2004; Neufeld and Hernández-Garcia, 2010; Scheuring et al.,
2003; Bastine and Feudel, 2010). Abraham (1998), McKiver and Neufeld (2011),
Hernández-Garćıa et al. (2002) and Tzella and Haynes (2007) used a carrying ca-
pacity which can be transported by the flow, but has a fixed spatial distribution
of its source, to explain the generation of plankton patchiness. Since the semi-
nal paper by Abraham (1998), the influence of stirring and mixing in the ocean
on plankton patchiness and blooms has become an important topic of current
research.

In addition to the already mentioned large and mesoscale hydrodynamic flows,
small-scale turbulence contributes to the redistribution of nutrients as well as the

1This chapter has been previously published in Ecological Complexity, see Bengfort et al.
(2014). Reprinted with kind permission of Elsevier. Copyright Elsevier 2014
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behavior of plankton, and has therefore been considered in various models.

There are many studies, showing that turbulence can affect the behavior and
health of plankton species themselves. Visser and Stips (2002) and Kiørboe and
Saiz (1995) analyzed the effect of microscopic turbulence on encounter rates, feed-
ing currents, signal detection, behavior, and prey selection of copepods. Visser
et al. (2009) studied the optimal behavior of zooplankton in a turbulent envi-
ronment. MacKenzie and Leggett (1991) quantified the contribution of small-
scale turbulence to the encounter rates between larval fish and their zooplankton
prey. Metcalfe et al. (2004) modeled a plankton foodweb in environments with
different turbulent levels and therefore different values of nutrient uptake rates
(half-saturation coefficients) and predator–prey capture rates. Peters and Mar-
rasé (2000) gave an overview of some experimental data from different laboratory
studies and made some theoretical considerations. Peters et al. (2006) studied
the effects of small-scale turbulence on the growth of two diatoms of different size
in a phosphorus-limited medium. However, these studies have investigated the
effect of turbulence on plankton species or communities from a “local” point of
view. They have not taken into account systems of species which live in regions
of different strength of turbulence and may be spatially connected.

Our aim is therefore to develop a model which couples plankton population
dynamics to hydrodynamic motion, including the effect of the heterogeneous
environment on biological growth. We further investigate if these effects can be
a mechanism for plankton patchiness or plankton blooms.

In the following section, we point out some possible effects of turbulent en-
vironments on plankton systems and develop different models which take into
account these impacts. We begin with “local” models consisting of ordinary dif-
ferential equations that ignore spatial fluxes. Nevertheless, we show that the
effects of turbulence included in those models can influence the number and sta-
bility of stationary states of the system.

We then extend the models by incorporating spatial dynamics. Our simu-
lations show that a spatially inhomogeneous distribution of turbulence strength
has varied impacts on the whole excitable system and is able to trigger or to
suppress propagating pulses of high population concentrations, corresponding to
plankton blooms and patchiness.

3.2 General biological model

Since our main focus is on plankton dynamics in aquatic environments, we con-
sider phytoplankton P and zooplankton Z as the major components of the bio-
logical system.

We focus on excitable predator–prey models based on the model introduced by
Truscott and Brindley (1994) to explain the emergence of large plankton blooms
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such as red tides: 
dZ

dt
=

aP n

hn + P n
Z −mZZ

q,

ξ
dP

dt
= rP

(
1− P

K

)
− aP n

hn + P n
Z,

(3.1)

where P denotes the phytoplankton density as the prey and Z is the zoo-
plankton density corresponding to the predators. In the absence of predators,
P grows logistically with the maximum per capita growth rate r until it reaches
the carrying capacity K. P is grazed upon by Z with the maximal grazing rate
a. h is the half-saturation density of prey, so that the factor Pn

hn+Pn = 0.5 for
P = h. The type of functional response is defined by n. If n = 1, the predator
grazes with a Holling-type II functional response. If n = 2, grazing is of Holling-
type III. q gives the order of the predator mortality (Edwards and Yool, 2000).
We analyze models with a linear predator mortality (q = 1) and a model with
quadratic mortality (q = 2). A quadratic predator mortality is motivated by
possible intraspecific competition or the existence of a top predator, which is not
explicitly modeled. mZ is the predator’s per capita mortality rate. ξ is a factor
describing the different timescales of the dynamics of the two different species
(Sieber et al., 2007).

All quantities are non-dimensional in this paper (see Appendix 2.A).
The predator–prey models have a trivial stationary state (P (1), Z(1)) = (0, 0),

a semi-trivial stationary state (P (2), Z(2)) = (K, 0), and, depending on the set of
parameters, one or more non-trivial stationary states in the positive quadrant of
the phase-plane.

3.2.1 Possible effects of turbulent flows on the vital pa-
rameters and feeding behavior

In this section we point out how turbulent motion on the length scale of the
diameter of plankton cells can influence the parameters of the system (3.1).

Experimental results show that in a low turbulent regime only insignificant
effects on plankton organism can be observed (Peters and Marrasé, 2000). In
an intermediate turbulent environment, positive effects on growth rates of phyto-
plankton and capture rates of zooplankton were measured; in highly turbulent en-
vironments insignificant or negative effects were found. However, negative effects
were observed for unrealistically strong turbulence, which can not be observed in
oceans but only in cultures with artificial turbulence.

According to our aim to investigate the influence of small-scale turbulence
on plankton growth, we consider two possible mechanisms of how turbulence can
change the growth rates of phyto- and zooplankton. On the one hand, we assume
that a higher turbulence level increases the zooplankton capture rate of phyto-
plankton. On the other hand, we incorporate a turbulence-dependent growth of
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phytoplankton in our model. For the latter, we suppose that turbulent mixing
leads to a homogenization of the nutrient distribution reflected by a turbulence-
dependent carrying capacity.

Regarding turbulence-dependent zooplankton growth, we base our model on
some experimental results. Peters et al. (2006) observed more Coscinodiscus sp.
(a species of diatoms) cells in a turbulent environment than under still water
conditions with low nutrient concentrations. They explained this observation by
comparing these experimental results to a model using the Michaelis-Menten nu-
trient uptake model with a turbulence-dependent half-saturation constant. Met-
calfe et al. (2004) used the same ansatz and provided values for the half-saturation
constant for copepods and ciliates between 71 nmol P l−1 in a non-turbulent en-
vironment and 44 nmol P l−1 in a turbulent environment with a high turbulent
kinetic energy dissipation.

To study the impact of turbulence on the growth of zooplankton we adopt the
ideas of Peters et al. (2006) and introduce a turbulence-dependent half-saturation
constant h ≡ h(turb) in the predator functional response. For an example, we
illustrate this for the Holling-type III functional response gH3:

gH3(P, turb) :=
aP 2

h2(turb) + P 2
, (3.2)

where P is the density of prey, and a the maximal ingestion rate of the predator.
The normalized parameter turb, with 0 ≤ turb ≤ 1, describes the relative strength
of turbulence.

We define

h(turb) =
h0

1 + turb · ch
(3.3)

as the turbulence-dependent half-saturation density, where h0 is the maximal
half-saturation density. The explicit dependence of h on turb can be influenced
by the parameter ch. We use this simple dependence on turbulence, but in a
more complex model ch can be a function of turb as well.

Regarding the turbulence-dependent phytoplankton growth in an environ-
ment with high nutrient concentration, we use a logistic model for the growth of
phytoplankton. In a static environment, the cell depletes the nutrients in its near
surrounding. New nutrients can enter this zone by molecular diffusion from the
nutrient rich environment. If the population of the phytoplankton cells is very
high, it might be that other cells deplete the near surrounding as well. Light
can be diminished because of self-shading. In a turbulent environment clusters of
cells will be segregated, the nutrient depleted-zone around a single cell becomes
permanently renewed, and each cell have access to the same mean light intensity.

We can model this as a negative effect of still environments on the logistically
growing species:

dP

dt
= rP

(
1− P

K(turb)

)
. (3.4)
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The turbulence-dependent carrying capacity K(turb) is defined as follows:

K(turb) = K0 + turb · cK , (3.5)

where K0 describes the minimal carrying-capacity of the prey. Similar to the
turbulence-dependent half-saturation density (Eq. (3.3)), the dependence of the
carrying capacity can be varied by cK .

The influence of turbulence cannot only be described by varying the parame-
ters of the equations describing the biological dynamics. Some species are forced
to change their behavior in a turbulent environment, which also can be included
in our model. If a predator is hunting in an area with low prey density, it may
migrate into another area if it is not successful in finding food for some time
(Anderson et al., 2012). This behavior can be modeled by a sigmoid functional
response (Luck et al., 1979; Real, 1977). A turbulent environment would disturb
the predator, making it harder or even unnecessary to behave like this because
the turbulent medium force the plankton to some random motion. Morozov
(2010) showed that the sigmoid grazing function (Holling-type III) is realistic
for heterogeneous prey distributions while in a well mixed homogeneous envi-
ronment the predators’ behavior has to be described less sigmoid (Holling-type
I or II). Therefore we model the change in the predators behavior by changing
from a Holling-type III functional response in a non-turbulent environment, to
Holling-type II in a strongly turbulent, and therefore well mixed, environment.

For this, we use the following functional response g(P, turb):

g(P, turb) := turb · aP

h(turb) + P
+ (1− turb) · aP 2

h(turb)2 + P 2
, (3.6)

which is a convex combination of the type II and III functional responses. Note
that for turb = 1, we get the type II functional response, and for turb = 0, we get
the type III functional response. For 0 < turb < 1, we get a functional response
in between.

In the following section we take a look at different models of the form (3.1).
The first one will show the effect of turbulence-dependent parameters K and h in
a system with Holling-type III functional response (n = 2), whereas the predator
mortality is thought to be linear (q = 1). In the second model we additionally
assume that the predator changes its behavior as described in Eq.(3.6), and model
III will be a variant of model I with a quadratic predator mortality (q = 2).

3.3 Specific predator–prey models

In this section we look at three specific predator–prey models. For all models we
use the following set of parameters which are adopted from Sieber et al. (2007):

r = 1, a = 1/9, mZ = 0.0525, ξ =
1

10
. (3.7)
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Moreover, we choose the following values of h0 and ch, to ensure that at least one
locally stable stationary state in our models is stable.

h0 = 1/16, ch = 0.4, K0 = 0.7, cK = 0.3 . (3.8)

For turb = 1 we get K(turb) = 1, which is identical to the carrying capacity
used by Sieber et al. (2007). However, the parameters r, a, mZ , K(1) and h(1)
are, in their dimensional version, similar to the parameters used by Truscott and
Brindley (1994).

A general feature of the models we discuss in the following is that they all
have an excitable stationary state for these parameter values. Excitability means
that certain small but over-critical perturbations from the stable stationary state
can result in a huge response of the system, namely the formation of a large
phytoplankton concentration, before the system returns to the stable stationary
state.

3.3.1 Predator–prey model I: linear predator mortality

First we concentrate on the effect of turbulence on the parameters K and h:

dZ

dt
= [gH3(P, turb)−mZ ] · Z , (3.9)

ξ
dP

dt
=

[
r

(
1− P

K(turb)

)
− aP

h2(turb) + P 2
Z

]
· P . (3.10)

The predator density is constant if Eq. (3.9) becomes zero. This is the case for
Z = 0 and for a particular prey concentration

P0(turb) =

√
mZh2(turb)

a−mZ

. (3.11)

The prey density stops varying in time if P = 0 or if Z fulfills the equation of
the non-trivial nullcline

Z0(P, turb) =
r
(

1− P
K(turb)

)
aP

(
h2(turb) + P 2

)
. (3.12)

This model possesses one stationary state where predator and prey can coexist.
This non-trivial stationary state (P (3), Z(3)) where the two nullclines intersect is
the only stable stationary state of this model using the parameter-set (3.7) and
(3.8).

(P (3), Z(3)) = (P0(turb), Z0(P0(turb), turb)) . (3.13)

(P (3), Z(3)) is stable if the determinant of the Jacobian matrix is positive and

the trace is negative. The first condition leads to h(turb) < K(turb)
√

a−mZ

mZ
if
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mz < a and the second condition gives h(turb) > (1 − a
2mZ

)K(turb)
√

a−mz

mZ
for

a > mZ . With the chosen parameters (3.7) and (3.8) both conditions are always
true.
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Figure 3.1: Nullclines of model I. Dashed lines: turb = 1; solid lines: turb = 0; additionally, a
trajectory for each value of turb is plotted which starts at a position near the stationary state
shifted to higher values of P . (P (t = 0) = P (3) + ∆P with ∆P = 0.05) The trajectories then
grow to higher values of P and Z before they end at the stationary state. With increased turb
the system reaches higher density values during the excitation.

When increasing turbulence, the non-trivial stationary state moves along the
nullcline Z0(P, turb) to smaller prey densities (Fig. 3.1). The system is excitable
as long as the predator nullcline P0 intersects the prey nullcline Z0 at the left
of the local minimum of Z0. After the phytoplankton concentration reaches the
nullcline Z0(P, turb) during an excitation, the zooplankton population increases
as well and the system returns to the stationary state. To illustrate this, one
trajectory for the system with turb = 0 and one for the system with turb = 1
is added to Fig. 3.1. Both trajectories start close to the stationary state and
return after a long journey though phase space, passing high prey and predator
densities. The maximum of these excitations depends on the carrying capacity
K and, therefore, on the parameter turb.
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3.3.2 Predator–prey model II: changing grazing behavior

In our second model we consider the case where the predator can switch its
feeding behavior according to the turbulence level (see Eq. (3.6)):

dZ

dt
= g(P, turb)Z −mZZ,

ξ
dP

dt
= rP

(
1− P

K(turb)

)
− g(P, turb)Z.

(3.14)
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Figure 3.2: (a) Bifurcation diagram for model II. Dashed lines: unstable stationary states, solid
line: stable stationary state, empty circles: maximal prey-density of unstable limit cycles, filled
circles: maximal prey density of stable limit cycles. (b) Nullclines of model II. Dashed lines
turb = 1; solid lines turb = 0

In numerical simulations with low values of turb, this system behaves simi-
larly to the one discussed before. However, at a certain level of turbulence, the
stationary state loses stability in a subcritical Hopf bifurcation (Fig. 3.2 a). For
a very small range of the parameter turb there is a stable and an unstable pe-
riodic solution which coexist with the stable non-trivial stationary state. For
larger values of turb only the stable periodic solution remains. The system then
behaves periodically without any excitations. The reason for this is that the prey
nullcline (Fig. 3.2 b)

Z0(P, turb) = r

(
1− P

K(turb)

)
1

(1− turb) aP
h(turb)2+P 2 + turb a

h(turb)+P

(3.15)

changes from a function with two local extrema in the positive quadrant to a
function with one single extremum in the positive quadrant when increasing turb.
For large values of turb, the stationary state (P (3), Z(3)) loses stability and there
is no stable stationary state in the positive quadrant any more. This is caused
by the change of predator behavior as described in Eq. (3.6).

For large values of turb, the trajectory comes very close to the vertical axis
P = 0 which is the stable manifold of the trivial solution (0, 0). Mathematically,
P is always greater than zero. However, if we define a minimal viable population
size Pmin and set P = 0 for P < Pmin, both species go extinct.
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3.3.3 Predator-prey model III: quadratic predator mor-
tality

Now, model I is modified by introducing a quadratic mortality term in the preda-
tor dynamics:

dZ

dt
= gH3(P, turb)Z −mZZ

2 , (3.16)

ξ
dP

dt
= rP

(
1− P

K(turb)

)
− gH3(P, turb)Z . (3.17)
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Figure 3.3: (a) Bifurcation diagram for model III. Solid lines represent stable, and dashed lines
unstable stationary states. (b) Basin of attraction for turb = 1.0. Initial conditions inside the
white area leading the system to the stationary state (P (5), Z(5)), whereas the dark area leads
to the stationary state (P (3), Z(3)). Additionally, the nullclines of the system are shown.

This modification gives rise to a saddle-node bifurcation (Fig. 3.3a) yielding
two additional stationary states, (P (4), Z(4)) and (P (5), Z(5)). (P (4), Z(4)) is an
unstable state while (P (5), Z(5)) is locally stable. The system becomes bistable.
Depending on the initial conditions the system converges to either one or the
other stable stationary states. Note that the system can switch between the two
locally stable stationary states if a perturbation of some kind pushes it into the
basin of attraction of the other stationary state (Fig. 3.3b).

3.4 Spatial model

So far we have treated the impact of turbulence as an additional parameter, which
is constant in space and time, and influences the behavior of the grazers and the
growth parameters of the populations. In a real fluid, the turbulence level changes
in space depending on the velocity field. However, to simplify our approach, we
do not consider real turbulent fields. Instead we assume a velocity field which
possesses certain features of an ocean flow. Using these features, we construct
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a spatially inhomogeneous distribution of the parameter turb to mimic spatially
heterogeneous physical conditions. Therefore, we now consider the interplay of
biological growth with inhomogeneous physical features in a spatial domain.

A typical feature in an ocean flow field is a rotating eddy. Lee (2012) showed
that eddies may have some influence on predator–prey systems. In contrast to
that work, we do not focus on species of a length scale similar to the eddy (e.g.
fish), but on plankton species whose length scale is much smaller than the grid
that we use to describe the eddy itself. We describe an eddy by the following
stream function:

Φ(x, t) = AR2 exp

(
−|x− x0|2

2R2

)
; u = −∂Φ

∂y
; v =

∂Φ

∂x
. (3.18)

x = (x, y) is a two-dimensional vector giving the position on the spatial grid, u
is the resulting velocity in the horizontal direction (x) while v gives the velocity
in the vertical direction (y). R is the radius of the eddy, x0 is the position of its
center, and A is a factor to vary its strength. The resulting flow field is radially
symmetric around the center x0 of the eddy (Fig. 3.4). Because everything would
move in circles around x0, it is not necessary to look at the effect of advection in
this flow.
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A two-dimensional hydrodynamic flow can be characterized with the help of
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the strain tensors

Sn =
∂u

∂x
− ∂v

∂y
normal strain, (3.19)

Ss =
∂v

∂x
+
∂u

∂y
shear strain. (3.20)

Assuming that macroscopic strain leads to microscopic turbulence, we use the
strength of the strain created by the flow as a quantity for turbulence:

turb = norm · (S2
n+S2

s ) = norm ·
(

exp

(
−|x− x0|2

2R2

)
· |x− x0|2

R2
· A
)2

. (3.21)

norm is a factor to normalize turb so that 0 ≤ turb ≤ 1. We set A = exp(1)/2.
In this case the maximal value of the squared absolute strain rate S2

n+S2
s is equal

to 1 and therefore norm = 1.
This assumption is motivated by the stress-similarity model by Liu et al.

(1994). The idea of this model is that velocities at different scales give rise to
turbulent stress with similar structures. The sub-grid-scaled turbulent motion
can then be implemented as an increased coefficient of diffusion:

D = Dmin + turb · (Dmax −Dmin) . (3.22)

Dmin and Dmax are the maximal and the minimal coefficients of diffusivity in the
system. In our simulations we do not choose the values of Dmin and Dmax on the
basis of experimental data, but we analyze the effect of different choices.

Now, we consider the following reaction-diffusion equations on a two dimen-
sional grid with an inhomogeneously distributed diffusion coefficient which cor-
relates with the parameter turb:

∂Z

∂t
= FZ(P,Z) +∇ (D(x)∇Z) = FZ(P,Z) + (∇D(x)) (∇Z) +D(x)∇2Z ,

(3.23)

∂P

∂t
=

1

ξ
FP (P,Z) +∇ (D(x)∇P ) =

1

ξ
FP (P,Z) + (∇D(x)) (∇P ) +D(x)∇2P .

(3.24)

FZ(P,Z) and FP (P,Z) are the equations of the biological reaction from sections

3.3.1 to 3.3.3. For model I, for instance, this means FP (P,Z) = rP
(

1− P
K

)
−

aP 2

h2 + P 2Z and FZ(P,Z) = aP 2

h2 + P 2Z −mZZ.

∇ =
(
∂
∂x
, ∂
∂y

)
is the two-dimensional Nabla operator. In case of a spatially

constant coefficient of diffusion D, the factors (∇D(x)) (∇Z) and (∇D(x)) (∇P )
vanish. We call these terms “gradient terms”.



62 CHAPTER 3. PLANKTON BLOOMS AND PATCHINESS

At the boundaries of the two-dimensional grid we use Neumann boundary
conditions ∇Z = ∇P = 0.

The idea of spatially inhomogeneous diffusion coupled with inhomogeneous
biological parameters has also been pursued by Shigesada et al. (1986, 1987).
They studied the propagation of periodic waves on a grid with a periodical change
in the coefficient of diffusion and the growth rate of the population. Lutscher
et al. (2006); Mckenzie et al. (2012); Jin et al. (2014) used a similar mechanism
to explain the survival of species in a stream.

3.5 Numerical results

Because of the radial symmetry in our spatial model, we can restrict our attention
to the one-dimensional problem along the radius of the eddy. Therefore we use
the radial distance from the center of the eddy, r, as spatial parameter. As initial
conditions we use the locally stable stationary state (P (3), Z(3)) at all values of r
for each model. If (P (3), Z(3)) does not exist (model II at high values of turb), we
use the last existing (P (3), Z(3)) at lower values of turb instead.

3.5.1 Model I – spatially extended
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Figure 3.5: Stable non-trivial states of model I without diffusion in a radial distance r from the
eddy center r = 0. The higher the value of turb, the smaller the values of the stable stationary
states P (3) and Z(3).

Fig. 3.5 shows the value of turb as a function of the radial distance from
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the center of the eddy. Additionally Fig. 3.5 shows the stable states of model
I when ignoring diffusion in Eqs. (3.23) and (3.24). These are the solutions of
(3.9) and (3.10) which depend on the spatial location as turb varies with r. In the
more turbulent regions around the eddy center the prey and predator densities
are smaller than in the less turbulent regions.

If the difference in population size between two spatial sites is large enough,
diffusive coupling between the two locations may result in a perturbation that
triggers a local excitation as shown in Fig. 3.1. Hence, when considering diffusion
in Eqs. (3.23) and (3.24), the “local” system at a site may become excited and
then “infect” the neighboring sites. Due to the radial symmetry of our flow field,
this leads to a ring of excitation around the eddy which propagates through the
entire excitable spatial system (see Fig. 3.6). After an excitation, the system
returns to its initial state, and the ring of excitation starts again due to the
trigger of diffusive fluxes.
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Figure 3.6: Repeated excitations in model I with diffusion that form pulses in space and time for
both prey and predator densities (upper panels). The lower panels show the turbulence profile
that leads to local perturbations of population size triggering the excitations. Parameter values:
Dmin = 5 · 10−4, Dmax = 2.3 · 10−3

The lower panels of Fig. 3.6 show the distribution of the parameter turb in
space. The upper panels show the temporal and spatial changes of the plankton
densities. Note that the densities in the area with high values of turb reach larger
values during the excitation than in the less turbulent regions. By contrast, in
the absence of diffusion, population sizes of both phyto- and zooplankton are
smaller in the turbulent region (cf. Fig. 3.6). Hence, the rings of excitation lead
to repeated spatiotemporal “blooms”.
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Figure 3.7: Nullclines of model I. If the system is forced into the marked area below the
nullclines, the system becomes excited. In panel a) the dashed nullclines belong to a system
with turb = 0.81. If the diffusive coupling can link this system with the system with turb = 0.8
(solid nullclines), no excitation occurs, because both stationary states are located in the non-
excitable part of the phase plane (white area). In panel b) the dashed nullclines belong to
a system with turb = 0.85. The stationary state of this system is located in the area of the
phase plane where the system with turb = 0.8 (solid and checked) becomes excited. A diffusive
connection which is strong enough to link these two systems results in an excitation.

Depending on the parameters used in the model, the diffusive coupling has to
exceed a certain critical value to excite the system. Two coupled local systems
can only trigger an excitation if one local system is located in a particular area
of the phase plane in relation to the other local system. This is illustrated in Fig.
3.7. If the coefficient of diffusion can not link two local systems in such a way
that they excite each other, no propagating pulses occur in the spatial system.
Otherwise, propagating pulses occur and their frequency remains constant in this
model.

3.5.2 Model II – spatially extended

Model II differs from model I by the fact that the area with high turbulence
has no stable non-trivial state, but periodic solutions (Fig. 3.8). These periodic
solutions can have high amplitudes (cf. Fig. 3.2 a). At the beginning of the
oscillation period the major change takes place in the prey density, whereas the
predator density starts increasing with a certain time delay because of ξ < 1.
So spatial sites which accommodate biological systems in the oscillatory state
easily excite the neighboring sites even at very small coefficients of diffusion. The
resulting propagating pulses are similar to those in model I (Fig. 3.6), but occur
even at very low values of the diffusivity.
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Figure 3.8: Stable non-trivial states (P ∗ and Z∗) of model II without diffusion in a radial
distance r from the eddy center r = 0. Around the maximal value of turb the system ends up
in periodic solutions, which are not shown here.

3.5.3 Model III – spatially extended

For large values of turb, model III is bistable as there is an additional stable
stationary state (P (5), Z(5)) with large plankton densities. This is illustrated in
Fig. 3.9 a for the spatially extended model III without diffusion.

When considering diffusion, we again use the stationary state at small plank-
ton-densities (P (3), Z(3)) as initial conditions. So before the first excitation occurs,
model III with diffusion behaves similarly as model I with diffusion. However,
if an excitation occurs, the plankton densities may reach such large values that
they get attracted by the alternative stable state (P (5), Z(5)) if this state exists,
i.e. in the more turbulent area. Hence, after the first excitation, the system
gets “caught” in the high-densities state in some spatial locations and does not
return to the initial state with small plankton densities anymore. Therefore, it is
already clear that model III can behave profoundly differently in space and time
than model I.

Once the populations are “caught” in (P (5), Z(5)) in the turbulent area, we
can observe two different scenarios. First, the diffusive coupling between states
with large (P (5), Z(5)) and small (P (3), Z(3)) densities can result in an excitation
of the excitable system. In this case, a pulse of excitation starts from the in-
terface between (P (5), Z(5)) and (P (3), Z(3)), i.e. the eddy boundaries. This is
illustrated in Fig. 3.9 b, where a pulse of excitation propagates radially away
from the eddy. Secondly, if the differences in population size between (P (5), Z(5))
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Figure 3.9: Dynamics of model III. a) Stable non-trivial stationary states (P ∗ and Z∗) with
no diffusion. The area around the maximal turb is bistable. b) Snapshot at t = 77 for small
Dmax = 9.5 ·10−4. The arrows indicate the direction of the propagating pulses which start from
the eddy. c) Stationary pattern for large Dmax = 2.3 · 10−3. No propagating pulses occur for
large gradient terms. In the area of high turb the system remains in a state of high densities.
The dashed line shows the gradient term for the predator dynamics (∇D)(∇Z) multiplied with
the factor 1000. In panels (b) and (c) the minimal coefficient of diffusion is Dmin = 5 · 10−4.

and (P (3), Z(3)) and the gradient of the diffusivity profile are too large, the gradi-
ent terms (∇D)(∇P ) and (∇D)(∇Z) become large and important. They repre-
sent an extra positive term for both phytoplankton and zooplankton in the Eqs.
(3.23) and (3.24), respectively, at the eddy boundary and in its center. While
an increase in phytoplankton density tends to promote excitability, an increase
in zooplankton tends to reduce excitability (cf. the phase plane portrait in Fig.
3.3 a). Simulations performed indicate that the latter effect seems to prevail.
This is illustrated in Fig. 3.9c, where a large difference in diffusivities prevent
excitations. In the turbulent area, the system remains in the alternative stable
state with large densities. This is a stationary pattern that does not change in
time, in particular, there are no propagating pulses of excitation.
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3.5.4 Frequency of propagating pulses

To summarize this section we point out that there is one effect which occurs in
all three spatial models: If the timescale factor is much less than 1 (ξ � 1), the
eddy creates rings of excitation in the surrounding system. Those excitations
propagate through the system radially away from the eddy center (see Fig. 3.6
as an example.) This result is similar to Muratov et al. (2007) who generated
propagating pulses of excitation with additive noise in excitable systems.

The velocity of the radial pulses generated in excitable media has been com-
puted by Keener (1980). For ξ � 1 it mainly depends on ξ−1. Differences in
the frequency in which they are generated depend on the model and the spatial
distribution of D. Fig. 3.10 shows the number of propagating pulses running
through the system (we count the number of times the densities exceed a certain
value and go back to lower values again at the right boundary of the system.).
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Figure 3.10: Number of propagating pulses in the first 5000 time units. The same position
on the horizontal axis of each panel gives the same value of ∆D(r) = Dmax − Dmin. a)
Dmin = 1 · 10−4: With increasing Dmax the strength of the diffusivity D(r) also increases at
the edge of the turbulent area and propagating pulses occur in model II. In model III only
one propagating pulse has been counted at high Dmax. Model I shows propagating pulses at
all values of Dmax. b) Dmin = 5 · 10−4: There is a range of values Dmax which allow many
propagating pulses in model III. Model I exhibits pulses of excitations for all values of Dmax,
as diffusivity is generally large enough.

We can observe the following effects in the three models considered. In the
case of a spatially constant coefficient of diffusion we have Dmax = Dmin and have
to consider the smallest values shown on the horizontal axes in Fig. 3.10 (which
are intersected by the vertical axes). For model I, the diffusivity in panel a is not
strong enough to trigger pulses of excitation. For a higher diffusivity (panel b)
excitations are observed in model I, even without a diffusion gradient. Model II
shows propagating pulses of excitation in both cases of low and high diffusivity,
because the oscillations in the local model provide large enough perturbations
to trigger excitations independently of the diffusivity (as long as D(r) > 0 for
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all r). Model III is similar to model I after starting the simulation with the
initial conditions; both panels do not show any excitations for this model when
diffusivities are spatially constant. This is caused by the fact that the stationary
state (P (3), Z(3)) in the local model III is not exactly identical with the one in
model I. So there is a higher coefficient of diffusion needed to start excitations in
model III than in model I.

In the case of spatially heterogeneous coefficients of diffusionD(r), i.e. Dmax >
Dmin, the pulse frequency varies with the maximum coefficient of diffusion Dmax,
with the minimum coefficient of diffusion Dmin being held constant in each
panel of Fig. 3.10. In general, increasing Dmax also increases ∇D = (Dmax −
Dmin)∇turb and thus renders the gradient terms non-negligible.

If the minimal coefficient of diffusion does not allow excitations in model I
(Fig. 3.10 a), propagating pulses occur in the system beyond a certain maximal
coefficient of diffusion Dmax. At this value of Dmax, the local diffusivity at the
edges of the high turbulent area is large enough to make an excitation possible. If
the minimal diffusion coefficient is large enough (Fig. 3.10 b), propagating pulses
occur for all values of Dmax.

Model II shows no significant changes in the case of heterogeneous coefficients
of diffusion, because the oscillations in the local model in the turbulent regions
allow excitations even at small coefficients of diffusion.

For model III, a sufficiently large value of Dmax leads to exactly one pulse of
excitation. This is because after the first excitation, the system remains in the
stable state (P (5), Z(5)) with high turb, and the gradient terms prevent further
excitations. This effect holds for both low and high diffusivities (Fig. 3.10 a and
b, respectively). However, if diffusivity is high (Fig. 3.10 b), there is a range of
values of Dmax where repeated pulses of excitation take place. Here the diffusivity
is strong enough to make excitation possible from the initial conditions, but the
gradient ∇D is small enough not to suppress further propagating pulses.

3.6 Discussion and conclusion

The aim of our investigation is to examine how heterogeneous environmental
conditions can influence a predator–prey system. These heterogeneities are based
on a different strength of turbulent motion in the environment. We have found
that these heterogeneities can produce pulses of high plankton densities, which
propagate through the global spatial system.

We considered three different predator–prey models with implementations of
turbulence-dependent parameters. All models are based on the Truscott–Brindley
model. The first model used a Holling-type III functional response with turbu-
lence-dependent half-saturation density, logistic prey growth with turbulence-
dependent carrying capacity and linear predator mortality. The second model
added the scenario that the predator changes its behavior by switching from a
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functional response of type II to type III with increasing turbulence. Model III
used a quadratic predator mortality.

We used a single set of parameters for the three models. Other dynamics than
those shown in this paper are possible if other parameter values are used. Never-
theless we have shown that turbulence can influence the number and stability of
stationary states of the local models described by ordinary differential equations.
Even though the effect of turbulence on each species in the phenomenological
descriptions (i.e. Eqs. (3.3) and (3.5)) is positive, the stationary state in the
interaction of both species can be at lower population densities, so that the to-
tal effect of turbulence on the phytoplankton biomass is negative. Hence, the
influence of turbulence on the plankton ecosystem can not be completely under-
stood by looking at a single species alone. Instead we have to take a look at the
interaction of different species in such systems as well.

In space, the excitable models behave differently in different areas of a het-
erogeneous environment. Diffusive coupling of neighboring areas leads to global
effects. Local turbulence not only changes the plankton concentrations locally,
but also has the ability to produce pulses of high plankton densities which prop-
agate through the whole system. This was shown with a simple one-dimensional
reaction-diffusion model and can be one candidate mechanism creating plankton
blooms and patchiness.

It turns out that excitability in the spatial systems is dependent on the
timescale factor ξ and the gradient of the eddy diffusion ∇D(r). For weaker
eddies (A < exp(1)/2), the parameter turb does not reach the value 1. This also
influences the excitability of the spatial system. The way the parameters turb,
Dmax and Dmin are linked is important for the dynamics of the entire system.
turb represents the local microscopic turbulence on the length scale of plankton
as a parameter for the ordinary differential equations, Dmin and Dmax are simple
descriptions of these turbulent motions on the macroscopic level.

While space-dependent parameters of the biological model generate propagat-
ing pulses through the excitable spatial system, the space-dependent diffusivity
may support (model I) or suppress (model III) the propagation of these pulses,
or has no influence (model II). In the first case, the support is a result of the
locally increased diffusion. In the second case, the suppression is a result of the
higher plankton concentration at high values of turb and the resulting positive
effect of the gradient terms. If there are strong local variations in the plankton
dynamics like in model II, the spatial dependence of the coefficient of diffusion
has no significant effect.

Interestingly, previous work on population dynamics in streams and rivers has
shown that rotational flow, caused by obstacles (e.g., stones) interrupting the
constant water flow in a stream, can positively affect prey and predator survival
(Lee, 2012). Similarly, Scheuring et al. (2003) argued that the strong chaotic
mixing of a viscous water flow around an obstacle can promote the coexistence
of competing species. In both cases, the flow creates small-scale mosaics that
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shift in space and time, and benefit the populations. In this paper, we show that
the spatial inhomogeneity induced by a rotating eddy can augment or diminish
local population size and, more importantly, can create global phenomena like
repeated propagating pulses.

Modeling turbulence by linking macroscopic strain rates to turbulent diffusion
(Section 3.4) is a simplification. Yet, with the help of this model, we managed
to easily relate pattern formation on a macroscopic spatial level to the local
behavior the ordinary differential equations. In this model we are able to compute
a heterogeneous spatial environment from a static analytical flow field and use
the strain rates as a source for the local microscopic turbulent motion which
influences the plankton dynamics. This seems to be useful and comprehensible
in the context of our qualitative investigations, but can not be used to simulate
realistic hydrodynamical problems. In future work, we plan to implement a
biological model into a more realistic three-dimensional advection–diffusion model
and compare the result to our two dimensional approximations.

Moreover, we simplify the influence of turbulence on plankton in the way that
we assume the same mechanism and dependencies on an average of plankton
organisms of different size and species(Granata and Dickey, 1991; Karp-Boss
et al., 1996; Kiørboe and Saiz, 1995; MacKenzie and Leggett, 1991). Future work
could investigate the competition of species with different responses to turbulent
environments.

In reality, turbulence varies not only in space, but also in time. The com-
bination of spatially and temporally varying parameters could lead to further
interesting effects. For instance, it has been shown that the interplay of spatial
inhomogeneities and temporal variability can lead to emergent phenomena such
as an invasion ratchet, describing seasonal invasion dynamics (Jin et al., 2014).

Another interesting investigation would be to analyze the influence of turbu-
lence on the infection rate of diseases (Kühn and Hofmann, 1999; Llaveria et al.,
2010) and the resulting spatial distribution of infected organisms.
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Chapter 4

Advection–reaction–diffusion
model

It has been shown in different papers that eddies can be the origin for increasing
plankton densities. Reigada et al. (2003) demonstrated that eddies and vortex
flows can initiate plankton blooms. They argue that cells of various size and
density drift differently in the flow according to their different Reynolds numbers.
This causes spatial aggregation which can then initialize a bloom. Sandulescu
et al. (2007, 2008) associated plankton blooms with eddies, generated in the
wake of an island near a nutrient upwelling area. The long residence time of
nutrients and plankton near the island and the confinement of plankton inside the
vortices are important factors for the appearance of localized plankton blooms.
Hernández-Garćıa and López (2004) showed that turbulent flows have the ability
to remain an excitation in a system permanently, which gives rise to a persistent
plankton bloom. Martin et al. (2002) associated upwelling of nutrients with the
vicinity of eddies in a seeded-eddy model.

In the previous chapters 2 and 3 we introduced two other mechanisms how
eddies can initialize plankton blooms. To show the possibility of more general
and realistic simulations with these models, let us now simulate a predator–prey
system including advection and diffusion. Therefore, we look at a single moving
two-dimensional eddy.

We use a periodic quadratic domain with a size of 600× 600 data-points. On
each data-point we calculate the velocity of the flow, the local absolute strain
rates and the resulting densities of prey and predators. As before, we consider
dimensionless quantities. In this example we use model I (section 3.3.1) for the
simulation and initialize the system with a homogeneous distribution of the two
species with densities equal to the non-trivial stationary solution of the system.
Our flow-field consists of a single eddy with radius of R = 60 data-points and a
calibration constant A = 20 (Eq. 1.25). The eddy moves with a speed of one
grid-point per 4 time-steps through the periodic domain.

We split the calculation into three parts (Yanenko, 1971). The numerical
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scheme we use, is equivalent to the one described by Sandulescu et al. (2007).

Advection: To calculate the movement of particles in the flow, we integrate their po-
sition backwards in time for one time step. Because the positions at this
time are located between the grid-points in most cases, we interpolate the
density values with a biquadratic interpolation scheme (Durran, 2010, p.
363). When we know the former positions of the particles of each point on
the grid, we use the density values at this time-step as initial condition for
the reaction part of our numerical scheme.

Reaction: We use a Runge–Kutta–4 algorithm (Butcher, 1987) to calculate the re-
action of the plankton species for one time-step (forward in time). In the
following examples we use the model I from chapter 3 (Eq. 3.9, 3.10).

Diffusion: An explicit Euler–Scheme is used to calculate the diffusion in our model.
We have to take care that the stability conditions hold true. On the one
hand, the numerical diffusion of the former steps is in the order of ∆x2/∆t.
The coefficient of diffusion has to be larger than the numerical diffusion to
ensure plausible results. On the other hand, the coefficient of diffusion can
not be larger than 1

2
∆x2/∆td, where ∆td is the time step of the diffusion

scheme. This is the Neumann–stability–criterion for Eulerian diffusion.
We can ensure both criteria by using a smaller time step for the diffusion
part of the calculation than for the general numerical scheme. In our case
we used a time step of ∆tD = ∆t/10 for the diffusion, and repeated the
numerical calculation for the diffusion ten times for every step ∆t. With
a time-step of ∆t = 1/400, we used a minimal coefficient of diffusion of
Dmin = ∆x2

∆t
· 1.2, and a maximal coefficient of diffusion Dmax = ∆x2

∆tD
· 0.2. If

turb ∈ [0, 1] gives the strength of the absolute strain field we use D(turb) =
Dmin + turb(Dmax −Dmin) as local coefficient of turbulent diffusion.

Spatially varying parameters

The model equations are:

∂Z

∂t
=

[
aP 2

h2(turb) + P 2
−mZ

]
· Z

+(∇D(turb))(∇Z) +D(turb)∇2Z − v∇Z ,

∂P

∂t
=

1

ξ

[
r

(
1− P

K(turb)

)
− aP

h2(turb) + P 2
Z

]
· P

+(∇D(turb))(∇P ) +D(turb)∇2P − v∇P ,

(4.1)
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Parameter meaning example 1 example 2 dimensionless
L length scale 10 km 30 m 1
t time scale 1 day 1 day 1
R radius of the eddy 1 km 3 m 0.1

vmax max. velocity 1, 2km
h 12 km

day = 0.5km
h 1.2

Dmax max. diffusion coef. ≈ 2.47m2

s ≈ 2.31 · 10−1 cm2

s ≈ 2.22 · 10−3

Dmin mini. diffusion coef. ≈ 1.54m2

s ≈ 1.38 · 10−1 cm2

s ≈ 1.33 · 10−3

Table 4.1: Examples for a parameterization of the model with different spatial scales.

with K(turb) =K0 + turb · cK and h(turb) =
h0

1 + turb · ch
.

The parameters are the same as in chapter 3 (r = 1, a = 1/9, mz = 0.0525,
ξ = 1/10, h0 = 1/16, ch = 0.4, K0 = 0.7, cK = 0.3). v = (u, v) is a velocity
vector defined by the analytical flow field.

v =

(
−∂Ψ

∂y
,
∂Ψ

∂x

)
with (4.2)

Ψ(x, t) =AR2 exp(−|x− x0(t)|2/(2R2)), (4.3)

where x0(t) is position of the eddy center at time t. D(turb) is the diffusion
coefficient describing the turbulence on small scales. It depends on the absolute

strain turb ∝ S2 =
(
∂u
∂x
− ∂v

∂y

)2

+
(
∂v
∂x

+ ∂u
∂y

)2

of the flow field.

The dimensional parameters listed in table 4.1 are examples for a model with
macroscopic spatial dimensions. The diffusion coefficients are in a realistic range
to describe the sub-grid turbulence on those scales (Okubo, 1971). In the simu-
lations we use the dimensionless formulation.

A non moving eddy shows exactly the same behavior as the one-dimensional
example in section 3.5.1. It initiates periodic pulses of high plankton density,
which travel radially away from the eddy. In the case of an eddy which moves
related to the static background (Fig. 4.1), the pulse starts behind the eddy.
The phytoplankton concentration in the highly mixed region around the center
of the eddy remains in a lower density than the environment. When the eddy
hits the bloom, due to the periodic boundary conditions, the concentration of
phytoplankton in these regions switches to high values.

An eddy model with many eddies of different size and speed can create very
complicated patterns of phytoplankton concentration. Figure 4.2 shows a snap-
shot of a developing bloom in a periodic domain with 20 eddies of random size and
fixed position. We ensured that the maximal value of turb is 1, even if two eddies
intersect. The bloom starts in regions with maximal turb and moves through the
domain via diffusion. Additionally the flow of the water transports the plankton
around the eddy centers. This accelerates the speed, in which the entire system
becomes excited.
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Vector field Phytoplankton Zooplankton
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Figure 4.1: Advection–Reaction–Diffusion simulation with a moving eddy. Dimensionless quan-
tities. Model (4.1) is used. Left row: The arrows indicate the direction of the flow; their length
is proportional to the local velocity, center row: Phytoplankton density, right row: Zooplankton
density. First line t = 8, second line: t = 10, third line: t = 11, fourth line: t = 13 and last
line t = 21. The eddy moves from the top to the bottom with periodic boundaries. The bloom
starts behind the eddy.
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Figure 4.2: Simulation with 20 eddies of random size and fixed position. Snapshot at t = 11.
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Constant parameters and ecological diffusion

In a second example we use the same biological model, but the parameters do
not depend on the environmental conditions. Instead, we add ecological diffusion
to the model equation describing the dynamics of the predators. This ecological
diffusion varies contrary to the turbulent diffusion (Deco = Dmax − turb(Dmax −
Dmin)) and is described with the Fokker–Plank law as discussed in chapter 2:

∂Z

∂t
=

[
aP 2

h2
0 + P 2

−mZ

]
· Z + (∇D(turb))(∇Z)

+∇2(Deco(turb)Z) +D(turb)∇2Z − v∇Z ,

∂P

∂t
=

1

ξ

[
r

(
1− P

K0

)
− aP

h2
0 + P 2

Z

]
· P

+(∇D(turb))(∇P ) +D(turb)∇2P − v∇P .

(4.4)

Contrary to the former case, figure 4.3 shows that the concentration of preda-
tors remains high in the area of high strain rates around the center of the eddy.
Again the phytoplankton bloom arises behind the eddy, but on the other side of
it. Although the mechanisms are different, the qualitative result of the inhomo-
geneous strain field is the same, namely a global plankton bloom.

In reality, the ecological diffusion of zooplankton is in the order of cm2

s
(Visser

and Thygesen, 2003) which is far too weak compared to the spatial and temporal
scales used in example 1.

However, if we assume a smaller spatial domain and consequently a smaller
eddy and smaller spatial discretization, this model can also describe weaker tur-
bulence on smaller scales. If the length scale is about 30m instead of 10km and all
other quantities remain unchanged, the approximated turbulent diffusion would
have a similar strength as the ecological diffusion of zooplankton (see example 2
in table 4.1). The eddy in this model would have a radius of about three meters
which is significantly larger than the Kolmogorov scale. Nevertheless, eddies of
this size do not exist for a long timespan. Therefore it is unlikely that they have
any effect on the zooplankton community, unless they are generated artificially.
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Vector field Phytoplankton Zooplankton
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Figure 4.3: Advection-Reaction-Diffusion simulation with a moving eddy. Dimensionless quan-
tities. Model (4.4) is used. Active predator movement is modeled with Fokker–Planck diffusion.
The Left row: The arrows indicate the direction of the flow; their length is proportional to the
local velocity, center row: Phytoplankton density, right row: Zooplankton density. First line
t = 43, second line: t = 50, third line: t = 54. The eddy moves from the top to the bottom
with periodic boundaries. The bloom starts behind the eddy.

Non-periodic boundary conditions

In a final example we choose non-periodic boundary conditions for the direction
of the eddy-movement. In doing so, we fix the position of the eddy and add a
constant flow in the y-direction.

Ψ(x, t) = AR2 exp(−|x− x0(t)|2/(2R2)) + vstreamx, (4.5)

where vstream = ∆x
4∆t

is the velocity of the constant, unidirectional flow without
the eddy. The plankton concentration in the water entering the domain is fixed to
the values related to the locally stationary solution of the system. This is realized
using Dirichlet boundary conditions on the bottom of the domain (P (x, y = 0) =
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P ∗, Z(x, y = 0) = Z∗). For the opposite boundary, where the flow leaves the
domain, we use Neumann boundary conditions ( ∂

∂y
P (x, ymax) = ∂

∂y
Z(x, ymax) =

0). Periodic boundary conditions are used for the left and right boundaries.
Again, we use model (4.1).

As shown in Fig. 4.4, the excited parcels drift away from the eddy, so that
a bloom occurs behind it. As opposed to the former examples with periodic
boundary conditions, the excitation does not affect the whole spatial domain,
because it does not spread fast enough to spread against the flow. The result is
a region of persisting high plankton concentrations behind the eddy.
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local velocity.

 0  0.5  1

X

 0

 0.5

 1

 1.5

 2

Y

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

Phytoplankton concentration.

Figure 4.4: Persistent bloom in a flow-field with non-periodic boundary conditions using model
(4.1).
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Chapter 5

Vertical mixing and hysteresis in
the competition of buoyant and
non-buoyant plankton prey
species in a shallow lake1

5.1 Introduction

A turbulent environment can have measurable effects on plankton systems
(Estrada et al., 1987; Alcaraz et al., 1988; Rothschild and Osborn, 1988; Alcaraz
et al., 1994; Abraham, 1998; Petersen et al., 1998; Ghosal et al., 2000; Reigada
et al., 2003; Dzierzbicka-Glowacka, 2006; Kesaulya et al., 2008; Jumars et al.,
2009; Bengfort et al., 2014; Valenti et al., 2015). Depending on their food source,
size, shape and other parameters, different species interact very differently in a
heterogeneously mixed environment. Margalef mentioned in his pioneering pa-
per from 1978 that he accepts turbulence, together with the supply of nutrients,
as “the most important factor shaping the cells through evolution, and the only
reason for proceeding to a functional interpretation of morphology ” (Margalef,
1978, p. 502).

In the present paper, we study two different species with different vertical
movement strategies, and therefore different responses to vertical mixing along
the water column. In our example, we model the competition of two species,
namely cyanobacteria and green algae. Both species are very common in fresh-
water lakes all over the world (Scheffer, 1998).

Especially in shallow lakes, it is often observed that the dominance between
green algae and cyanobacteria changes abruptly in the course of different years
(Ripl, 1983; Scheffer, 1998). The influence of external parameters like turbulence

1This chapter has been published in Ecological Modelling, see Bengfort and Malchow (2016)
Reprinted with kind permission of Elsevier. Copyright Elsevier 2016
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might be an important factor to understand these observations.

We develop a non–spatial model which includes the effect of vertical mixing on
different plankton species. Its analysis reveals different dynamical solutions like
multistability and hysteresis, depending on parameter values and the presence
of a grazing predator. The sudden change of multistable systems by hysteresis
became famous in the seminal work Catastrophe Theory by E. Zeeman in 1976.
A famous ecological example of hysteresis is the periodic outbreak of the spruce
budworm (Ludwig et al., 1978; Wissel, 1985). Scheffer (1991) showed hysteresis
effects in a plankton model including fish as a top–predator.

In a natural environment the strength of vertical mixing is not only variable
in time, but also variable in space. In this context, modellers are often interested
in the horizontal distribution of plankton densities. Therefore, it is frequently
assumed that the different species are homogeneously distributed in vertical di-
mension, or exist only in a thin layer. The vertical movement of plankton is then
neglected or simplified (Malchow, 1993; Reigada et al., 2003; Sandulescu et al.,
2007; Bastine and Feudel, 2010). In fact, different species have different abilities
to move in vertical direction. Spatially inhomogeneous vertical mixing in the
water body can have large impact on the population dynamics.

In this paper we develop a model which takes this effect into account without
calculating the vertical dynamic explicitly. This way we can easily approximate
the population dynamics in a shallow aquatic system without having to model
the full three-dimensional hydrodynamics.

5.2 Model of competition for light and nutrients

The main differences between green algae and cyanobacteria we want to model,
are the different responses to environmental conditions. Both species are differ-
ently affected by temperature and the strength of vertical mixing in their physical
environment. Their net per capita growth rate ρi, where i = C or i = P stand
for cyanobacteria and green algae respectively, can change differently with tem-
perature, vertical mixing or nutrient supply.

We assume that

ρi = ri(T ) · ΦL · ΦN −mi with 0 ≤ ΦL,ΦN ≤ 1. (5.1)

ri(T ) is the per capita growth rate of species i in case of optimal light and nutrient
supply. It is a function of temperature T (McGovern, 2006; Paerl and Paul,
2012). mi is the mortality rate of species i. ΦL and ΦN are factors describing
the limiting effects of light and nutrients (McGovern, 2006). These factors may
depend on physical features like turbulent motion of the surrounding medium.
In the following, we describe these factors for competing cyanobacteria and green
algae. The following approximations are assumed for a shallow lake:
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• Nutrients are homogeneously distributed in the water column.

• The light attenuation of water is neglected.

• The temperature is constant in the water column.

• Non–buoyant or non–sinking species are homogeneously distributed in the
water column.

In other words we assume that, even in case of weak mixing, the entire water
column is well mixed for any drifters without ability to swim actively. Those
kind of lakes are referred to as polymictic (Scheffer, 1998).

5.2.1 Temperature dependency of growth rates

Paerl and Paul (2012) figured out that the per capita growth rates of most phy-
toplankton species decline at temperatures above 25 ◦C. On the other hand, the
per capita growth rate of cyanobacteria continues to remain high at those temper-
atures. We adopt the description of temperature dependence used by McGovern
(2006) for diatoms and cyanobacteria:

rC(T ) = 1.4 · 1/day · exp(−0.004 · (T − 21◦C)2) T ≤ 21◦C
rC(T ) = 1.4 · 1/day · exp(−0.001 · (21◦C − T )2) T > 21◦C

rP (T ) = 2.1 · 1/day · exp(−0.01 · (T − 15◦C)2) T ≤ 15◦C
rP (T ) = 2.1 · 1/day · exp(−0.09 · (15◦C − T )2) T > 15◦C

(5.2)

This choice includes the fact that the maximum growth rate of cyanobacteria is
smaller than that of algae for medium temperatures (Scheffer, 1998, p. 108) (Fig.
5.1).
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Figure 5.1: Growth rates rC and rP (5.2) as functions of temperature T
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5.2.2 Light supply

Buoyant species, like many cyanobacteria (Reynolds et al., 1987; Scheffer, 1998),
move to the top of the water column, e.g. by building gas vessels, where they
have optimal light conditions for photosynthesis.

In this sense they are active swimmers and do not follow our assumption for a
polymictic lake. They can form a shield for non–buoyant species which then are
truncated from light. If vertical mixing is strong, the buoyant species lose their
advantage and are driven into the lower and darker regions of the water column.
Then, the non–buoyant or sinking species have a chance to become dominant.
This effect was investigated by Huisman et al. (2004). They used the following
model equations to simulate this effect:

∂Xi

∂t
=riΦIXi −miXi − vi

∂Xi

∂z
+D

∂2Xi

∂z2
; i = C,P ; (5.3)

ΦI =
I(z, P, C)

HI + I(z, P, C)
. (5.4)

The Michaelis-Menten like formulation of ΦI is equivalent to the model of Baly
(1935). Xi = Xi(t, z) describes the abundance of species i at time t and depth
z. ri is the maximal growth rate of species i, mi its mortality rate. vi denotes
the vertical velocity. We define vi < 0 for buoyant species and vi > 0 for sinking
species. D is the diffusion coefficient which describes the random movement of
single particles as a continuum equation. (Okubo and Levin, 2001). I(z, P, C)
stands for the light intensity at depth z and is calculated as follows (Shigesada
and Okubo, 1981):

I(z, P, C) = I0 exp

(
−
∫ z

0

(kCC + kPP ) dz
′ − kIz

)
. (5.5)

I0 represents the maximal light intensity at the surface, kC and kP are the shading
coefficients of cyanobacteria and green algae, respectively. They describe the
ability of C or P to absorb light. kI gives the light attenuation coefficient of
water. Here, we just look at the self shading effect and assume that kI ≈ 0.
We assume that the errors caused by this approximation can be neglected in a
shallow lake. HI is the half saturation coefficient of the light-limited growth.

Huisman et al. (2004) showed that at a low level of vertical mixing (small D)
the buoyant species build a layer on the top of the water column and become
dominant. We reproduce this in the upper panels of Fig. 5.2. In a well-mixed
environment (strong vertical mixing), the species with the largest value of ri−mi

becomes dominant, because the advantage of buoyancy is gone (Fig. 5.2 lower
panels). Similar investigations have been performed by Yoshiyama et al. (2009)
with a vertical spatial two-layer model.

We want to describe this effect with ordinary differential equations without
modeling the vertical spatial dimension explicitly.
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Figure 5.2: Concentrations of green algae and cyanobacteria in the water column measured in
mmol-N

m3 . I0 = 200µmol photons
m2s , HI = 40µmol photons

m2s , kP = kC = 0.095 m2

mmol-N , kI = 0 m2

mmol-N ,
mP = mC = 0.2d−1, rP = 1.5d−1, rC = 1d−1, vC = −1m

d , depth = 1 = 2m. The parameters
are freely chosen to display realistic values (see table 5.1). The coefficients of diffusion are
chosen to ensure stability of the numerical scheme.

In case of weak vertical mixing (D = 5.79·10−6 m2

s ) the buoyant species build a film on the top of

the water column and become dominant. In case of strong vertical mixing (D = 5.79 · 10−5 m2

s )
the species with the largest value of ri becomes dominant. In this simulation we set rP > rC .
Initial conditions in both cases: C(z) = P (z) = 1mmol-N

m3 ∀z.

In the following, we look at P and C as mean densities of green algae and
cyanobacteria respectively. In this case, it is reasonable to calculate the spatial
mean light supply for both species along the water column by integrating Eq. (5.5)
over the depth z.

We assume that the concentration of the non–buoyant species is constant all
over the water column, while the buoyant species is located in a layer of depth
ẑ at the top of the water column. Inside this layer the concentration of the
buoyant species is assumed to be constant, cf. Fig. (5.3). Let 0 ≤ turb ≤ 1 be a
parameter describing the strength of vertical mixing of the water. Then we set
ẑ = turb · zmax. In this context, zmax is the maximal depth of the water column.
Hence, the buoyant species is homogeneously distributed in the water column for
turb = 1.

With the help of those assumptions we are able to calculate the mean light
intensity available for each species. We define this as the arithmetic mean of the
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Figure 5.3: Simplified water column. C̄ and P̄ are the local concentrations of cyanobacteria
and green algae at a given depth z.

light intensity in the vertical dimension z.:

ĪC =
1

ẑ

∫ ẑ

0

I(z)dz

=
I0

ẑ

∫ ẑ

0

exp
(
−(kcC̄ + kpP̄ )z

)
dz

=
I0

ẑ

1

(kcC̄ + kpP̄ )

(
1− exp

(
−(kcC̄ + kpP̄ )ẑ

))
, (5.6)

ĪP =
1

zmax

∫ zmax

0

I(z)dz

=
I0

zmax

[∫ ẑ

0

exp
(
−(kcC̄ + kpP̄ )z

)
dz +

∫ zmax

ẑ

exp
(
−(kpP̄ )z

)
dz

]
=

I0

zmax

[
1

kcC̄ + kpP̄

(
1− exp

(
−(kcC̄ + kpP̄ )ẑ

))
+

exp
(
−kcC̄ẑ

)
kpP̄

(
exp(−kpP̄ ẑ)− exp(−kpP̄ zmax)

)]
(5.7)

In this formulation C̄ and P̄ are local concentrations. The average concentra-

tions will be C =
1

zmax

zmax∫
0

C̄dz = C̄
ẑ

zmax
and P =

1

zmax

zmax∫
0

P̄ dz = P̄ . In

later sections we define the maximal light intensity I0 as a function of the mean
temperature T . Because of the different vertical distributions, the mean light
intensity differs between the two species. The swimming ability and the spatial
distribution of the two species are hidden in the definition of ĪC and ĪP . The
parameter turb now describes the vertical dynamic implicitly.
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The light-limiting coefficient ΦL,Xi
for species i is then defined as

ΦL,Xi
=

Īi
HI + Īi

. (5.8)

5.2.3 Nutrient supply

For simplicity, we assume that there is a constant total amount of biomass M in
the system. This is the sum of green algae biomass P , cyanobacteria biomass C
and biomass N which can be consumed by these two species:

M = N + P + C. (5.9)

The nutrient-limiting coefficient ΦN for the species is defined analogously to (5.8):

ΦN =
N

hN,i +N
. (5.10)

hN,i is the half saturation density of nutrients uptake by the consumer species i.
We chose equal values for all species in our model (hN,i = hN), in order to focus
the analysis on the effect of mixing on the outcome of competition.

5.3 Competition of two species for light and nu-

trients

We use model (5.1) for a system of 2 species i = C,P and constant overall biomass
M : 

dP

dt
= rP (T )ΦL,PΦNP −mPP,

dC

dt
= rC(T )ΦL,CΦNC −mCC,

N = M − P − C.

(5.11)

This model is similar to the one by Scheffer (1998, pp. 107-108). The main
difference is the explicit nonlinear formulation of the shading effect ΦL,Xi

.
We want to analyze the possible dynamics of system (5.11) analytically.

Therefore we calculate the values of C = C∗ and P = P ∗ where the tempo-

ral derivatives
dP

dt
and

dC

dt
vanish. The non-trivial nullclines of the system are:

Ṗ = 0⇒ C∗ = M − P − hN
mP

rP · ΦL,P −mP

, (5.12)

Ċ = 0⇒ C∗ = M − P − hN
mC

rC · ΦL,C −mC

. (5.13)
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For high values of turb we can set ΦL,P = ΦL,C . In that case, as well as for very
large M , the nullclines (5.12) and (5.13) are parallel lines in the P–C plane which
do not intersect.

At medium temperatures the maximal growth rate for green algae rP (T ) is
larger than for cyanobacteria rC(T ). Because all other parameters in our model
are equal for both species, the non–trivial nullcline for green algae will always be
at a higher value of C than the nullcline for cyanobacteria. Hence, there will be
one stationary solution corresponding to the dominance of green algae and the
extinction of cyanobacteria (P = Pmax, C = 0). Pmax is the maximal value P can
reach if the initial value P (t = 0) is smaller or equal Pmax. We will calculate it
later.

If the vertical mixing is so weak that rP ·ΦL,P (P,C, turb) < rC ·ΦL,C(P,C, turb)
for all P and C, the stability of the system switches to the dominance of
cyanobacteria (P = 0, C = Cmax). Again, Cmax is the maximal value of C
for C(t = 0) ≤ Cmax.

In case of an infinite amount of nutrients N (M → ∞), the growth of the
species is only limited by light. If P̄ = 0 and C̄ in Eq. (5.6) are large enough to
assume exp(−kCC̄) ≈ 0, the carrying capacity of cyanobacteria with an infinite
amount of nutrients can be approximated as follows:

dC

dt

∣∣∣∣
C=KC,L

= 0 ⇒ KC,L(T ) ≈ rC(T )−mC

mC

I0(T )

HI

1

kCzmax
. (5.14)

Similar assumptions for KP,L in Eq. (5.7) lead to:

dP

dt

∣∣∣∣
P=KP,L

= 0 ⇒ KP,L(T ) ≈ rP (T )−mP

mP

I0(T )

HI

1

kP zmax
. (5.15)

For mC = mP , kC = kP and rP > rC KP,L is always larger than KC,L. If, on the
other hand, M � KXi,L, with Xi = P or Xi = C, the maximal value of Xi is
given by

KXi,M = M − mihN
ri(T )ΦL,Xi

−mi

. (5.16)

For M � 1 we can approximate KXi,M ≈M . So we set

Pmax = min(KP,L,M), (5.17)

Cmax = min(KC,L,M). (5.18)

This result is consistent with the Law of Minimum (Sprengel, 1828a,b; Droop,
1973, 1974) and means that the maximal value of P and C in the absence of the
other species is either limited by light (P → KP ), or nutrients (P →M).

For M greater than KP,L and KC,L, the two nullclines will be parallel lines.
For smaller values of M , one or both species can not reach KXi,L in the absence
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of the other species. So the nullcline is deformed by the limitation of nutrients
and an intersection of the two nullclines becomes possible.

If the nullclines intersect, it exists a stationary solution where both species
coexist. If this solution is unstable, the two solutions (Pmax, 0) and (0, Cmax) are
stable. The final state of the system for t→∞ depends on the initial conditions.
Similar to the analysis by Huisman and Weissing (1994) we can look at the values
of the nullclines at P = 0 and C = 0, respectively, to find the following conditions
for a bistable system:

rCΦL,C(P = Pmax, C = 0, turb) < rPΦL,P (P = Pmax, C = 0, turb) and

rCΦL,C(P = 0, C = Cmax, turb) > rPΦL,P (P = 0, C = Cmax, turb). (5.19)

If we switch the relations, we get the conditions for a stable coexistence. In this
case the two solutions (Pmax, 0) and (0, Cmax) are unstable.

For high P or C we can approximate:

ĪC ≈
I0

ẑ

1

kCC
zmax
ẑ

+ kPP
, (5.20)

ĪP ≈
I0

zmax

1

kCC
zmax
ẑ

+ kPP
. (5.21)

From (5.19), (5.20) and (5.21) we get the following condition for a bistable
system:

ẑ(turb) >
rC(T )

rP (T )

(
zmax +

I0(T )

kPPmaxHI

)
− I0(T )

kPPmaxHI

,

ẑ(turb) <

rC(T )

rP (T )

HI

I0(T )
kCCmaxz

2
max

HI

I0(T )
kCCmaxzmax + 1− rC(T )

rP (T )

.

(5.22)

The system can become bistable for a certain range of parameters turb =
ẑ/zmax and T . This is shown in Fig. (5.4). If rP (T ) > rC(T ), the cyanobacteria
go extinct for large values of turb. For small values of turb, the green algae will
disappear. Between these values of turb the persistence of both species is locally
stable. Then, the final state of the system depends on the initial conditions.

At high and low temperatures, as well as for high total biomass M , the two
areas where only one stationary solution is globally stable are very close to each
other. In this case, the bistable regime is very small or does not exist at all. A
small variation in turb or T can switch the dominance between the two species.

A reduction of the total biomass enlarges the area of attraction of the green
algae and reduces the parameter space which leads to a dominance of cyanobac-
teria. In our calculations the parameters in Table 5.1 are used.
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Figure 5.4: Basin of attraction: Above the solid line green algae will always win the competi-
tion. Below the dashed line the cyanobacteria will become the dominant species. Between the
two lines there is unstable coexistence. Extinction and dominance will depend on the initial
conditions of the system. For limM →∞, both lines are identical.
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mP mC hN HI I0 kp kc
0.1 0.1 1 40 100 + 250 T

25
0.0095 0.0095

d−1 d−1 mmol-N
m3

µmol photons
m2s

µmol photons
m2s

m2

mmol-N
m2

mmol-N

* * ** *

Table 5.1: * Powell et al. (2006); ** Huisman et al. (2004). These parameters are chosen to
display the right order of values.

Because of the nonlinearities in the dynamics of model (5.11) we can not ana-
lytically calculate the unstable stationary solution of coexistence, but our model
is similar to the classical model of competition by Lotka (1925) and Volterra
(1928) analyzed by Murray (2000).

5.3.1 Hysteresis

Fig. (5.4) also implies a hysteresis effect for an invading species. Hysteresis is
common in various stable natural, technical and economical systems (Nitzan
et al., 1974; Zeeman, 1976; Ludwig et al., 1978; Wissel, 1985; Scheffer et al.,
2001). To demonstrate it in this model, we start with a cyanobacteria dominated
environment and weak vertical mixing, cf. Fig. (5.5). In this case, it is not
possible for the green algae to invade the system. With rising turb we enter
the bistable regime. Because of our initial conditions the system remains in the
cyanobacteria dominated state. When we finally reach the level of vertical mixing
at which the cyanobacteria state loses its stability, the green algae are able to
invade and dominate the system. If the level of vertical mixing is reduced, a
much lower value of turb has to be reached to enable cyanobacteria to re-invade
the system, compared to the level where the system switches to a dominance of
green algae.

A similar effect can be observed if the temperature T changes at medium
values of turb in a way that the system passes the bistable regime.
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5.4 Competition for light and nutrients in the

presence of a predator

In this section, we analyze the influence of a predator which consumes both species
we examined in the section above. In literature, there are many different kinds
of functional responses to describe a predator feeding on multiple prey species.
A nice overview is given by Morozov and Petrovskii (2013). All of them show
different results, but most of them are not reasonable for real-world biological
systems. The following model uses a Holling type–III functional response which
satisfies the five rules Morozov and Petrovskii (2013) formulated for a biologically
reasonable functional response.

We use the parameters listed in table 5.2. These parameters are not based on
experimental data, but they are chosen to describe realistic values.

mP 0.1 d−1 ∗ Mortality rate of green algae

mC 0.1 d−1 Mortality rate of cyanobacteria

hN 1.0 mmol-N
m3 ∗ Half saturation density of nutrient uptake

HI 40 µmol photons
m2s

∗∗ Half saturation density of light limitation

I0 100 + 250 T
25

µmol photons
m2s

Light intensity at the surface

kp 0.0095 m2

mmol-N ∗ Light attenuation coefficient of P

kc 0.0095 m2

mmol-N Light attenuation coefficient of C

εP 0.8 † Grazing efficiency of zooplankton on P

εC 0.3 † Grazing efficiency of zooplankton on C

hZ 12.0 mmol-N
m3 Half saturation density of predation

α 0.5 Maximal grazing rate

Table 5.2: * Powell et al. (2006); ** Huisman et al. (2004); †We use a smaller grazing efficiency
for zooplankton on cyanobacteria than on green algae (εP > εC) (de Bernardi and Giussani,
1990; Elert et al., 2003). The values of εP and εC are not based on any data.

Again for constant overall biomass M , the model equations read:



Ṗ = rP
ĪP

HI + ĪP

N

hN +N
P − α P (P + C)Z

h2
Z + (P + C)2

−mPP,

Ċ = rC
ĪC

HI + ĪC

N

hN +N
C − α C(P + C)Z

h2
Z + (P + C)2

−mCC,

Ż = εPα
P (P + C)Z

h2
Z + (P + C)2

+ εCα
C(P + C)Z

h2
Z + (P + C)2

−mzZ,

N = M − P − C − Z.

(5.23)
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The nullclines of system (5.23) read:

Ṗ = 0⇒P-Nullcline:

ZP =

(
rP

ĪP
HI + ĪP

N

hN +N
−mP

)
h2
Z + (P + C)2

α(P + C)
, (5.24)

Ċ = 0⇒C-Nullcline:

ZC =

(
rC

ĪC
HI + ĪC

N

hN +N
−mC

)
h2
Z + (P + C)2

α(P + C)
, (5.25)

Ż = 0⇒Z-Nullcline:
αεP
mZ

P (P + C) +
αεC
mZ

C(P + C) = h2
Z + (P + C)2. (5.26)

Inserting M = N + P + C + Z into Eqs. (5.24) and (5.25) gives:

ZP =− p1

2
−
√
p2

1

4
− q1 (5.27)

with

p1 =C + P − hN −M +

(
mP − rP

ĪP
hI + ĪP

)
h2
Z + (P + C)2

α(P + C)
,

q1 =

[
(M − P − C)

(
rP

ĪP
hI + ĪP

−mP

)
−mPhN

]
h2
Z + (P + C)2

α(P + C)

and

ZC =− p2

2
−
√
p2

2

4
− q2 (5.28)

with

p2 =C + P − hN −M +

(
mC − rC

ĪC
hI + ĪC

)
h2
Z + (P + C)2

α(P + C)
,

q2 =

[
(M − P − C)

(
rC

ĪC
hI + ĪC

−mC

)
−mChN

]
h2
Z + (P + C)2

α(P + C)
.

To fulfill Ż = 0, the system has to fulfill the following equation:

C =− P

2

α(εP + εC)− 2mZ

αεC −mZ

± P

√
1

4

(
α(εP + εC)− 2mZ

αεC −mZ

)2

− αεP −mZ

αεC −mZ

+
h2
Z

P 2

mZ

αεC −mZ

(5.29)

for αεC 6= mZ . For stationary solutions, all nullclines have to intersect
(Ṗ = Ċ = Ż = 0). If we set ZP = ZC , this can only be fulfilled if ρC = ρP ,
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with ρP = rP
I0

HI + I0

N

hN +N
−mP and ρC = rC

I0

HI + I0

N

hN +N
−mC . Be-

causemP = mC there is no stationary coexistence of all three species at low plank-
ton densities, where the self-shading effect can be neglected if rP 6= rC . At higher
plankton densities there can be an intersection of the nullclines (5.27,5.28,5.29).
Because of the nonlinear form of ĪC and ĪP this point is hard to derive. The
numerical analysis, cf. Fig. 5.6, shows that this coexistence solution is unstable
and the system is bistable for parameters where the nullclines intersect.

Fig. 5.6 shows the numerically calculated basin of attraction of this model for
the two parameters turb and mZ . Like the model without predation (Eq. 5.22)
predicted, the survival of cyanobacteria is impossible for large values of turb. If
the mortality rate of the predator mZ is larger than αεP , the predator goes ex-
tinct. For some values of turb, the system is bistable. This area becomes larger
and is shifted to lower values of turb, if we reduce the total biomass concentra-
tion M . For large values of turb, the system performs an oscillation between
predator and green algae, while for smaller values of turb the monoculture state
of cyanobacteria becomes stable as well. For values of mZ which are smaller than
αεP/2, the stationary state (P, 0, Z) becomes stable. This is a result of the func-
tional response we choose. In opposite to a Holling type II functional response, a
type III functional response enables a stable stationary solution at low densities.
For mZ < αεC the state (0, C, 0) looses stability.

The state (P, 0, Z) is excitable. Excitability means that certain small but
over-critical perturbations from the stable stationary state can result in a huge
response of the system, namely the formation of large plankton concentrations,
before the system returns to the stable stationary state (Truscott and Brindley,
1994). In our model, a variation of the value of turb can not excite the system.
Because of the low plankton concentrations in this state, the influence of turb
can be ignored.
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Figure 5.6: Basin of attraction of model (5.23) for the predator mortality rate mZ and strength
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5.4.1 Spatially inhomogeneous mixing

We have shown that a variation in the value of turb can change the number and
stability of possible solutions in our system. Now, we consider a spatial model
with explicit horizontal dynamics where the implicit vertical dynamic turb varies
in a horizontal spatial domain. We investigate the case that different solutions
at different places can impact each other.

Let us consider the case, where the system stays in the (0, C, 0) state in some
areas in space using model (5.23). In the neighborhood, the value of turb has
higher values, so that the system is bistable. Here it depends on the initial
conditions if the system enters the (0, C, 0) state for long simulation times, or
perform oscillations between P and Z.

The stability of these oscillations can be impeded, if we add a diffusive con-
nection to the monostable system. We do this using Fick’s law of diffusion:

∂Xi(r, t)

∂t
= fi(P,C, Z,N) +D

∂2Xi(r, t)

∂r2
. (5.30)

Here r is a spatial dimension, fi(P,C, Z,N) is a function describing the local dy-
namics of the component Xi ∈ {P,C, Z,N}, and D is the coefficient of diffusion,
describing the strength of diffusive exchange between different places in space.

Fig. 5.7 shows a simulation of the concentration of cyanobacteria in a one-
dimensional space for a certain time interval. At the beginning, the bistable
regime is in the oscillatory state. Due to diffusion it is forced into to (0, C, 0)
state for long time. The cyanobacteria also enter the area with turb > 0.5 for
short times. However, they not become dominant for all time, because this state
is not stable for these values of turb.

In case of spatially varying turb, excitation is possible for αεC < mZ < αεP/2.
Fig. 5.8 shows a one-dimensional model, where the system reaches the (0, C, 0)-
state for low values of turb. For high values of turb (center of the domain)
the system would enter a cyanobacteria–free stationary solution (P, 0, Z) if the
coefficient of diffusion would be zero.

The diffusive connection between the (0, C, 0)- and the (P, 0, Z)-state causes
an over-critical perturbation in the excitable (P, 0, Z) state. As a result, the
system starts to oscillate. These oscillations occur between the predators and
the green algae. At the edges of the area where cyanobacteria are dominant they
oscillate in phase with the green algae as well. This is because diffusion enables
them to enter the unfavorable environment until the pressure caused by predation
and competition becomes to strong.

These two examples show that local coexistence is possible in a spatially
extended system. The spatial dimension enriches the possible outcomes of the
local model (5.23).
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Figure 5.7: Panel a: Concentration of cyanobacteria in mmol-N/m3. Panel b: Concentration
of green algae in mmol-N/m3. For values of turb / 0.15 the only stable state if the (0, C, 0)
state. For values of turb ' 0.5 only the PZ-oscillations are stable. Between these values
of turb (indicated by vertical lines), the system is bistable. We used Neumann boundary
conditions with ∂Xi

∂r = 0 for Xi ∈ {P,C,Z,N} at r = 0 and r = 1. D = 2.5 · 10−4,mZ =

0.25 d−1,M = 10000 mmol-N/m3; Initial conditions: P (r, t = 0) = C(r, t = 0) = Z(r, t =
0) = 1mmol-N/m3 ∀r. The spatial variable r and the coefficient of diffusion D are given in
dimensionless units. We assume that turb is a linear function of r ∈ [0 : 1]. If the domain
has a length of 2km and the timescale for the dimensionless units is one day, the coefficient of

diffusion written with dimensions would be Ddim = D (2000m)2

24·3600s ≈ 0.01m2

s .
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Figure 5.8: Diffusion causes PZ-oscillations in a locally stationary parameter-regime. Holling–
type III functional response, M = 1000 mmol-N/m3, mZ = 0.16 d−1; Initial conditions
C(r, 0) = 100 mmol-N/m3, P (r, 0) = Z(r, 0) = 1 mmol-N/m3 ∀r. The spatial variable r
and the coefficient of diffusion D are given in dimensionless units. D = 6.25 · 10−5. The state
(0, C, 0) is stable at low values of turb. In a local model the state (P, 0, Z) would be stable for
turb ' 0.36 (dashed line in the lower graph of panel (a). With a diffusive connection between
different states, this state is destabilized by the (0, C, 0) state and oscillations occur. Panel (b)
shows the temporal dynamic of all three species at place r = 0.65. Note that P and C oscillate
in phase as a result of diffusion between patches of different vertical mixing.
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5.5 Discussion

We analyzed the influence of vertical mixing on different plankton species. We
looked at the differences between buoyant cyanobacteria and non–buoyant green
algae. The model itself is more general, because cyanobacteria are not the only
buoyant species. There are other motile algae which can actively migrate on the
vertical axis (Margalef, 1978).

Huisman and Weissing (1995) developed a model of competing species in a
mixed water column. Klausmeier and Litchman (2001) modeled the competition
of algae species in a poorly mixed water column. Yoshiyama et al. (2009) as well
as Mellard et al. (2011) combined these two approaches to model competition
in a multi–layer system with a well mixed top layer and a weakly mixed deep
layer. The relevant factors for the competition in those models are the vertical
distribution of light and nutrients.

The aim of the present work was to simplify these models in a way that vertical
mixing can be taken into account. Being able to describe the influence of vertical
mixing without modeling the vertical dynamics explicitly allows us to develop a
horizontal spatial model describing more complex spatial dynamics. Averaging
over the vertical axis and restricting space to the horizontal plane, allows easier
and faster computational simulations, but causes some inaccuracies as well.

Our model assumes a homogeneous nutrient distribution, and plankton species
which differ in buoyancy. It describes the situation in a shallow lake. The model
uses the average values for plankton concentration in the water column, the light
intensity for each plankton species along the water column, and the nutrient
availability for each plankton species. This averaging bears the risk of some
errors from Jensen’s inequality (Jensen, 1906). In case of large algae biomass
these errors should be rather small. However, in case of small algae biomass
during predator–prey oscillations or coexistence, we have to keep in mind that
those errors can influence the quantitative outcome of our model. Because the
aim of this model is not to give exact predictions, but show the possible impact
of vertical mixing, we neglected these errors in our model.

In competition without a predator, the species with the largest effective
growth rate ρi = ri(T ) · ΦL · ΦN −mi becomes dominant while the other species
goes extinct. Because the influence of shading ΦL changes for the species with
varying strength of vertical mixing, the dominance of species can change with the
strength of vertical mixing as well. Depending on temperature and the amount
of total biomass in the system, the dominance of species can also depend on the
initial conditions.

This implies a hysteresis effect where the value of turb (or T ), at which the
system switches from a cyanobacteria dominated state to a state dominated by
green algae, is larger than the value of turb (or T ), the system switches back to
the dominance of cyanobacteria.

If a predator which consumes both species is added to the system, there
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are some additional stationary, oscillatory and bistable states in the system. A
variation of turb can remarkably change the behavior of the system.

In case of spatial variations of turb, a local variation can influence the behavior
of the system. Diffusive connections between areas of different strength of turb
can change the number of stable solutions or introduce new dynamic solutions
like the coexistence of all three species.

In the non-spatial model, a coexistence of all three species is possible only
if the parameter turb varies in time so fast that the stability of the different
solutions changes faster than it takes for a species to go extinct.

These models are not made for exact predictions of real systems. The models
are sensitive to structural and parametric uncertainties. Breaking the symmetry
between the terms describing the nutrient uptake of both algae could enlarge the
domain of coexistence. The same holds for the functional response of the preda-
tor. For instance, using a Holling type-II functional response allows additional
states of coexistence and oscillations of all three species. However, the analysis
in this paper shows that vertical mixing can be modeled within ordinary differ-
ential equations. The ability to influence the spatial and temporal behavior of
more complex systems is also shown with a spatially extended system including
a predator species.

For forthcoming research it will be interesting to look at other mechanisms
which are sensible to vertical mixing. For example we could include the effect
of clustering. If the cyanobacteria build a film on the top of the water column,
they can form clusters of many connected cells (Lampert, 1987; Gragnani et al.,
1999). These large clusters have a reduced surface in comparison to single cells
and, therefore, it is more difficult for small predators to feed on them.

It might also be interesting to take a closer look at the toxic effects of
cyanobacteria. We chose a reduced grazing efficiency of zooplankton on cyanobac-
teria in comparison to green algae (εC < εP ). This is reasonable according to some
studies which imply that cyanobacteria are an ineffective food for many preda-
tor species (de Bernardi and Giussani, 1990; Ferrão Filho et al., 2000; Hairston
et al., 2001; Elert et al., 2003). Another motivation for this choice of parameters
is the fact that many species of cyanobacteria are toxic and therefore unhealthy
for their consumers (Haney, 1987; Kirk and Gilbert, 1992). Bontje et al. (2009)
pointed out that the impact of toxins depends not only on the concentration
in the medium, but also on the concentration inside the organism. A detailed
modeling of this fact might result in a more complex behavior of the model.

In the spatial investigations of our model we assumed a spatially homogeneous
coefficient of diffusion D. The value of this coefficient describes the random
motion of the individual cells in the water, or the turbulent motion of the water
itself. It is reasonable to assume that the horizontal turbulence of the water is
proportional to the strength of vertical mixing. In this case the value of D would
vary in a similar way as the parameter turb. In chapter 2, we discussed the
influence of a spatial heterogeneous coefficient of diffusion on ecological systems.
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General conclusion

The main aim of this thesis was to investigate possible effects of spatially hetero-
geneous turbulent or random motion of plankton organisms on the spatiotemporal
dynamic of the underlying biological system. It is not meant to give a general and
complete overview of all possible model outcomes in environments with different
strength of turbulence.

Depending on the behavior of the organisms, their motion can be modeled dif-
ferently with the help of partial differential equations describing the development
of the spatial distribution of organisms (chapter 2). Fokker–Planck diffusion,
which is often used to describe the active random movement of animals, generally
favors pattern formation. In order to model the turbulent motion of water, Fick’s
law of diffusion is more applicable. Using this model, a spatially homogeneous
solution remains homogeneous. Because in most situations the turbulent motion
of water is stronger than the active motion of plankton, the pattern forming effect
of ecological Fokker–Planck diffusion might be small in realistic scenarios.

Because of the different conditions in turbulent and calm environments, it is
unlikely that the parameters used in the mathematical models would be constant
in a heterogeneous environment. Actually, there is evidence that some parame-
ters vary with varying strength of turbulence. If this is the case, the stationary
solutions of the biological system also vary according to the strength of turbu-
lence. In the case of excitable systems, this makes it possible that the locally
stable solutions at different places will destabilize each other. This will initiate
pulses of high plankton densities which travel through the whole spatial domain.
The frequency of these pulses depend on the strength and variability of turbulent
diffusion and the biological model (chapter 3).

The effect of turbulence and mixing on plankton species also depends on the
specific behavior and survival strategies of the particular species. Species which
move upwards to out-compete other species in the competition for light will be
disadvantaged if vertical mixing due to turbulence becomes stronger. A simple
model was introduced to take this into account (chapter 5).

The investigations presented in this thesis are theoretical studies and numer-
ical experiments. Nevertheless, they show that the strength and variability of
mixing in the environment can have measurable, or even dramatic, effects on the
aquatic ecosystem.
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All models presented in this thesis contain strong simplifications and assump-
tions that are not realistic in every real planktonic ecosystem. They are necessary
in order to focus on the effects we are interested in and make it possible to ana-
lyze the systems with mathematical methods. Despite these simplifications, it has
been shown that a detailed analysis of turbulence and mixing, together with the
supply of resources and the temperature, can be important in order to precisely
describe the spatiotemporal dynamic of plankton.

An interesting, but challenging task would be to reproduce some of the theo-
retical findings in this thesis in real experimental setups. To do this, a more de-
tailed knowledge of real plankton organisms in turbulent environments is needed.
For example, we need to know how exactly parameters like the half-saturation
density or the carrying capacity change with varying turbulence for different
species. A more detailed investigation of the mechanisms behind the variations
in these parameters would be helpful in this context.
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Grünbaum, D. (1998). Schooling as a strategy for taxis in a noisy environment.
Evolutionary Ecology, 12(5):503–522.

Hairston, Jr., N. G., Holtmeier, C. L., Lampert, W., Weider, L. J., Post, D. M.,
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Hernández-Garćıa, E., López, C., and Neufeld, Z. (2002). Small-scale structure
of nonlinearly interacting species advected by chaotic flows. Chaos: An Inter-
disciplinary Journal of Nonlinear Science, 12(2):470–480.

Hillen, T., Painter, K. J., and Winkler, M. (2013). Anisotropic diffusion in
oriented environments can lead to singularity formation. European Journal of
Applied Mathematics, 24(03):371–413.

Hinder, S. L., Hays, G. C., Edwards, M., Roberts, E. C., Walne, A. W., and
Gravenor, M. B. (2012). Changes in marine dinoflagellate and diatom abun-
dance under climate change. Nature Climate Change, 2(4):271–275.

Holling, C. S. (1959). Some characteristics of simple types of predation and
parasitism. The Canadian Entomologist, 91(07):385–398.

Holloway, G. (1994). Comment: on modelling vertical trajectories of phyto-
plankton in a mixed layer. Deep Sea Research Part I: Oceanographic Research
Papers, 41(5-6):957 – 959.

Holmes, E. E., Lewis, M. A., Banks, J. E., and Veit, R. R. (1994). Partial
differential equations in ecology: Spatial interactions and population dynamics.
Ecology, 75:17–29.

Hoyle, A. and Bowers, R. G. (2007). When is evolutionary branching in predator–
prey systems possible with an explicit carrying capacity? Mathematical bio-
sciences, 210(1):1–16.

Hua, B. and Klein, P. (1998). An exact criterion for the stirring properties
of nearly two-dimensional turbulence. Physica D: Nonlinear Phenomena,
113(1):98–110.

Huisman, J., Sharples, J., Stroom, J. M., Visser, P. M., Kardinaal, W. E. A.,
Verspagen, J. M., and Sommeijer, B. (2004). Changes in turbulent mixing shift
competition for light between phytoplankton species. Ecology, 85(11):2960–
2970.

Huisman, J. and Weissing, F. J. (1994). Light-limited growth and competition
for light in well-mixed aquatic environments: An elementary model. Ecology,
75(2):pp. 507–520.

120



Huisman, J. and Weissing, F. J. (1995). Competition for nutrients and light
in a mixed water column: a theoretical analysis. American Naturalist, pages
536–564.

Hunter, J., Craig, P., and Phillips, H. (1993). On the use of random walk
models with spatially variable diffusivity. Journal of Computational Physics,
106(2):366 – 376.

Hutchinson, G. (1961). The paradox of the plankton. American Naturalist,
95:137–145.

Iida, M., Mimura, M., and Ninomiya, H. (2006). Diffusion, cross-diffusion and
competitive interaction. Journal of mathematical biology, 53(4):617–641.

Jensen, J. (1906). Sur les fonctions convexes et les ingalits entre les valeurs
moyennes. Acta Mathematica, 30(1):175–193.

Jin, Y., Hilker, F. M., Steffler, P. M., and Lewis, M. A. (2014). Seasonal invasion
dynamics in a spatially heterogeneous river with fluctuating flows. Bulletin of
Mathematical Biology, 76(7):1522–1565.
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