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A B S T R A C T

The degree by which a species can adapt to the demands of its chang-
ing environment defines how well it can exploit the resources of
new ecological niches. Since the nervous system is the seat of an
organism’s behavior, studying adaptation starts from there. The ner-
vous system adapts through neuronal plasticity, which may be con-
sidered as the brain’s reaction to environmental perturbations. In a
natural setting, these perturbations are always changing. As such, a
full understanding of how the brain functions requires studying neu-
ronal plasticity under temporally varying stimulation conditions, i. e.,
studying the role of plasticity in carrying out spatiotemporal compu-
tations. It is only then that we can fully benefit from the full poten-
tial of neural information processing to build powerful brain-inspired
adaptive technologies.

Here, we focus on homeostatic plasticity, where certain properties
of the neural machinery are regulated so that they remain within a
functionally and metabolically desirable range. Our main goal is to il-
lustrate how homeostatic plasticity interacting with associative mech-
anisms is functionally relevant for spatiotemporal computations.

The thesis consists of three studies that share two features: (1)
homeostatic and synaptic plasticity act on a dynamical system such
as a recurrent neural network. (2) The dynamical system is nonau-
tonomous, that is, it is subject to temporally varying stimulation.

In the first study, we develop a rigorous theory of spatiotemporal
representations and computations, and the role of plasticity. Within
the developed theory, we show that homeostatic plasticity increases
the capacity of the network to encode spatiotemporal patterns, and
that synaptic plasticity associates these patterns to network states.

The second study applies the insights from the first study to the
single node delay-coupled reservoir computing architecture, or DCR.
The DCR’s activity is sampled at several computational units. We de-
rive a homeostatic plasticity rule acting on these units. We analytically
show that the rule balances between the two necessary processes for
spatiotemporal computations identified in the first study. As a result,
we show that the computational power of the DCR significantly in-
creases.

The third study considers minimal neural control of robots. We
show that recurrent neural control with homeostatic synaptic dynam-
ics endows the robots with memory. We show through demonstra-
tions that this memory is necessary for generating behaviors like
obstacle-avoidance of a wheel-driven robot and stable hexapod lo-
comotion.
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Part I

I N T R O D U C T I O N

We outline the history of the concept of homeostasis and
the different models of homeostatic plasticity, we specify
the goals of this thesis, and we summarize the different
papers comprising its main body.





1
I N T R O D U C T I O N A N D PA P E R S ’ S U M M A RY

She set to work very carefully, nibbling first at one and then at the
other, and growing sometimes taller and sometimes shorter, until

she had succeeded in bringing herself down to her usual height.

— Lewis Carroll’s “Alice’s Adventures in Wonderland” (1865) [21]

It seems that natural selection either repeatedly rediscovers useful
processes, or is capable of adapting already found successful solu-
tions to new situations, homeostasis being a case in point. Homeosta-
sis is the process of bringing a system towards the safety of stability. We follow Day [29]

in referring to
homeostasis as
both the property of
being stable and the
process of achieving
stability. The latter
is also called
allostasis [124].

Through a brief account of this concept’s history, we show that home-
ostatic processes were beneficially adapted through eons of evolution
to stabilize inherited vital conditions, to regulate learning behavior,
and to modulate the activity of single neurons. The latter process is
known as homeostatic plasticity. As we later review, besides modulat-
ing a neuron’s activity for metabolic gain, homeostatic plasticity is
also computationally relevant. This means that homeostatic plasticity
has a functional role in the information processing engine that is the
neuron. This also entails that homeostatic plasticity is a useful tool
for brain-inspired adaptive machines.

This thesis builds upon these ideas. In regard to understanding
neural information processing, we extend the function of homeostatic
plasticity to a more general form of neural computations. In real-
ity, the input to the brain is never static. Therefore, the neural re-
sponses should be context dependent, i. e., neurons and neural cir-
cuitry should carry out spatiotemporal computations. After demonstrat-
ing the importance of homeostatic plasticity to these neural compu-
tations, we turn to brain-inspired adaptive machines. We argue that
homeostatic plasticity as a solution to neural computational demands
is sufficiently general. We show that the principal understanding of
its role in neural spatiotemporal computations extends to robotic neu-
ral control and a novel computing architecture that consists of a single
nonlinear node with delayed feedback.

1.1 historical background

Walter B. Cannon coined the term homeostasis in 1926
1. He defined

it in the book “the Wisdom of the Body” (1932) as the equilibria that

1 Later essays by Cannon and others, including his book “the Wisdom of the Body” [20],
cited this date as the origin of the term. The title of the 1926 essay is identified in
many resources, but we have not succeeded so far in locating the text.

3
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an organism aims to achieve in response to disturbances both within
and without the organism’s body. Homeostasis, Cannon states, is “a
condition which may vary, but which is relatively constant” [20]. Can-
non also references earlier accounts of these self-regulatory mecha-
nisms, rightly assigning the credit for their first conception to Claude
Bernard [11]. Remarkably suitable to the purpose of the current thesis,
is Charles Richet’s 1900 declaration which we requote in length:

The living being is stable. It maintains its stability only if
it is excitable and capable of modifying itself according to
external stimuli and adjusting its response to the stimula-
tion. In a sense it is stable because it is modifiable—the slight
instability is the necessary condition for the true stability
of the organism [105] [my italics].

Richet maintains that environmental perturbations are the primary
driving force behind adaptation, which is a central theme of this the-
sis. Cannon also envisions how these “general principles for the regula-
tion of steady states”, here acquired from the study of biology, “would
be suggestive for other kinds of organization—even industrial—which suf-
fer from perturbations” [20]. As this thesis is also concerned with ap-
plying principles of biological adaptability to brain-inspired systems,
Cannon’s vision cannot be overemphasized.

Despite their farsightedness, Cannon’s studies are only concerned
with innate self-regulatory processes, such as classical conditioned re-
sponses, thermoregulation2, and the homeostatic regulation of blood
glucose and salts. He explicitly states that homeostasis is solely the
responsibility of the autonomic nervous system, and that the “freedom of
the activity of the higher levels of the nervous system” is contingent on the
proper function of these automatic regulations. While he declares that
these processes are learned, he means it in the sense that “homeostasis is
the product of an evolutionary process” [20]. Consequently, intelligence
becomes a property of natural selection that distinguishes between
species, rather than being a property of a developing, experiencing
individual.

It is only by the advent of cybernetics in the 1950s that the study of
homeostasis shifts away from inherited processes. In his seminal book
“Design for a Brain”, William Ross Ashby explicitly states that “with the
reflex type of behavior we shall not be concerned”, but “with behavior that is
not inborn but learned”, a behavior that “is a product of the cerebral cortex,
and is modified by the organism’s individual experiences”3 [8]. While Can-
non’s case studies considers classical conditioning, Ashby investigates
the mechanisms of operant conditioning, where homeostasis is main-
tained through adaptive behavior. Richet’s declaration that “the living

2 the homeostatic regulation of a stable body temperature
3 for consistency with the rest of the text, when quoting Ashby, we exchanged his

British spelling “behaviour” by the American spelling.
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being is stable” remains intact. Ashby insists that “adaptive behavior is
equivalent to the behavior of a stable system”, as its goal is to maintain
the system’s “essential variables within physiological limits” [8].

Ashby establishes a rigorous framework for understanding adap-
tive behavior. He considers a two-part dynamical system that consists
of an environment and an organism with two modes of interaction.
The first is through a sensorimotor feedback loop, the dynamics of
which expresses already established behaviors. The second interac-
tion is affected by the variables essential for the organism’s survival.
It happens on a slower time scale and is active when the essential vari-
ables pass outside their functional limits, due to external stimuli. This,
in turn, triggers changes of value in what Ashby terms step mecha-
nisms, which “determine how [the organism] shall react to the environ-
ment”. According to Ashby, learning progresses by the reconfigura-
tion of the step mechanisms’ values until homeostasis is reached. In
that sense, the property of homeostasis is the goal of learning, while
the process of homeostasis is the means for learning [8].

The first detailed account of homeostatic regulation at the neural
level comes in the 1980s, with the development of the BCM theory [12]
(see Section 1.2.1). The BCM theory offers a solution to the problem of
destabilization of synaptic efficacies, resulting from constant potentia-
tion by the pure form of Hebb’s postulate [47]. By 2000, ample empir-
ical evidence has accumulated in support of homeostatic mechanisms
that regulate the spiking activity of neurons. These mechanisms are
shown to be common across species, and are categorized under two
broad classes4: (1) Intrinsic homeostatic plasticity, which is the family
of mechanisms that regulate a neuron’s excitability by adapting prop-
erties at the soma (reviewed by Zhang and Linden [145]). (2) Synaptic
homeostatic plasticity, which encompasses mechanisms that regulate
neuronal excitability by modulating the overall drive arriving at the
neuron from its afferents (reviewed by Turrigiano and Nelson [133]).

Intrinsic homeostatic plasticity requires a molecular marker for the
neuron to measure its own level of activity. According to the level
of neural activity, the cellular machinery reorganizes the distribution
of relevant somatic ion channels. This molecular marker is primarily
thought to be the intracellular concentration of Ca2+ ions, which cor-
relates with the neuron’s level of activity. A possible reason for this
correlation is that membrane depolarization leading to the generation
of spikes, which results in Ca2+ influx [145].

Regarding the underlining cellular mechanisms of synaptic homeo-
static plasticity, much empirical evidence points to changes in the dis-
tribution of postsynaptic ion channels. Other candidates are changes

4 The homeostatic plasticity model in Paper I falls under the first class, while that
of Paper III falls under the second. The model in Paper II is hard to assign to a
particular class, given the unconventional computing architecture it acts on.
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in the amount of presynaptic neurotransmitter release or reuptake, or
the number of synapses [133].

These empirical discoveries were also accompanied by a plethora
of models and theoretical studies, discussing the functional impli-
cations of homeostatic plasticity on neuronal stability and computa-
tions, which we review next.

1.2 models of homeostatic plasticity

In this thesis, we build models of homeostatic plasticity for spatiotem-
poral computations. In order to do so, we build upon the body of
knowledge from previous models of homeostatic plasticity. We clas-
sify these models in three broad and not mutually exclusive cate-
gories.

1.2.1 The BCM Theory

Bienenstock, Cooper, and Munro introduced homeostasis to synap-
tic plasticity as a way to assure afferents’ stability [12]. Given the
activities of the presynaptic and a postsynaptic neurons, xj and xi
respectively, pure Hebbian potentiation [47] of the form

dwij

dt
= xj · xi (1)

leads to unbounded increase of the synaptic efficacy wij . To solve
this instability, Bienenstock et al. included a superlinear dependence
of the postsynaptic neuron’s activity [12]:

dwij

dt
= xj · xi(xi − x̄pi ) − εwij (2)

where x̄i is the average activity of the postsynaptic neuron, p > 1

is an integer that defines the superlinear dependence, and ε is a de-
cay parameter. Other plasticity mechanisms of similar forms also be-
long to the BCM theory5 and extend its application [25]. In these
mechanisms, the term x̄

p
i = θi corresponds to a sliding threshold

separating regimes of potentiation and depression, thereby stabiliz-
ing wij. An intuitive interpretation of the stability resulting from the
sliding threshold goes as follows. When afferents are potentiated, the
postsynaptic neuron’s average activity rises, as does the threshold θi,
which makes potentiation harder. At some point, the threshold θi is
crossed, resulting in synaptic depression. By adjusting the threshold

5 Models such as von der Malsburg’s synaptic normalization rule [136] and Oja’s prin-
cipal component analysis rule [87] also assure afferents’ stability, but do not belong
to the BCM theory.
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that separates potentiation and depression, the BCM mechanism also
homeostatically regulates the excitability of the post synaptic neuron.

In a recent study, Clopath et al. proposed a model of spike-timing-
dependent synaptic plasticity (STDP) with a homeostatically modu-
lated sliding threshold [24]. While homeostasis in this model regu-
lates the balance between potentiation and depression, it was still
necessary to enforce hard boundaries on synaptic efficacies, in order
to prevent weight’s runaway or the undesired change in its sign.

1.2.2 Maximum Entropy Models

In the BCM theory, homeostasis in the form of a sliding threshold is
necessary for stability. It does not make a statement on the role of
the sliding threshold in neural encoding. On the other hand, Stemm-
ler and Koch argued that as a communication channel, a neuron at-
tempts to optimize its encoding and transmission of the incoming
sensory streams [123]. In this spirit, they derived an intrinsic plas-
ticity (IP) mechanism that homeostatically acts on the ion channel
conductances of Hodgkin-Huxley-like neuronal model [49]. The plas-
ticity rule maximizes the mutual information between the neuron’s
input and output, therefore resulting in an exponential distribution
of the neuron’s output firing rate.

The exponential distribution is the maximum entropy probability dis-
tribution for a given mean firing rate. This observation led Triesch to
derive an intrinsic plasticity rule that directly minimizes the Kullback-
Leibler divergence between the output of a rate model sigmoidal neu-
ron and a target exponential firing rate distribution with a given
mean [132] (the autonomous dynamics of a RNN were analyzed by
Marković and Gros [74]). Interestingly, when interacting with a BCM-
like synaptic plasticity rule with a fixed threshold, the afferents to the
model neuron were stabilized, which suggests that the homeostatic
nature of intrinsic plasticity compensated for the role of the sliding
threshold in the BCM theory. Similarly, maximum entropy homeo-
static plasticity models were derived for stochastically firing spiking
neurons, either as a BCM-like STDP rule [131], or in the form of in-
trinsic plasticity [110].

1.2.3 Normalization Models

These models regulate a neuron’s excitability or normalize its affer-
ents by a direct estimate of the difference between a certain quan-
tity the neuron expresses and the target value this quantity aims to
achieve6. For instance, in a RNN model of spatial working memory

6 The homeostatic plasticity models used in Paper I and Paper III fall under the same
category.
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[104], synaptic conductances g(κ) of a cell that is selective to a spatial
cue κ are normalized by

τj
dg(κ)

dt
= −g(κ)(r(κ) − rtg(κ)), (3)

where r is the instantaneous firing rate and rtg is the target firing
rate.

Several studies considered stability criteria of synaptic efficacies
that may emerge from the interaction between similar models and
synaptic plasticity in RNNs. For instance, Tetzlaff et al. derived a gen-
eral form that describes a family of synaptic adaptation mechanisms,
and identified a subset of this family where weights are stable [126].
On the other hand, Remme and Wadman discussed the necessity of
balancing excitability modulation between inhibitory and excitatory
populations in RNNs that are subject to other adaption mechanisms
[100].

Normalization models of intrinsic plasticity on spiking RNNs were
adapted in [67, 68, 146]. The rules governing these mechanisms have
the form

θi(t+ 1) = θi(t) + ηip(xi(t+ 1) − rtg) (4)

where θi is the firing threshold of neuron i, ηip is a learning rate, and
xi is the binary activity of neuron i. Two of these models were the
first to study spatiotemporal computations in plastic RNNs within
the framework of reservoir computing [67, 68]. Here, we extend the
analysis of these models by developing a dynamic theory of the ef-
fects of plasticity within the RNN. We arrive at general principles that
allow us to apply the predictions of this theory, originally concerned
with biological neural dynamics, to biologically-inspired computing
architectures. The specific objectives of this thesis are presented in the
next section.

1.3 thesis’ objectives

The main aim of this thesis is to demonstrate that, besides its regula-
tory role, homeostatic plasticity is a necessary information processing
device for neural and neuro-inspired spatiotemporal computations.
More specifically, the thesis has the following objectives:

1. Developing a rigorous representation theory of spatiotemporal
computations. This theory allows us to identify the computa-
tional roles of different plasticity mechanisms, including home-
ostatic plasticity, acting in recurrent cortical networks.
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2. Demonstrating the generalizability of the identified computa-
tional roles by applying them to biologically-inspired computa-
tional architectures.

3. Arguing for controlled bifurcations as a useful computational
tool, which is shaped by the different plasticity mechanisms.

4. Suggesting a role for homeostatic plasticity in generating behav-
ior in embodied agents, acting in the sensorimotor loop.

We achieve these objectives by conducting three studies, which are
organized in Paper I, Paper II, and Paper III. More specifically, Paper I
deals with points 1 and 3, Paper II with point 2, and Paper III with
points 3 and 4. The following section summarizes the three studies.

1.4 papers’ summary

The thesis is organized in three papers, two of which underwent peer-
review and are published in online open access journals. The third
paper (Paper II) is currently under review.

1.4.1 Computations in an Excitable and Plastic Brain

Paper I studies how recurrent neural networks learn to perform spa-
tiotemporal computations through the interaction of STDP and home-
ostatic IP. The paper introduces nonautonomous dynamical systems
for the study of neuronal plasticity under varying stimulation (see
Chapter 2).

In this paper, we first show by training linear readouts that RNNs
trained by the two forms of plasticity outperform those that are ran-
dom or trained by a single plasticity mechanism. This test is intended
as a sanity check that the interaction of STDP and IP does enhance
reconstructing past inputs, predicting future ones, and carrying out
nonlinear computations. These are the kind of operations we term
spatiotemporal computations. We then test the effects of plasticity on
the formation of the neural code by measuring network state entropy
and its mutual information with input sequences. This information-
theoretical analysis shows that STDP learns the associations of net-
work states to input sequences, while IP increases the network’s en-
tropy, and thus its encoding potential.

The second part of the paper is dedicated to the reconstruction of
a qualitative geometric theory that explains the quantitative assess-
ments of spatiotemporal computations. In its current form, this the-
ory is restricted to discrete-time RNNs. We start by proving that the
model RNN is in fact a nonautonomous dynamical system, particu-
larly, an input-driven dynamical system. We then proceed to identify
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its dynamic regimes, i. e., the basins of attraction at which the system
dynamics may unfold, depending on the initial conditions.

Next, we introduce a notion of representation within the mathemat-
ical framework. Volumes of representation are encoding entities within
a basin of attraction of input sequences, or functions over input se-
quences. These entities may be sampled, approximated, and visual-
ized since they correspond to the transient dynamics of a RNN. This
allows us to disentangle the role of different plasticity mechanisms ac-
cording to their respective effects on the sizes of these volumes, and
the geometric relations between them. By exploiting the volumes’ in-
clusion property, we also construct a hierarchy of representations that
allows the study of multiple temporal scales of the input.

We proceed to identify the attractors within the phase space, which
requires defining nonautonomous attractors as nonautonomous sets, i. e.,
sets whose elements are tuples of a point in time and a network state.
In other words, a nonautonomous attractor is a moving target which
the network’s dynamics tends to approach. We also introduce a partic-
ular nonautonomous set that may be considered the moving source of
the dynamics in which the transient activity of the network unfolds,
as it follows the moving attractor. We call this special set a perturbation
set.

Given these concepts, we prove an important result: According to
the definition of a nonautonomous attractor, dynamics may converge
to the attractor only asymptotically, which imposes constraints on a
full identification of a RNN’s dynamics. We rigorously prove, how-
ever, that within some basin of attraction, the perturbation set (which
can be approximately defined) certainly contains the nonautonomous
attractor of this basin. Ergo, studying the geometry of a perturbation
set indicates the geometry of its nonautonomous attractor.

With the aid of this framework we show that IP alone leads to rep-
resentations that are redundant but highly overlapping. On the other
hand, STDP alone leads to input-insensitive dynamics that captures the
basic temporal structure of the input. Together, these plasticity mecha-
nisms lead to two dynamic regimes: an input-insensitive regime, and
an input-sensitive regime. representations are both redundant and
highly separate in the input-sensitive regime, which are the two prop-
erties necessary for spatiotemporal computations.

The final part of the paper elaborates on how plastic RNNs react to
network noise. We demonstrate that both redundancy and separabil-
ity resulting from STDP and IP lead to noise-robustness. Separability
allows for a margin of noise between different volumes of representa-
tion, while redundancy provides alternative representations for sim-
ilar input sequences. We also show noise as a mechanism for push-
ing the dynamics outside the input-insensitive regime, playing in this
case a beneficial computational role.
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Reference

Parts of this paper were presented in the following events: Osnabrück
Computational Cognition Alliance Meeting on “The Brain as an Informa-
tion Processing System” (June 4–6, 2012, Osnabrück, Germany), and
on “The Brain as a Probabilistic Inference Engine” (May 7–9, 2014, Os-
nabrück, Germany), Nonlinear Dynamics Summer School (August 24–
30, 2012). Another presentation is within the NeuroBridges Workshop
(July 27–29, 2014, Göttingen, Germany).

This paper was published after a peer-review process in PLoS Com-
putational Biology, and is found under the following reference:

[130] Toutounji, H., and Pipa, G. (2014). Spatiotemporal computa-
tions of an excitable and plastic brain: neuronal plasticity leads to
noise-robust and noise-constructive computations. PLoS Comput. Biol.
10:e1003512. doi: 10.1371/journal.pcbi.1003512

1.4.2 Homeostatic Plasticity for Delay-Coupled Reservoir

Paper II demonstrates the generality of the computational principles
of plasticity found in Paper I, by showing their applicability to a
biologically-inspired computational architecture (see Chapter 3).

The paper centers around enhancing spatiotemporal computations
in a novel reservoir computing architecture that consists mainly of two
elements: a single nonlinear node and a delay line that couples the
nonlinear node to itself. Given that this architecture is modeled by
a delay differential equation, its phase space is a function space that
is infinite dimensional. Input is injected into the reservoir by multi-
plexing it in time after linearly transforming it with a binary mask
that spans the full delay. This transformation prevents the reservoir’s
activity from converging to its fixed point, and losing all history de-
pendence necessary for spatiotemporal computations. Computations
are carried out by linear readouts at certain sampling points of the
reservoir’s activity. The positioning of the these sampling points on
the delay line is crucial, regarding the computational power of the
delay-coupled reservoir, or DCR.

Similar to the neural model of Paper I, the DCR is an input-driven
dynamical system. In Paper I, we showed that redundancy and sep-
arability are the result of the interaction of STDP and IP, and that
these two properties are computationally necessary ingredients in
input-driven RNNs. Similarly, we analytically derive a single plas-
ticity mechanism that homeostatically balances these two properties
in the DCR’s sampling points. The plasticity mechanism consists of
two opposing terms. The first term increases separability of a sam-
pling point’s activity by adjusting the point’s position towards hav-
ing a higher activity slope. The second term has the inverse effect
of the first. We analytically show that the second term increases the
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sampling point’s entropy, thus, its redundancy. We demonstrate the
significant increase of the computational power of the DCR after ap-
plying plasticity. We also relate the two opposing effects of the plastic-
ity mechanism to synaptic facilitation and depression, which further
relates the DCR to biologically-inspired phenomena.

Reference

Parts of this paper were presented in the International Symposium on
Nonlinear Theory and Its Applications (October 22–26, 2012, Palma de
Mallorca, Spain).

This Paper is currently under peer-review. For the time being, it
may be referenced by:

Toutounji, H., Schumacher, J., and Pipa, G. (submitted). Homeo-
static plasticity for single node delay-coupled reservoir computing.

1.4.3 Behavior Control by Self-Regulating Neurons

Paper III utilizes recurrent networks of neurons with homeostatic
properties for controlling the behavior of embodied agents (see Chap-
ter 4).

This paper introduces a form of synaptic homeostatic plasticity.
A hyperbolic tangent neuron is augmented by synaptic dynamics
that homeostatically adjusts the neuron’s activity towards maximum
nonlinearity. Given the antisymmetry of the sigmoidal nonlinearity,
two target activity states exist. Under certain connectivity conditions,
this self-regulating neuron (SR-neuron) becomes bistable. Under varying
stimulation, bistability endows the SR-neuron with short-term memory.
This memory makes the SR-neuron suitable for controlling embodied
agents.

The SR-neuron model is an input-driven 3-dimensional dynamical
system. One dimension corresponds to the neuron’s activity, while
the other two dimensions correspond to the neuron’s receptor and
transmitter strength, which together control the synaptic dynamics.
The receptor regulates the incoming drive to the neuron, while the
transmitter communicates the neuron’s activity to its targets.

The first part of the paper concerns the dynamics of a single SR-
neuron with and without self-connection. The dynamics is identified
by bifurcation analysis while varying bias and input to the neuron.
Stability conditions are found using linear stability analysis and com-
paring the SR-neuron to the familiar dynamics of a hyperbolic tan-
gent neuron without synaptic dynamics. These analyses reveal the
bistability of SR-neurons with positive self-connection, which allows
it to show hysteretic short-term memory and reflex oscillations. The
neuron is also capable of generating periodic dynamics when the self-
connection is negative.
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The last part of the paper demonstrates how the reflex oscillations
and short-term memory, both resulting from homeostatic synaptic
dynamics, can be used to generate useful behavior. SR-neural control
is shown to be able to synchronize forced pendula, control a wheel-
driven robot in obstacle-ridden environments, and achieve forward
locomotion of a hexapod robot with 18 degrees of freedom. More
precisely, reflex oscillations are exploited for generating the swing
and stance phases of the pendula and the hexapod’s joints, as well as
short-term memory for avoiding difficult obstacle conditions.

Reference

A similar model to the one presented in this paper was proposed by
Zahedi and Pasemann [143], while the same model was first intro-
duced by Pasemann [94].

Paper I was published after a peer-review process in Frontiers in
Neurorobotics, and is found under the following reference:

[129] Toutounji, H., and Pasemann, F. (2014). Behavior control in
the sensorimotor loop with short-term synaptic dynamics induced
by self-regulating neurons. Front. Neurorobot. 8:19. doi: 10.3389/fn-
bot.2014. 00019





Part II

PA P E R S

We present three studies on the role of homeostatic plas-
ticity in information processing in input-driven dynamical
systems.





2
PA P E R I | S PAT I O T E M P O R A L C O M P U TAT I O N S O F
A N E X C I TA B L E A N D P L A S T I C B R A I N : N E U R O N A L
P L A S T I C I T Y L E A D S T O N O I S E - R O B U S T A N D
N O I S E - C O N S T R U C T I V E C O M P U TAT I O N S

abstract It is a long-established fact that neuronal plasticity oc-
cupies the central role in generating neural function and computa-
tion. Nevertheless, no unifying account exists of how neurons in a
recurrent cortical network learn to compute on temporally and spa-
tially extended stimuli. However, these stimuli constitute the norm,
rather than the exception, of the brain’s input. Here, we introduce a
geometric theory of learning spatiotemporal computations through
neuronal plasticity. To that end, we rigorously formulate the prob-
lem of neural representations as a relation in space between stimulus-
induced neural activity and the asymptotic dynamics of excitable cor-
tical networks. Backed up by computer simulations and numerical
analysis, we show that two canonical and widely-spread forms of
neuronal plasticity, that is, spike-timing-dependent synaptic plasticity,
and intrinsic plasticity, are both necessary for creating neural repre-
sentations, such that these computations become realizable. Interest-
ingly, the effects of these forms of plasticity on the emerging neural
code relate to properties necessary for both combating and utilizing
noise. The neural dynamics also exhibits features of the most likely
stimulus in the network’s spontaneous activity. These properties of
the spatiotemporal neural code resulting from plasticity, having their
grounding in nature, further consolidate the biological relevance of
our findings.

Keywords: STDP, intrinsic plasticity, homeostatic plasticity, recur-
rent, spatiotemporal computations, nonautonomous dynamics, infor-
mation theory, noise

author summary The world is not perceived as a chain of seg-
mented sensory still lifes. Instead, it appears that the brain is capable
of integrating the temporal dependencies of the incoming sensory
stream with the spatial aspects of that input. It then transfers the
resulting whole in a useful manner, in order to reach a coherent and
causally-sound image of our physical surroundings, and to act within
it. These spatiotemporal computations are made possible through a
cluster of local and coexisting adaptation mechanisms known collec-
tively as neuronal plasticity. While this role is widely known and
supported by experimental evidence, no unifying theory of how the
brain, through the interaction of plasticity mechanisms, gets to rep-
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resent spatiotemporal computations in its spatiotemporal activity. In
this paper, we aim at such a theory. We develop a rigorous mathe-
matical formalism of spatiotemporal representations within the input-
driven dynamics of cortical networks. We demonstrate that the inter-
action of two of the most common plasticity mechanisms, intrinsic
and synaptic plasticity, leads to representations that allow for spa-
tiotemporal computations. We also show that these representations
are structured to tolerate noise and to even benefit from it.

2.1 introduction

Neuronal plasticity, both homeostatic and synaptic, is the central in-
gredient for the generation and adaptation of neural function and
computation [25]. However, it remains mostly unclear how neurons in
recurrent neural networks utilize neuronal plasticity to self-organize
and to learn computing on temporally and spatially extended stimuli
[15, 19, 84].

A full grasp of the principles of self-organization by plasticity in
recurrent neural networks is jointly hampered by the diversity of ex-
isting neuronal plasticity mechanisms [2, 145, 133] and the limited
understanding of their functions and cooperations, by the emergent
nature of computation in recurrent systems, in the sense that com-
putation is a collective phenomenon of the system as a whole and
cannot be fully understood from the contribution of individual neu-
rons [107, 56], and by the fact that neural systems are subject to noise
[115, 37, 122, 106]. In this paper, we simultaneously address these
issues by studying the basic principles of self-organization in recur-
rent networks that arise from the interaction of synaptic and home-
ostatic intrinsic plasticity, and given that the network is subject to
noise. To this end, we use numerical methods to explore the dynamics
of nonautonomous, i. e., stimulus-driven, and plastic recurrent net-
works, and we provide a mathematical formalization for attaining a
rigorously sound perspective (see Methods).

Incorporating synaptic plasticity with homeostasis goes back to Bi-
enenstock, Cooper, and Munro’s groundbreaking work known as the
BCM theory [12]. Through rigorous mathematical analysis, the BCM
theory predicted the necessity of a certain form of a sliding thresh-
old, i. e., a homeostatic adjustment of neuronal excitability, for stabi-
lizing the plastic afferent weights of a single neuron. Empirical find-
ings supported the hypothesis of adjustable excitability and showed
that it manifests through changes of neuronal properties at the soma
[145, 133]. While the BCM theory suggests homeostasis as a stabi-
lization mechanism of synaptic weights with no direct influence on
the neuron’s encoding properties, Triesch proposed a homeostatic
intrinsic plasticity (IP) mechanism that increases the neuron’s encod-
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ing capacity and cooperates with synaptic plasticity (SP) to discover
nonlinear independent features of the neuron’s inputs [132].

These investigations, among others [131, 110], are very insightful
in pinpointing how synaptic and homeostatic plasticity interact in
single neurons. In addition, feedforward neural networks greatly sim-
plify the analysis and understanding of self-organization and com-
putation based on neuronal plasticity. For such architectures, both
single plasticity rules, as well as combinations of different plastic-
ity mechanisms, had been linked to neural computation, such as
the formation of receptive fields [12], the related identification of
statistically-independent components [132, 24, 110], and predictive
coding [18]. However, it is important to note that neurons are embed-
ded within large and highly recurrent networks [33, 32, 34, 140], and
that an efficient use of neuronal resources entails distributed encod-
ing schemes [107, 56]. In addition, besides the spatial features of the
world, its temporal structure should also be captured by the neural
code [30, 23, 76, 84].

Our understanding of neural information processing would greatly
improve by extending the principles of self-organization to recur-
rent neural circuits, since the latter constitute the basic computational
units in the cortex [34]. Lazar et al. were the first to study the emer-
gence of computation from the interaction of different forms of plas-
ticity on recurrent neural networks [67, 68]. This study builds on
their findings. However, we do not restrict the definition of compu-
tation to linear classifiers of the reservoir computing (RC) paradigm
[57, 70, 19]. In addition to training linear classifiers for measuring the
computational performance, we identified the necessity of analyzing the
response of the recurrent neural network itself as an input-driven dy-
namical system [63, 62], and of concurrently viewing the network as a
communication channel by taking an information-theoretical perspective
[26]. Combining these tools enables us to understand how informa-
tion is encoded in recurrent systems, how such encoding is develop-
ing from self-organization, and how noise is effecting both.

Analyzing the dynamics of a large and, most importantly, input-
driven neural system shaped by biologically-relevant plasticity is a
hard task due to several methodological constraints. First, most analy-
sis tools from dynamical systems theory are confined to small dynamical
systems with very few degrees of freedom [125]. Exceptions are stud-
ies that circumvent this limitation by focusing on the low-dimensional
collective dynamics of neural networks, e. g., [16], or studies that
probe the high-dimensional phase space of the neural network, such
as the classic example of Hopfield Networks [53]. Other instances of
high-dimensional dynamical systems include ring networks and their
coexisting periodic attractors [93], stable heteroclinic orbits [98, 99],
unstable periodic attractors [127], and others [117, 41, 74].
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The second and most important methodological constraint is that
the use of standard dynamical systems theory is inappropriate, since
it deals with autonomous systems only, i. e., systems with no explicit
dependence on time. In reality, however, neural networks are sub-
ject to a flux of ever changing stimulation that renders them nonau-
tonomous. A theory of nonautonomous dynamical systems is only re-
cently taking shape as a branch of applied mathematics [63, 62]. The
fields of neural computation and computational biology are constant-
ly contributing to the theory with concepts such as meta-transients
and attractor morphing [93, 83], γ-systems [91], and the nonautono-
mous dynamics of echo state networks [71].

A simple intuition of the difference between nonautonomous and
autonomous systems can be stated as follows. Attractors of an au-
tonomous dynamical system are defined by the system alone, and
are therefore fixed. In contrast, attractors of a nonautonomous sys-
tem are jointly defined by the dynamical system and its input. As
the input changes, so does the attractor landscape of the system. This
highlights the fact that studying computations in a driven system
using the methods of autonomous dynamical systems is insufficient,
since the input-induced changes of the system, i. e., changes of its
attractor landscape, are ignored in that case.

The third constraint is that the complexity of the dynamics in-
creases due to the neural system’s adaptability. The presence of plas-
ticity imposes restrictions on the dynamics a network can exhibit,
thus keeping the network dynamics in a regime that can support
complex computations. To the best of our knowledge, no attempt
prior to this work has been taken to combine high-dimensionality and
nonautonomy with the consequences of plasticity on dynamics. We
demonstrate that plasticity sculptures the stimulus-specific dynamic
landscapes, and by that, serves in improving representation of the
provided input. Moreover, neuronal plasticity can adapt and learn
stimulus-induced sequences of such stimulus-specific landscapes. We
thereby show that neuronal plasticity improves spatiotemporal com-
putations.

Given the above, we highlight and explain that spatiotemporal com-
putations require two basic ingredients: a homeostatic mechanism
that regulates neuronal activity, and synaptic learning that adapts
the network’s recurrent connectivity to the stimulus. We show that
combining both types leads to a system that: first, learns the tem-
poral structure of the input and carries out nonlinear computations,
second, is noise tolerant, and third, even benefits from the presence
of noise that sets the system to an input-sensitive dynamic regime.

The paper is structured as follows. We first characterize the effects
of self-organized adaptation that is based on synaptic and home-
ostatic intrinsic plasticity and their combination. For that, we use
tasks where both random and temporally-structured inputs are re-
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constructed and predicted, as well as a task where nonlinear com-
putations are performed. We estimate the network’s self-information
capacity (its entropy), and its input-information capacity (the mutual
information between the input and the network). We then interlude to
qualitatively analyze the resulting dynamics of plastic changes based
on the theory of nonautonomous dynamical systems. We explain the
superior computation of conjoining synaptic and intrinsic plasticity
based on both the informational and dynamical analyses. Building
upon that, we study network noise, and demonstrate how noise is
combated and exploited through the interaction of synaptic and in-
trinsic plasticity.

2.2 results

In this section, we guide the reader through the following topics.
We start by elucidating the computational power gained through the
combination of synaptic and homeostatic plasticity mechanisms on
recurrent neural networks of the k-Winner-Take-All (kWTA) type. We
investigate the role of these plasticity forms in shaping the neural
code through their effects on the informational and dynamical land-
scapes of the network. We conclude by illustrating how synaptically
and homeostatically organized recurrent networks both benefit from
noise and tolerate its presence. Figure 1 schematically illustrates the
network model, the plasticity rules, and the formal probes we used
to evaluate and describe the resulting computational properties. More
details are available in the Methods section.

2.2.1 Computational Power

The interaction of different forms of plasticity produces a rather com-
plex emergent behavior that cannot be explained trivially by the in-
dividual operation of each. We therefore start with exploring the ef-
fects induced by the combination of spike-timing-dependent synaptic
plasticity (STDP) and intrinsic plasticity (IP). We compare the computa-
tional performance of recurrent networks trained either with both
synaptic and intrinsic plasticity (SIP-RNs), with synaptic plasticity
alone (SP-RNs), or with intrinsic plasticity alone (IP-RNs), in addition
to nonplastic recurrent networks, where the synaptic efficacies and
firing thresholds are random.

Following the plasticity phase, a network is reset to random initial
conditions and the training phase starts. Output weights from the
recurrent network to linear readouts are computed with linear re-
gression so that the readouts activity is the optimal linear classifier
of a target signal. The target signal depends on the computational
task. That is followed by the testing phase, at which performance is
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computed. Performance is measured by the percentage of correctly
matched readout activity to the target signal.

Naturally, during simulation, the recurrent network is excited by a
task-dependent external drive. The battery of tasks we deployed was
designed to abstract a certain aspect of the spatiotemporal computa-
tions faced by biological brains, i. e., recalling past stimuli, predict-
ing future ones, and nonlinearly transforming them. The memory
task RAND×4, the prediction task Markov-85, and the nonlinear task
Parity-3, as well as the plasticity models and simulation conditions,
are detailed in the Methods section.

Figure 2 shows that SIP-RNs significantly outperform both IP-RNs
and SP-RNs in all tasks. Inputs from 3 time steps in the past are suc-
cessfully retained far beyond chance level in the memory task RAND×4
(Figure 2A). Understandably, performance drops to chance level for
future stimuli (positive time-lags), since input symbols are equiprob-
able and their temporal succession carries no structure. Such is the
case for the nonlinear task (Figure 2C). It is worth noting that solv-
ing the nonlinear task Parity-3 requires recalling three successive
stimuli, which adds to the computational load. The recurrent net-
work, through learning the temporally-structured input of the task
Markov-85, boosts the readouts’ ability to reconstruct past symbols in
comparison to the structureless memory task RAND×4. It also allows
for the prediction of future stimuli far beyond chance (Figure 2B).
STDP alone fails to provide the recurrent network with means to

encode necessary information. This leads to SP-RNs performing at al-
most chance level in all tasks. Intrinsic plasticity, on the other hand,
endues recurrent networks with an intermediate ability to sustain
past inputs (Figure 2A). IP-RNs also seem to learn the temporal struc-
ture of the input, as optimal linear classifiers are capable of predicting
future stimuli (Figure 2B). Intrinsic plasticity is, however, insufficient
for nonlinear computations, as IP-RNs barely perform above chance
in the nonlinear parity task.

We also compare the performance of nonplastic kWTA networks with
similar weight and threshold distributions as SP-RNs (shown in gray
in Figure 2). They perform better than IP-RNs on the memory and
nonlinear tasks, and worse on the prediction task. In all tasks, these
nonplastic networks perform worse than SIP-RNs. We also show in
Section 2.5 that nonplastic networks with comparable weight and
threshold distributions as SIP-RNs also perform significantly lower
than plastic networks. These results supply the evidence that the pres-
ence of plasticity enhances the computational power of recurrent neu-
ral networks (see Section 2.5 for a discussion on heuristics for finding
comparable random networks). No further analysis is carried out on
these nonplastic networks, since the aim of this paper is to discern
the effects of synaptic and intrinsic plasticity on spatiotemporal com-
putations.



2.2 results 23

2.2.2 Neural Code

Explaining the superiority of networks modified by deploying both
STDP and IP starts from isolating the individual role of each plastic-
ity mechanism in defining the spatiotemporal neural code. In that
regard, a well-informed intuition is that STDP learns the basic struc-
ture of the input as the connectivity resulting from STDP reflects the
input sequence transitions. IP, on the other hand, increases the neural
bandwidth by introducing redundancy to the code, as IP leads to the
longest periodic cycles in the spontaneous activity of kWTA networks
(See Figure 8 and Figure 4A in [67]).

The spatiotemporal neural code, or the neural code for short, can be
characterized by both the absolute capacity of the network activity to
store information and by how network activity encodes the spatially
and temporally extended network input. Entropy of the network ac-
tivity measures its absolute capacity, i. e., the repertoire of network
states that the network can actually visit and potentially assign to
some input sequence. The assignment of a network state to an input
sequence means that this particular network state encodes or repre-
sents that input sequence. Mutual information between network input
sequences and network states quantifies the extent of how successful
this assignment is. Not every visited network state needs be assigned
an input sequence. A redundant code is reflected by input sequences
being represented by multiple network states. Also, a network state
might fail to encode an input, thus reflecting uninformative noise
states.

We investigate the neural code characteristics of kWTA networks by
estimating both the entropy of the network state and the mutual in-
formation between network input sequences and network states. We
drive the network by RAND×4 input, and for computational tractability,
we limit the estimation of mutual information to three-step inputs. An
optimal encoder of this input sequence will then be a network with
6 bits of mutual information. The information-theoretical quantities
are computed at intervals of the plasticity phase under the three plas-
ticity conditions. At these intervals, the plastic variables are fixed and
the driven network is reinitialized and run for a sufficient number
of steps, and passed along with the input to the entropy and mutual
information estimators. More details on how these measurements are
carried out are found in the Methods section.

Figure 3 shows how these measures develop through the plastic-
ity phase (For a discussion on the effects of longer plasticity expo-
sure, see Section 2.6). SP-RNs’ entropy remains constant at 2 bits. This
means that SP-RNs visit only 4 network states (green in Figure 3A).
However, these network states encode no information of the input
sequence, as mutual information remains practically zero (green in
Figure 3B). We call this 2 bits input-insensitive code the minimal code,
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as it captures no more than a single possible succession of the 4 inputs.
This effect is the result of the interaction between the machination of
STDP and the initial firing thresholds and weights configuration. Tran-
sitions, such as A → C in the input space, are to be stored in some
of the synapses that connect neurons in the receptive field of A (RFA)
with those in the receptive field of C (RFC). At each time step, one
transition, such as A→ C, could be easier to reinforce with the causal
(potentiating) side of STDP for RFC neurons having little higher ex-
citability (internal drive plus their own firing threshold). Without IP
to tune down this excitability and with further contribution from the
recurrency of the network, a positive feedback loop is generated, and
this transition becomes more and more potentiated at the expense of
others. This transition then becomes independent of the actual drive
the network is receiving: the network becomes input-insensitive.

On the other side of the entropy spectrum, we find IP-RNs. Through
IP’s constant adjustment of the neuronal excitability, many neurons
contribute to the neural code and IP-RNs visit a large number of states.
Entropy and the network state bandwidth are the highest (blue in
Figure 3A). One may view IP’s effect as an introduction of intrinsic
deterministic noise to the network activity. The increase in bandwidth
of the network activity raises the odds for the random weights of an
IP-RN to store an input sequence. In fact, many network states encode
the same input sequence, resulting in a redundant code. However,
without a synaptic reinforcement of representations, many states are
visited due to the internal dynamics of the network, and not due
to the external drive. These states remain uninformative and input
sequences not successfully encoded: the mutual information (blue in
Figure 3B), and hence the classification performance, are low.

The development of the neural code for SIP-RNs follows, however, a
more interesting path. At the beginning, STDP has the upper hand and
a 2 bits minimal code is generated. Through providing intrinsic deter-
ministic noise, IP enriches the neural code by increasing redundancy
and entropy (orange in Figure 3A). At the same time, STDP incremen-
tally associates different network states to different input sequences
by adjusting the synaptic weights as seen from the increase of mutual
information (orange in Figure 3B). Then together, synaptic and home-
ostatic plasticity cooperate to create a code that is both redundant and
input-specific. These properties are crucial for noise-robustness, as will
be shown later in this text.

2.2.3 Post-Plasticity Perturbation

A dynamical system’s behavior depends on its past activity. There-
fore, testing a system requires assuming plausible initial conditions.
The recurrent neural network at hand, even though it is small in com-
parison to a real neural circuit, has a number of possible initial condi-
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tions too large for all its initial conditions to be tested. So far, we have
chosen random initial conditions for the network activity following
the plasticity phase. From now on, we choose the initial conditions
systematically by reinitializing the network activity depending on a
perturbation π. This perturbation is applied to the end state of the
plasticity phase, such that the end state of the plasticity phase and
the initial state of the training phase are at a distance 2π from one an-
other. For details of how the initial conditions are selected depending
on the parameter π, we refer the reader to the Methods section.

To discern the effect of this perturbation, we compute the perfor-
mance of the trained system with the three combinations of synaptic
and intrinsic plasticity. We do this both for a system that is perturbed
and for a system that starts from the last state that the dynamics
reaches at the end of the preceding plasticity phase. We find no dif-
ference between the two cases of initial conditions for either IP-RNs or
SP-RNs. However, when the neural network is trained by both synap-
tic and intrinsic plasticity (SIP-RNs), we find that the perturbed net-
works have better performance, as is illustrated in Figure 4A–C. The
high performance of SIP-RNs that results from random initial condi-
tions, as is shown in Figure 2, is easily explainable. It stems from the
fact that random initialization is merely a large perturbation, since the
probability of choosing a random state from such a large set of possi-
bilities that is at a small distance from a particular region of the state
space is insignificant, compared to a state that is at a large distance.
Moreover, we find that regardless of the task, larger perturbations re-
sult in higher average performance. This is also reflected in the neural
code, where network state entropy and the mutual information with
input correlate with higher perturbation (see Figure 4D–E).

This suggests that within the phase space of SIP-RNs there exist at
least two dynamic regimes. Post-plasticity perturbation also provides
the first sign of how SIP-RNs can benefit from noise, as it might put
the system in the regime more suitable for computation.

2.2.4 Dynamic Regimes

Optimal linear classifiers show that kWTA networks equipped with
both homeostatic and synaptic plasticity are capable of creating spa-
tiotemporal codes and performing nonlinear computation. Measur-
ing entropy and mutual information allows for a quantification of
the emerging neural code. But what are the geometric features of the
neural code that allow for such computations? How do network states
represent the spatiotemporal input in a useful way? A major part of
the Methods section is devoted to developing the mathematical for-
malization of discrete-time nonautonomous dynamical systems. Ref-
erences to definitions, a proposition, and a theorem from that section
are featured in the following results, as we apply these concepts to
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our model neural network. We view this treatment not merely as an
exercise in mathematics. It allows for a rigorous description of the
computational properties emerging from plasticity that are beyond
the scrutiny of quantitative measures, such as linear classification per-
formance and carried information. A consequence of these properties
is also the two noise-related features we examine later.

For a formal treatment of spatiotemporal computations which re-
sult from plasticity, we need to extend the theory of nonautonomous
dynamical systems to provide a notion for representations, to specify
how these representations allow for computations, and to discern the
effect of plasticity in enhancing these representations for the sake of
computation. But first, we start by identifying the modes of operation,
i. e., the dynamic regimes, the model plastic neural network has, since
not all regimes might be suitable for computation.

According to Proposition 3 and Definition 6, when subject to stim-
ulation, kWTA networks are input-driven discrete-time dynamical systems.
For such systems, two extremes exist regarding the degree of sensi-
tivity the system exhibits in response to its input. At one extreme, the
system shows no change of response for different inputs, so that it
follows its own dynamics, as if no input exists. In such a mode of
operation, the system is input-insensitive. The other extreme is when
the system’s response is different for each input and initial condition.
A single system can show, in principle, multiple modes of operation,
depending on the initial conditions. The set of initial conditions that
show a single mode of operation defines a dynamic regime and a
basin of attraction.

In a first step, we visualize the high-dimensional response of the
system to its input. To that end, we down-project the network activ-
ity to the first three principal components, and we study the effects
of STDP and IP on the network’s dynamics and input representations
in this reduced 3-dimensional space (Figure 5). This analysis is per-
formed on networks with Markov-85 input which fully demonstrate
the relevant properties. It is important to note that while our analysis
concerns the dynamics following the plasticity phase, we are still able
to infer how it unfolds during this phase from the development of the
neural code (Figure 3), as we make clear later.

As suggested by the performance of SP-RNs (Figure 2) and their
neural code entropy and mutual information (Figure 3), their state
space is dominated by an input-insensitive basin of attraction and
these networks behave like autonomous semi-dynamical systems (pre-
fixing with “semi” refers to the fact that the dynamics needs not be
invertible). This is confirmed by the asymptotic dynamics of SP-RNs,
which is independent of the input (Figure 5B). The dynamics within
this dynamic regime follows the minimal code. The minimal code
manifests itself through a period-4 periodic attractor which corre-
sponds, in the case of Markov-85 input, to the most probable tran-
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sition in the input space A → B → C → D → · · · . This observation
confirms the fact that STDP allows the system to learn the basic struc-
ture of its input.
SIP-RNs exhibits similar dynamics at the end of the plasticity phase

(Figure 5C). However, as is evident from varying the perturbation
parameter for SIP-RNs (Figure 4), the set of initial conditions that con-
stitutes this input-insensitive basin is confined by a distance relation
to the neighborhood of the periodic attractor: the probability of being
in this basin diminishes the further away the initial conditions are
from the input-insensitive periodic attractor.

The increase of performance and the neural bandwidth of SIP-RNs
for higher π (Figure 4) shows that outside of the input-insensitive
dynamic regime there exists a different basin of attraction. Within
this basin, the network is sensitive to input, and computations are
possible. The observation that π has no effect on IP-RNs and that
they show intermediate performance and mutual information sug-
gests that they are dominated by a dynamic regime with interme-
diate input-sensitivity. It also confirms that intrinsic plasticity is re-
sponsible for the emergence of the input-sensitive dynamic regime in
SIP-RNs.

2.2.5 Volumes of Representation

Now that the dynamic regimes of trained networks with the three
combinations of synaptic and intrinsic plasticity are identified, we
next move to formulating the notion of representations inside the
input-sensitive dynamic regime. Developing such a notion allows
linking the theory of nonautonomous dynamical systems to a the-
ory of spatiotemporal computations. To this purpose, we coin the
term volumes of representation, which is a concept that describes the re-
sponse of a nonautonomous dynamical system in respect to its drive.
The volume of representation of some input sequence within some
dynamic regime is the set of network states that are accessible through
exciting the network with the corresponding input sequence, starting
from all network states in this dynamic regime as initial conditions
(Definition 10). The order of a volume is defined by the length of the
input sequence it represents. We also introduce the volumes’ inclusion
property which hierarchically links the system’s response to spatiotem-
poral input sequences to their sub-sequences.

To visualize a network’s volumes of representation, we sample the
network’s response. We do this because the size of the state space
and the input-sensitive dynamic regime is too large, making a com-
plete coverage impossible. Also, since volumes of representation can
have complicated shapes in both the full and reduced state space, we
approximate these volumes with ellipsoids.
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Figure 5D provides such an approximation to the volumes of repre-
sentation of order-1. The sample is a single 10000 symbols Markov-85

input sequence to a SIP-RN. Each volume is replaced by an ellipsoid.
The center of this ellipsoid is the coordinates’ average of the visited
network states in the principal components space. Each of its semi-
axes has a length that is the standard deviation from the mean of the
corresponding coordinate. Also, according to the volumes’ inclusion
property, stated formally in the Methods section, a volume of repre-
sentation of order-1 of some input p includes all volumes of order-2
for sequences whose most recent input is p. As such, Figure 5E, that
depicts a similar approximation to all volumes of order-2, is also a bet-
ter approximation to volumes of order-1. In Figure 5E, each order-1
volume consists of four order-2 volumes that are color-coded to match
the rougher approximation in Figure 5D. In a supporting figure, we
further show that this way of presentation is sufficient, compared to
using percentiles of bootstrapped network states (see Figure 6).

The volumes of representation provide a geometric view of spa-
tiotemporal computations as the ability of the recurrent neural net-
work to represent in its activity, in other words to encode, useful func-
tions of the network’s input sequences, and for these representations
to be distinguishable and reliable. In the case of the tasks RAND×4 and
Markov-85, the functions that the network activity represents are the
identity, delayed or forecast. As shown in Figure 5D–E, the volumes
of representation of SIP-RNs under Markov-85 input exhibit higher
separability, which explains both their high classification performance
and high mutual information. One also notices that the volumes of
representation of order-2 that belong to the most probable transitions
in the Markov-85 input, e. g., B → C, are also the most distant from
one another (Figure 5E). This results in the most probable transitions
to be more easily distinguishable by optimal linear classifiers.

In order to isolate the roles of synaptic and intrinsic plasticity in
generating useful representations, we show in Figure 5A the order-1
volumes of representation of an IP-RN in response to Markov-85 in-
put. Compared to the SIP-RN, these volumes are highly overlapping,
which explains the lower classification performance. Also, the low
mutual information between the network state and the input (Fig-
ure 3) can now be explained by various network states belonging
to multiple volumes of representation, at once. Also, many network
states represent the same single input which is a signature of redun-
dancy resulting from IP. These observations point towards STDP being
the source of separability of representations in SIP-RNs, in addition
to learning the structure of the input through situating the represen-
tations of the input’s most probable transitions at further distances
from one another.

In the case of the task Parity-3, the function that the network ac-
tivity needs to represent is the sequential exclusive or operation over
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three successive binary inputs. As such, within the input-sensitive dy-
namic regime, two volumes of representation exists, each encodes one
outcome of the nonlinear task Parity-3. According to Definition 10,
these volumes are formed from an appropriate union of order-3 vol-
umes of representation of the binary input. We provide an illustration
of these two volumes of representation in Figure 7. Here also, STDP
provides the separability that allows these representations to be dis-
tinguishable, while IP gives the possibility of an input-sensitive and
redundant regime to emerge, and, aided by STDP, for the volumes of
representation to expand.

2.2.6 Attractor Landscape

The presence of dynamic regimes entails the existence of attractors,
i. e., limit sets of the dynamics, that apply a pulling force on the dy-
namical system’s activity and dictate its course of flow. In an input-
driven dynamical system, attractors are not easily defined as sets of
states. Instead, nonautonomous attractors are input-dependent moving
targets of the dynamics, which adds a temporal aspect to their defi-
nition (see Definition 8). As follows, for our nonautonomous dynam-
ical systems theory of spatiotemporal computations to be complete,
we link the geometry of the computational entities, i. e., the volumes
of representation, to the geometry of the nonautonomous attractors.
This allows us to connect the features of the volumes of representation
emerging from plasticity, namely, separability and redundancy, to the
effects of plasticity on the nonautonomous attractor. To that end, start-
ing from the volumes of representations, we define the perturbation set
(Definition 10) as a moving source of the neural activity towards its
moving target, the nonautonomous attractor. Since the perturbation
set changes with time, it is called a nonautonomous set (Definition 7).
This also applies to nonautonomous attractors. The set of states con-
stituting a nonautonomous set at a fixed time t is called the set’s
t-fiber. We later show how the t-fibers of these nonautonomous sets
relate to each other.

In the input-insensitive dynamic regime, the dynamical system be-
haves as an autonomous dynamical system, and so does its attractor,
which is the period-4 attractor in Figure 5B–C. In addition, the exis-
tence of a nonautonomous basin of attraction (Definition 9), that consti-
tutes the input-sensitive dynamic regime in SIP-RNs, necessitates the
existence of a nonautonomous attractor.

It is not possible to fully identify the nonautonomous attractor by
looking into the nonautonomous dynamics. This is because the at-
tractor is not fixed in space and because the dynamics almost never
converges to it. However, we prove in Theorem 11.1 that in an input-
driven discrete-time dynamical system, and within a basin of attrac-
tion, the nonautonomous attractor is a subset of the basin’s perturba-
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tion set, and that the t-fibers of a nonautonomous attractor are subsets
of the t-fibers of the perturbation set. Given this result, the location
of the nonautonomous attractor within the state space of the network
can be approximated by the perturbation set. The perturbation set
summarizes how the network activity passes from one volume of
representation to another, at every time step, according to the input’s
transition statistics. We replace the time dimension in Figure 5D by
arrows that correspond to the transitions in Markov-85 input. The vol-
ume of representation visited at time t is the volume corresponding
to the input at that time, and it forms the t-fiber of the perturbation
set.

Instead of defining the asymptotic dynamics of the model neu-
ral network within the input-sensitive basin of attraction by a single
nonautonomous attractor with different t-fibers, we can define it by
multiple autonomous attractors, each belonging to a particular input.
According to Theorem 11.2, within the input-sensitive basin of attrac-
tion, there exists for each input p, an autonomous attractor (Defini-
tion 4) of the autonomous semi-dynamical system defined by p. The
theorem also shows that this attractor is a subset of the volume of
representation of p. Theorem 11.3 further shows that the basin of at-
traction of the autonomous attractor is also the input-sensitive basin.
Accordingly, the network dynamics undergoes a bifurcation at each
time step the input changes its identity. A bifurcation is a change in
the topological properties of invariant sets, such as attractors. We ob-
serve bifurcations in the input-sensitive regime of kWTA networks. The
topological property undergoing the change is the loss of stability of
the periodic attractor associated with an input p(t− 1), and the ap-
pearance of an attractor with a different period and location that is
associated with the input p(t).

Figure 5F shows the autonomous periodic attractors associated with
each Markov-85 input within the input-sensitive basin of attraction
of a SIP-RN. Each of these attractors is also a t-fiber of the nonau-
tonomous input-sensitive attractor. While these autonomous attrac-
tors are depicted in one state space, overlaying them in a single plot
serves only in illustrating the geometric relations between them. In
reality, these attractors do not coexist. Each autonomous attractor ap-
pears in the phase space of the network when its associated input
drives the network, and the attractor from the previous time step dis-
appears.

The geometry of the nonautonomous attractor within an input-
sensitive dynamic regime is very important regarding spatiotemporal
computations. In fact, computations are completely defined accord-
ing to the relative positions of the nonautonomous attractor’s t-fibers
to one another, and to the volumes of representation. An attractor con-
sists of limit points of a basin of attraction. Thus, it exerts a pulling
force on the network states that define the volumes of representa-
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tion. So, if the t-fibers of a nonautonomous attractor are close to one
another in the state space of the network, different volumes will be
overlapping and computations will be difficult to carry through. Such
is the case in IP-RNs. On the other hand, distant t-fibers of the nonau-
tonomous attractor result in separate volumes of representation and
better spatiotemporal computations, which is the case in SIP-RNs (Fig-
ure 5D–F). Also, the number of states comprising the t-fibers of the
nonautonomous attractor effects the redundancy of representations.
As intrinsic plasticity increases the number of states of these t-fibers,
the perturbation set becomes more redundant. Given the above, while
the perturbation set contains the nonautonomous attractor, it is the at-
tractor that defines how the perturbation set, and as a consequence
the volumes of representation, extends in space.

For a correct characterization of spatiotemporal computations ac-
cording to the geometry of the nonautonomous attractor and func-
tion representations, we borrow the concept of meta-transients [83].
A transient activity of an autonomous (semi-)dynamical system is
the trajectory its dynamics follows as it approaches a fixed attrac-
tor. Alternatively, an attractor of an input-driven dynamical system
changes constantly. This leads the trajectory pursued by the dynamics
to switch its course, so as to keep track of its moving target. Such an
input-dependent trajectory is termed a meta-transient. When the in-
put changes, the meta-transient passes from one volume of represen-
tation to another, i. e., the dynamics bifurcates and the meta-transient
approaches the vertexes of the current attractor, while being repelled
from the others that are now unstable. It is in this geometric rela-
tion to the different attractors (or t-fibers) that computation resides.
In fact, as a proof of principle, the autonomous attractors of SIP-RNs
were allocated. This was done by clamping each input for a sufficient
time until the dynamics converges to that input’s periodic attractor.
Then, optimal linear classifiers were fitted to perform the three com-
putational tasks. As training data, the Hamming distances between
the meta-transient and the vertexes of these periodic attractors were
used. Figure 9 shows the performance resulting from this computa-
tional procedure, which outperforms both SP-RNs and IP-RNs. While
the performance is far from what is achieved directly from the activity
of SIP-RNs, especially in the nonlinear task Parity-3, it is important
to note that distance is a very rough compression of the geometric
relations between the meta-transient and the autonomous attractors.
For instance, distance does not allow the distinction between network
states that are symmetrical in relation to the autonomous attractors.

2.2.7 Emergence of Computation

We now outline how the interaction of homeostatic and synaptic
plasticity gives rise to spatiotemporal computations through devel-
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oping useful representations. To this end, we combine the analysis of
dynamic regimes, volumes of representation, and autonomous and
nonautonomous attractors (Figure 5) with the informational-theoretic
intuitions regarding the evolution of the neural code (Figure 3).

At the beginning of the plasticity phase, STDP has the upper hand
and it generates a minimal code of the input. This is evident from
the 2 bits network state entropy (Figure 3A) and the close to zero
mutual information with input (Figure 3B) at the beginning of the
plasticity phase of SIP-RNs. The minimal code captures, through an
input-insensitive periodic attractor, the most probable transitions in
the input (Figure 5B). Another feature of the input-insensitive peri-
odic attractor is the high separability of its vertexes in the state space
of the SIP-RN.

at the same time, IP succeeds in reducing the excitability thresholds
of some neurons, such that more network states become accessible at
the vicinity of the vertexes of the input-insensitive attractor: entropy
increases alongside the potential for redundancy. STDP concurrently
assigns these network states to the inputs that induce them: mutual
information and redundancy increase. This incremental process man-
ifests dynamically in the appearance of the input-sensitive basin of at-
traction, and the associated appearance and expansion of volumes of
representation (Figure 5D–E). Due to the highly separate vertexes of
the input-insensitive attractor and the neighborhood relations of the
volumes with these vertexes, the volumes of representation are highly
separate. This shows that the input-insensitive dynamics is a neces-
sary prerequisite for the emergence of spatiotemporal computations,
as it sets the stage for the appearance of separate representations that
also carry the structure of the input.

The emerging dynamics can also be viewed through formulating
the SIP-RN during the plasticity phase, as an input-driven dynamical
system parametrized by the weights and the excitability thresholds.
Through varying the parameters of the system with STDP and IP, the
dynamics at some point in the parameters space bifurcates from one
stable dynamics, the input-insensitive dynamics, to two stable dynam-
ics with the appearance of the input-sensitive attractor in whose basin
computations are realizable. This also applies to each member of the
family of semi-dynamical systems with the appearance of new dy-
namics and the associated new periodic attractor (Figure 5F).

2.2.8 Noise-Robustness

Equipped with different vantage points to describe the information
processing properties of plastic recurrent neural networks, we now
turn to ask a central question: what does an information processing
system like the brain require in order to be noise-robust? We state the
following hypothesis. Noise-robustness is an effect of the interplay
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between 1) a redundant code that provides multiple possible encodings
of an input, and 2) separability of representations which allows for a
margin of noise without obscuring the identity of the input.

The analysis of the neural code (Figure 3) shows how IP increases
the potential for redundancy by increasing the neuronal bandwidth.
STDP could exploit this potential redundancy by assigning multiple
neurons to the same input. Viewing the network dynamics in the
principal components space, on the other hand, made clear that STDP
ensures separability in the volumes of representation (Figure 5D–E).
This also suggests that the recurrent network should be more robust
to noise, the more recent the decoded input is, as the margin of noise
becomes smaller for older inputs. The expansion of volumes of rep-
resentation in IP-RNs also points towards a higher potential redun-
dancy.

We test the hypothesis and the role of STDP and IP interaction in
noise-robustness by injecting nondeterministic noise into the recur-
rent network. Following the plasticity phase, we deploy a certain rate
of random bit flips on the network state that reserves the kWTA dy-
namics, i. e., if some neuron is silenced due to noise, another neuron
is selected at random and it fires instead. Different networks with
different input statistics will amplify the same amount of noise to a
varying extent. The shaded area in Figure 8 marks the ratio-of-noisy-
spikes range within the network states of 100 recurrent networks. For
all tasks and networks, we measured performance of optimal linear
classifiers on both the noise-free and noisy network states, and com-
puted the relative change in performance.

We compare the change in performance for each time-lag with the
ratio of noisy spikes. To understand how this comparison aids in char-
acterizing noise-robustness, we rely on an example. If 10% of a net-
work’s spiking activity has been replaced by noise, spikes being the
carriers of information, 10% of the information in the network would
be lost. However, if the activity of other neurons within the network
is a replica of half the lost spikes, only 5% of the information would
be lost, and the performance of the linear classifiers would decrease
just as much. Having the change of performance below noise level is
evidence of noise-robustness due to redundancy and intrinsic plastic-
ity.

Information carried by the network cannot deteriorate beyond the
amount of noise; the ability to perform computations, on the other
hand, is another story, since distinguishing between representations
is a necessary condition for computation. Noise can lead to an over-
lap in the volumes of representation, which hinders the information
processing capability of the recurrent neural network, since overlap-
ping representations are indistinguishable and prone to over-fitting
by decoders, linear or otherwise. However, when volumes of repre-
sentation are well separated due to STDP, and redundancy is at play,
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performance will not exceed the amount of noise in the network:
noise-robustness is still achieved.

Figure 8 shows that redundancy and separability are assuring noise-
robustness in the three tasks. The effects are the strongest for the task
RAND×4. The change of performance never exceeds the range of noise
for all time-lags. The change of performance on the task Markov-85

remains below the range of noise for few time-lags in the past and it
remains within the bounds of the noise range for older stimuli. The
networks then are still capable of tolerating noise, while the volumes
of representation are becoming more overlapping. The decrease of
noise-robustness for larger time-lags in the past confirms our sugges-
tion that volumes of representation become less separate for older in-
puts. The analysis of order-2 volumes of representation (Figure 5E)
also suggests that less probable transitions of the input are more
prone to noise. This, however, was not tested. The task Parity-3 is
noise-robust for 0-time-lag only and with the change in performance
being within the noise range. This is understandable, since for each
time-lag, order-3 volumes of representation and the associated vol-
umes of the Parity-3 function should be separate and redundant.

These observations confirm our hypothesis that redundancy and
separability are the appropriate ingredients for a noise-robust infor-
mation processing system, such as our model neural network. These
properties being the outcome of STDP’s and IP’s collaboration, suggest
the pivotal role of the interaction between homeostatic and synaptic
plasticity for combating noise.

2.2.9 Constructive Role of Noise

Now that we have demonstrated the contributions of STDP and IP in
combating noise, we turn to investigating noise’s beneficial role. We
have seen that perturbation at the end of the plasticity phase pro-
vides a solution to the network being trapped in an input-insensitive
regime. Besides viewing perturbation as a form of one-shot strong
noise, which is, biologically speaking, an unnatural phenomenon,
what effect would a perpetual small amount of noise have on the
dynamics of the recurrent neural network?

We again deploy a certain rate of random bit flips on the network
state that reserves the kWTA dynamics. Unlike the previous section,
we do not restrict noise to the training and testing phase, but apply
it also during the plasticity phase. We also do not reset the network
activity after the plasticity phase, i. e., the perturbation parameter π
is set to 0.

Figure 10A–C compares the performance of optimal linear classi-
fiers on the three tasks for different levels of noise. For all tasks, some
levels of noise resulted in a significantly higher average performance
than the noiseless case. The task Markov-85 had the highest average
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performance at the largest level of noise, while the tasks RAND×4 and
Parity-3, where the input was uniformly random, had the highest
performance at the third and fourth levels of noise, and the average
performance dropped substantially at the fifth level of noise. In all
tasks, performance was far off the levels it reached in the noiseless
case (Figure 2)

Information-theoretical quantities are again measured on networks
with RAND×4 input. As expected, the network state entropy increases
monotonically with noise (Figure 10D). Mutual information, on the
other hand, starts dropping for noise larger than the third level (Fig-
ure 10E). This is also expected from the change of performance (Fig-
ure 10A). Noise then appears to provide, in some of the SIP-RNs, the
necessary means to escape the input-insensitive dynamics. At some
levels, however, the network activity becomes dominated by noise be-
yond the compensatory effects of redundancy and separability achiev-
ed through plasticity. In addition, more unstructured noise during the
plasticity phase delays the creation and expansion of useful volumes
of representation, thereby hindering computations further.

2.3 discussion

We demonstrated how the interaction of synaptic learning and home-
ostatic regulation boosts memory capacity of recurrent neural net-
works, allows them to discover regularities in the input stream, and
enhances nonlinear computations. We provided a geometric interpre-
tation of the emergence of these spatiotemporal computations thr-
ough analyzing the driven dynamic response of the recurrent neural
network. We view computations as a geometric relationship between
representations of functions over stimuli, representations that consist of
network states, and the asymptotic dynamics of the network, i. e., at-
tractors. Accordingly, Figure 11A shows a possible driven-dynamics
viewpoint on computation, which is the following. As the stimulus
changes, a bifurcation occurs where the current attractor of the net-
work becomes unstable, while another stabilizes according to the cur-
rent stimulus. That leads the network dynamics to change its course
towards the new stable region, or attractor, of the state space, and
away from the previous attractors that are all unstable. As such, this
path of the network activity, i. e., the meta-transient [83], is defined
by both the stimulus sequence and the locations of the network’s
attractors. Together, they lead the meta-transient to pass through par-
ticular representations which encode computations. An equivalent al-
ternative to the chain of bifurcations between autonomous attractors
is that of a single nonautonomous attractor that behaves as a stimulus-
dependent moving target of the dynamics.

We showed that a successful implementation of these spatiotem-
poral computations requires the interaction of synaptic and homeo-
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static intrinsic plasticity which generates useful representations in the
dynamics of excitable cortical networks. Figure 11 schematically il-
lustrates the stimulus-driven dynamical viewpoint of spatiotempo-
ral computations and the effects of plasticity. Synaptic plasticity pro-
duces stimulus-insensitive dynamics that captures the temporal struc-
ture of the input. Intrinsic plasticity increases the neuronal band-
width by increasing sensitivity to stimuli, which reduces the domi-
nance of the stimulus-insensitive dynamics. This, in combination with
synaptic plasticity, generates stimulus-sensitive attractors and redun-
dant representations around them. These stimulus-sensitive compo-
nents are pulled apart by the stimulus-insensitive dynamics, so that
the structure of the input is preserved, and the separability of repre-
sentations is higher and computations are realizable.

We pointed out throughout the text that computation is an emer-
gent property of the recurrent network, and that it cannot be fully
understood from the individual contribution of the parts, be it neu-
rons or plasticity mechanisms. It might appear contradictory to that
statement that the analysis was often concerned with the isolated role
of each single plasticity mechanism. However, the quantitative assess-
ments of computations point back to the emergent and collective as-
pect of computation. Namely, measured on SIP-RNs, neither perfor-
mance of linear classifiers nor mutual information with input can be
accounted for by a linear relationship between the respective quanti-
ties measured on SP-RNs and IP-RNs. In fact, the performance of net-
works where the recurrent weights and firing thresholds are adapted
separately, and then combined following the plasticity phase, is far
less than the performance of SIP-RNs, where intrinsic and synaptic
plasticity are mutually active (see Figure 12). This further consolidates
the claim that computations in SIP-RNs emerge from the interaction of
STDP and IP, and not from their isolated contributions. It also points
back to the formation of separate and redundant representations from
the continuous interplay of these two mechanisms.

We also illustrated the combined role of synaptic and homeostatic
intrinsic plasticity in creating noise-robust encoding through the gen-
eration of a redundant neural code. Many studies have investigated
the redundant nature of neural information transmission in many
cortical regions, and have justified this expensive allocation of neural
resources by redundancy serving as an error-correction strategy that
provides neural assemblies with the capacity to average out noise
[115, 89, 81, 97, 22]. Tkačik et al. have shown that in the presence of
noise, a maximum entropy model of the retina increases redundancy
for higher noise levels. A side effect of their model is that stimulus
representations become highly separate, which increases the toler-
ance margin of noise and enhances information transmission [128].
Our model was able, through local plasticity mechanisms, to capture
both of these properties, achieved in [128] through optimality prin-
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ciples, and to lead to a noise-robust population code (Figure 11B).
Namely, synaptic plasticity enhances the separability of representa-
tions through the pulling force of the input-insensitive attractor, while
intrinsic plasticity perturbs the network states and increases redun-
dancy when interacting with synaptic plasticity, which allows for al-
ternative representations of similar input sequences. Another point
of similarity with the model of Tkačik et al. [128] and with empiri-
cal findings [61, 36] is the remnant fingerprint of the most common
stimulus in the network’s spontaneous activity, which manifests in
our model neural network in the stimulus-insensitive dynamics (Fig-
ure 5B–C).

In addition to combating noise, our model explores a potential ben-
efit from its presence. We pointed out the necessity of the stimulus-
insensitive dynamics for the emergence of computation in the model
neural network. The stimulus-insensitive attractor provides the base-
line dynamics for the appearance of highly separate representations,
and thus, the excitable dynamics necessary for computations. Getting
from the input-insensitive regime to the excitable one depended, how-
ever, on the ad hoc reinitialization of the network activity at the end of
the plasticity phase. Noise provides an alternative. During the plas-
ticity phase, noise shallows the boundaries between the two basins of
attraction, which reduces the dominance of the stimulus-insensitive
attractor. After the plasticity phase, noise supplies the small pertur-
bations needed to get the network activity to the sensitive dynam-
ics where computations are possible. This solution, in comparison
to reinitializing the network activity, is more inferior, specifically be-
cause noise also delays the learning of representations. We postulate
that another homeostatic plasticity mechanism, synaptic scaling, might
contribute to the shallowing of the attractor boundary by constrain-
ing the strength of synapse bundles between neural subpopulations
(e. g., between RFA and RFC). For instance, synaptic scaling was neces-
sary for implementing spatiotemporal computations in self-organizing
recurrent networks (SORN) [68], but no analysis of the dynamics of these
networks was done. Testing this hypothesis is, however, beyond the
scope of this work.

It is also tempting to connect the topology of the attractor land-
scape of SIP-RNs to neuropathology and to a model by Pfister and
Tass [95]. They suggest that two stable regimes of recurrent network
activity, a synchronous pathological regime and an asynchronous
healthy regime, coexist, and that their coexistence is a necessary con-
dition for the functioning of a model of deep brain stimulation. In
their model, the stimulation of the recurrent network destabilizes the
synchronous dynamics through inducing STDP. The destabilization
drives the network activity towards the healthy asynchronous basin
of attraction. By eliminating the stimulation, the energy hill between
the two dynamic regimes rises again and the network remains in the
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healthy dynamics. Our study has shown how these two coexisting
dynamic regimes and their associated forms of activity might come
into being through neuronal plasticity. We also suggested noise as
a possible mechanism for avoiding the unhealthy dynamics. Further
analysis is necessary to investigate how the interaction between noise
and different plasticity mechanisms might contribute to our under-
standing of neurological disorders.

Our analysis of spatiotemporal computations was restricted to Mar-
kovian dependencies in the temporal structure of the stimulus or to
no dependencies at all. This is often not the case in natural stimuli
faced by animals and humans, where the Markov property does not
always hold. Lazar et al. have shown that SIP-RNs are capable, to a
certain degree, of performing predictions on second-order Markov
chains [67]. However, optimal encoding of non-Markovian stimuli
and performing computations over them require forms of spike-tim-
ing-dependent plasticity that are less myopic to the temporal depen-
dencies than what we considered in this work (Figure 1B). For in-
stance, Brea and colleagues have shown that storing and reproduc-
ing a non-Markovian sequence in a recurrent neural network require
a nonlocal form of STDP with more complex temporal dependen-
cies between pre- and post-synaptic spikes [14]. While their model
was not concerned with carrying through spatiotemporal computa-
tions of the kind we presented here, it successfully reproduced the
stored non-Markovian input in the spontaneous activity of the neu-
ral network. This refers to a point of similarity to the simpler case
we presented here, where Markovian input was stored and recalled
in the spontaneous activity of the input-insensitive dynamics. In any
case, while spatiotemporal computations over non-Markovian stim-
uli and the necessarily more complex plasticity mechanisms that lead
to their emergence, are not considered here, we view the concepts
and methodology developed above as a general framework for future
studies.

In this article, we provided a first analysis of the combined role of
synaptic and intrinsic plasticity on the emergent dynamics of recur-
rent neural networks subject to input. We redefined computations in
relation to these emergent dynamics and related that to properties of
the neural code. We also considered how the neural dynamics interact
with noise, both as a nuisance to combat, and as a driving force to-
wards healthy neural activity. The model we used is simplified, how-
ever, both in network architecture and plasticity mechanisms. While
this simplification is necessary for mathematical convenience, biol-
ogy never cares for formal abstractions, for the brain is a complex
information processing system that is rich with a variety of neuronal
morphologies and functions. The plastic changes the brain undergoes
are neither confined to the two mechanisms we dealt with here, nor
are they uniform across different regions. On the other hand, math-
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ematical formalization of computation and adaptability allows the
identification of unifying principles in computational biology, in gen-
eral, and neural computations, in particular. We intended the current
article as a step in that direction.

2.4 methods

The setup on which we assessed spatiotemporal computations in re-
current neural networks is partially inspired by the theory of reservoir
computing (RC) [57, 70, 19]. However, as shown in the Results sec-
tion, our analysis is independent of the RC paradigm, as it is con-
cerned with the effects of plasticity on the recurrent network, and
optimal linear classifiers are only used as one possible probe to quan-
tify these effects. We present in this section the recurrent network (RN)
architecture and the plasticity mechanisms active in shaping the neu-
ral response. We follow by introducing the computational tasks and
justifying their selection. We then specify the simulation conditions
and the training of optimal linear classifiers, followed by demonstrat-
ing how information-theoretical quantities are estimated. We finally
lay down the mathematical formalization of the autonomous, input-
driven, and input-insensitive dynamics of the recurrent network: We
adapt Definitions 2, 4, 6–8 from [63] to the special case of discrete-
time dynamics [62], which is the case that concerns the current arti-
cle. We contribute the new concepts of volumes of representation and
perturbation sets (Definition 10), input-insensitive dynamics (Defini-
tion 12), and the volumes’ inclusion property. We also state and prove
Theorem 11, which is necessary for the characterization of the attrac-
tion properties of the autonomous and input-driven dynamics. Defi-
nitions 5 and 9 formulate autonomous and nonautonomous basins of
attraction according to our notation and purposes.

2.4.1 Network Architecture

In this paper, the model recurrent network is of the k-Winner-Take-All
(kWTA) type [67] that consists of n memoryless binary neurons from
which only k neurons are active. The discrete-time dynamics of the
recurrent network at each time step t ∈ Z+ is given by

x(t+ 1) = f
(
w · x(t) − θ+ δ(t)

)
, (5)

where x ∈ Rn is the network state. The nonlinear function f sets the k
units with the highest activities to 1 (spiking), and the rest to 0 (silent).
As such, the population firing rate is held constant at k, and there is
no need to introduce inhibitory neurons to balance excitation and in-
hibition. Recurrent synaptic efficacy is defined by the weight matrix
w ∈ [0, 1]n×n with wij being the efficacy of the synapse connecting
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neuron j to neuron i. Self-coupling is avoided by setting diagonal
elements wii to 0. θ ∈ Rn defines neuronal firing thresholds that
modulate the neurons’ resistance to firing, and hence, their excitabil-
ity. δ ∈ Rn is the external drive whose dynamics depends on the task
performed.

More formally, the set of possible network states is a metric space:
Definition 1. Given the set Y = Bn = {0, 1}n of all binary vectors of

size n, we define the Hamming metric by the function:

d : Y × Y → Z+ ∩ [0,n] : d(y1,y2) =
n∑
i=1

|y
(i)
1 − y

(i)
2 |

According to this metric, the distance between two vectors of Y is
the number of bits at which these two vectors differ. The Hamming
metric is a proper metric on strings of fixed length which is the case
for Y. The pair (Y,d) then forms a metric space. It is also equivalent
to the L1 norm on the set Y, which allows us to define the Hamming
length of a vector y ∈ Y as the Hamming distance between y and the
0-vector, i. e., |y|d = d(y, 0).

Given the kWTA dynamics (see equation 5), the network activity is
restricted to the set:

X = Bnk = {x ∈ Y : |x|d = k} (6)

Since X ⊂ Y, the pair (X,d) forms a metric space as well. Distances
between subsets of X can be measured using the Hausdorff metric,
which we also denote d.

2.4.2 Plasticity Mechanisms

We are concerned with the interplay of two forms of plasticity in en-
hancing the computational capability of the model recurrent network.

Spike-timing-dependent synaptic plasticity (STDP) is a set of Hebbian
and anti-Hebbian learning rules, where synaptic efficacy is modified
according to the relative firing time between pre- and post-synaptic
neurons [75]. We adapted a simple causal STDP learning rule by which
a synapse is potentiated whenever the pre-synaptic neuron fires one
time step before the post-synaptic neuron, and is depressed when a
post-synaptic spike precedes a pre-synaptic spike by one time step:

∆wij(t+ 1) = ηsp
(
xj(t) · xi(t+ 1) − xi(t) · xj(t+ 1)

)
, (7)

where ηsp is the synaptic plasticity learning rate set to 0.001. To pre-
vent weights from switching signs or growing uncontrollably, we en-
force hard bounds such that the weights remain within the interval
[0, 1].
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Competition between synapses due to STDP leads to neurons with
synapses that won the competition to fire consistently and those who
lost the competition to be constantly silent [120]. To counteract this
pathological state, the time-averaged firing rate for a neuron is mod-
ulated through homeostatic modification of its excitability threshold
using intrinsic plasticity (IP) [145, 133]:

∆θi(t+ 1) = ηip
(
xi(t+ 1) − k/n

)
, (8)

where ηip is the intrinsic plasticity learning rate set to 0.001. This rule
uses subtractive normalization to pull the time-averaged firing rate of
each neuron closer to the population firing rate k.

2.4.3 Computational Tasks

Neural circuits in different brain regions adapt to best serve the re-
gion’s functional purpose. To that end, we constructed three tasks,
each of which resembles in spirit the demands of one such canoni-
cal function. We then, under the stimulation conditions of each task,
compared the performance, information content, and dynamical re-
sponse of networks optimized by combining both STDP and IP with
networks that are optimized by STDP alone or IP alone.

In all tasks, the network is subject to perturbation by a set of inputs
P. The receptive fields of non-overlapping subsets of neurons x(p) are
tuned exclusively to each input p ∈ P. As such, each input p has
its corresponding receptive field x(p) = RFp in the recurrent neural
network. When an input p drives the network, all neurons x(p) re-
ceive a positive drive d = 0.25, while the rest x \ x(p) receive none.
Readouts are trained on the current network state x(t) to compute
a function over input sequences uτ1τ2(t) =

〈
p(t+ τ1), ...,p(t+ τ2)

〉
,

τ1 and τ2 being time-lags at which target inputs are applied where
positive lags corresponds to future inputs and negative lags to past
ones. We restrict time-lags τ to the range Z∩ [−8, 8].

In a first task, RAND×4, we assessed the capacity of the network to
retain memory of past stimuli within its activity. The recurrent net-
work is driven by four randomly drawn inputs P = {A,B,C,D}. The
receptive field of each input consists of 15 neurons, and one opti-
mal linear classifier O(p,τ) is trained for each input/time-lag pair, i. e.,
O(p,τ) fires when p(t+ τ) = p and is silent otherwise.

The second task, Markov-85, explores the ability of the recurrent
network to discover temporal regularities in its input. The recurrent
network receives one of four possible inputs P = {A,B,C,D} gener-
ated from a Markov chain with 85% probability for A to be followed
by B, B followed by C, C followed by D, and D followed by A. All
other transitions occur with a 5% probability. Again, the receptive
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field of each input consists of 15 neurons, and one optimal linear
classifier O(p,τ) is trained for each input/time-lag pair.

With the third task, Parity-3, we exploit the nonlinear expansion
provided by the recurrent neural network. Here, the network is sub-
ject to binary input P = {0, 1}, where each symbol has a receptive
field of 40 neurons. The task is to identify the parity of a sequence
of three successive inputs. This means that given an input sequence
u(τ−2)τ(t) =

〈
p(t + τ − 2),p(t + τ − 1),p(t + τ)

〉
, an optimal linear

classifier O(1,τ) fires when g
(
u(τ−2)τ(t)

)
= p(t + τ − 2)⊕ p(t + τ −

1)⊕ p(t+ τ) = 1, and is silent otherwise. ⊕ is the nonlinear exclusive
or binary operation.

Even though every task used here is very much simplified com-
pared to stimuli usually processed by neural systems, we would still
like to link the basic properties of every task presented here to a realis-
tic case processed by a human or an animal. The property of the mem-
ory task RAND×4 that we want to emphasize is that a neural system
must be able to process rapidly changing stimuli that are only shortly
presented. That property is partly reminiscent of retinal input, which
is rather stationary during moments of fixation, and rapidly chang-
ing due to saccadic eye movements. However, it needs to be noted
that saccadic eye movements might be difficult to predict and may
appear rather random, but are very likely structured and stimulus-
dependent. This motivated the prediction task Markov-85 that mod-
els temporally structured and rapidly changing sensory input that is
shortly presented. Such input could either be generated by retinal in-
put and saccadic eye movements, or by the whisking behavior and
the produced neural activity in the barrel cortex of a mouse. In addi-
tion, nonlinearities are prevailing in natural stimuli, and to highlight
the necessity of processing these stimuli, we used the nonlinear task
Parity-3. Such computational demands can be easily motivated by
occlusion in vision, where pixel intensities do not sum up linearly at
points where one object occludes another in the visual field. Again,
we stress that none of these tasks is a good model of real process-
ing in neural systems in nature. However, each is sharing individual
aspects that are motivated by real life examples.

2.4.4 Simulation Conditions

In order to isolate the role of STDP and IP in shaping the compu-
tational and information processing properties of the recurrent net-
work, we compared networks trained by both STDP and IP, with net-
works that are trained by STDP alone or IP alone.

Throughout all experiments, we trained networks of n = 100 neu-
rons on either the STDP+IP condition, the STDP condition, or the IP

condition for a plasticity phase of tpl time steps. For convenience, we
call a recurrent network trained with both synaptic and intrinsic plas-
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ticity SIP-RN. In contrast, we name a recurrent network that learned
with a single plasticity mechanism either SP-RN or IP-RN. k is set to
12, the initial weights are chosen uniformly on the interval [0, 0.1]
with 10% connectivity probability, and thresholds are drown from a
Gaussian distribution with 0 mean and 0.1 standard deviation. Under
the IP condition, to assure that weights’ distribution is not different
from conditions where STDP modifies the synaptic efficacies w, a pre-
plasticity phase of similar length to the plasticity phase precedes the
latter, where both STDP and IP are active. Afterwards, the weights
structure is destroyed by random shuffling and the plasticity phase
starts where IP is turned on.

In all experiments where the performance of optimal linear classi-
fiers is estimated, the plasticity phase was tpl = 20000 time steps long.
Afterwards, weights and thresholds are held fixed, the network state
is reset to a random initial state, and the training phase starts where
linear classifiers are trained using linear regression on ttr = 5000

time steps, followed by a testing phase of performance for another
tts = 5000 time steps.

2.4.5 Post-Plasticity Perturbation

At the beginning of the training phase, the network state is reset to
a random initial state. If the network dynamics is multistable, this
resetting could bring it to a different regime than where the network
was at the end of the plasticity phase. To test this possibility system-
atically, we perform the following post-plasticity perturbation.

Given some perturbation parameter π ∈ Z ∩ [0,k]. We assume the
network state at the end of the plasticity phase is x(tps). Instead of
randomly choosing the initial network state for the training phase, we
choose a network state xπ such that the condition d

(
xπ, x(tps)

)
= 2π

holds. To satisfy this condition, xπ is chosen as follows. In the network
state x(tps), π firing neurons and π silent neurons are randomly se-
lected. The π firing neurons are then silenced and the π silent neurons
are set to firing.

2.4.6 Output Weights and Performance

According to the RC paradigm, an input signal undergoes a nonlinear
feature expansion by projecting into a recurrent neural network of
nonlinear units. The network recurrency also provides a sustained
but damped trace of past inputs (echo state [57] or fading memory
[70]) to propagate through the network. The network state is then
read out by simple linear units through linear regression.
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Following the plasticity phase, the network activity during the train-
ing phase

Xtr = [x>(t)]tpl<t6tpl+ttr ∈ {0, 1}ttr×n (9)

provides the training data for all optimal linear classifiers, where (·)>
denotes matrix transpose. The target signal of output neurons for a
particular time-lag τ is clamped in a supervised fashion to

O
(τ)
tr = [O(p,τ)(t+ τ)]tpl<t6tpl+ttr ∈ {0, 1}ttr×|g|, (10)

where |g| depends on the task and is the cardinality of the set of possi-
ble values which the target signal can take. |g| equals |P| for the tasks
RAND×4 and Markov-85. Output weights wo for each time-lag are then
computed using linear regression through ordinary least squares

w(τ) = X†tr ·O
(τ)
tr = (X>trXtr)

−1X>tr ·O
(τ)
tr ∈ Rn×|g|, (11)

where (·)† is the Moore-Penrose pseudoinverse of a matrix, and (·)−1 is
the regular inverse of square matrices.

These optimal linear classifiers are then validated on the network
activity

Xts = [x>(t)]tpl+ttr<t6tpl+ttr+tts ∈ {0, 1}tts×n (12)

during the testing phase. First, a pre-estimate of the target signal is
computed for each time-lag:

Õ(τ) = Xts ·w(τ) ∈ Rtts×|g| (13)

Only one output neuron fires each time step for each time-lag, and
this is specified through winner-take-all on the rows of Õ(τ). This
leads to the final estimate Ô

(τ)
ts ∈ {0, 1}tts×|g|. The classification per-

formance for each time-lag is finally computed as the percentage of
correct classifications:

Π(τ) =
100

tts
·
tts∑
t=1

|g|∑
i=1

(
1−

∣∣O(τ)
ts (t, i) − Ô

(τ)
ts (t, i)

∣∣
2

)
(14)

2.4.7 Computing Entropy and Mutual Information

On multiple occasions, both the self-information capacity of the net-
work state and its dependence on input was measured. Entropy mea-
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sures self-information capacity which is the expected value of infor-
mation carried by the network activity X and is given by

H(X) = −
∑
x∈X

p(x) · logp(x), (15)

where log(·) is the base-2 logarithm, so that entropy (and mutual in-
formation) are measured in bits. Mutual information measures the
dependence of the network activity X on a corresponding input se-
quence U and is given by

I(U,X) =
∑
u∈U

∑
x∈X

p(u, x) · log
p(u, x)

p(u) · p(x)
(16)

In computing entropy and mutual information, we used the algo-
rithm and code developed in [64] that computes entropy from an
adaptive k-nearest-neighbor estimate of probability density functions.
This allows for reliable estimates of these quantities with far fewer
samples in comparison to other algorithms. Nevertheless, due to the
high number of channels we have (100 neurons), and to truncate un-
necessary computation time, samples from the network activity are
first transfered to the principal components space, and only compo-
nents that carry 95% of the information are passed to the mutual
information estimator.

We always considered inputs from the task RAND×4 and we com-
puted the mutual information between samples of the network state
x(t) and the three most recent inputs u(t) =

〈
p(t− 2),p(t− 1),p(t)

〉
.

We encoded each of the four input symbols P = {A,B,C,D} by a 3-
bits code P̃ = {000, 011, 101, 110} to ensure equal pairwise Hamming
distances between symbols. For all cases but one, as few as 5000 sam-
ples of the network state x(t) and input sequence u were enough
to reliably estimate entropy and mutual information. The exception
was computing mutual information between input and IP-RN activ-
ity, which demanded a higher number of samples (500000 time steps)
and very long computation time, as covering 95% of the information
required no less than 60 principal components.

2.4.8 Autonomous Dynamics

For a full understanding of the emerging information processing prop-
erties of the interaction of synaptic and intrinsic plasticity, it was
necessary to rely on and develop concepts from the newly emerg-
ing mathematical theory of nonautonomous dynamical systems [63, 62].
Throughout what follows, the correspondence of the introduced con-
cepts to our model is clarified. First, autonomous dynamics are de-
fined, since they form a special instance of the nonautonomous case.
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Definition 2. Let (X,d) be a metric space with a metric d. A discrete-
time semi-dynamical system is a function φ : Z+ ×X→ X that satisfies

1. φ(0, x) = x ∀x ∈ X.

2. φ(t1 + t2, x) = φ
(
t2,φ(t1, x)

)
∀x ∈ X and ∀t1, t2 ∈ Z+.

3. φ is continuous.

Equation 5 defines the driven or nonautonomous kWTA dynamics.
The autonomous alternative is given by the discrete-time difference
equation

x(t+ 1) = f(0)(x(t)) = f
(
w · x(t) − θ

)
, (17)

where f is the kWTA nonlinearity defined as above. To relate equa-
tion 17 to Definition 2, the function φ (the solution mapping) is chosen
such that

φ(t, x) = f ◦ f ◦ · · · ◦ f︸ ︷︷ ︸
t times

(w · x− θ), (18)

where ◦ is function composition. For φ to be an autonomous semi-
dynamical system, it has to satisfy the three conditions of Definition 2.
The first two conditions are trivial, as they result from the definition
of function composition. We turn to prove the third condition, namely,
the continuity of φ. We first observe that φ is merely the t-fold com-
position of the function f, and since the composition of continuous
functions is continuous, it is sufficient to prove the continuity of f.

Proposition 3. The kWTA function f(0) from equation 17 defined on
the metric space (X,d) is continuous, i. e.,

∀x1 ∈ X and ∀ε > 0 ; ∃δ > 0 such that

∀x2 ∈ X with d(x1, x2) < δ, d
(
f(0)(x1), f(0)(x2)

)
< ε holds.

Proof. For all x1 ∈ X and all ε > 0, we choose δ(ε) = 1. For all
x2 ∈ X, if the Hamming distance d(x1, x2) < 1, x1 and x2 have to
be equal, since the kWTA dynamics restricts the distances between any
two states to the set [0,n]∩ {0, 2, · · · , 2k}. As such, since d is a metric,
d(f(x1), f(x2)) = 0, which is always smaller than ε > 0. Ergo, f is
continuous. �

We note that the proof to Proposition 3 becomes trivial if we con-
sider a result from topology which states that any function from a
discrete topological space to another is continuous. However, the proof
is interesting in that it shows that f(0) has a stronger form of con-
tinuity, that is, f(0) is uniformly continuous, since the proof shows
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that there exists a packing radius r = δ = 1 > 0 such that either
x1 = x2 or d(x1, x2) > r for all x1 and x2 ∈ X.

With the proof of Proposition 3, we conclude that the kWTA au-
tonomous dynamics in equation 17 generates a discrete-time semi-
dynamical system. A dynamical system is a semi-dynamical system
with invertible dynamics, which is not the case for kWTA networks.
However, for all intents and purposes, being a semi-dynamical sys-
tem is sufficient for formalizing the nonautonomous dynamics of the
model network.

2.4.9 Autonomous Attractors

Characterizing the computational properties of the model neural net-
work requires defining invariant sets and attractors.

Definition 4. Let φ : Z+×X→ X be a discrete-time semi-dynamical
system generated by an autonomous difference equation f on a metric
space (X,d). A subset A ⊆ X is invariant under φ and f if f(A) = A,
and is positively invariant if f(A) ⊂ A. A is an attractor of φ if the
following conditions hold:

1. A is invariant under φ and f.

2. A is compact.

3. There exists a neighborhood Nr of radius r > 0 of A such that
limt→∞ d(φ(t,Nr(A)),A

)
= 0

For the kWTA dynamics, the second condition is assured, since X is
discrete and finite, which makes all subsets compact. The third con-
dition assures that no subset of A satisfies the invariance and com-
pactness conditions. Another important concept is that of a basin of
attraction which associates each attractor with the region of the state
space that converges to that attractor:

Definition 5. Let φ : Z+×X→ X be a discrete-time semi-dynamical
system generated by an autonomous difference equation f on a met-
ric space (X,d). The basin of attraction of an attractor A of φ is defined
by

BA = {x ∈ X : limt→∞d(φ(t, x),A) = 0}
2.4.10 Nonautonomous Dynamics

Unlike autonomous (semi-)dynamical systems, the elapsed time is
not sufficient to find the solution for nonautonomous dynamics: both
the start and end times must be specified. Accordingly, we now define
a discrete-time nonautonomous dynamical system as a process. In what
follows, we will make use of the set Z2> = {(t, t0) ∈ Z2 : t > t0}.
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Definition 6. Let (X,d) be a metric space with a metric d. A discrete-
time process is a function φ : Z2> ×X→ X that satisfies

1. φ(t0, t0, x) = x ∀t0 ∈ Z and ∀x ∈ X.

2. φ(t2, t0, x) = φ
(
t2, t1,φ(t1, t0, x)

)
∀t0 6 t1 6 t2 ∈ Z and ∀x ∈ X.

3. φ is continuous.

We now turn to formulating the driven kWTA difference equation
(see equation 5) as a discrete-time process. We first note that for a par-
ticular task, a set of possible inputs P ∪ {0} is defined. For complete-
ness, this set covers the autonomous case by including the 0-vector.
For each member of this set, we define a separate map f(p) : X →
X such that f(p)(x) = f

(
w · x− θ+ δ(p)

)
. The set of maps {f(p)} with

cardinality |P|+ 1 defines a family of discrete-time autonomous semi-
dynamical systems. These maps are chosen either randomly for the
tasks RAND×4 and Parity-3, or in a more structured fashion for the
task Markov-85. In either case, the kWTA discrete-time nonautonomous
dynamics in equation 5 can be rewritten in the form

x(t+ 1) = f(pt)
(
x(t)

)
= f
(
w · x(t) − θ+ δ(pt)(t)

)
, (19)

which generates a solution mapping

φ
(
t2, t1, x(t1)

)
= f(pt2−1) ◦ · · · ◦ f(pt1)

(
x(t1)

)
(20)

The solution mapping φ satisfies the three properties of a pro-
cess. The first two properties are a product of the definition of func-
tion composition, and the continuity condition is proven exactly as
in Proposition 3. Given the above, the family of discrete-time au-
tonomous difference equations {f(p)} on the metric space (X,d) gen-
erates a process φ, and thus, it defines a particular kind of nonau-
tonomous dynamical systems termed an input-driven dynamical sys-
tem.

It is important to point out that an input-driven dynamical sys-
tem is not defined for a particular input sequence, but for all in-
put sequences drawn from its input set. This becomes more explicit
if one considers the alternative skew product definition of a nonau-
tonomous dynamical system, where the input is treated as a driving
autonomous dynamical system [63, 62]. We compare the two defini-
tions of nonautonomous dynamical systems in Section 2.7. We now
cover a few important concepts that will aid in defining the dynamic
behavior of the model neural network.
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2.4.11 Nonautonomous Attractors

Attractors in nonautonomous dynamical systems are defined on nonau-
tonomous sets, relating strongly to the concepts of invariance and entire
solutions.

Definition 7. Let φ : Z2> × X → X be a discrete-time input-driven
dynamical system generated by the family of autonomous difference
equations {f(p)(x)} on a metric space (X,d). A subset C ⊂ Z× X is
called a nonautonomous set, and for all t ∈ Z, the set

Ct = {x ∈ X : (t, x) ∈ C}

is called the t-fiber of C. C is said to be invariant under φ if φ(t, t0,Ct0) =
Ct for all (t, t0) ∈ Z2>. An entire solution of φ is an invariant set under
φ whose t-fibers are the singleton sets {ξ(t)} that are the images of
the function ξ : Z→ X such that

ξ(t2) = φ
(
t2, t1, ξ(t1)

)
= f(pt2−1) ◦ · · · ◦ f(pt1)

(
ξ(t1)

)
∀(t2, t1) ∈ Z2>

An important property of invariant nonautonomous sets is that
they consist exclusively of entire solutions (for a proof, see Lemma 2.15

in [63]). Nonautonomous attractors are nonautonomous sets. As such,
they consist of entire solutions as well. There are several types of at-
tractors of nonautonomous dynamical systems. Only of interest to
our model neural network are forward attractors, so we drop the
qualifier ‘forward’ and substitute it with ‘nonautonomous’.

Definition 8. Let φ : Z2> × X → X be a discrete-time input-driven
dynamical system generated by the family of autonomous difference
equations {f(p)(x)} on a metric space (X,d). A nonautonomous set
A ⊂ Z×X is a nonautonomous attractor of φ if the following conditions
hold:

1. A is invariant under φ.

2. A is compact.

3. There exists a neighborhood Nr of radius r > 0
such that limt→∞ d(φ(t, t0,Nr(At0)),At

)
= 0 for all t0 ∈ Z

As in the autonomous dynamics of kWTA networks, all subsets of
X are compact. The third condition assures that no subset of A satis-
fies the invariance and compactness conditions. One may generalize
the concept of a basin of attraction in an autonomous dynamical sys-
tem to the nonautonomous case. This concept associates each nonau-
tonomous attractor with the region of the state space that converges
to that attractor:
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Definition 9. Let φ : Z2> × X → X be a discrete-time input-driven
dynamical system generated by the family of autonomous difference
equations {f(p)(x)} on a metric space (X,d). The nonautonomous basin
of attraction of a nonautonomous attractor A of φ is defined by

BA = {x ∈ X : limt→∞d(φ(t, t0, x),At
)
= 0 for all t0 ∈ Z}

2.4.12 Volumes of Representation

Spatiotemporal computations requires encoding different input se-
quences in the states of the neural network. The set of network states
accessible from some initial conditions within a basin of attraction
through perturbing the network with a particular input sequence
〈p1, . . . ,ps〉 defines this sequence’s volume of representation.

Definition 10. Let φ : Z2> × X → X be a discrete-time input-driven
dynamical system generated by the family of autonomous difference
equations {f(p)(x)} on a metric space (X,d). Given an input sequence
us = 〈p1, . . . ,ps〉 ∈

(
P ∪ {0}

)s and a basin of attraction BA, a subset

VusA = {x ∈ BA : ∃x0 ∈ BA such that

x = φ(s, 0, x0) = f(ps) ◦ · · · ◦ f(p1)(x0)}

is called the volume of representation of the input sequence us within
the basin BA. The sequence length s ∈ Z+ \ {0} defines the order of
this volume. The nonautonomous set VA ⊂ Z×BA whose t-fibers
are order-1 volumes of representation VA,t = V

p(t−1)
A is called the

perturbation set within BA. Also, given a function g : Ps → Ω on input
sequences such that g(us) = ω ∈ Ω, the set

V
ω:g
A =

⋃
g(us)=ω

VusA

is the volume of representation of ω given g.
It is straightforward to show that, within a basin of attraction, the

volume of representation of some sequence us = 〈p1, . . . ,ps〉 is a
superset of the volume of a sequence us ′+s = 〈q1, . . . ,qs ′ ,p1, . . . ,ps〉
for all us ′ = 〈q1, . . . ,qs ′〉 ∈

(
P ∪ {0}

)s ′ , and that the volume of us is
equivalent to the union of the volumes of us ′+s for all us ′ ∈

(
P ∪

{0}
)s ′ . We term this property the volumes’ inclusion property.
The concept of ‘volumes of representation’ allows us to state the

following theorem on the nature of attractors in discrete-time input-
driven dynamical systems:

Theorem 11. Let φ : Z2> × X → X be a discrete-time input-driven
dynamical system generated by the family of autonomous difference
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equations {f(p)(x)} on a metric space (X,d), and let BA be a compact
nonautonomous basin of attraction. The following holds:

1. The perturbation set VA is a superset of A.

2. Within BA, and for all p ∈ P ∪ {0}, there exists one attractor
A(p) ⊂ V

p
A of the discrete-time autonomous semi-dynamical

system generated by f(p).

3. BA is the basin of attraction of A(p) for all p ∈ P ∪ {0}.

Proof.

1. Since every attractor, whether autonomous or nonautonomous,
is an invariant set, it is sufficient to prove that all invariant sets
within a basin BA are a subset of its perturbation set VA. Let’s
consider an entire solution ξ : Z→ BA. For all t1 ∈ Z, it holds
that ξ(t1 + 1) = φ

(
t1 + 1, t1, ξ(t1)

)
= f(pt1)

(
x(t1)

)
∈ Vp(t1). It

follows by induction that ξ(t2 + 1) ∈ Vp(t2) for all t2 > t1. This
translates to t-fibers of entire solutions being always a member
of order-1 volumes of representation and that all entire solu-
tions within a basin of attraction BA are subsets of the pertur-
bation set VA. Since invariant sets consist exclusively of entire
solutions, it follows that all invariant sets are subsets of the per-
turbation set VA, including the nonautonomous attractor A.

2. Given some input p, we consider the discrete-time semi-dyna-
mical system generated by f(p) on (X,d) with the solution map-
ping

ϕ(t, x) = f(p) ◦ f(p) ◦ · · · ◦ f(p)︸ ︷︷ ︸
t times

(x)

From Definition 10 of volumes of representation, the order-s
volume generated by p is the set Vp

s

A = ϕ(s,BA) ⊆ BA. Due to
the compactness of BA and the continuity of f(p),Vp

s

A is com-
pact for all s ∈ Z+. Moreover, due to the volumes’ inclusion
property, the family of compact volumes (Vp

s

A )s∈Z+ is nested

with V
p0

A = BA. As such, and according to Theorem 1.28 in [63],
there exists a nonempty set

A(p) =
⋂
s>0

V
ps

A

that is both compact and invariant under f(p) and ϕ. It also fol-
lows from the compactness of BA that A(p) attracts BA, i. e.,
there exists r > 0 such that limt→∞ d(ϕ(t,Nr(BA)

)
,A(p)) = 0,
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and since A(p) is a subset of BA, the neighborhood Nr(BA) is
also a neighborhood of A(p). Hence, the compact and invari-
ant set A(p) is an attractor of the discrete-time semi-dynamical
system generated by f(p) and is a subset of VpA.

3. Since A(p) attracts BA, it follows that the basin of attraction of
A(p) satisfies BA(p) ⊇ BA. Given a point x ∈ BA(p) \ BA, and
since A(p) ⊂ V

p
A, there exists t ∈ Z+ such that ϕ(t, x) ∈ V

p
A ⊆

BA, which is a contradiction, since x /∈ BA. Ergo, BA(p) \ BA is
an empty set, and BA is the basin of attraction of A(p) �

This theorem allows us to characterize the properties and rela-
tions between autonomous and nonautonomous attractors of kWTA

networks, where all subsets of X are compact due to X’s finiteness
and discreteness. Namely, it allows us, within some compact basin,
to allocate the nonautonomous attractor’s t-fibers as subsets of the
t-fibers of the perturbation set, and it shows that the autonomous
attractor of the input at time t is the t-fiber of the nonautonomous
attractor.

2.4.13 Input-Insensitive Dynamics

It is possible for a process to behave locally or globally as an au-
tonomous (semi-)dynamical system. That is equivalent, in the case of
input-driven dynamical systems, to being input-insensitive.

Definition 12. Let φ : Z2> × X → X be a discrete-time input-driven
dynamical system generated by the family of autonomous difference
equations {f(p)(x)} on a metric space (X,d). A state x ∈ X is said to be
input-insensitive if f(p)(x) = f(0)(x) for all p ∈ P. An input-insensitive
basin is a basin of attraction that consists entirely of input-insensitive
states.

This definition implies that the volumes of representation of a par-
ticular order and the t-fibers of each nonautonomous set within this
basin are equivalent, including the perturbation set and the nonau-
tonomous attractor: they reduce to autonomous sets. The input-insens-
itive attractor becomes the autonomous attractor of each discrete-time
semi-dynamical system generated by a difference equation f(p).

2.5 appendix a : comparing nonplastic networks

Comparing SIP-RNs and nonplastic networks requires generating ran-
dom networks with reasonable weight and threshold distributions.
Usually, the spectral radius of the weight matrix is scaled “appropri-
ately” in the reservoir computing community, such that the recurrent
network achieves the echo state property, which assures a decaying
memory of the network’s input. Unfortunately, no heuristics from
the reservoir computing literature exist for kWTA networks. Using the
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spectral radius scaling as a rule of thumb is no guarantee to make
the network better or worse, since it has no theoretical grounding
of its effect without taking the model neural network into account,
along with its input statistics. Sufficient conditions for the existence
of the echo-state property, and that relates its existence with certain
input statistics and spectral properties of the weight matrix, is only
formally stated for hyperbolic tangent sigmoid neurons, as is proven
in [71]. Given the above, we see no existing heuristics in the litera-
ture for selecting weights and thresholds of our kWTA networks and
our given input distributions, and using any would jeopardize the
formality of our treatment.

For a fair comparison between SIP-RNs and nonplastic networks,
we devised a procedure for generating random networks that have
the same weight and firing threshold distributions as plastic networks.
In a first set of networks, weights were trained with STDP and then
shuffled to assure the destruction of structure, while keeping the
weight distribution comparable to SP-RNs. These networks showed
significantly lower average performance than SIP-RNs in all tasks, as
is demonstrated in Figure 2.

In order to show that the high performance of SIP-RNs is a result
of the structure imposed by synaptic and intrinsic plasticity on the
network’ connectivity and the neurons’ firing thresholds, we trained
a second set of networks on both plasticity mechanisms. We then
randomly shuffled both their weights and thresholds so that they
have the same weight and threshold distributions as SIP-RNs. The
performance of these networks, compared to networks where only
the weights were trained and shuffled, depends on the task. They
perform better on the prediction task, but worse on the memory and
nonlinear tasks (see Figure 13). Nevertheless, they still show signifi-
cantly lower average performance than SIP-RNs.

It might still be possible to find, in random networks, ones that
are comparable or ones that outperform our best SIP-RNs, but we
suppose that it is expensive for the genetic code to determine these
networks, and therefore brain plasticity was the solution for this lim-
itation. These hypothetical networks might also not have properties
of the input statistics embedded in their structure and spontaneous
behavior, as our plastic networks show. They also might not be gener-
ically better for all stimuli, while our networks adapt to their stimuli.

2.6 appendix b : long-term behavior of learning

A limitation of the current model is the nonconvergence of learning.
As Figure 3 shows, the SIP-RNs mutual information with their input
degrades for longer plasticity exposure, which results in a decrease
in their computational performance. This degradation is due to the
unoptimized time scales at which synaptic and intrinsic plasticity are
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operating. At some point, intrinsic plasticity becomes unable to keep
up with synaptic plasticity that reinforces the input-insensitive dy-
namics. A possible solution would be to implement some form of
metaplasticity [3] that operates on the learning rates of the plasticity
mechanisms, increasing or decreasing their effects, as necessary, or
to introduce synaptic scaling as an additional mechanism that pre-
vents the input-insensitive regime from dominating. However, either
solution would make the model more complicated than intended for
this work, where we aimed at providing, for the first time, a nonau-
tonomous dynamical systems treatment on the roles and interaction
of STDP and IP for spatiotemporal computations in recurrent neural
networks.

2.7 appendix c : definitions of nonautonomous dynami-
cal systems

The following definitions are adapted from [63, 62].
The process definition of a discrete-time nonautonomous dynamical

system can be stated as follows:
Definition C1. Let (X,d) be a metric space with a metric d. A

discrete-time process is a function φ : Z2> ×X→ X that satisfies

1. φ(t0, t0, x) = x ∀t0 ∈ Z and ∀x ∈ X.

2. φ(t2, t0, x) = φ
(
t2, t1,φ(t1, t0, x)

)
∀t0 6 t1 6 t2 ∈ Z and ∀x ∈ X.

3. φ is continuous.

One may reformulate a discrete-time process as a discrete-time au-
tonomous semi-dynamical system on the extended state space X :=

Z×X with the mapping

ζ
(
t, (t0, x0)

)
:=
(
t+ t0,φ(t+ t0, t0, x0)

)
for all

(
t, (t0, x0)

)
∈ Z+

0 ×X

However, no compact set in X is invariant under ζ, which necessi-
tates extending the concepts of invariance and attractivity in φ, as we
show in the main text.

An alternative formulation of nonautonomous dynamical systems
is given by a skew product flow

Definition C2. Let (X,dX) and (P,dP) be metric spaces with metrics
dX and dP. A discrete-time nonautonomous dynamical system (ψ,ϕ) is
defined as follows:

- a discrete-time dynamical system ψ on a parameter space P is a
group of homeomorphisms (ψt)t∈Z under composition on P

such that
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1. ψ0(p) = p for all p ∈ P.

2. ψt1+t2 = ψt2
(
ψt1(p)

)
for all t1, t2 ∈ Z.

3. the mapping (t,p) 7→ ψt(p) is continuous.

- and a cocycle mapping ϕ : Z+
0 × P×X→ X that satisfies

1. ϕ(0,p, x) = x for all (p, x) ∈ P×X.

2. ϕ(t1 + t2,p, x) = ϕ
(
t2,ψt1(p),ϕ(t1,p, x)

)
for all t1, t2 ∈ Z+

0 , (p, x) ∈ P×X.

3. the mapping (t,p, x) 7→ ϕ(t,p, x) is continuous.

As with the process formulation, one may define a discrete-time
autonomous semi-dynamical system ζ : Z+

0 ×X→ X on the extended
state space X := P×X. ζ is called the skew product flow associated with
the nonautonomous semi-dynamical system (ψ,ϕ) on X, and is given
by

ζ
(
t, (p, x)

)
:= ζ

(
θt(p),ϕ(t,p, x)

)
The skew product flow of the systems we considered here is more

specific, since it falls under the class of random dynamical systems [7],
the treatment of which at this point would only serve in complicat-
ing the analysis. However, with its general form presented above, the
skew product formulation is more intuitive than the process formu-
lation regarding input-driven dynamical systems, since the input dy-
namics in the former is explicitly stated by the driving dynamical
system ψ, and is only implicitly considered in the case of a process.
On the other hand, the process formulation is simpler and is sufficient
for drawing the results and conclusions of the main text.
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Figure 1: Overview of the recurrent network model and the methods for
analyzing its computational capabilities. (A) An exemplary re-
current neural network of 12 neurons. The network state x has
a 4-Winner-Take-All (4WTA) nonlinear dynamics, where the 4 neu-
rons with the highest membrane potential fire and the rest are
silent. The membrane potential is the sum of the recurrent affer-
ents and the external drive δ. It is also depolarized (hyperpolar-
ized) with decreasing (increasing) excitability threshold θ. The re-
current network can also be subject to noise, while reserving the
4WTA dynamics: when a neuron fails to spike due to noise, another
fires instead. (B) The recurrent network is adapted by two plasticity
mechanisms. The excitability threshold θ is modulated by intrinsic
plasticity (IP), the recurrent afferents w by spike-timing-dependent
synaptic plasticity (STDP). (C) The external drive δ consists of dis-
crete symbols that follow a certain stochastic dynamics, and each
projects to a corresponding receptive field (RF). The exemplary drive
is a 3-symbols Markov chain A→ B→ C that allows a probability
for noisy transitions, i. e., A → C. (D) Linear functions of the net-
work state x parametrized by output weights wo fitted to (possibly
nonlinear) target functions of sequences of the external drive. (E)
Nonlinear information-theoretic quantities are measured: network
state entropy H and the mutual information I of the network state
x and input sequence u. (F) Analysis of the appearance and disap-
pearance of attractors due to the external drive within the network
as an input-driven dynamical system.
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Figure 2: Average classification performance. 100 networks are trained by
STDP and IP simultaneously (orange), IP alone (blue), STDP alone
(green), or are nonplastic (gray). Optimal linear classifiers are then
trained to perform (A) the memory task RAND×4, (B) the prediction
task Markov-85, and (C) the nonlinear task Parity-3. Nonplastic
networks have their weights trained by STDP and then randomly
shuffled, so that they have the same weight and threshold distri-
butions as SP-RNs. However, due to the shuffling, their weight ma-
trices carry no structure. Error bars indicate standard error of the
mean. The red line marks chance level. The x-axis shows the input
time-lag. Negative time-lags indicate the past, and positive ones,
the future.
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Figure 3: Network state entropy and the mutual information with input.
(A) Network state entropy H(X) and (B) the mutual information
with the three most recent RAND×4 inputs I(U,X) as they develop
through the plasticity phase for SP-RNs (green), IP-RNs (blue), and
SIP-RNs (orange). Mutual information for IP-RNs is estimated from
500000 time steps, and is averaged over 5 networks only. Other
values are averaged over 50 networks and estimated from 100000

samples for each network. Error bars indicate standard error of the
mean.
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Figure 4: Post-plasticity perturbation. 100 networks are trained by STDP and
IP simultaneously on (A) the memory task RAND×4, (B) the pre-
diction task Markov-85, and (C) the nonlinear task Parity-3 with
increasing perturbation level: π = 0 (yellow), π = 4 (orange), and
π = 12 (red). Error bars indicate standard error of the mean. The
red line marks chance level. The x-axis shows the input time-lag.
Negative time-lags indicate the past, and positive ones, the future.
(D) Network state entropy H(X) and (E) the mutual information
with the three most recent RAND×4 inputs I(U,X) at the end of the
plasticity phase for different perturbation levels. Values are aver-
aged over 50 networks and estimated from 5000 samples for each
network. Error bars indicate standard error of the mean.
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Figure 5: Plasticity effects on networks dynamics and input representa-
tions under the prediction task input. The three dimensions corre-
spond to the first three principal components (PCs) of the network
activity. (A) Highly-overlapping order-1 volumes of representation
of an IP-RN. (B) Input-insensitive global attractor of a SP-RN that
corresponds to a minimal code. (C) With no perturbed (π = 0),
a SIP-RN dynamics also converges to an input-insensitive attrac-
tor and exhibits a minimal code. (D) Approximate visualization of
order-1 volumes of representation of a SIP-RN. The approximation
uses the means and the standard deviations of the corresponding
coordinates of the network activity in the principal components
space as the center and semi-axes lengths of ellipsoids. Arrows
correspond to the transitions from one input symbol to the other.
Their thickness symbolizes the probability of a transition, which
reflects the Markov-85 transition probability. The collection of vol-
umes of representation and the arrows show the perturbation set
within which the nonautonomous attractor resides. (E) Order-2
volumes of representation of a SIP-RN also approximated using
the mean and standard deviations of coordinates. Order-2 volumes
are more exact approximations to the order-1 representations ac-
cording to the volumes’ inclusion property. The correspondence is
clarified by using similar color coding. (F) Autonomous periodic
attractors of a SIP-RN, each belonging to one of the autonomous
semi-dynamical systems associated with one Markov-85 input. For
clarity, no arrows are drawn between the vertexes of an attractor.
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Figure 6: Approximating volumes of representation using percentiles. (A)
Percentile approximation of the order-1 volumes of representation
of a SIP-RN. (B) Percentile approximation of the order-2 volumes
of representation of a SIP-RN. Order-2 volumes are more exact ap-
proximations to the order-1 volumes according to the volumes’ in-
clusion property. The correspondence is clarified by using similar
color coding. (A,B) This approximation is done as follows. After
transforming the network states to the principal components space,
the coordinates of the first three principal components belonging
to each volume of representation are first bootstrapped to 10000
samples, and the 5th and 95th percentiles are computed. Each vol-
ume is then approximated by an ellipsoid whose semi-axes extend
to these percentiles and is centered at their average. This alterna-
tive approximation is less liberal than the one that uses means and
standard deviations in that it extends the ellipsoids to assure in-
cluding more true positives, but at the expense of including more
false positives. One still sees, however, that the observations from
the other approximation still hold, namely, that volumes of repre-
sentation are both redundant and separate from one another.
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Figure 7: Volumes of representation of a nonlinear function over input
sequences. Approximation of order-3 volumes of representation
of the task Parity-3 binary input to a SIP-RN. By an appropriate
union of these volumes, the volumes of representation of the out-
come 0 (green) and 1 (orange) are identified. The approximation
uses the mean and standard deviation of the coordinates. While
the first three principal components are sufficient for showing dis-
tinct order-3 volumes of representation, more dimensions are nec-
essary to illustrate separate volumes of the outcome of the nonlin-
ear function. The separability of the function’s outcomes explains
the ability of optimal linear classifiers to successfully perform the
nonlinear task.
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Figure 8: Noise-robustness is achieved through the interaction of synap-
tic and intrinsic plasticity. Bootstrapped median relative change
from the noiseless performance of 100 networks trained with both
STDP and IP on (A) the memory task RAND×4, (B) the prediction
task Markov-85, and (C) the nonlinear task Parity-3. High pertur-
bation of π = 12 is applied at the end of the plasticity phase. Error
bars correspond to the 25th and the 75th percentiles. Noise level
N3 = 3% is the probability of a bit flip in the network state, that
is, the probability of one of the k spiking neurons at time step t to
become silent, while a silent neuron fires instead. The shaded area
indicates the ratio of noisy spikes which is measured in compari-
son to the noiseless SIP-RNs. The green line indicates the median
and the orange lines the 25th and the 75th percentiles of the noisy
spikes ratio.
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Figure 9: Average classification performance using the Hamming distance
of the network states from the vertexes of autonomous attractors.
100 networks are trained by STDP and IP simultaneously on (A)
the memory task RAND×4, (B) the prediction task Markov-85, and
(C) the nonlinear task Parity-3. Given the input set P, and the
family of discrete-time autonomous semi-dynamical systems gen-
erating these networks {f(p)(x)}, the network states comprising the
autonomous attractor (the attractor’s vertexes) are identified as fol-
lows. First, initial conditions are selected within the input-sensitive
basin of attraction. Second, the input is clamped to one member of
P. Third, the solution of f(p)(x) is generated for a sufficient number
of time steps, so that the dynamics, following a transient period,
converges to the attractor. Training and testing optimal linear clas-
sifiers is carried through as before. The training and testing data is,
however, the Hamming distance between the network states and
the vertexes of the attractors. Error bars indicate standard error of
the mean. The red line marks chance level. The x-axis shows the
input time-lag. Negative time-lags indicate the past, and positive
ones, the future.
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Figure 10: Noise at certain levels is rendered constructive when synap-
tic and intrinsic plasticity interact. Average classification perfor-
mance of 100 networks trained with both STDP and IP on (A) the
memory task RAND×4, (B) the prediction task Markov-85, and (C)
the nonlinear task Parity-3 for increasing levels of noise and no
perturbation at the end of the plasticity phase (π = 0). (D) Net-
work state entropy H(X) and (E) the mutual information with the
three most recent RAND×4 inputs I(U,X) at the end of the plastic-
ity phase for different levels of noise. Values are averaged over
50 networks and estimated from 5000 samples for each network.
(A–E) Noise levels are applied during the plasticity, training, and
testing phases. They indicate the probability of a bit flip in the net-
work state, that is, the probability of one of the k spiking neurons
at time step t to become silent, while silent neuron to fire instead.
N1 = 0.6%, N2 = 1.2%, N3 = 3%, N4 = 6%, and N5 = 12%.
Error bars indicate standard error of the mean.
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Figure 11: Schematics of the driven dynamics of networks endowed by
synaptic and homeostatic plasticity, and the emergence of noise-
robust spatiotemporal computations. (A) The dynamics of a re-
current network that is trained by homeostatic and synaptic plas-
ticity and driven by a Markovian input. Each layer corresponds
to one input. The layer illustrates a two-dimensional projection
of the phase space of the autonomous (semi-)dynamical system
associated with that input. A layer that corresponds to the spon-
taneous activity (SA) is added for completeness. Due to the in-
teraction of synaptic and homeostatic plasticity, each of these
(semi-)dynamical systems has two dynamic regimes: an input-
insensitive dynamic regime that is shared by all the layers and
that captures the temporal structure of the input, and an input-
sensitive dynamic regime that contains a single periodic attractor.
The input-sensitive attractor depends on the layer and is close to
one of the vertexes of the input-insensitive attractor. The network
is excited by the exemplary input sequence B → C → D → A →
C. The red cross refers to the initial conditions that are chosen
within the input-sensitive dynamics. Given the input sequence,
the network dynamics follows the meta-transient that is illus-
trated by the arrows between the different layers. For instance,
when the network is excited by the input B, the network activity
approaches the B-attractor within the corresponding layer. When
C follows, a bifurcation occurs, where the B-attractor becomes
unstable and the C-attractor becomes stable. The meta-transient
approaches the C-attractor from the direction of the unstable B-
attractor. When C is preceded by the less common input A, the
C-attractor is approached differently, such that the distance to it is
bigger than in the case of the most common transition B→ C. (B)
Noise-robust computations are a result of the interaction between
synaptic and homeostatic intrinsic plasticity. Synaptic plasticity
leads to high separability and intrinsic plasticity to redundancy.
These effects lead to a neural code that allows a higher margin of
noise and alternative representations of computations, thus facil-
itating noise-robustness.
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Figure 12: Average classification performance of networks combining the
weights of SP-RNs and thresholds of IP-RNs. 100 networks are
trained by STDP and IP simultaneously (orange), IP alone (blue),
or trained by STDP alone followed by injecting the thresholds re-
sulting from IP at the end of the plasticity phase (green) on (A)
the memory task RAND×4, (B) the prediction task Markov-85, and
(C) the nonlinear task Parity-3. The combined networks (green)
lack the contribution of the interaction between synaptic and in-
trinsic plasticity during the plasticity phase. This results in their
performance being inferior to the networks where synaptic and
intrinsic plasticity interact. Error bars indicate standard error of
the mean. The red line marks chance level. The x-axis shows the
input time-lag. Negative time-lags indicate the past, and positive
ones, the future.
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Figure 13: Performance of random networks. 100 networks are either
trained by STDP alone or by both STDP and IP.The weightsw in the
first group were shuffled (gray), while both the weightsw and the
thresholds θ were shuffled in the second group (black). Optimal
linear classifiers are then trained to perform (A) the memory task
RAND×4, (B) the prediction task Markov-85, and (C) the nonlin-
ear task Parity-3. Error bars indicate standard error of the mean.
The red line marks chance level. The x-axis shows the input time-
lag. Negative time-lags indicate the past, and positive ones, the
future.
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abstract Supplementing a differential equation with delays re-
sults in an infinite dimensional dynamical system. This property pro-
vides the basis for a reservoir computing architecture, where the re-
current neural network is replaced by a single nonlinear node, delay-
coupled to itself. Instead of the spatial topology of a network, sub-
units in the delay-coupled reservoir are multiplexed in time along
one delay span of the system. The computational power of the reser-
voir is contingent on this temporal multiplexing. Here, we learn opti-
mal temporal multiplexing by means of a biologically-inspired home-
ostatic plasticity mechanism. Plasticity acts locally and changes the
distances between the subunits along the delay, depending on how
responsive these subunits are to the input. After analytically deriv-
ing the learning mechanism, we illustrate its role in improving the
reservoir’s computational power. To this end, we investigate, firstly,
the increase of the reservoir’s memory capacity. Secondly, we pre-
dict a NARMA-10 time series, showing that plasticity reduces the
normalized root-mean-square error by more than 20%. Thirdly, we
discuss plasticity’s influence on the reservoir’s input-information ca-
pacity, the coupling strength between subunits, and the distribution
of the readout coefficients.

Keywords: Reservoir computing, delay, self-coupling, homeostatic
plasticity, sensitivity, entropy, spatiotemporal computations

3.1 introduction

Reservoir computing, or RC for short [57, 70, 19, 69], is a computa-
tional paradigm that provides both a model for neural information
processing [46, 60, 142, 84], and powerful tools to carry out a variety
of spatiotemporal computations. This includes time series forecasting
[58], signal generation [59], pattern recognition [135], and information
storage [91]. RC also affords a framework for advancing and refining
our understanding of neuronal plasticity and self-organization in re-
current neural networks [67, 68, 130].

This article presents a biologically inspired neuronal plasticity rule
to boost the computational power of a novel RC architecture that is
called a single node delay-coupled reservoir, or DCR for short. The DCR
realizes the same RC concepts using a single nonlinear node with de-
layed feedback [5]. This simplicity makes the DCR particularly appeal-

67
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ing for physical implementations, which has already been demon-
strated on electronic [5], optoelectronic [66, 90], and all-optical hard-
ware [17]. The optoelectronic and all-optical implementations utilizes
a semiconductor laser diode as the nonlinear node, and an optical
fiber as a delay line, allowing them to maintain high sampling rates.
They are also shown to compare in performance to standard RC ar-
chitectures in benchmark computational tasks.

The DCR operates as follows. Different nonlinear transformations
and mixing of stimuli from the past and the present are achieved by
sampling the DCR’s activity at virtual nodes, or v-nodes, along the de-
lay line. While neurons of a recurrent network are mixing stimuli via
their synaptic coupling, which forms a network topology, the v-nodes
of a DCR are mixing signals via their (nonlinear) temporal interdepen-
dence. Therefore, the v-nodes’ temporal distances from one-another,
henceforth termed v-delays, are made shorter than the characteristic
time scale of the nonlinear node. Thus, v-nodes become analogous to
the connections of a recurrent network, providing the DCR with a cer-
tain network-like topology. In analogy to the spatial multiplexing in a
classical reservoir, stimuli in a DCR are temporally multiplexed (see Fig-
ure 14). To process information, the external stimuli are applied to the
dynamical system, thereby perturbing the reservoir dynamics. Here,
we operate the nonlinear node in an asymptotically stable fixed point
regime. To render the response of the DCR transient, i. e., reflecting
nonlinear combinations of past and present inputs, the reservoir dy-
namics must not converge to the fixed point, where it becomes dom-
inated by the current stimulus. To ensure this, a random piecewise
constant masking sequence is applied to the stimulus before inject-
ing the latter to the reservoir [5]. The positions where this mask may
switch value match the positions of the v-nodes, which are initially
chosen equidistant. However, given the fact that the v-delays directly
influence the interdependence of the corresponding v-nodes states,
and therefore the nonlinear mixing of the stimuli, it is immediately
evident that v-delays are important parameters that may significantly
influence the performance of the DCR.

To optimize the computational properties of the DCR, we employ
neuroscientific principles using biologically-inspired homeostatic plas-
ticity [28, 145, 133] for adjusting the v-delays. Biologically speaking,
homeostatic plasticity does not refer to a single particular process.
It is rather a generic term for a family of adaptation mechanisms
that regulate different components of the neural machinery, bring-
ing these components to a functionally desirable operating regime.
The choice of the operating regime depends on the functionality a
model of homeostatic plasticity aims to achieve. This resulted in many
flavors of homeostatic plasticity for regulating recurrent neural net-
works in computational neuroscience [119, 121, 104, 67, 68, 74, 100,
82, 146, 130], neurorobotics [141, 134, 52, 27, 129], and reservoir com-



3.2 model 69

puting [113, 27]. Here, we use a homeostatic plasticity mechanism
to regulate the v-delays so as to balance responsiveness to the input
and its history on the one hand, against optimal expansion of its in-
formational features into the high dimensional phase space of the
system on the other hand. Furthermore, we show that this process
can be understood as a competition between the v-nodes’ sensitiv-
ity and their entropy, resulting in a functional specialization of the
v-nodes. This leads to a high increase in the DCR’s memory capacity,
and to a significant improvement in its ability to carry out nonlin-
ear spatiotemporal computations. We discuss the implications of the
plasticity mechanism with respect to the DCR’s entropy, as well as the
virtual network topology, and the resulting regression coefficients.

3.2 model

In this section, we describe the RC architecture that is based on a
single nonlinear node with delayed feedback. We then formulate this
architecture using concepts from neural networks.

3.2.1 Single Node Delay-Coupled Reservoir

Generally speaking, RC comprises a set of models where a large dy-
namical system called a reservoir, a recurrent neural network for ex-
ample, nonlinearly maps a set of varying stimuli to a high-dimen-
sional space [57, 70]. The recurrency allows a damped trace of the
stimuli to travel within the reservoir for a certain period of time. This
phenomenon is termed fading memory [13]. Then, random nonlinear
motifs within the reservoir nonlinearly mix past and present inputs,
allowing a desired output to be linearly combined from the activity
of the reservoir using a linear regression operation. As the desired
output is usually a particular transformation of the temporal and spa-
tial aspects of the stimuli, the operations that a RC architecture are
trained to carry out are termed spatiotemporal computations.

In a classical RC architecture, past and present inputs δ ∈ Rm

undergo nonlinear mixing via injection into a recurrent neural network
(RNN) of n nonlinear units. This spatial multiplexing of the input is
a mapping f : Rm ×Rn → Rn. Formally, the dynamics are modeled
by a difference equation for discrete time

x(t+ 1) = f
(
x(t), δ(t)

)
, (21)

or an ordenary differential equation (ODE) for continuous time

ẋ(t) = f
(
x(t), δ(t)

)
, (22)
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where x(t) ∈ Rn is the network activity, and ẋ(t) the activity’s time
derivative.

In a single node delay-coupled reservoir (DCR), the recurrent neural
network is replaced by a single nonlinear node with delayed feedback.
Formally, the dynamics can be modeled by a forced (or driven) delay
differential equation (DDE) of the form

ẋ(t) = −x(t) + f
(
x(t− τ), δ(t)

)
(23)

where τ is the delay time, and x(t), x(t− τ) ∈ R are the current and
delayed DCR activities. Figure 14 illustrates the DCR architecture and
compares it to the standard RNN approach to reservoir computing.

delayed
feadback

linear readout

nonlinearity
input

mask time

virtual
nodes

Delay-Coupled ReservoirB

linear
readout

input

Classical ReservoirA

Figure 14: Comparing classical and single node delay-coupled RC archi-
tectures. (A) A classical RC architecture. The input δ is spatially
multiplexed by input weights M to a RNN of size n. The activity
of the RNN is then linearly readout. (B) A single node delay-
coupled reservoir. The input δ is temporally multiplexed across a
delay line of length τ by using a random binary mask M of n
bits. Each mask bit Mi is held constant for a short v-delay θi
such that the sum of these delays is the length of the delay line
τ. The masked input is then nonlinearly transformed and mixed
with past input by a nonlinear node with delayed feedback. At
the end of each v-delay θi resides a v-node from which linear
readouts learn to extract information and perform spatiotempo-
ral computations through linear regression.
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Solving the system 23 for t > 0 requires specifying an appropri-
ate initial value function φ0 : [−τ, 0] → R. As is already suggested
by the initial conditions, the phase space of system 23 is a Banach
space C1,τ = C

(
[−τ, 0], R

)
3 φ0 which is infinite dimensional [43].

Using a DDE as a reservoir, this phase space thus provides a high-
dimensional feature expansion for the input signal, which is usually
achieved by using a RNN with more neurons than input channels.

To inject a signal into the reservoir, it is multiplexed in time: The
DCR receives a single constant input u(t̄) ∈ Rm in each reservoir
time step t̄ = d tτe, corresponding to one τ-cycle of the system. During
each τ-cycle, the input is again linearly transformed by a mask M ∈
[0, τ]m that is piecewise constant for short periods θi, representing the
temporal spacing, or v-delays, between sampling points of i = 1, . . . ,n
virtual nodes, or v-nodes, along the delay line. Accordingly, the v-
delays satisfy

∑n
i=1 θi = τ, where n is the effective dimensionality

of the DCR. Here, the mask M is chosen to be binary with random
mask bits Mi ∈ {−µ,+µ}m, so that the v-node i receives a weighted
input Miu(t̄). In order to assure that the DCR posses fading memory
of the input, the system 23 is set to operate in a regime governed by
a single fixed point in case the input is constant. Thus, the masking
procedure effectively prevents the driven dynamics of the underlying
system from saturating to the fixed point.

A sample is read out at the end of each θi, yielding n predictor
variables (v-nodes) xi(t̄) per time step t̄. Computations are performed
on the predictors using a linear regression model for some scalar
target time series y, given by ŷ(t̄) =

∑n
i=1 αixi(t̄) where xi with

i = 1, . . . ,n denote the DCR’s v-nodes (see equation 26, and αi are
the coefficients determined by regression, e.g. using the least squares
solution minimizing the sum of squared errors

∑
t̄

(
y(t̄) − ŷ(t̄)

)2.
In what follows, our model of choice for the DCR nonlinearity is

an input-driven Mackey-Glass system [38] that is operating, when not
driven by input, at a fixed point regime:

ẋ(t) = −x(t) +
η
(
x(t− τ) + γMδ(t)

)
1+

(
x(t− τ) + γMδ(t)

) (24)

where γ and η are model parameters. Figure 15A shows the response
of the DCR governed by equation 24 to a single-channel input.

3.2.2 The DCR as a Virtual Network

The goal is to optimize the computational properties of the DCR as
a network, given a vector of v-delays Θ = (θ1, . . . , θi, . . . , θn) of its n
v-nodes. Approximate v-node equations were already derived by [5]
for the case of equidistant v-delays. We extend this result to account
for arbitrary v-node spacings on which our plasticity rule can operate.
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Figure 15: DCR activity superimposed on the corresponding mask (A) be-
fore and (B) after plasticity. (C) Comparison between the DCR’s
activity before and after plasticity.

To that end, we first need to define the activity x(t) of the DCR given
θi for i = 1, . . . ,n.

First, we solve the DDE 23 by applying the method of steps (see
Section 3.7 for details on solving and simulating the DCR). If the
system 23 is evaluated at (ν − 1)τ 6 t 6 ντ, where a continuous
function φν ∈ C[(ν−2)τ,(ν−1)τ] is the solution for x(t) on the previous
τ-interval, we can replace x(t − τ) by φν(t − τ). Consequently, the
solution to 23 subject to x

(
(ν− 1)τ

)
= φν

(
(ν− 1)τ

)
is given by

x(t) =e(ν−1)τ−tφν
(
(ν− 1)τ

)
+

e(ν−1)τ−t
∫t−τ
(ν−2)τ

f
(
φν(s), δ(s)

)
es−(ν−2)τds. (25)

Let the DCR activity at a particular v-node xi(t̄) = x
(
(ν − 1)τ +∑i

j=1 θj
)
, its nonlinearity fi(t̄) = f

(
xi(t̄− 1),Mi ·u(t̄)

)
, and the DCR

time step t̄ = d tτe = ν. As shown in Section 3.7, the solution map-
ping 25 to the DCR can be approximated by assuming f(·) to be piece-
wise constant at each θi. This is a valid approximation since θi � τ,
and it yields the following expression of the DCR activity at a v-node
i as a function of {θ1, . . . , θi}:

xi(t̄) = e
−
∑i
j=1 θjxn(t̄− 1) +

i∑
j=1

(1− e−θj)e−
∑i
k=j+1 θk · fj(t̄) (26)

Equation 26 suggests that the activity of v-node i is a weighted
sum of the nonlinear component of the preceding v-nodes’ activity,
down to the last v-node n in the cyclic network, the activity of which
is carried over from the previous reservoir time step. The resulting
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directed network topology is shown as a virtual weight matrix for
equidistant v-nodes (θi = τ/n) in Figure 16A.

no plasticity with plasticityA B

schematic of the full
virtual weight matrix

Figure 16: Virtual weight matrix of a DCR (A) before and (B) after plas-
ticity. The magnified section corresponds roughly to connectivity
within part of the delay span τ shown in Figure 15.

3.3 plasticity

An important role of the randomly alternating mask M is to prevent
the DCR dynamics from saturating and thus losing history depen-
dence and sensitivity to new input. However, the random choice of
the mask values and the equal v-delays do not guarantee an optimal
choice of masking. A simple example which already illustrates this
point is given by the occurrence of sequences of equal valued mask
bits, as shown in Figure 15A, which leads to unwanted saturation. In
general, many more factors exist that determine optimal computation
in the reservoir and that need balancing.

Our goal in this section therefore is to develop a plasticity mech-
anism that optimizes the resulting v-delays with respect to sensitiv-
ity, while retaining a suitable nonlinear feature expansion into the
DCR’s phase space. As will be shown in section 3.5.1, this results in a
trade-off between sensitivity and entropy of the v-nodes. Entropy and
sensitivity counteract each other, thus forcing v-nodes to specialize.
In a first step (section 3.3.1), we develop a partial plasticity mecha-
nism that maximizes solely the sensitivity of individual v-nodes. In
a second step (section 3.3.2), the mechanism will be augmented by
a counteracting regulatory term which tries to retain diverse feature
expansion of the input. The delay τ together with the number n of
v-nodes are treated as fixed and given hyperparameters which de-



74 ii : homeostatic plasticity for delay-coupled reservoir

termine the particular DCR that is the subject of the optimization
process.

3.3.1 Sensitivity Maximization

We measure a v-node’s sensitivity by the slope of its activity at the
readout point, i. e., the end point of the θi interval, where bigger
slope corresponds to less saturation. The objective is to maximize the
overall sensitivity of the DCR for all v-nodes simultaneously. First, we
use the approximate solution mapping of a v-node’s dynamics from
equation 26 to derive a formula of a v-node’s activity as a function of
the v-delay θi from the previous v-node alone:

xi(t̄) = e
−θixi−1(t̄) + (1− e−θi)fi(t̄), i = 2, . . . ,n (27)

x1(t̄) = e
−θ1xn(t̄− 1) + (1− e−θi)fn(t̄− 1). (28)

In addition, the dynamics of the DCR at a particular v-node i in
units of reservoir time steps t̄ is given by

ẋi(t̄) = −xi(t̄) + fi(t̄). (29)

Substituting equation 27 into 29 yields the following expression for
the sensitivity of a v-node i as a function of θi:

Si(t̄) = ẋi(t̄) =
(
−xi−1(t̄) + fi(t̄)

)
e−θi (30)

From equation 30, we define a sensitivity vector S ∈ Rn. To op-
timize the overall sensitivity of the DCR, we maximize an objective
function under the constraint that the sum of the v-delays stays equal
to the overall delay τ:

arg max
Θ>0

{
‖S‖22

}
subject to

n∑
i=1

θi = τ, (31)

where ‖ · ‖2 is the Euclidean norm.
To find the vector Θ that solves the constrained optimization prob-

lem 31, we follow the direction of the steepest ascent which is the
gradient of the objective function, and we project the outcome to the
simplex

∑n
i=1 θi = τ. The element-wise gradient is given by:

∇i ‖S‖22 =
∂‖S‖22
∂θi

(32)

By iteratively inserting expression 27 into the sensitivity formula 30,
and eliminating the iteration with 28, we can show that the sensitivity
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of a v-node i depends on the v-delays θj of all the preceding v-nodes
j 6 i:

Si(t̄) = e
−
∑i
k=j+1 θk · Sj(t̄) + Γ(θj+1, · · · , θi), (33)

where Γ(·) is a term independent of θj. However, since the term
e−
∑i
k=j+1 θk decays exponentially the further the v-node i is from the

v-node j, one can ignore the contribution of θj to the sensitivity of the
v-node i for i > j. This simplifies the element-wise gradient to

∇i ‖S‖22 =
∂S2i
∂θi

= −2
(
−xi−1(t̄) + fi(t̄)

)2
e−2θi . (34)

3.3.2 Homeostatic Plasticity

The optimization problem 31 maximizes the sensitivity of a v-node
i by decreasing θi, its temporal distance from the previous v-node,
as is suggested by the element-wise gradient 34. As a result, the ob-
jective prefers small θi, many of which may even go to 0 despite
the constraint

∑n
i=1 θi = τ. This leads to a reduction of the reser-

voir’s effective dimensionality and, accordingly, to a loss of diversity
in expanding informational features of the input. To measure the lat-
ter, we consider entropy as an indicator of the v-nodes’ informational
diversity and decorrelation. As we will show in section 3.5.1, a plastic-
ity mechanism that solely maximizes entropy of the v-nodes would
lead to an unbounded increase of θi and therefore presents a natu-
ral counteract to sensitivity. We hypothesize that good computational
performance is achieved when these two forces are balanced. To this
end, we introduce a regulatory term into the sensitivity measure that
punishes small v-delays. This leads to a homeostatic plasticity mecha-
nism for v-delays that regulates between sensitivity and entropy and,
in combination with the constraint

∑n
i=1 θi = τ given by the DCR

state space, enforces competition and specialization of v-nodes.
The resulting homeostatic sensitivity measure has the form

Siρ(t̄) = θ
ρ
i · ẋi(t̄) = θ

ρ
i

(
−xi−1(t̄) + fi(t̄)

)
e−θi (35)

where ρ > 0 is a regulating parameter that modulates the penalty af-
flicted on the decrease in θi. Lower ρ leads the objective to favor
smaller v-delays and vice versa.

From equation 35, we define a homeostatic sensitivity vector Sρ ∈
Rn, and an optimization problem

arg max
Θ>0

{
O(Θ) = ‖S‖22

}
subject to

n∑
i=1

θi = τ, (36)



76 ii : homeostatic plasticity for delay-coupled reservoir

and we maximize O by following the direction of the steepest as-
cent. Since the contribution of θj to the sensitivity of a v-node i for
i > j is ignorable, following the argumentation from equation 33, the
element-wise gradient is simplified to

∇i O(Θ) =
∂S2iρ

∂θi

= −2θ2ρ−1i (θi − ρ)
(
−xi−1(t̄) + fi(t̄)

)2
e−2θi . (37)

Given the above, the update rule of the vector Θ = (θ1, · · · , θn)
reads

Θ← πV
(
Θ+α · JO(Θ)

)
, (38)

where α is a scalar learning rate, JO = ∇O(Θ) is the Jacobian matrix
of O with respect to Θ, and πV is an orthogonal projection which as-
sures that Θ remains on the constraint simplex V defined by

∑n
1 θi =

τ (see Section 3.8 for details of the constraint satisfaction).
Given a v-node’s positive scaling factor σi(t̄) =

(
−xi−1(t̄)+ fi(t̄)

)2,
the homeostatic plasticity learning rule for a single v-node i then
reads

θi(t̄+ 1) = θi(t̄) − 2ασi(t̄)
(
θi(t̄) − ρ

)
θ
2ρ−1
i (t̄)e−2θi(t̄). (39)

with the term
(
θi(t̄) − ρ

)
homeostatically balancing between the v-

node’s increase and decrease in the v-delay to its predecessor, de-
pending on the choice of the regulating term ρ.

3.4 computational performance

In the following, we test the effect of the homeostatic plasticity mech-
anism 39 on the performance of the DCR. Simulations are carried
on 100 DCRs, the activity of each is sampled at 600 v-nodes that
are initially equidistant with θ = 0.8. Each DCR is completely distin-
guishable from the other by its binary mask M, and the 600 mask val-
ues are randomly chosen from the set {−0.1,+0.1}. Simulation starts
with a short initial period for stabilizing the dynamics, followed by
a plasticity phase of np = 500 time steps, each corresponding to one
τ. The learning rate α is set to 0.01 and the regulating parameter ρ
to 1.0. Afterwards, readouts are trained on nt = 5000 samples for
both the original and modified v-delays θi, and validated on another
nv = 1000 samples. The model parameters of the Mackey-Glass non-
linearity (see equation 24) are set to γ = 0.05 and η = 0.4.

Given a task-dependent target time series y and a linear regression
estimate ŷ(t̄) =

∑n
i=1 αixi(t̄) (xi being the DCR’s v-nodes response
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to the input u), we measure the performance using the normalized
root-mean-square error

nrmse(y, ŷ) =

√∑
nv

(y− ŷ)2

nvvar(y)
. (40)

3.4.1 Memory Capacity

The memory capacity of a reservoir is a measure of its ability to retain
in its activity a trace of its input history. Optimal linear classifiers
are trained for reconstructing a uniformly distributed scalar input
u(t̄) ∼ U[0,0.5] at different time lags `. Figure 17 compares the memory
capacity of DCRs before and after plasticity. For time lags |`| > 5,
where the ability to reconstruct the input history starts to diverge
from optimal (see Figure 17A), the increase of the DCR’s memory
capacity can reach up to 70%. The improvement is measured as the
relative change in nrmse at each time lag, due to plasticity. Only one
of the 100 DCRs showed ∼ 20% deterioration in memory capacity
after plasticity for the largest time lag (see inset in Figure 17B).
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Figure 17: Memory capacity before and after plasticity. (A) Performance
on memory construction before and after plasticity for different
time lags. The inset shows performance on memory construction
ten time steps in the past (` = −9) before and after plasticity. (B)
Relative improvement, measured by the decrease in nrmse, af-
ter applying homeostatic plasticity. The inset shows the improve-
ment on memory construction ten time steps in the past (` = −9).
(A,B) The dotted lines are the medians of the corresponding plots,
while the shaded areas mark the first and third quartiles. In ad-
dition to marking the quartiles, the insets show whiskers that
extend to 1.5 times the midspread. The crosses specify outliers.

3.4.2 Nonlinear Spatiotemporal Computations

A widely used benchmark in reservoir computing is the capacity to
model a tenth order nonlinear autoregressive moving average system y
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in response to a uniformly distributed scalar input u(t̄) ∼ U[0,0.5]. The
NARMA-10 task requires the DCR to compute at each time step t̄ a
response

y(t̄) = 0.3y(t̄− 1) + 0.05y(t̄− 1)
10∑
s̄=1

y(t̄− s̄)

+ 1.5u(t̄− 1)u(t̄− 10) + 0.1. (41)

Thus, NARMA-10 requires modeling quadratic nonlinearities and
shows a strong history dependence that challenges the DCR’s mem-
ory capacity. Figure 18 compares the performance in nrmse of DCRs
before and after plasticity for different time lags. Even with no time
lag |`| = 0, the task still requires the DCR to retain fading memory.
This is in order to account for the dependence on inputs and out-
puts 10 time steps in the past. The plasticity mechanism achieves
∼ 22.8% improvement in performance on average, surpassing state-
of-the-art values in both classical [135] and delay-coupled reservoirs
[5] with an average nrmse of 0.138± 0.02std. Only in five trials did the
performance deteriorate (see inset in Figure 18B). The improvement
decreases for larger time lags due to the deterioration in the DCR’s
memory capacity observed in Figure 17, but remains significant for
|`| < 5.
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Figure 18: Spatiotemporal computational power before and after plastic-
ity. (A) Performance on the NARMA-10 task before and after
plasticity for different time lags. The inset shows performance
at zero time lag before and after plasticity. (B) Relative improve-
ment, measured by the decrease in nrmse, after applying home-
ostatic plasticity. The inset shows the improvement at zero time
lag. (A,B) The dotted lines are the medians of the corresponding
plots, while the shaded areas mark the first and third quartiles. In
addition to marking the quartiles, the insets show whiskers that
extend to 1.5 times the midspread. The crosses specify outliers.
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3.5 discussion : effects of plasticity

In order to explain the observed results, we analyze and discuss the
effects of the homeostatic plasticity mechanism 39 on the system’s
entropy H(x), virtual network topology, and the readout weights dis-
tribution p(α). We also discuss the role of the regulating parameter
ρ.

3.5.1 Entropy

In section 3.3.2, we stated that expanding the informational features
of the input requires a mechanism that counteracts the reduction of a
v-delay due to the maximization of the v-node’s sensitivity. To prove
this hypothesis, we derive a learning mechanism that explicitly max-
imizes the mutual information between the DCR’s response and its
input. Again, we assume the v-nodes are independent, and for a par-
ticular v-node i, we maximize the quantity

I(xi;u) = H(xi) −H(xi|u), (42)

where H(xi) is the entropy of the v-node’s response, while H(xi|u)

is the entropy of the v-node’s response conditioned on the input. In
other words, H(xi|u) is the entropy of the response that does not re-
sult from the input. Bell and Sejnowski argued that maximizing 42

with respect to some parameter θ is equivalent to maximizing H(xi),
since the conditional entropy H(xi|u) does not depend on θ, i. e., max-
imizing a v-node’s input-information capacity is equivalent to maxi-
mizing its self-information capacity or entropy [10].

The entropy of xi is given by H(xi) = −E
[
lnpx(xi)

]
, where px(xi)

is the probability density function (pdf) of the v-node’s response.
Since xi is an invertible function of the nonlinearity fi (see equa-
tion 27), that is itself an invertible function of the input u (if the non-
linearity is chosen appropriately such as in equation 24, the pdf of xi
can be written as a function of the pdf of fi:

px(xi) =
pf(fi)

|∂xi∂fi
|

(43)

The entropy of the v-node’s response is then given by

H(xi) = E

[
ln
∣∣∣∣∂xi∂fi

∣∣∣∣]− E[lnpf(fi)] (44)

The term −E
[
lnpf(fi)

]
measures the entropy of the nonlinearity fi

and is independent of θi. From equation 44, and taking into account



80 ii : homeostatic plasticity for delay-coupled reservoir

equation 27, we can derive a learning rule that maximizes the entropy
of the response by applying stochastic gradient ascent:

∆θi ∝
∂H(xi)

∂θi
=

∂

∂θi

(
ln
∣∣∣∣∂xi∂fi

∣∣∣∣)
=

(
∂xi
∂fi

)−1
∂

∂θi

(
∂xi
∂fi

)
= (1− e−θi)−1

∂

∂θi
(1− e−θi). (45)

This leads to the following learning rule:

∆θi = α
e−θi

1− e−θi
, (46)

where 0 < α� 1 is a learning rate.
The update term 46 is a strictly positive monotonic function of the

v-delay θi. This entails that, when unconstrained, maximizing a v-
node’s informational feature expansion results in an unbounded in-
crease in its v-delay, i. e., θi → +∞. On the other hand, the plasticity
rule 39 can be rewritten as

∆θi = ασiρ−ασiθi, (47)

where σi = 2σiθ
2ρ−1
i e−2θi > 0. The term ασiρ in the plasticity mech-

anism 47 is also positive. This entails that it results, similar to 46, in an
unbounded increase in the v-delay, and as a corollary, in an increase
in the v-node’s informational feature expansion.

Given the above, the homeostatic plasticity mechanism 39, for a
particular DCR with delay τ, improves spatiotemporal computations
by leading v-nodes to specialize in function. This is mediated by a
competition between the v-nodes’ sensitivity and their entropy. Some
v-nodes become more sensitive to small fluctuations in input history,
while others are brought closer to saturation where their entropy is
higher, and as such, their ability for expanding informational fea-
tures.

3.5.2 Virtual Network Topology

The effects of the homeostatic plasticity mechanism 39 on the DCR’s
network topology can be deduced from equation 26, according to
which self-wights are given by wii = (1 − e−θi), and the weights
the v-node i receives from the preceding v-node j = i− 1 is wij =
(1− e−θj)e−θi .

When θi decreases, so does the self-amplification wii, which is con-
sistent with less saturation of the v-node’s activity. On the other hand,
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the v-node’s afferentwij increases, which in turn increases the v-node
j’s influence on the activity of the v-node i, resulting in higher cor-
relation between the two (or anti-correlation, depending on the signs
of the corresponding mask values Mj and Mi). The increase of cor-
relation is in agreement with simulation results and in accord with
the decrease of the v-node’s entropy as its v-delay decreases. This
is the case since the influence of the current input is overshadowed
by information from the input history that is delivered from the pre-
ceding v-node j, which now drives the v-node i. Figure 16B shows
an exemplary virtual weight matrix following plasticity, which illus-
trates these changes in network topology due to the repositioning of
v-nodes on the delay line.

3.5.3 Homeostatic Regulation Level

Introducing the parameter ρ is necessary to regulate the trade-off
between sensitivity and entropy, i. e., increasing and decreasing θi,
as discussed analytically in section 3.5.1. It is also the defining factor
in the v-node’s tendency to collapse, as is evident from the form of
the plasticity function 47. The collapse of v-nodes is tantamount to
a reduction in the DCR’s dimensionality, which may be unfavorable
with regard to the DCR’s computational performance.

We test the latter hypothesis, and the choice of the regulating pa-
rameter, by running 1000 NARMA-10 trials for different ρ values that
ranged between 0 and 2. Each trial shares the same mask M and
the same NARMA-10 time series. As shown in Table 1, the average
improvement in performance in comparison to the reference equidis-
tant case ρ = 0.8 increases for smaller ρ values, but drops again for
ρ = 0. An increase in ρ > 0.8 also increases the improvement of per-
formance but this increase saturates at ρ = 1.6. This is the case since
the increase in v-delays favored by high ρ values, makes the collapse
of other v-delays inevitable, in order to preserve the DCR’s constant
delay τ.

In a more detailed analysis, for each of the 1000 trials, we ranked
different ρ values according to the resulting improvement of perfor-
mance in reference to the equidistant case ρ = 0.8. We then calculated
the percentage of trials that achieved the highest improvement in per-
formance (1st rank) for some ρ value, compared to all other ρ values.
We carried the same procedure for the 2nd and 3rd ranks as well. Fig-
ure 19 confirms the previous results as it shows that for ρ = 0, it is still
possible to achieve the best improvement in performance, but it is less
likely than other values. Figure 19 also illustrates a striking result. For
none of the trials was the equidistant case, where no plasticity took
place, the best choice regarding the computational power of the DCR.
Only in 0.3% of the trials, did the nonplastic case rank 3rd. As a result,
for a given DCR setup there always exists a choice of ρ that results
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regulating parameter ρ 0.0 0.2 0.4 0.6 1.0

% improvement 17.76 20.31 19.67 16.56 21.0

% reduction |ᾱ| 17.27 19.59 18.32 17.04 22.98

regulating parameter ρ 1.2 1.4 1.6 1.8 2.0

% improvement 22.58 23.07 23.76 23.67 23.76

% reduction |ᾱ| 24.22 24.74 25.06 25.61 26.02

Table 1: Effects of the homeostatic regulation level on performance and
readout coefficients. Average improvement in performance and re-
duction in average absolute values of the readout coefficients, in
comparison to the equidistant v-nodes case ρ = 0.8.

in nonequidistant v-nodes where spatiotemporal computations are
enhanced. This is also summarized in the Figure 19B, which shows
the improvement in performance given the best choice in the regu-
lating parameter ρ for each trial. The nrmse is reduced by ∼ 33.7%,
with an average performance that reaches an unprecedented value
of nrmse ∼ 0.117± 0.01std. We point out that the homeostatic plas-
ticity mechanism 39 also reduces the average absolute values of the
readout coefficients |ᾱ| (see Table 1), which is similar in effect to an L2-
regularized model fit. This is not only advantageous with respect to
numerical stability but L2-regularization also allows for lower mean-
squared errors as compared to an unregularized fit [50].
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Figure 19: Performance of 1000 NARMA-10 trials for regulating parameter
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the 1st, 2nd, and 3rd highest improvement in performance for each
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nrmse, after applying homeostatic plasticity, given for each trial
the best choice in ρ. The box plot marks the median and the first
and third quartiles. Whiskers extend to 1.5 times the midspread.
The crosses specify outliers.
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3.6 conclusion

We have introduced a plasticity mechanism for improving the compu-
tational capabilities of a DCR, a novel RC architecture where a single
nonlinear node is delay-coupled to itself. The homeostatic nature of
the plasticity mechanism 39 relates directly to the information pro-
cessing properties of the DCR in that it balances between sensitivity
and informational expansion of input (section 3.5.1). While the role
of homeostasis in information processing and computation has only
been discussed more recently, its function as a stabilization process
of neural dynamics has acquired earlier attention [136, 12]. From the
perspective of the nervous system, pure Hebbian potentiation and
anti-Hebbian depression would lead to destabilization of synaptic ef-
ficacies by generating amplifying feedback loops [78, 120], necessitat-
ing a homeostatic mechanism for stabilization [28, 145, 133]. Similarly,
as suggested by the effects of the plasticity mechanism 47 on the vir-
tual network topology (section 3.5.2), the facilitating sensitivity term
−ασθ is counteracted by the depressive entropy term +ασρ, which
prevents synaptic efficacies from overpotentiating or collapsing.

The optimal choice of the regulating parameter ρ is found at the
moment by brute force (section 3.5.3). It is reasonable to assume that
heuristics may exist for the optimal choice of ρ, given a particular
mask structure, since the alterations in the mask values influence a
v-node’s sensitivity and entropy. A possible heuristic may relate the
value of ρ to properties of maximum length sequences, by which Ap-
peltant et al. constructed mask sequences with equidistant v-nodes
[6]. Establishing this connection is a subject of current research.

Enhancing the temporal multiplexing of input to the nonlinear
node was the main goal of this article. We speculate that similar multi-
plexing may suggest a further important functionality of the extensive
dendritic trees in some neuron types. On the one hand, Izhikevich dis-
cussed the infinite dimensionality dendritic propagation delays offer
to recurrent neural networks [56]. On the other hand, several stud-
ies investigated the computational role of the spatial distribution of
active dendrites [108, 39, 40]. In this article, we advocate a unified
computational account that may integrate both the temporal and spa-
tial aspects of dendritic computations. In particular, the spatial loca-
tion of dendritic arbors may be optimized to achieve computationally
favorable temporal multiplexing of the soma’s input, in the fashion
suggested by the DCR architecture. Consolidating this speculation
would be the subject of future studies.

3.7 appendix a : solving and simulating the dcr

In this section, we derive equations 25 and 26. We would like to solve
system 23 for x(t), with (ν−1)τ 6 t 6 ντ. Due to the recurrent depen-
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dency x(t− τ), this is not possible right away. However, if we assume
a continuous function φν ∈ C[(ν−2)τ,(ν−1)τ] is the solution for x(t) on
the previous τ-interval, we can replace x(t− τ) by φν(t− τ). After the
substitution, system 23 becomes solvable by the elementary method
of variation of constants [48]. The latter provides a solution to an equa-
tion of type ẋ(t) = a(t)x(t) + b(t) with initial condition x(t0) = c.
The general solution on the interval I to the inhomogeneous equation
is then given by

x(t) = xh(t)

(
c+

∫t
t0

xh(t)
−1b(t)dt

)
, t ∈ I,

where

xh(t) = exp
(∫t
t0

a(t)dt

)
denotes a solution to the associated homogeneous differential equa-
tion. Consequently, for a(t) = −1 and b(t) = f

(
φν(t− τ), δ(t)

)
, the

solution to

ẋ(t) = −x(t) + f
(
φν(t− τ), δ(t)

)
,

subject to x
(
(ν− 1)τ

)
= φν

(
(ν− 1)τ

)
, is given by

x(t) = e(ν−1)τ−t
(
φν
(
(ν− 1)τ

)
+∫t−τ

(ν−2)τ
f
(
φν(s), δ(s)

)
es−(ν−2)τds

)
. (48)

This expression can be used right away in a numerical solution
scheme, where the integral is solved using the cumulative trapezoidal
rule. The resulting simulation of the DCR has been shown to be com-
parable in its accuracy and computational capabilities to adaptive nu-
merical solutions, while considerably saving computation time [114].

Recall that ti = (ν− 1)τ+
∑i
j=1 θj, with θj the temporal distances

between consecutive virtual nodes. To arrive at a manageable ana-
lytical expression of the above solution for the sampling point ti of
virtual node i during the νth τ-cycle, we make the following approx-
imation:

Let the DCR activity at a particular v-node xi(t̄) = x(ti), its nonlin-
earity fi(t̄) = f

(
xi(t̄− 1),Mi ·u(t̄)

)
, and the DCR time step t̄ = d tτe =

ν. If we assume that f(·) is piecewise constant at each θi, which is a
valid approximation since θi � τ, expression 48 simplifies further to
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xi(t̄) = e
−
∑i
j=1 θj

xn(t̄− 1) + i∑
j=1

fi(t̄)

∫θj
0

esds


= e−

∑i
j=1 θj

xn(t̄− 1) + i∑
j=1

fi(t̄)
(
eθj − 1

)
= e−

∑i
j=1 θjxn(t̄− 1) +

i∑
j=1

(1− e−θj)e−
∑i
k=j+1 θk · fj(t̄).

3.8 appendix b : constraint satisfaction

The sensitivity update rule of the virtual node distances θj has to
satisfy the constraint

∑
j θj = τ. This describes a constraint manifold

for valid virtual node distance vectors Θ ∈ Rn during learning. The
manifold has the structure of a simplex

V := {x|x = (x1, . . . , xn)T ,
n∑
i=1

xi = τ}

with dimV = n− 1 and simplex corners given by τei (i = 1, . . . ,n),
where

(
ei)
n
i=1 is the standard orthonormal basis of Rn. We imple-

mented the constraint optimization problem by first computing an
unconstrained update for Θ, followed by an orthogonal projection
onto V . Due to the simple linear structure of V , this strategy will
converge onto the constrained optimum for Θ.

Denote by nV = τ
n

∑
i ei the central point of the constraint simplex,

and let
(
vi
)n−1
i=1

, vi ∈ Rn, be an orthonormal basis for V . The latter is
computed from an orthogonal basis, which can be constructed by sim-
ple geometrical considerations from the simplex corner point vectors
as

(
−τ · · · −τ

τIn−1

)
∈ Rn×n−1, (49)

where In−1 denotes the (n− 1)-dimensional unit matrix. It is easily
verified that this basis spans V and is indeed orthogonal. In conjunc-
tion with the inhomogeneity nV , a normal vector with respect to V ,
any point on V can be expressed via the vi. For some x ∈ Rn being
the result of an unconstrained sensitivity update step, the constraint
can be met by projecting x orthogonally onto V via the mapping



86 ii : homeostatic plasticity for delay-coupled reservoir

πV(x) = nV +

n−1∑
i=1

(
(x−nV)

Tvi
)
vi

= nV +

n−1∑
i=1

(
vTi (x−nV)

)
vi

= nV +

(
n−1∑
i=1

viv
T
i

)
︸ ︷︷ ︸
:=M∈Rn×n

(x−nV)

= nV +M(x−nV). (50)

The addition and subtraction of nV take care of the fact that V as
a hyperplane is translated out of the origin by the inhomogeneity
nV . If the V-plane was centered in the origin, (vTi x)︸ ︷︷ ︸

∈R

vi would denote

the orthogonal projection of x onto the ith orthonormal basis vector.
Accordingly, the linear combination of these projections yields the
representation of πV(x) with respect to the basis

(
vi
)n−1
i=1

.
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PA P E R I I I | B E H AV I O R C O N T R O L I N T H E
S E N S O R I M O T O R L O O P W I T H S H O RT- T E R M
S Y N A P T I C D Y N A M I C S I N D U C E D B Y
S E L F - R E G U L AT I N G N E U R O N S

abstract The behavior and skills of living systems depend on
the distributed control provided by specialized and highly recurrent
neural networks. Learning and memory in these systems is mediated
by a set of adaptation mechanisms, known collectively as neuronal
plasticity. Translating principles of recurrent neural control and plas-
ticity to artificial agents has seen major strides, but is usually ham-
pered by the complex interactions between the agent’s body and its
environment. One of the important standing issues is for the agent
to support multiple stable states of behavior, so that its behavioral
repertoire matches the requirements imposed by these interactions.
The agent also must have the capacity to switch between these states
in time scales that are comparable to those by which sensory stimula-
tion varies. Achieving this requires a mechanism of short-term mem-
ory that allows the neurocontroller to keep track of the recent his-
tory of its input, which finds its biological counterpart in short-term
synaptic plasticity. This issue is approached here by deriving synap-
tic dynamics in recurrent neural networks. Neurons are introduced as
self-regulating units with a rich repertoire of dynamics. They exhibit
homeostatic properties for certain parameter domains, which result
in a set of stable states and the required short-term memory. They can
also operate as oscillators, which allow them to surpass the level of
activity imposed by their homeostatic operation conditions. Neural
systems endowed with the derived synaptic dynamics can be utilized
for the neural behavior control of autonomous mobile agents. The re-
sulting behavior depends also on the underlying network structure,
which is either engineered, or developed by evolutionary techniques.
The effectiveness of these self-regulating units is demonstrated by
controlling locomotion of a hexapod with eighteen degrees of free-
dom, and obstacle-avoidance of a wheel-driven robot.

Keywords: Sensorimotor loop, autonomous agent, synaptic plastic-
ity, short-term plasticity, homeostasis, self-regulation, hysteresis, os-
cillation

4.1 introduction

Living systems, which have to survive in a complex, permanently
changing environment have to exhibit a life-sustaining behavior. For

87
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autonomous agents, like animats, this is one of the desired capacities.
For achieving this objective, autonomous agents are equipped with
different types of sensors, with proprioceptors monitoring their inter-
nal states, and with motors to articulate their body movements. In
addition, since every movement of the body will change the inputs
to the sensors and proprioceptors, these agents always operate in a
sensorimotor loop.

Even when the overall task is apparently simple, autonomous age-
nts are still expected to express diverse behavior in order to accom-
plish the task, and the rich dynamics provided by artificial recurrent
neural networks is usually invoked for the control of this behavior. Ex-
amples include tropisms of wheel-driven robots [54, 118], biped walk-
ing [72, 65], active tracking [83], quadruped locomotion, [73, 55, 116],
hexapod locomotion [9], and swimming robots [55, 116].

The ability of recurrent neurocontrollers to generate successful be-
havior depends highly on its connectivity structure as well as on
the synaptic efficacies of its connections. Suitable neurocontrollers
are usually found by evolutionary techniques [86]. However, synap-
tic plasticity and regulatory mechanisms of neural activity constitute
the biological basis for learning and memory [25], and were taken
up by (evolutionary) robotics as a tool for adding learning abilities to
autonomous agents [85, 31, 118, 141, 134, 109, 52]. Incorporating plas-
ticity in the neural control of robots takes the load off evolution for
finding right synaptic weights and/or operating range of the neurons
within the network, and limits the role of the evolutionary process to
the allocation of right connectivity structure, which considerably re-
duces the search space.

We follow on the lead of these studies, where we assume that the
connectivity structure is given as a result of an evolutionary process,
and we concentrate on deriving synaptic dynamics for the neural con-
trol of artificial agents acting in the sensorimotor loop. Our model is
referred to as the self-regulating neuron, or the SR-neuron for short. A
similar model was first proposed for a slightly different synaptic dy-
namics and another neuron type [143]. The SR-neuron differs from
the previous approaches in that its synaptic dynamics act on a faster
time scale. Here, synaptic efficacies do not change due to a slow adap-
tation process, based on repetition of pre- and postsynaptic activity
patterns. Instead, they adapt to sensory stimulations at the rate by
which these stimulations change. This feature makes the SR-neurons
suitable for the requirement of real-time diverse dynamic behavior
and for a quick reaction to varying stimuli. As such, and unlike previ-
ous studies, the SR-neuron dynamics does not aim at augmenting the
neurocontroller with learning, in the sense of a gradual change of be-
havior to a better one. In other words, there is no training phase that
ends with higher fitness and a steady state of the synaptic weights.
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Instead, synaptic weights are constantly adapting in response to the
changes of external stimuli.

The synaptic dynamics of the self-regulating neuron does not repli-
cate a particular plasticity mechanism that is empirically observed
in biological systems. Nevertheless, it is biologically-inspired in three
different ways, by which it exploits the functional properties of bio-
logical plasticity for the benefit of a stable and successful behavior of
an artificial agent.

First, self-regulating neurons act as homeostatic elements, which try
to maintain one of two desired activity states, one referring to low,
and the other to high activity. Homeostatic regulation is only nec-
essary to operate when the system is confronted with some exter-
nal perturbations. Since recurrent neurocontrollers of artificial agents
have to work in the sensorimotor loop, they are permanently driven
by continuously changing sensory inputs. A neural mechanism for
homeostatic plasticity should therefore lead to a stabilization of be-
havior, by providing the controller with the means necessary to cope
with these fast varying sensory inputs.

Biological findings strongly support the existence of such mecha-
nisms, where the incoming signals to a neuron [28], or the neuron’s
own excitability [133] is homeostatically adjusted to match a func-
tionally desirable neural activation, such as maximizing the entropy
of the neural output [132, 74]. Many models from theoretical neuro-
science incorporates homeostatic plasticity mechanisms in recurrent
neural networks, either in the form of synaptic scaling of afferents
[100, 144], intrinsic plasticity of neural excitability [67, 74, 82, 130],
or both [68, 146]. These mechanisms also found their application in
improving time series prediction in echo state networks [113]. Home-
ostasis has also been discussed in the context of adaptation and learn-
ing in cybernetics [8], and there are many examples of its successful
contribution to learning in recurrent neural control of robots [31, 51,
141, 134, 109, 52].

Second, the synaptic dynamics of the self-regulating neuron par-
tially adheres to Hebb’s postulate [47], where the synapses between
mutually active neurons are potentiated. Homeostasis, however, pre-
vents the overgrowth of synaptic weights due to the constant poten-
tiation in a fashion similar to the BCM theory [12], and its spiking
neurons variants [131, 24]. In robotics, learning with a variant of Heb-
bian plasticity is demonstrated for example by Harter and Kozma
[44], Santos et al. [109], and Hoinville et al. [52].

While these studies favor steady-state synaptic weights, controlled
bifurcations of neural dynamics might be very desirable in the con-
text of the sensorimotor loop [8]. During the autonomous agent’s
lifespan, it is important that changes in its stimulation elicit history-
dependent responses, which entails a form of working memory for the
agent [83]. The importance of this functionality comes from the fact
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that environmental cues are themselves temporally extended [19, 130].
As such, an autonomous agent’s behavior must come as a response
to these temporally extended stimuli, rather than to instantaneous
states of its environment. This directly connects to the third point of
relatedness to biological plasticity, that is, short-term plasticity [147, 1].
Due to short-term plasticity, synaptic efficacy changes on faster time
scales in ways that reflect the history of the presynaptic activity. This
history-dependence may mediate working memory in recurrent neu-
ral networks [79]. The self-regulating neuron exhibits this history-
dependence, where changes in temporally extended stimuli are cap-
tured by the fast synaptic dynamics. This synaptic dynamics then con-
trols the neuron’s bifurcation between the two desired activity states
which leads to history-dependent adjustment of behavior.

Here, it is shown that self-regulating neurons are suitable for the
control of an autonomous agent’s behavior under the sensory pertur-
bations of the sensorimotor loop. The activity of neurons, together
with the synaptic efficacies, change over time, but usually fluctuate
around some average values, as has been demonstrated for simple ex-
amples in [94]. A self-regulating neuron is able to attain and maintain
a desirable level of activity even if it is confronted with unpredictable,
and more or less severe perturbations, induced by changing sensory
inputs. Furthermore, it has different internal states at its disposal,
leading to different stable behaviors, which may be appropriate for
one or another external situation.

The following section introduces self-regulating neurons, together
with the properties of the induced synaptic plasticity rule. Because
these self-regulating neurons have to operate as elements of neuro-
controllers in the sensorimotor loop, the synaptic weights of these
neurocontrollers change dynamically according to sensory stimuli or
internal feedback loops. With this in mind, the dynamics of simple
neural modules is analyzed next under varying stimulation, so as to
reach a basic understanding of the stability properties of these mod-
ules. This is followed by discussing examples of successful control of
behavior for synchronizing coupled reflex loops, for locomotion of
a hexapod walking machine, and for obstacle-avoidance of a wheel-
driven robot.

4.2 self-regulating neurons

Given a neural network N with n neurons, and a structure matrix c
defined by cij = +1(−1) for an excitatory (inhibitory) connection
from neuron j to neuron i and cij = 0 otherwise. A single self-
regulating neuron i is described as a parametrized discrete-time 3-
dimensional dynamical system with state variables (ai, ξi,ηi) ∈ R×
R+ ×R+ for i = 1, . . . ,n, where ai denotes its activation, and ξi and
ηi its receptor and transmitter strength respectively. Furthermore, it
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may have a bias value θ̄i that is the sum of a constant bias θi and an
external drive I. The output oi = τ(ai) of a neuron i is given by the
sigmoidal hyperbolic tangent transfer function τ := tanh. The weight
wij of the connection from neuron j to neuron i is then defined by

wij := cij ξi ηj . (51)

We assume that there exists a desirable state a∗i for the activation
of a neuron, and that the 3-dimensional dynamics is to be defined so
as to stabilize this state for a certain range of input signals. Such a
state defines a preferred operational range of the neurons’ dynamics.
There are two canonical choices for such a desirable state. One is for
the neuron to operate around the linear domain of the transfer func-
tion, i. e., a∗i = 0 for the hyperbolic tangent nonlinearity. However,
recurrent neural networks are expected to capture and respond to en-
vironmental stimuli that are riddled by nonlinear dependencies. As
such, it is reasonable to enforce the nonlinear properties of recurrent
neural networks, in order for them to reflect, in their activity, these
nonlinear environmental conditions. Therefore, the desired state in
the following corresponds to an activation a∗i for which the nonlin-
earity of the transfer function τ is “maximal", i. e., its third derivative
satisfies τ ′′′(a∗) = 0. Since τ is an antisymmetric function, its third
derivative τ ′′′ is symmetric, and there are two such operating points
satisfying this condition and they take values

a∗ := a∗± ≈ ±0.658479 and τ(a∗) = ±
√
1

3
≈ ±0.5773503 .

This means that a neuron prefers a high or low state of activity, or,
in terms of rate models, a high or low firing rate.

The basic equations for the dynamics are then set up as follows.
The standard additive discrete-time dynamics for the activation ai of
a neuron is given by

ai(t+ 1) = θ̄i+ξi(t)

n∑
j=1

cij ηj(t)τ
(
aj(t)

)
where i = 1, . . . ,n . (52)

Furthermore, it is assumed that the receptor strength ξi and the
transmitter strength ηi for i = 1, . . . ,n are both positive for all times.
The dynamics of the receptor strength ξi modulates the incoming
signals to the neuron such that its response becomes maximally non-
linear. In other words, the receptor strength is responsible for pushing
the activation ai of the neuron towards one of the operating points
a∗±, and is given by

ξi(t+ 1) = ξi(t)
[
1+β · (τ2(a∗)−τ2(ai))

]
where 0 < β < 1 . (53)
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The transmitter strength ηi communicates the neuron’s activity to
its targets, i. e., it increases with the activation ai of the neuron. It
also has a decay rate (1− γ), which is necessary for the convergence
of the dynamics as we show later. Thus, the transmitter dynamics is
defined by

ηi(t+ 1) = (1−γ) ηi(t)+ δ
[
1+ τ(ai)

]
where 0 < γ, δ < 1 . (54)

The discrete-time dynamics f : R×R+×R+ → R×R+×R+ given
by equations 52-54 is called the dynamics of self-regulating neurons
or SRN-dynamics for short.

The weight change per time step is then given by

∆wij(t) = wij(t+ 1) −wij(t)

= cij
(
ξi(t+ 1)ηj(t+ 1) − ξi(t)ηj(t)

)
. (55)

Replacing ξi(t + 1) and ηj(t + 1) by their dynamics from equa-
tions 53,54 leads to

∆wij(t) = cijwij(t) ·
[
F
(
ai(t)

)
+G

(
aj(t)

)
+H

(
ai(t),aj(t)

)]
, (56)

where

F(ai) = −γ+β(1− γ)
(
τ2(a∗) − τ2(ai)

)
,

G(aj) =
δ

ηj

(
1+ τ(aj)

)
, (57)

H(ai,aj) =
βδ

ηj

(
1+ τ(aj)

)(
τ2(a∗) − τ2(ai)

)
.

This demonstrates two of the biologically-inspired features of the
synaptic dynamics. The weight change depends on the product of the
presynaptic and postsynaptic activations through the (anti-)Hebbian
element H(ai,aj), which includes the term τ(aj)τ

2(ai). In addition,
the term H(ai,aj) is not always positive, since its sign depends on
the postsynaptic activity ai. When |ai| < |a∗|, the term is positive
which leads to Hebbian-like synaptic potentiation. Otherwise, the
term is negative and the synaptic efficacy is depressed in an anti-
Hebbian fashion. In other words, the term

(
τ2(a∗) − τ2(ai)

)
reflects

the postsynaptic-dependent homeostatic nature of the synaptic dy-
namics, where a regime of potentiation is separated from a regime of
depression at the threshold a∗.
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4.3 results

In what follows, we rigorously analyze the dynamics of simple self-
regulating neural modules. Namely, we study the stable dynamics of
a SR-neuron without self connection. We then prove that a SR-neuron
with an excitatory self-connection is bistable under certain conditions,
which confirms observations that were made in [94]. We show in ad-
dition that a SR-neuron with inhibitory self-connection oscillates with
period-2. We finally demonstrate the operation of networks of these
modules for the control of behavior in the sensorimotor loop.

4.3.1 Dynamics of Self-Regulating Neurons

To get a first impression of the SRN-dynamics we study the dynamics
of a single neuron with and without self-connection. Suppressing the
neuron’s index i, the 3-dimensional dynamics reads

a(t+ 1) = θ+ c ξ(t)η(t) τ
(
a(t)

)
+ ξI(t) ,

ξ(t+ 1) = ξ(t)
[
1+β · (τ2(a∗) − τ2(a))

]
, (58)

η(t+ 1) = (1− γ) η(t) + δ
[
1+ τ(a)

]
,

where I represents the inputs coming from other neurons, i. e.,

I(t) :=
∑
j6=i

cjηjτ
(
aj(t)

)
. (59)

For the moment, we assume that I is constant over time, and that
there exists a stable fixed point (a∗, ξ∗,η∗) of the 3-dimensional SRN-
dynamics, in order to derive conditions for its existence. Throughout
this section, the parameters β, δ, and γ are set to 0.1. To determine the
stability of the dynamical system 58 at a fixed point (a∗, ξ∗,η∗), we
study its linearization at a state (a, ξ,η) ∈ R×R+ ×R+, which is
given by the Jacobian matrix

(Df)(a, ξ,η) = cξη(1− τ2) cητ+ I cξτ

−2βξτ(1− τ2) 1+β(τ2(a∗) − τ2(a)) 0

δ(1− τ2) 0 1− γ

 . (60)

There are three possible fixed points for the dynamical system
58. These are the two desirable fixed points x± = (a∗±, ξ∗±,η∗±) with
transmitter strength η∗± = δ

γ(1 + τ(a
∗
±)), and the trivial fixed point

x0 = (θ, 0,η0) with a vanishing receptor strength, and a transmitter
strength η0 = δ

γ

(
1+ τ(θ)

)
. We refer to the last situation as a “dead
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neuron” because it is not able to process incoming signals. Whether
one of these fixed points is asymptotically stable or not depends on
the eigenvalues of (Df)(a∗, ξ∗,η∗), as we show next.

4.3.1.1 Dynamics without Self-Connection

For a first analysis, we study a single neuron without self-connection,
i. e.„c = 0, and with a fixed bias value θ. It is driven by the input
signal I. The linearization of SRN-dynamics then reads

(Df)(a, ξ,η) = 0 I 0

−2βξτ(1− τ2) 1+β(τ2(a∗) − τ2(a)) 0

δ(1− τ2) 0 1− γ

 . (61)

A fixed point x∗ is asymptotically stable if all the eigenvalues λk
of (Df)(x∗) satisfy |λk| < 1. The two desirable fixed points x± =

(a∗±, ξ∗±,η∗±) for this neuron also satisfy the equation

a∗± − θ = ξ∗±I . (62)

First, one observes from condition 62)that the receptor strength ξ∗±
diverges for inputs I→ 0, and thus, x± are both unstable when I = 0.
Otherwise, replacing the input I > 0 in the linearization 61 with its
value from condition 62, leads to the following eigenvalues around
the fixed points x+:

λ1,2(a
∗
+) = λ±(a

∗
+) =

1±
√
1− 8β

(
1− τ2(a∗+)

)
(a∗+ − θ)τ(a∗+)

2
,

λ3 = 1− γ , (63)

and similarly for I < 0 and the fixed point x−, but with λ± being a
function of a∗− instead. For both fixed points, the stability condition
|λk| < 1 always holds for λ− and λ3. This also stresses the necessity
of introducing the decay term parametrized by γ of the transmitter
dynamics η for the stability of the SR-neuron, without which λ3 = 1.
On the other hand, the stability condition only holds for λ+ when
(a∗± − θ)τ(a∗±) < 0. It follows that for θ ∈ (a∗−,a∗+), the SR-neuron is
homeostatic, i. e., one of the fixed points x± is stable, for all inputs
I ∈ R \ {0}. We thus call a bias θ that is within the range (a∗−,a∗+) a
homeostatic bias. Asymptotically, it acts like a binary neuron switching
from low activity a∗− to high activity a∗+ around I = 0. This is also
confirmed by Figure 20 showing bifurcation diagrams for the output
τ(a) and the receptor strength ξ under these conditions.
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Figure 20: Stable dynamics of a SR-neuron without self-connection for a
homeostatic bias and varying input. (A,B) Bifurcation diagrams
of the output τ(a) and the receptor strength ξ for varying input
I and a positive homeostatic bias θ = +0.5. (C,D) Bifurcation dia-
grams of the output τ(a) and the receptor strength ξ for varying
input I and a negative homeostatic bias θ = −0.5.

In addition, keeping in mind that a∗− = −a∗+, the fixed point x−
satisfies condition 62 when I < 0, if θ > a∗+, which leads to (a∗− −

θ)τ(a∗−) < 0, and as such, |λ+(a∗−)| < 1 holds. This entails that x− is
asymptotically stable when I < 0 and θ > a∗+. Correspondingly, x+
is asymptotically stable when I > 0 and θ < a∗−. In other words, the
SR-neuron without self-connection is homeostatic only over half of
the input domain when θ /∈ [a∗−,a∗+]. On the other hand, the trivial
fixed point x0, corresponding to a dead neuron, becomes stable for
all I, since the eigenvalues of (Df)(x0) are

λ1 = 0 , λ2 = 1+β(τ
2(a∗±) − τ

2(θ)) , λ3 = 1− γ , (64)

which satisfy |λk| < 1 when θ /∈ [a∗−,a∗+].
To summarize, the SR-neuron without self connection and a bias

θ /∈ [a∗−,a∗+] is bistable over half of the input domain, where one
stable fixed point corresponds to the homeostatic state, and the other
to the trivial state. The SR-neuron would then converge to one of the
two fixed points depending on the initial conditions. On the other
half of the input domain, the neuron is globally stable at the trivial
fixed point. These observations are confirmed by Figure 21, showing
bifurcation diagrams for the output τ(a) and the receptor strength ξ
under these conditions.

4.3.1.2 Trivial Dynamics with Self-Connection

Adding a self-connection w := c ξ η to the SR-neuron provides an ad-
ditional input, so that the new input signal becomes I(t)+ c η τ

(
a(t)

)
,
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Figure 21: Stable dynamics of a SR-neuron without self-connection for a
non-homeostatic bias and varying input. (A,B) Bifurcation dia-
grams of the output τ(a) and the receptor strength ξ for varying
input I and a positive non-homeostatic bias θ = +1.5. (C,D) Bifur-
cation diagrams of the output τ(a) and the receptor strength ξ
for varying input I and a negative non-homeostatic bias θ = −1.5.

where I again corresponds to the input from other neurons as in equa-
tion 59.

The linearization 60 around the trivial fixed point x0 = (θ, 0,η0)
leads to the same eigenvalues 64, regardless whether the self connec-
tion is excitatory or inhibitory. This entails that the SR-neuron with
self-connection is stable at the trivial fixed point for all I, when its
bias is non-homeostatic, i. e., θ /∈ [a∗−,a∗+].

On the other hand, the linearization 60 around the desirable fixed
points x± = (a∗±, ξ∗±,η∗±) leads to complex closed-form formulas for
the eigenvalues that are of no help regarding the stability of these
fixed points. However, we may rely on the 1-dimensional standard
hyperbolic tangent neuron with self-connection:

a(t+ 1) = θ+wτ(a(t)) . (65)

This neuron is parametrized by its bias θ and self-weight w, and,
for each parametrization, its asymptotic dynamics is easy to derive.
Since both neuron models, the SR-neuron and the standard neuron,
share the same transfer function tanh, it is possible to infer the stabil-
ity of the former from the more familiar properties of the latter, given
certain bias and self-weight values, as we show next.
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4.3.1.3 Dynamics with Excitatory Self-Connection

Suppose that the fixed points x± = (a∗±, ξ∗±,η∗±) for a SR-neuron with
self-connection are asymptotically stable. These fixed points then sat-
isfy

a∗ = θ+ ξ∗
(
I+ c η∗τ(a∗)

)
. (66)

We start by setting θ = I = 0. Then, the following holds

c ξ∗±η
∗
± =

a∗±
τ(a∗±)

≈ 1.14 > 0 , (67)

which is only true for the case of an excitatory self-connection, i. e.,
c = +1. For an increasing excitatory self-connection and a zero bias,
the standard additive hyperbolic tangent neuron 65 undergoes a cusp
catastrophe [42] at the critical point (θc = 0,wc = 1), and the neuron
corresponds to a bistable system [92, 54]. Because the asymptotic self-
weight w∗± = ξ∗±η

∗
± of the SR-neuron (equation 67) is larger than the

critical value wc = 1, the SR-neuron becomes bistable as well, which
allows for hysteresis phenomena.

The critical point (θc = 0,wc = +1) belongs to the bifurcation set B+,
at which the standard hyperbolic tangent neuron 65 changes from be-
ing monostable to being bistable. The bifurcation set is parametrized
by the bias and self-weight, and is derived in [92] for a standard neu-
ron with logistic nonlinearity σ(a) = (1+ e−a)−1. For a hyperbolic
tangent nonlinearity, B+ is given by

θ2 =
4(w− 1)3

9w
, (68)

while, at the fixed point x±, the positive self-coupling w∗± of the SR-
neuron changes linearly with the bias according to

w∗± =
a∗± − θ

τ(a∗±)
. (69)

The SR-neuron is bistable when w∗+ or w∗− or both are above the
bifurcation set B+. As such, the intersection of the bifurcation set
B+ defined by equation 68 and the self-coupling of a SR-neuron as
a function of the bias in equation 69, leads to the bias range θ ∈
[−0.11,+0.11], within which the SR-neuron is bistable. Outside of this
range, both w∗+ and w∗− are bellow B+, resulting in the SR-neuron
becoming monostable. These findings can be verified by keeping I =
0 and varying the bias term θ as shown in Figure 22.
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Figure 22: Stable dynamics of a SR-neuron with excitatory self-connection
for varying bias. Bifurcation diagrams of (A) the output τ(a), (B)
the positive self-weight w = +ξ η, (C) the receptor strength ξ, and
(D) the transmitter strength η for varying bias θ. The gray-shaded
area corresponds to the bias domain θ ∈ (a∗−,a∗+) at which the SR-
neuron is homeostatic. The cyan-shaded area marks the hysteresis
domain θ ∈ [−0.11, 0.11] at which the SR-neuron is bistable. The
neuron shows a narrow range of quasi-periodic behavior when
passing from a∗− to a∗+. (B) The red curve denotes the bifurcation
set B+ that marks the parameters domain where a standard addi-
tive hyperbolic tangent neuron is bistable. The SR-neuron seizes
from exhibiting bistability when the positive self-coupling weight
becomes lower than the bifurcation set.

We now assume that there exists a stationary input I, and that the
bias θ ∈ (a∗−,a∗+). Under these conditions, the SR-neuron is home-
ostatic over the whole input domain, and it exhibits hysteresis phe-
nomena over some input range, as is shown for θ = +0.5 in Figure 23.
For a narrow input range, one observes that the SR-neuron may show
quasi-periodic oscillations when passing from one operating point to
the other. These oscillations depend on the bias value and the param-
eters β, δ, and γ.

4.3.1.4 Dynamics with Inhibitory Self-Connection

For an inhibitory self-connection, i. e., c = −1, and no input, equation 66

can be solved when θ /∈ [a∗−,a∗+]. However, the trivial fixed point
x0 is stable at this bias domain, as shown in Section 4.3.1.2, and
an inhibitory self connection can never satisfy the bistability condi-
tion bounded from below by the bifurcation set B+ (equation 68).
This rules out the possibility for a∗± being stable, which entails that
the SR-neuron is never homeostatic under these conditions. However,
with no bias and a self-weight w ≈ −1.14, the state a∗+ is mapped to
a∗− and vice versa, as suggested by equation 67. Thus, we expect a
period-2 oscillation between the two states. Regarding the stability of
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Figure 23: Stable dynamics of a SR-neuron with excitatory self-connection
for a homeostatic bias and varying input. Bifurcation diagrams
of (A) the output τ(a), (B) the positive self-weight w = +ξ η, (C)
the receptor strength ξ, and (D) the transmitter strength η for
varying input I and a positive homeostatic bias θ = +0.5. The
cyan-shaded area marks the hysteresis domain at which the SR-
neuron is bistable. The neuron shows a narrow range of quasi-
periodic behavior when passing from a∗− to a∗+.

this oscillation, we return to he standard additive hyperbolic tangent
neuron 65. For an increasing inhibitory self-connection, neuron 65

undergoes a supercritical period doubling bifurcation at the critical point
(θc = 0,wc = −1), and the neuron corresponds to a period-2 oscilla-
tor. This supports the existence of a stable period-2 oscillation for the
SR-neuron when (θ = 0,w ≈ −1.14), since this point lies within the
period-2 parameter range of a standard hyperbolic tangent neuron.

Figure 24 demonstrates that the SR-neuron do oscillate with period-
2 on the bias domain (−0.95, 1.5) when I = 0. For zero bias, the self-
weight oscillates due to the SR-dynamics with an average of w ≈
−1.14 < wc = −1, as is suggested by equation 67. Interestingly, the
oscillatory dynamics for non-zero bias allow the SR-neuron’s output
to reach average values that are different from the canonical τ(a∗±), or
the trivial τ(θ).

For a stationary input I, and a bias θ ∈ (a∗−,a∗+), a solution of equa-
tion 66 may exist, and the SR-neuron acts as a homeostatic unit for
a certain input domain. Also, since the bias is within the oscillation
domain for no input, the SR-neuron should oscillate with period-2 for
some input range around 0. In fact, as shown in Figure 25, the homeo-
static domain overlaps with the oscillatory domain for a narrow input
range.
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Figure 24: Stable dynamics of a SR-neuron with inhibitory self-
connection for a homeostatic bias and varying input. Bifurca-
tion diagrams of (A) the output τ(a), (B) the negative self-weight
w = −ξ η, (C) the receptor strength ξ, and (D) the transmitter
strength η for varying bias θ. The cyan-shaded area marks the
domain at which the SR-neuron may oscillate with a period-2 be-
tween the two gray branches. The gray-shaded area marks the
homeostatic bias domain θ ∈ (a∗−,a∗+) where the SR-neuron is
globally oscillating. Outside of this domain, and depending on
the initial conditions, the neuron may converge to the trivial fixed
point (θ, 0,η0), corresponding to the black branches. (A) The red
dots mark the oscillation in activity between a∗+ and a∗− when
θ = 0.

4.3.2 Synaptic Dynamics in the Sensorimotor Loop

In this section, we demonstrate for three examples how SR-neurons
are able to operate successfully within the sensorimotor loop. On spe-
cific network structures, SR-neurons generate a desired behavior for
coupled pendula, a hexapod walking machine, and a wheel-driven
robot.

4.3.2.1 Coupled Reflex Loops

Self-excitatory SR-neurons are good candidates for building oscilla-
tory reflex loops. This was already shown in [94], where a single
SR-neuron with excitatory self-connection was used to drive a pen-
dulum with damping to oscillate with a constant amplitude. An an-
gular position sensor is coupled to the reflex loop which drives the
angle-controlled servomotor of the pendulum. Reflex loops generate
smooth oscillatory movements which can be used for the control of
limbs [139]. There are two important mechanisms involved in the gen-
eration of these oscillations. First, the integration of properties of the
body – the body’s inertia in the case of pendula or limbs – and the
environment by means of the sensorimotor loop. Second, the nonlin-
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Figure 25: Stable dynamics of a SR-neuron with inhibitory self-
connection for a homeostatic bias and varying input. Bifurca-
tion diagrams of (A) the output τ(a), (B) the negative self-weight
w = −ξ η, (C) the receptor strength ξ, and (D) the transmitter
strength η for varying input I and a positive homeostatic bias
θ = +0.5. The cyan-shaded area marks the domain at which
the SR-neuron oscillates with a period-2 between the two gray
branches. The neuron shows a narrow range of input at which
the oscillatory and homeostatic activity are overlapping.

earity of the neural elements, leading to a hysteresis effect. Stated
differently, oscillations do appear if the system can “jump” from one
fixed point to another by following the slow transients generated by
the inertia of the body. If there is no hysteresis but the sigmoid is
steep as in Figure 20A,C, oscillations may appear but with much
smaller amplitudes, since there is no bistability interval to make the
transients longer, and these oscillations will not be sufficient to pro-
vide the full swing of a limb for successful locomotion. In the case of
a SR-neuron, hysteresis is provided by an excitatory self-connection
(see Figure 23), which leads to bistable motor outputs. The time de-
lay in the sensorimotor loop due to the physical characteristics of the
body, its inertia namely, then causes the slow oscillations, referred to
as reflex oscillations.

Before utilizing the SRN-dynamics and reflex loops for the loco-
motion of a Hexapod walking machine, we demonstrate that the
coupling of two such reflex loops leads to synchronization or anti-
synchronization, depending on whether the coupling is excitatory or
inhibitory. Coupling the hysteresis elements of two reflex loops by
symmetric excitatory connections (or a unilateral connection for that
matter) will enforce the synchronization of the resulting oscillations.
Correspondingly, inhibitory coupling will result in anti-synchroni-
zation. Two pendula are driven by servomotors placed at each pen-
dulum’s pivot and are angle-controlled (see Figure 26A). Each servo-
motor is driven by a motor neuron whose output range (−1,+1) is
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mapped to the desired angle range (−180◦,+180◦). The desired angle
is achieved through the servomechanism of position feedback, which
applies a force of up to 0.5 N, until the error between the actual and
desired angle is minimized. The parameters for the pendula are fixed
to 0.2 kg for the bob mass and 0.5 m for the rod length. The angular
position sensors are linear buffers, while the self-excitatory and the
motor neurons are SR-neurons, as shown in Figure 26B,C.

Figure 26D,E demonstrate the dependence of the oscillation ampli-
tude, and consequently its frequency, on the SR-neurons parameters.
β and γ are fixed to 0.1 and 0.01 respectively. δ is either 0.001 (Fig-
ure 26D) or 0.005 (Figure 26E). The behavior of each pendulum is
captured by its respective angular position sensor. By comparing the
sensory signals, coming from the angular position sensors (top panel
in Figure 26D,E), to that of the output of the motor neurons (bot-
tom panel in Figure 26D,E), one notices that, despite the presence of
damping, the pendula are oscillating harmoniously (sinusoidal mo-
tion with constant amplitude), although the outputs of the motor
neurons show a different behavior. This can be confirmed by per-
forming a Fourier analysis on the signals, which shows a single dom-
inant frequency in the signal produced by the sensor, indicating that
the pendulum generates a sinusoidal motion, i. e., a simple harmonic
oscillation, while the motor produces multiple harmonies. This is il-
lustrated in Figure 26F for δ = 0.001. One also observes that the
amplitude of oscillation depends on the quotient δ/γ. For growing
quotient δ/γ 6 1 the amplitude increases, and correspondingly, the
frequency decreases (Figure 26G). For δ/γ > 1, the hysteresis domain
widens to the point where the changing input is not enough for the
dynamics to cross the bistable region, so it converges to one of the
stable fixed points, and oscillations stop. These results, illustrated on
the anti-synchronous case with lateral inhibition, also apply to the
synchronous case with lateral excitation. The two cases are demon-
strated in Movie S1.

Interestingly, for pendula with nonidentical bob masses and rod
lengths, one observes the emergence of phase-locking phenomena,
but with differing oscillation amplitudes of the two pendula, as sh-
own in Figure 26H,I and also in Movie S1. A mathematical analysis
of this result is currently under development.

4.3.2.2 Controlling a Hexapod Walking Machine

It was demonstrated in [94] that reflex loops of SR-neurons can drive
the three joints of a single leg to induce locomotion of the modular
hexapod walking machine Octavio [138], shown in Figure 27A. Hav-
ing observed that excitatory (inhibitory) coupling of SR-neurons in
reflex loops leads to their synchronization (anti-synchronization), it
follows that this method may be used to couple the neurocontrollers
of single legs to get a walking behavior from the 18 degrees of free-
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dom of the hexapod walking machine. For setting up a promising cou-
pling structure, we assume that the protractor/retractor joint, named
the ThCx-joint, of the left and right frontal legs, L1 and R1 respec-
tively, gives the leading signals for the middle and hind legs (L2,R2
and L3,R3), and that the movement of these joints (of L1 and R1) needs
to anti-synchronize. Thus, reflex loops of ThCx-joints of L1 and R1

are laterally coupled by inhibitory connections. The reflex loop of the
ThCx-joint of the middle leg L2 (R2) receives an inhibitory synapse
from the reflex loop of the ThCx-joint of L1 (R1), while the corre-
sponding reflex loop of L3 (R3) receives an excitatory synapse from
its counterpart in L1 (R1). This coupling scheme, shown in Figure 27B,
should then lead to a typical tripod gate. The rationale behind this is as
follows. The controller of each leg consists of three reflex loops. This
entails that a leg could be considered as a high-dimensional reflex
oscillator. According to the results from the previous section, cou-
pling two reflex oscillators with an inhibitory connection would lead
to their anti-synchronization, and with excitatory connection would
lead to their synchronization. In other words, L1 and L3 would syn-
chronize, due to the excitatory coupling between the two. L1 would
also synchronize with R2, since the former is coupled to the latter
by a chain of two inhibitory connections, which is equivalent to an
excitatory coupling. The synaptic delay between L1, R2, and L3 is
maximally two time steps, which has no effect and can be ignored,
given the period of the reflex oscillations. This entails that the triplet
(L1,R2,L3) would go through the stance phase simultaneously, while
the anti-synchronous triplet (R1,L2,R3) would be in the swing phase,
which results in a tripod gate.

Starting with a single leg reflex loop controller, and demanding
the same controller structure for all the six legs, the described cou-
pling scheme did not immediately lead to successful walking. To cir-
cumvent this, the evolution environment of the NERD Toolkit [101]
was utilized for evolving the structure further, and optimizing the
bias values. The fitness function was given as “the distance walked
in forward direction in a given number of time steps”. Regarding
bias terms, a symmetry constraint was set to have identical left and
right leg modules. As for the network structure, a constraint is set
such that all legs are identical, and they follow the structure of L1.
Other constraints, such as distance of the central body from ground
or allowed joint angles, were not used in this case (also compare von
Twickel et al. [137] and von Twickel et al. [138]). Section 4.5 outlines
the details of the evolution process. Following evolution, the bias val-
ues of frontal, middle, and hind legs turned out to be different for
achieving better forward walking. This is due to the fact that their
task is different: frontal legs pull the body, while hind legs push the
body. Figure 27B displays the complete modular neurocontroller. The
resulting modules have identical structures for all legs due to the im-
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posed constraints, and one of these modules is detailed in Figure 27C.
SRN-parameters for this controller are set to β = 0.1, γ = 0.1, and
δ = 0.2, which matches their values in the reflex loop controller of a
single leg [94].

In addition to the simple reflex loops of the three joints from which
evolution started, we find here an additional neuron SRN4 with in-
hibitory self-connection, which forms an odd 2-ring with the neuron
SRN1 (the reflex loop of the ThCx-joint). This self-inhibitory neuron
SRN4 and its connections were added by structure evolution. This
additional structure induces period-2 oscillations, which at the first
sight, might appear as superficial or destructive. However, all con-
trollers that succeeded in achieving the forward motion of the body
included this oscillatory neuron, and analysis shows that inhibiting
these oscillations will result in a brake down of walking. Figure 27F
depicts the oscillatory odd 2-ring network, and Figure 27D,E show
the bifurcation diagrams of its SR-neurons’ output for a changing
input signal. One observes that the module behaves as a period-2
oscillator over most of the input domain. It oscillates around posi-
tive amplitudes for negative inputs and around negative amplitudes
for positive inputs. The asymptotic dynamics also shows a narrow
regime of quasi-periodicity in the middle, which has no effect on be-
havior, since the dynamics passes over this domain for a short transi-
tory period. This becomes clearer from Figure 27G, which illustrates
the effect of a sensory signal sweeping over the interval [−1, 1] on the
oscillatory module. The sensory signal sweeps over the interval with
a frequency comparable to that of the ThCx-joint oscillations. This fur-
ther highlights the dependence of the oscillation amplitudes on the
sensory signal. We postulate that these oscillations are necessary for
behavior because they increase the range of admissible outputs. By
having a changing mean value, which depends on the input strength,
SRN4 allows for motor signals that are not restricted to the τ(a∗±)
values provided by reflex loops. Furthermore, the oscillatory effect of
SRN4 is not seen anymore on the sensory signals coming from the
joint angle sensors, as illustrated in Figure 27H. The oscillatory sig-
nal also has no direct effect on behavior in the sensorimotor loop. As
demonstrated in Figure 27I, it only results in small amplitudes at the
motors, and the effective motor signal corresponds to the mean value
of these oscillations.

Walking starts with feet having ground contact. That the walking
pattern is not a perfect tripod gate, but still represents a reasonably
good walking behavior, can be read from Figure 28. As the walking
pattern of Octavio in Figure 28 indicates, the stance phase of the
middle legs are considerably shorter than those of the frontal and
hind legs. Nevertheless, there is a uniform timing of the phases so
that walking on a flat surface is stable. That is, one notices that the
stance phases of the triples (L1,R2,L3) and (R1,L2,R3) proceed almost
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periodically from one step to the next, which is a signature of stable
tripod forward locomotion (see Movie S2 for demonstration).

In summary, although the suggested basic neural structure, the sim-
ple reflex loops, does not produce the desired behavior, an additional
structure, even when adding oscillations, will generate this behavior.
Here it appears that walking is driven by mean values of fast oscil-
lations. The amplitudes are small at the motors and integrated away
by the body as can be seen from the (noisy) sensory signals. One can
also observe that inputs crossing bifurcation points, as is shown for
instance in Figure 27G, do not derogate the desired behavior.

4.3.2.3 Obstacle-Avoidance with a Wheel-Driven Robot

The SRN-dynamics is not restricted to the control of coupled reflex
loops. We now show how a network of SR-neurons can be used by
a wheel-driven robot (Figure 29A) to navigate its environment and
avoid obstacles (Figure 29B). The wheel-driven robot is called Al-
ice (see Figure 29A). Alice is endowed with five long-range distance
sensors in the frontal part of the body and are used for detecting ob-
stacles. Each of Alice’s two wheels is controlled independently by a
motor neuron that drives a velocity-controlled servomotor. Each mo-
tor neuron’s output range (−1,+1) is mapped to the corresponding
servomotor’s desired velocity range (−20◦,+20◦) per time step. The
desired velocity is achieved through the servomechanism of position
feedback, which applies a torque of up to 2 N·m, until the error be-
tween the actual and desired velocity is minimized. A preliminary
example for a Khepera robot was also presented in [143], where the
neurons had a different SRN-dynamics and a logistic sigmoidal non-
linearity, and a simpler neurocontroller was used. In what follows,
we elaborate on the role of the current SRN-dynamics in achieving a
successful obstacle-avoidance behavior, and we compare the behavior
to the previous approach.

Figure 29C shows the control network using SR-neurons for obst-
acle-avoidance. It consists of three layers. The sensory layer assem-
bles the five distance sensors into three groups corresponding to left,
center, and right distance sensors, i. e., Sleft, Scenter, and Sright respec-
tively. The input layer projects into a layer of hidden neurons of the
self-regulating type. The hidden layer in its turn projects to the mo-
tor layer. The three sensor neurons and the motor neurons Mleft and
Mright are standard additive neurons with a hyperbolic tangent trans-
fer function.

In order to understand the functioning of this network in control-
ling obstacle-avoidance, and the role of the self-regulating dynamics
in achieving this, we look in more detail into the hidden layer. It
consists of two SR-neurons: SRNleft and SRNright. Both are receiving
input from Scenter. SRNleft is connected to the left-side distance sen-
sors and in turn projects to the right motor. The reverse is true for
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SRNright. The SR-neurons are self-coupled with excitatory synapses.
As shown in Figure 29D, an obstacle approached from the left side
inhibits SRNleft and the sign of its output changes into negative. This
in turn leads the velocity of the right wheel to become negative which
corresponds to a backward rotation of the wheel. Due to the lateral
inhibition of SRNright by SRNleft, the left motor neuron Mleft is excited,
and the left wheel rotates faster in the forward direction. The combi-
nation of the backward rotation of the right wheel and the forward
rotation of the left, leads Alice to turn to the right, and away from
the left-side obstacle.

The switch of the sign of a self-regulating neuron in the hidden
layer is particularly important when approaching a narrow corner. It
is simply not sufficient for the output of the neuron to decrease due to
the inhibition from the distance sensors. If this switch did not occur,
Alice would turn right but it would keep going forwards with less
velocity, and it would not be able to avoid the sharp corner. In addi-
tion, the hysteresis effect resulting from the self-excitation allows the
SR-neuron to memorize the history of its input, which is necessary for
the avoidance behavior to continue in the same direction, preventing
the robot from getting stuck (see Movie S3). Figure 29E,F show how
the dynamics of SRNleft changes when a narrow corner is approached
from the left (Figure 29G). The bifurcation diagram shows a hystere-
sis phenomenon where the neuron’s output is bistable for a narrow
range of input (recall the analysis of self-excitation above). The sign of
the output SRNleft only changes when the input is strong enough to
cross the hysteresis domain. Bistability, and the resulting hysteresis,
which are necessary for behavior, cannot be explained from a par-
ticular component of the 6-dimensional dynamical system that is the
hidden layer. The same network structure with no self-regulating con-
nectivity can achieve the same effect if the weights were fine-tuned
by hand or through evolution. For instance, it was shown in [54] that
with a similar controller but with standard hyperbolic tangent neu-
rons, the self-connections should be set above the critical value of
wc = 1 for the hysteresis phenomenon to occur. Figure 29E,F shows,
however, that with SR-neurons, the phenomenon occur without the
self-connection crossing the critical value. These observations are also
confirmed in the plots in Figure 29D. In other words, these proper-
ties emerges from the SRN-dynamics. In the previous study by Zahedi
and Pasemann [143], the different SRN-dynamics and neurocontroller,
where also capable of memorizing the history of the stimulus, allow-
ing the Khepera robot to avoid narrow corners. However, due to the
logistic sigmoidal nonlinearity being strictly positive, the robot was
only capable of slowing down when turning away from narrow cor-
ner. On the other hand, the ability of current model to generate a
negative motor output allows Alice to turn in place, and as shown
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in Figure 30, to avoid more challenging obstacle scenarios, where the
robot is at a close proximity to the walls and corners.

4.4 discussion

We demonstrated that SR-neurons have a wide range of functions, de-
pending on their bias terms and inputs coming from sensors or other
neurons in the network. Without self-connection, they can serve as
self-regulating units that are able to stabilize their activation around
two desired outputs, which, in a way, correspond to low (a∗−) and
high (a∗+) activity. For bias terms outside the interval (a∗−,a∗+), SR-
neurons may get dysfunctional, i. e., their receptor strength converges
to zero. Adding self-excitation to a neuron preserves the neuron’s
homeostatic properties, and introduces bistability, which allows the
neuron to exhibit a hysteresis effect over a certain input range. A sec-
ond operational mode of SR-neurons, due to self-inhibition, is that of
a period-2 oscillator with varying and shifted amplitudes, depending
on the bias and input.

Afterwards, we studied the properties of SR-neurons when oper-
ating in the sensorimotor loop. That is, SR-neurons are driven by
changing sensory inputs, and they generate motor signals accord-
ingly, which in their turn drive the actuators of an animat. From
experiments with pendula, single legs [94], and hexapod walking ma-
chines, one concludes that SR-neurons are suitable for coupling reflex
loops, because desired sensory inputs do change frequently or are os-
cillating. As a result, and due to SRN-dynamics, appropriate mean
values of synaptic efficacy adjust themselves properly. However, ex-
amples from networks controlling wheel-driven robots demonstrate
that the function of SR-neurons is not restricted to reflex loops. Even
if sensory inputs are not often changing, as is the case when no ob-
stacles are present, mean values of the synaptic efficacies self-adjust,
depending on the connectivity and the bias values, so that a desired
behavior is achieved. It is worth noting that in the example of the
wheel-driven robot, motor neurons are not self-regulating. However,
choosing them to be self-regulating leads qualitatively to the same
behavior.

The SR-neuron with excitatory self-connection is of particular im-
portance for the control of an animat in the sensorimotor loop. The
hysteresis effect such a module exhibits provides the neuron with a
working memory of the stimulus history, which allows it to produce
oscillatory output. The period of these reflex oscillations depends on
the width of the hysteresis domain, which is a function of the SR-
neuron’s parameters. This was the basis for generating the locomo-
tion behavior of the hexapod walking machine. This dependence on
input history also allowed the wheel-driven robot to turn in place
and away from sharp corners by “remembering” the direction of the
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obstacle long enough to swing away from it. A SR-neuron with ex-
citatory self-connection is a particular instance of a class of systems
that exhibit bistability, and as a corollary, hysteresis. Namely, every
ring of standard sigmoidal neurons undergoes a bifurcation for some
values of the weights and biases, if and only if the number of in-
hibitory synapses is even, which leads to the existence of two fixed
point attractors (bistability), in addition to coexisting periodic attrac-
tors [93]. The bistability phenomenon is also relevant to genetic net-
works, and is shown to exist in these systems under similar conditions
[4]. The significance of SRN-dyanamics is that it pushes the neuron’s
parameters autonomously towards the bistable regime, allowing it to
implement a form of short-term plasticity, and the resulting working
memory of input history [147, 1, 79].

The design of the SR-neurons with two operating points provides
a natural implementation of the principles of step mechanisms and
ultrastability suggested by Ashby as main ingredients of adaptive be-
havior [8]. These concepts are better explained through the example
of obstacle-avoidance by the wheel-driven robot. The essential vari-
ables of this system are the readings of the distance sensors, which
should remain close to their minimum for the survival of the robot.
When the stability of the moving-forward behavior is broken due to
the approach of an obstacle from the left, it triggers the change of
value of a step mechanism implemented in the left SR-neuron by the
SRN-dynamics, while no change occurs at the right SR-neuron, i. e.,
a new behavior, turning-right, becomes stable. In other words, while
the actions of the robot are continuous, only four stable modes of
behavior are identified by the two step mechanisms provided by the
two SR-neurons. These allow the robot to keep its essential variables
within the desired range: the robot’s behavior is ultrastable.

Synaptic plasticity with homeostatic regulation has been applied
several times in the context of evolutionary robotics [31, 45, 109], and
has been related to Ashby’s theory [8] as well. In these studies, neuro-
controllers for autonomous robots are evolved such that each synapse
is assigned a synaptic plasticity rule from a set of possible variants of
Hebbian plasticity. Synaptic dynamics get activated only when neu-
ral output diverges from a selected homeostatic domain. Others in-
vestigated comparable mechanisms where homeostasis was also dis-
cussed in the context of walking behavior [51, 52]. Our approach dif-
fers from those in that homeostatic stability is achieved using a single
plasticity mechanism, and in that it is written completely in dynamic
terms. The SRN-dynamics is also related in part to the BCM theory
[12, 25]. Both the BCM rule and SRN-dynamics achieve stability of
synaptic weights through a quadratic dependence on postsynaptic
activity, and on a threshold that separates the regimes of synaptic de-
pression and potentiation. However, unlike BCM learning, it is not
necessary for the threshold a∗± of SRN-dynamics to be sliding. This
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is due to the fact that homeostatic stability, as is the case in Triesch
[132], is explicitly implemented in the receptor dynamics. However,
the SRN-dynamics differs functionally from the BCM rule in that the
latter is a learning rule while the former is not.

Obstacle-avoidance with wheel-driven robots is a benchmark task
in neural control, and successful controllers were found either thr-
ough synaptic plasticity of the weights that connect sensors to built-in
reflexes [44], the homeostatic regulation of a GasNet control networks
with artificial chemicals during evolution [134], or maintaining home-
ostasis by modulating the random reconfiguration of the conroller’s
parameters by artificial hormones [96]. The SRN-dynamics control of
the wheel-driven robot does not incorporate learning as in [44], and
unlike [134, 96] where the robot has to carry multiple tasks concur-
rently, Alice’s behavior is restricted to obstacle-avoidance. However,
in these studies, the neurocontrollers are derived and tested in spa-
cious maze-like environments [44], or in a featureless rectangular are-
nas [134, 96], and would not avoid narrow impasses or sharp corners.
On the other hand, neural control with SR-neurons exploits the full
potential of the recurrent neural network and the bistability resulting
from the synaptic dynamics to succeed where other controllers would
fail.

A hallmark of the current study is the derivation of a stable for-
ward walking behavior of a hexapod with 18 degrees of freedom, cor-
responding to the 18 joints of the insect-like robot Octavio. Beer and
Gallagher used an evolutionary process to derive a neurocontroller
to achieve stable walking of a hexapod [9]. While that hexapod also
contained 18 degrees of freedom, it only had 6 joints. Achieving sta-
ble behavior of a quadruped or a hexapod with multiple joints per
leg is far from trivial. For instance, Shim and Husbands used intrin-
sic chaos of weakly-coupled central pattern generators to search for a
neurocontroller of a quadruped with 8 degrees of freedom, and later
stored the successful controllers in the connections between the oscil-
lators using a form of synaptic plasticity [116]. While the same strat-
egy lead to a stable forward locomotion of a swimming robot, Shim
and Husbands reported that the behavior of the quadruped broke
after some time [116]. However, a stable 18-joints hexapod forward
locomotion is achieved using Walknet [111]. Walknet allows for a ver-
ity of behaviors and extensions to match the behavioral repertoire of
a stick insect [112]. This flexibility comes with the price of a highly
complex and heavily engineered controller with many non-neuronal
elements. On the other hand, the SRN-controller of Octavio provides
from simple design intuitions, and a small contribution from evolu-
tion (a single hidden neuron for each leg), a minimal architecture
with dynamic synapses that is, to this point, unprecedented.

From the experiments described here, it is obvious that an effec-
tive control also depends on convenient SR-parameters, which were
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currently picked by hand. However, these parameters can in prin-
ciple be optimized using evolutionary techniques provided, for in-
stance, by the NERD Toolkit [101]. The same applies to bias terms.
An alternative is to find suitable bias dynamics, which is a subject
of current research. Often, there are reasonable constraints on the
structure of more complex neural controllers. The NERD evolution
environment allows the use of functional substructures, symmetry
constraints, modularization, specific synaptic communication lines or
nerve bundles, and a variety of different neuron types like sensor neu-
rons, bias neurons, standard neurons, and SR-neurons [101]. These
capabilities were used, for instance, for the control of forward/back-
ward locomotion of a single leg [94], and the current control of loco-
motion of the hexapod walking machine.

In addition, the connectivity of the network is equally essential to
the synaptic dynamics for deriving an effective control. Instead of
finding solutions in a high-dimensional real-valued parameter space,
evolution can be utilized to find only those (−1, 0,+1) connectivity
structures on which the SRN-dynamics leads to a satisfactory behav-
ior. However, finding the real-valued bias terms remains a bottleneck,
due to the lack of an appropriate bias dynamics. An alternative ap-
proach to evolution in refining an agent’s behavior is the introduc-
tion of proprioceptive units that dissipate artificial neuromodulatory
signals. These units are placed within preconfigured networks that
are separate from the robot’s neurocontroller, and are responsible
for monitoring the robot’s behavior. For instance, a monitoring net-
work may be responsive to the robot’s failing to avoid an obstacle,
or approach food sources. When either undesired behavior occurs,
the monitoring network would stimulate its corresponding proprio-
ceptive unit. The latter would then release a signal that initiate the
learning of SR-parameters, bias terms, or connectivity structure dur-
ing the lifespan of the robot. The neuromodulatory signals stop when
the robot’s behavior is appropriate and the monitoring networks are
deactivated [103].

In the context of connectivity, an interesting property of a SR-neu-
ron is that it can turn off its input by reducing its receptor strength
down to zero, thereby becoming a “dead neuron”. This fact may be
used to facilitate the evolution of effective connectivity structures. For
example, starting with a fully connected network, the bias term of a
neuron may enter the dead neuron domain, either through evolution
or by accommodating bias dynamics. Taking such a SR-neuron, which
can not contribute to a behavior-relevant synaptic dynamics anymore,
out of the network will correspond to a mechanism like programmed
death of a cell and will prune the network structure.
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parameter initial stage final stages

Population size 200 100

Initial bias values ±0.1
Evaluation time 1000 5000

Number of tries 1 5

Elite individuals 10 3

Tournament size 5 13, down to 5 later

Bias mutation probability 0.1 0.1

Bias range [−0.3,+0.3] [−0.3,+0.3]

Distribution of bias change N(0, 0.01) N(0, 0.01)

Maximum number 5

of hidden neurons

Probability of inserting 0.01 0

or deleting a neuron

Maximum number 10

of new synapses

Probability of inserting 0.1 0

or deleting a synapse

Table 2: Parameters of the evolution process. Parameters are changed by
the experimenter at different points of the evolution process. The
initial values of the parameters are shown along with the values at
the end of evolution.

4.5 appendix : evolving a neurocontroller for hexapod

locomotion

The neurocontroller for forward locomotion of the Hexapod walk-
ing machine Octavio was evolved using the NERD Toolkit [101], an
open source software for research in evolutionary robotics and neuro-
robotics. The NERD Toolkit implements the Interactively Constrained
Neuro-Evolution method (ICONE) [102], which allows the experimen-
ter to adjust parameters during the evolution process, and to reduce
the search space by imposing constraints on the admissible network
structures.

The evolution process proceeds as follows. First, an initial popu-
lation of neurocontrollers is created. At each generation, individuals
are evaluated according to a given fitness function. Then, an elite of
the population is passed directly to the next generation. The popu-
lation reaches its full capacity through a selection strategy among
the individuals of the last generation. This is followed by adaptation
operations on the resulting population that involves modifying the
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bias terms and introducing new neurons and synapses, depending
on the imposed constraints. The experimenter may then decide to
change certain parameters of the evolution process. Table 2 summa-
rizes the relevant parameters and their values during the initial and
final stages of the evolution process. The following sections elaborate
on the different elements of the evolution process by which the suc-
cessful neurocontroller of Octavio was found.

4.5.1 Initial Population and Evolution Constraints

Each individual has the single leg reflex loop controller structure of
its frontal left leg L1 cloned to all six legs. The single leg controller
consists of 3 positively self-coupled hidden SR-neurons that are fixed
during evolution. Evolution then starts with 200 individuals. Regard-
ing bias terms, a symmetry constraint was set to have identical left
and right leg modules. As for the network structure, a constraint is
set such that all legs are identical, and they follow the structure of L1.
These constraints were enforced during the whole evolution process.
In the initial generation, bias values of the neural modules of the legs
L1, L2, and L3 were randomized to ±0.1, and then copied to those of
R1, R2, and R3, in order to preserve the lateral symmetry constraint.

4.5.2 Evaluation and Selection

At each generation, the performance of all individuals is evaluated for
several tries by the fitness function given by “the distance walked in
forward direction in a given number of time steps”. The final fitness
of an individual is the average fitness across tries. Introducing several
tries aims at evaluating an individual for changing neural initial con-
ditions and different noise in the sensors and motors. The evolution
process is split into several stages regarding evaluation time. It starts
at 1000 steps and a single try for an initial phase of several genera-
tions, after which, evaluation time is increased by the experimenter,
and it reaches 5000 steps, 5 tries each, at the final stages of evolu-
tion. The decision to increase the evaluation time and the number of
tries is mainly to ensure smoother and regular locomotion. It may
also be due to the plateauing of the population overall fitness, fol-
lowing the eradication of individuals that fail to produce substantial
forward locomotion in the shorter allotted evaluation time. In addi-
tion to increasing the evaluation time, the experimenter reduces the
population size down to 100 individuals at the final stages of evolu-
tion.

After evaluation, specifying the next generation involves selecting
a small elite of the fittest 3 individuals (the fittest 10 at the first stage).
Then, the population is completed to its capacity using a tournament
selection strategy [77], which goes as follows. A subpopulation of 5 in-
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dividuals at the beginning and up to 13 individuals in intermediate
stages is randomly selected with replacement. The fittest individual
of this subpopulation wins the tournament and is passed to the next
generation. This controls the distribution of fitness values of a popu-
lation during evolution.

4.5.3 Adaptation

Before proceeding to the next generation, all individuals undergo
three adaptation processes: inserting and deleting neurons, inserting
and deleting synapses, and bias mutation. Probabilities for these op-
erations are controlled by the experimenter.

The maximum number of allowed hidden neurons per leg module
is 5 (maximally, 2 new neurons). Neurons are added to the hidden
layer of the neural module of L1. Each of the potential 2 neurons has
a 0.01 initial probability of creation. The maximum number of new
synapses is 10, and each has 0.1 initial probability of creation. Both
sensory and hidden neurons are potential sources of newly added
synapses, while only hidden neurons are potential targets, all with
uniform probability. The weight of the added synapse is then random-
ized to ±0.1, and is now subject to the SRN-dynamics. After the first
initialization, a synapse never changes its sign. The deletion of neu-
rons and synapses use the same insertion parameters. The original
elements (the three hidden neurons and their efferents and afferents)
are protected from deletion.

The bias terms of the hidden and motor neurons of the three left
legs are all potential candidates for mutation by a Gaussian random
walk. The bias of each neuron is selected for mutation with 0.1 prob-
ability. If a neuron is selected, its bias is adjusted by a random value
drawn from a normal distribution with 0 mean and 0.01 variance.
All bias terms are truncated to remain in the range [−0.3,+0.3]. Af-
ter mutation, the new network structure is cloned to the other legs,
and bias terms of the neurons from the left legs are copied to their
contralateral counterparts to preserve the constraint.

After a successful structure with high fitness is found, the prob-
abilities of inserting new synapses and neurons is set to 0 by the
experimenter, so that evolution is focused on refining the bias terms.
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supplemental data

Experiments are performed using the NERD Toolkit [101], an open-
source software that can be used under an extension of the GNU
General Public Licence (GPL). The Software is available at

http://www.ultopia.de/drupal/nerddoc/

The following are provided as supplementary material:

Movie S1 corresponding to Figure 26, coupled reflex loops.

Movie S2 corresponding to Figure 27, hexapod forward walking, tri-
pod gate.

Movie S3 corresponding to Figure 29, obstacle-avoidance with wheel-
driven robot.

http://www.ultopia.de/drupal/nerddoc/
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Figure 26: Coupled reflex loops. (A) Simulator of two identical pendula.
The bob mass m1,2 = 0.2 kg and the rod length l1,2 = 0.5m. (B,C)
Coupled reflex loops for controlling the two identical pendula.
Angular velocity sensors are linear buffers. The self-excitatory
and the motor neurons are SR-neurons. (B) Lateral excitation
leads to synchronization. (C) Lateral inhibitory leads to anti-
synchronization. (D,E) Outputs of the angular velocity sensors,
the SR-neurons, and the motor neurons of the two identical pen-
dula, oscillating anti-synchronously due to inhibitory coupling. The
parameters of the SRN-dynamics are set such that (D) δ/γ = 0.1,
or (E) δ/γ = 0.5. (F) Fourier analysis of the signal coming from
the sensor (top) and the motor (bottom) for δ = 0.001. (G) The
effect of the quotient δ/γ on the amplitude and frequency of the
oscillations. (H-I) Nonidentical pendula. The effect of changing
(H) the bob mass ratio and (I) the rod length ratio on the phase
shift between the two pendula and on the relative amplitude of
their oscillation.
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Figure 27: Hexapod walking. (A) The physical simulation of the hexapod
walking machine Octavio (top), and of a single leg with the three
joints marked (bottom). (B) The SRN-controller for the hexapod
machine, highlighting the coupling scheme between the legs. (C)
The SRN-controller of a single leg. (D,E) Bifurcation diagrams
for varying sensory input I coming to the neuron SRN1. (D) the
output of SRN1, and (E) the output of SRN4 in the leg module
L1. (F) The oscillatory odd 2-ring network in the leg module L1.
(G) The outputs of SRN1 and SRN4 for a sweeping sensory signal
with a frequency comparable to that of the ThCx-joint oscillations.
(H) Sensory and (I) motor signals of the left frontal leg module
L1 during the hexapod walking.

0 100 200 300 400 500 600 700

time

Figure 28: Tripod gate of Octavio. The walking pattern resulting from the
neural control network of Octavio. Black regions mark the stance
phase of the corresponding leg, which is the time the foot is at
contact with the ground.
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Figure 29: Obstacle-avoidance with a wheel-driven robot. The two-
wheeled robot Alice with distance sensors and wheels shown.
(B) A typical navigation environment with obstacles. (C) A SRN-
controller for obstacle-avoidance. Both sensory and motor layers
have standard neurons. (D) Plots illustrating the dynamics of
obstacle-avoidance behavior. From top to bottom: Output of the
distance sensors; Output of the self-regulating neurons; Output
of the motor neurons; Strength of the self-coupling of the SR-
neurons. The shaded areas mark the time when Sleft or Sright are
sufficiently stimulated, and is color-coded to match the side from
which the obstacle is approached. (E,F) Bifurcation diagrams for
varying input from the sensor Sleft of (E) the output τ(a) and (F)
the self-weight w = +ξ η of SRNleft. The shaded area marks the
bistable domain. (G) The hidden layer of the obstacle-avoidance
control network at which the bifurcations (E,F) are observed. A
narrow corner approached from the left is emulated by stimulat-
ing the sensor Scenter and varying the input from the sensor Sleft.
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Figure 30: Robot trajectory during obstacle-avoidance behavior. The robot
is capable of avoiding sharp corners, while being at a close prox-
imity to the walls, due to hysteresis effects of the neurocontroller
and the hyperbolic tangent nonlinearity. The latter allows the
robot to stop and turn in place.



Part III

C O N C L U S I O N

We summarize the achievements of this thesis, and we
outline future directions.





5
C O N C L U S I O N A N D F U T U R E P E R S P E C T I V E

5.1 thesis’ achievements

Homeostasis is a universal biological process. By the virtue of stability
being a favorable state, natural selection perfected homeostatic mech-
anisms that act on multiple levels of biological organization. This in-
cludes regulatory genetic networks [80], single neurons and their af-
ferents [145, 133], recurrent neural networks [126, 100], and even the
whole organism’s innate [20] and learned behavior [8].

In this thesis, we focused on the recurrent neural network level of
organization. The reason behind this choice relates to the questions
we aim to answer: Is homeostasis a regulatory process only or is it
computationally relevant? If it is computationally relevant, what is
the most general class of neural computations we expect homeosta-
sis to contribute to solving? What are suitable models for this class
of computations? Finally, are the answers to these questions specific
to neural information processing, or are they transferable pieces of
knowledge? We review the contributions of this thesis in answering
these questions in the following sections.

5.1.1 Is Homeostasis Computationally Relevant?

This question is answered in the affirmative by maximum entropy
models of homeostatic plasticity [123, 131, 132, 110] (see Section 1.2.2).
These studies show that homeostatic plasticity enhances neural infor-
mation transmission, and when interacting with associative synaptic
plasticity, discovers nonlinear features of the input stream.

The three studies in this thesis also confirm the computational role
of homeostasis. In Paper I, we showed that homeostatic intrinsic plas-
ticity increases recurrent neural networks’ entropy and, by doing so,
it boosts the neuronal bandwidth. We showed that this is a necessary
ingredient for carrying out nonlinear spatiotemporal computations,
and for network noise-robustness.

We introduced in Paper II a model of homeostatic plasticity act-
ing on the temporal distances between the computational units, or
v-nodes, of a single node delay-coupled reservoir (DCR). Consistent
with our findings in the previous paper, we showed that homeostatic
plasticity creates a fine balance between the DCR’s entropy and its
sensitivity to input history, which suggests that principles of neural
information processing generalize to very different systems than the
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brain. This balance led to a substantial increase in the DCR’s perfor-
mance in nonlinear spatiotemporal computations.

We designed in Paper III a homeostatic synaptic plasticity model
that assures maximum nonlinear transformation of sensory signals ar-
riving to the neurocontroller of an autonomous agent. By the virtue
of having two maximally-nonlinear homeostatic states at the disposal
of each neuron, the autonomous agents were able to generate multi-
ple stable behaviors, such as the stance and sway phases for a hexa-
pod locomotion, and forward, turn-right, and turn-left behaviors of a
wheel-driven robot.

5.1.2 Which Class of Computations Is Homeostasis Relevant for?

We argued in this thesis that appreciating the full potential of neural
information processing requires studying the more general class of
spatiotemporal computations. Spatiotemporal computations are the abil-
ity of a system to integrate incoming information in space and time,
and to transfer the resulting whole in a functionally relevant manner.
This class of computations was originally studied by the reservoir
computing community [19], and models by Lazar et al. were the first
to study homeostatic and spike-timing-dependent synaptic plastic-
ity for spatiotemporal computations within the reservoir computing
paradigm [67, 68]. However, principal understanding of the function
of homeostatic and other forms of plasticity in regard to spatiotem-
poral computations remained lacking.

Recall Objective 1 as outlined in Section 1.3:

Developing a rigorous representation theory of spatiotem-
poral computations.

A major part of Paper I was dedicated to developing such a the-
ory. We identified the representation of a spatiotemporal pattern (or
a function over a spatiotemporal pattern) as the set of responses this
pattern elicits in a neural network. This formalism was the means for
a geometric interpretation for homeostatic plasticity’s computational
role: We showed that the increase in entropy due to homeostatic plas-
ticity results in an expansion-in-space of representations as defined
above. This expansion is also the signature of redundancy as a mecha-
nism for noise-robustness.

As discussed in Section 5.1.1 above, the homeostatic plasticity mech-
anism in Paper II improves the spatiotemporal computational capa-
bilities of the DCR.

A different approach to spatiotemporal computations was taken in
Paper III. We argued that an autonomous agent’s behavior comes in
response to changes in its sensory input. We showed that the ten-
dency to approach the two homeostatic states of the model neuron
within the agent’s neurocontroller results, under some conditions, in
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the emergence of bistability. Bistability, in turn, allows under varying
stimulation for short-term sensory memory. All in all, homeostasis
and bistability make it possible for the agent to generate behavior as
a reaction to these sensory memories.

5.1.3 What Are Suitable Models for Spatiotemporal Computations?

Since spatiotemporal computations require integrating information
over time, a dynamical system becomes the natural model choice,
since temporality becomes native to the model. In addition, since the
incoming information to the dynamical system is always changing ac-
cording to the environment dynamics, the dynamical system becomes
nonautonomous.

It is reasonable to assume that the brain exploits the high recur-
rency in its networks [33, 32, 34, 140] to achieve its spatiotemporal
computational demands within its changing surrounding. Paper I
was the first, to the best of our knowledge, to introduce the theory
of nonautonomous dynamical systems to the study of spatiotempo-
ral computations and plasticity. Recall Objective 3 in Section 1.3:

Arguing for controlled bifurcations as a useful compu-
tational tool, which is shaped by the different plasticity
mechanisms.

We identified in Paper I the nonautonomous attractor of a model
recurrent neural network under varying stimulation. We considered
this attractor as a moving target of the dynamics which has the fol-
lowing properties: (1) its geometry is shaped by plasticity. (2) At each
point in time, this attractor’s spatial location is identified by the cur-
rent stimulus, and thus by the stimulus’ representation. We observed
that when moving, the nonautonomous attractor changes its topo-
logical properties, which corresponds to a bifurcation in the network
dynamics that is parametrized by the stimulus. The role of plasticity
in this picture of spatiotemporal computations is to specify the rel-
evant positions of the attractor’s non-coexistent constituents as they
change over time.

The DCR model in Paper II is a nonautonomous delay differen-
tial equation that is governed by fixed-point asymptotic dynamics for
each input value. As such, with the change of input, the attractor of
the DCR does not bifurcate, but morph, in the sense that it preserves
its fixed-point topology, but shift to a different location of the phase
space. Unlike the network model in Paper I, the DCR is a continuous-
time dynamical system. This entails that our representation theory
and the nonautonomous dynamical systems perspective of spatiotem-
poral computations do not apply. However, given the similar observa-
tions in regard to the effects of plasticity in both models, we speculate
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that a unifying theory of both discrete and continuous-time systems
is in reach.

Similarly in Paper III, a recurrent neural network is used for con-
trolling the autonomous agent as it reacts to the changing stimulation,
coming from its sensors. This renders the neurocontroller a nonau-
tonomous dynamical system. We showed that due to the influence
of the varying stimulation, and under certain conditions, a neuron
within the neurocontroller undergoes a bifurcation from one homeo-
static state to the other. These bifurcations result in hysteretic effects
which generate the short-term memory necessary for behavior.

5.2 nonautonomous graphs

In this section, we propose an extension to the theory of nonau-
tonomous dynamical systems that would include the original theory
as a special case.

The three nonautonomous dynamical systems presented in this the-
sis all assume a unidirectional coupling between a driven and a driving
dynamics. That is, these models are expressed as a triangular system
of difference or differential equations [63]. As an example, the follow-
ing triangular system of difference equations is autonomous:

xt+1 = f(xt), (70)

yt+1 = g(xt,yt), (71)

and its dynamics is that of a skew product flow (see Definition C2 in Sec-
tion 2.7). The interaction of this dynamical system’s components and
the unidirectional nature of their coupling can be expressed graphi-
cally in Figure 31A. The subsystem x is the driving dynamical system,
and due to its forcing, the subsystem y has a nonautonomous flow.
The subsystem y corresponds to the kWTA spiking neural network in
Paper I, the delay-coupled reservoir in Paper II, and the neurocon-
troller in Paper III. These nonautonomous dynamical systems are
driven by a stochastic dynamical system in Paper I and II [7], but
by the deterministic sensory signals provided by the environment in
Paper III.

Consider the following scenario, similar to the model in Paper I.
A recurrent neural network with state x undergoes activity-dependent
plastic changes which act on the synaptic weights w and the firing
thresholds θ. During the plasticity phase, the network is also subject
to Markovian drive δ. The full dynamical system, consisting of the
network state x, the plastic elements w and θ, and the drive δ is
expressed by the following system of difference equations:
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δt+1 = f1(δt), (72)

wt+1 = f2(wt, xt), (73)

θt+1 = f3(θt, xt), (74)

xt+1 = f4(δt,wt, θt, xt). (75)

A graphical representation of the interactions between the elements
of this dynamical system clearly shows that the coupling is not unidi-
rectional anymore (see Figure 31B).

B CA

Figure 31: Graphical representations of nonautonomous graphs. (A) Skew
product flow. (B) Input-driven plastic recurrent neural network.
(C) autonomous agent acting in the sensorimotor loop and affect-
ing its environment.

A second situation with bidirectional coupling is the scenario con-
sidered in Paper III. Even with no plastic dynamics of its neurocon-
troller, an autonomous agent’s sensory readings σ are at the agent’s
disposal for generating motor behavior µ. On the other hand, the mo-
tor behavior may bring the agent to a location where a food source
exists, thus changing the sensory input of the agent. Moreover, the
environment ε within which the agent lives need not be fixed, either
due to its own dynamics, or because the agent’s motor actions may
influence it directly (by consuming food sources or pushing around
objects, for example). This form of interaction may be expressed math-
ematically by the system of difference equations:

εt+1 = f1(εt,µt), (76)

σt+1 = f2(εt,σt,µt), (77)

µt+1 = f3(σt,µt). (78)

as graphically represented in Figure 31C.
In the above cases, the full system is an autonomous dynamical

system with nonautonomous parts. However, the unidirectional skew
product formulation cannot account for the parts’ dynamics. There-
fore, we suggest nonautonomous graphs as a more general formalism
of nonautonomous dynamical systems that can account for systems
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such as those in Figure 31B and 31C. We might be interested, for
instance, in describing the stable configurations an environment con-
verges to under the changes afflicted on it by an autonomous agent.
Or it may be necessary to describe the changes in the attractor land-
scape of a network as a result of plasticity. We observed in Paper I,
for instance, that during the plasticity phase a SIP-RN’s dynamics is
first dominated by the input-insensitive attractor. At some point, a
bifurcation-like transition occurs where the input-sensitive attractor
appears, and the system becomes bistable.

Similar phenomena, as our examples suggest, are not uncommon
in biological systems. As such, a future mathematical research pro-
gram dedicated to the study of nonautonomous graphs becomes cru-
cial. At this point, we can only speculate about the value such a new
mathematical concept could provide us for the study of complex bi-
ological dynamics. The introduction of this concept as outlined here
is still informal. A rigorous theory first requires a formal definition
of nonautonomous graphs, similar in structure to that of processes
or skew product flows. This needs to be followed by extending no-
tions of nonautonomous stability, attractivity, and bifurcations to this
class of systems. Also, as we demonstrated in Paper I, a theory of spa-
tiotemporal representation and computation is necessary. Therefore,
this theory must be reformulated within the new framework.
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