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Abstract

The question whether and how closed quantum systems equilibrate is still debated today.

In this thesis a generic spin system is analysed and criteria to classify unique equilibra-

tion dynamics are developed. Furthermore, the eigenstate thermalization hypothesis is

investigated as a possible cause for the unique equilibrium. For both problems novel

numerical methods for solving the time-dependent Schroedinger equation based on se-

ries expansions and typicality are developed. Furthermore, the problem of markovian

dynamics on the level of single measurements is discussed.
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1. Introduction

When a cup of hot coffee is prepared and left alone in a room for quite some time the

coffee will have emitted heat to the air in the room and both systems “air” and “coffee”

will have reached the same temperature (the larger room a littler higher than before,

the cup of coffee unfortunately a lot lower than before). This effect which is a descrip-

tion of thermalization in physics laymen terms is widely observed in our macroscopic

world. Thermalization is universal in the sense that it happens to every combination of

macroscopic systems which differ in a certain thermodynamic variable like temperature,

pressure, etc. with the equilibrium not depending of the microstate of the system at

time of preparation. Therefore, the scenario with the hot coffee and cold air could be

prepared again and again with the same temperature difference but more or less uncon-

trolled otherwisely and the measured decay of temperature into equilibrium would still

be the same.

On a macroscopic, phenomenological level these processes are well understood and can

be found in every standard textbook on thermodynamics. Essentially, thermodynamic

variables evolve following a diffusion process, which means that the relaxation towards

equilibrium of the considered thermodynamic variable is Markovian and autonomous

(there are no relevant hidden variables) in the sense that regardless of the difference

in this variable between the considered systems at time of preparation the relaxation

dynamics all have the same relaxation constant and are free of memory effects. While

from a phenomenological point of view it is clear what to expect in such a scenario

its microscopical foundations are still a topic of research [1, 2, 3]: From a microscopi-

cal perspective every system regardless of its size is mechanical. Therefore, the above

mentioned thermalization process must be somehow included in the physical description

of quantum mechanics since all systems can be ultimately described as a closed quan-

tum system. But the fundamental equation governing quantum mechanics, the time-

dependent Schroedinger equation, is linear and does not feature any attractive fixed
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point. Therefore, bridging the gap between quantum mechanics and thermodynamics is

still a subject of research today although both disciplines of physics have been subject to

research and discussion for a long time. Consequently, already in the early formulations

of quantum mechanics [4, 5, 6, 7, 8] the question about the relationship between quantum

mechanics and thermodynamics arose. A central point in the discussion is the reconcilia-

tion of unitary quantum dynamics (featuring no fixed point) with the equilibrating, rate

equation-type dynamics of non-equilibrium thermodynamics (featuring a fixed point). In

this debate various concepts have been introduced such as “typicality” [5, 9, 10, 2, 11, 12],

“pure state quantum statistical mechanics” [13, 14, 15] “eigenstate thermalization hy-

pothesis” [5, 16, 17, 18, 19], “thermal environment coupling” [20, 21, 22], and many

more. Recently, experiments in an optical lattice with ultra-cold atoms have been per-

formed to study the relaxation dynamics in an interacting many-body system [23]. Also

the thermalization dynamics itself, beyond the mere existence of equilibrium, has gained

attention: Fokker-Planck equations for some closed finite quantum systems have been

suggested [24, 25, 26, 27].

In this thesis the above mentioned, archetypical example of non-equilibrium thermody-

namics (a hot and cold body exchanging heat and thermalizing) is discussed on a closed

quantum system which shall stand as a model for this scenario on a microscopic level. It

is checked whether its dynamics according to the standard time-dependent Schroedinger

equation show signature signs of thermodynamic behavior in the sense as mentioned

above. The eigenstate thermalization hypothesis is discussed for this quantum system

as a possible factor in its unique equilibration process and a novel method for analyzing

the eigenstate thermalization hypothesis is developed for Hamiltonians which are too

large to be diagonalized in reasonable time utilizing numerical methods used in solving

systems of ordinary differential equations.

This thesis is organized as follows: In chapter 2 the fundamental concepts of equili-

bration and thermalization are briefly introduced and discussed and the “axioms of

unique equilibration” derived from macroscopic observations, which are later used to

classify thermalization in quantum systems, are also developed. In chapter 3 the closed

quantum system which is analyzed in this thesis, namely the anisotropic Heisenberg lad-

der, and its Hamiltonian and key observables are introduced. Furthermore, numerical

methods such as the Runge-Kutta and Chebyshev expansion, which are used to solve

the Schroedinger equation for this system, are introduced and discussed in terms of effi-

ciency, errors and initial states. Chapter 4 presents the results of solving the Schroedinger
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equation for the anisotropic Heisenberg ladder and their comparison to the expectations

for thermodynamic behavior. Also the eigenstate thermalization hypothesis is checked

for this quantum system and the novel method for this which does not rely on exact

diagonalization but rather on pure typical quantum states is introduced. In chapter 5

the consistent history formalism is discussed as a possible interpretation of quantum me-

chanics which can assign probabilities to a sequence of projective measurement outcomes

on a closed quantum system. On a rather simple example quantum system it is checked

whether Markovian dynamics can be achieved on the level of single measurements using

the consistent history formalism.

During my time at the university Osnabrueck I also worked on the topic of transport in

disordered quantum systems. Because this is only a small part of my work and loosely

connected to the topic of equilibration, the discussion of transport phenomena in ran-

dom quantum systems is omitted here. It can be found in [28] (see also the list of my

publications in Appendix B).
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2. Concepts of Equilibration and

Unique Equilibration

In this chapter the fundamental concepts regarding equilibration and unique equilibra-

tion will be discussed. First of all these terms will be defined by means of a phenomeno-

logically derived system of axioms, which will be later applied to a quantum system.

Then concepts and mechanisms of equilibration and unique equilibration for quantum

systems, which are already present in the literature, will be presented. These include the

“eigenstate thermalization hypothesis”, adding extra terms to the Schroedinger equation

and a discussion of open quantum systems.

2.1. Axiomatic description of equilibration dynamics

From a phenomenological viewpoint unique equilibration can be defined by considering

a scenario which is archetypal for non-equilibrium thermodynamics: Imagine two macro-

scopic bodies which are coupled to one another but are isolated from the environment.

They are prepared at time t = 0 in a way that a coarse, macroscopic observable like

the temperature difference (or particle number difference, pressure difference and so on)

between the two bodies (which will be called x from now on) is non-zero. With this

gedankenexperiment based on the every day experience of thermodynamics the key as-

pects of unique equilibration can be determined. The dynamic of the above mentioned

observable x in such a system has a unique, attractive fixed points and is autonomous

and Markovian, too. This means that the dynamics of x are free of memory effects,

independent of its initial value at time t = 0 and are not effected by any other variables.
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2.1 Axiomatic description of equilibration dynamics

Thus it can be described by a first-order differential equation of the form

ẋ = −R(x)x (2.1)

If we, for example, choose that the two bodies are a hot and a cold cup of coffee with x

being the temperature difference then (2.1) is Newton’s law of cooling.

With this in mind the difference between unique equilibration and equilibration can be

described quite easily: While “unique equilibration” means that for all initial values of x

the same long-term value is reached by Markovian dynamics, “equilibration” is a much

weaker condition: For a system to equilibrate not all dynamics starting from different

initial values have reach the same long-term value nor need equilibration dynamics to

be Markovian and free of memory effects.

Since x is in some sense a statistical variable (its a coarse observable averaged over

microscopic dynamic of a large number of microscopic constituents of the two bodies)

its variance can be defined as σ2 = 〈x2〉 − 〈x〉2. If we would prepare a large number of

this experiments in the same initial state regarding x and compare their dynamics no

differences would be measurable. Thus σ2 is small compared to the overall scale of the

expectation values of x in the macroscopic limit.

Let us now assume that x has a discrete spectrum of possible values (or a continuous

which is then coarse grained). Because of the statistical nature of x and its Markovian

dynamics another demand for thermalization dynamics in this sense is that the prob-

ability Px(t) of measuring a certain value of x during its dynamics is described by a

(Pauli) master equation
d

dt
Px(t) = −

∑

x′

Rx,x′Px′(t) (2.2)

where R is matrix with transition probabilities Rx,x′ from x′ to x. Conservation and

normalization of probability require the following conditions on R.

∑

x

Rx,x′ = 0 (2.3)

Rx′,x′ = −
∑

x 6=x′

Rx,x′ (2.4)

Since (2.2) is a valid description of all possible Markovian processes, a criterion for

classifying a quantum dynamic as a one with dynamics in accordance with thermody-
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2.2 Equilibration in Quantum Systems

namics will be the possibility to find a matrix R so that (2.2) generates a dynamic for

Px(t) which is in accordance with quantum dynamics for 〈x〉 and σ2. All in all, the above

considerations describe a “recipe” for comparing actual quantum dynamics of an observ-

able which is analogue to the one described in the example above to phenomenological

understanding of macroscopic thermodynamic behavior:

• Unique Equilibration: Do the dynamics of an observable x feature an unique,

attractive fixed point and are they Markovian and free of memory effects (Fig. 2.1

shows an illustration of such behavior)?

• Autonomy: In the limit of large system is the variance σ2 small compared to scale

on which the dynamics of x happen?

• Stochasticity: Can the dynamics be described by a Pauli master equation (2.2)

and what assumptions have to be made about the structure of matrix R?

Note that third criterion “stochasticity” is expected to be true from experience with

well understood phenomenons like Brownian motion, but is in this scenario experimen-

tally inaccessible because the autonomy criterion masks all stochastic behavior on a

macroscopic scale. Before these hypotheses are tested theories about the mechanisms of

equilibration and thermalization of quantum systems already present in the literature

will be discussed.

2.2. Equilibration in Quantum Systems

As mentioned above “equilibration” can be defined as the dynamics of a certain observ-

able having an attractive fixed point but this fixed point need not be unique. Further-

more, nothing is said about how this fixed point is reached such that the dynamics need

not be Markovian, etc. as is demanded in the above definition for thermalization.

For quantum systems the notion that equilibration exits may seem confusing at first

since the time-dependent Schroedinger equation does not feature any fixed point at all.

While this is true, it is possible to find equilibrating systems by imposing a condition

on the Hamiltonian Ĥ, which has been shown in [29, 13, 30].
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2.2 Equilibration in Quantum Systems
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Figure 2.1.: A sketch illustrating the difference between equilibration and unique equi-
libration. While the system with unique equilibration features an unique,
attractive fixed point, so that all dynamics relax towards the same equilib-
rium value regardless of initial state with the same relaxation constant, this
is not the case for system which just equilibrates.
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2.2 Equilibration in Quantum Systems

The only assumption about the Hamiltonian needed is that it has non-degenerate energy

gaps, which means, given energy eigenvalues Ek, El, Em, En of the Hamiltonian, the

following expression is true

Ek − El = Em − En ⇒ (Ek = El and Em = En) or (Ek = Em and El = En) (2.5)

Equation (2.5) means that choosing two pairs of eigenvalues with four different indices

they cannot have the same energy distance from one another, thus eliminating ,for

example, the harmonic oscillator from quantum systems able to show equilibration. Note

that systems with degenerate eigenvalues (which arise from symmetry for example) are

still viable for fulfilling (2.5). However, this condition means that given a Hamiltonian Ĥ

and two arbitrary decompositions of this system ĤA, ĤB the Hamiltonian cannot be of

the form Ĥ = ĤA ⊗IB + IA ⊗ ĤB with I the identity. Thus, any possible decompositions

of the Hamiltonian are coupled or all subsystems interact with each other if you will.

With the assumption (2.5) fulfilled for a given Hamiltonian Ĥ, the time average of a

quantum observable x̂ in a state |ψ〉 x = 〈ψ(t)|x̂|ψ(t)〉t can be computed. Let Ei〉 denote

an eigenstate of the Hamiltonian then the time evolution of |ψ〉

|ψ(t)〉 =
∑

n

cne
−iEnt/~|En〉 (2.6)

with cn = 〈ψ(0)|En〉 the weight of |ψ〉 in the eigenbasis of the Hamiltonian. Then

x = 〈ψ(t)|x̂|ψ(t)〉t (2.7)

= 〈
∑

n,m

c∗
mcne

i(Em−En)t/~〈Em|x̂|En〉〉t (2.8)

=
∑

n,m

c∗
mcn〈ei(Em−En)t/~〉t〈Em|x̂|En〉 (2.9)

=
∑

n

|cn|2〈En|x̂|En〉 (2.10)

Thus, the “equilibrium value“ of x̂ is determined only by the diagonal elements of x̂ in

the energy eigenbasis of the Hamiltonian and the weight of the initial state in the energy

eigenbasis. In [29], there is an estimation of the deviation of the actual expectation value

of the observable x̂ from the expectation value of x̂ with the time averaged equilibrium

quantum state. This is essentially a variance of the equilibrium expectation value or a

measure of the ”noisiness“ of the quantum dynamics. Let |ξ〉 = 〈ψ(t)〉t denote the time
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2.2 Equilibration in Quantum Systems

averaged (or equilibrium) state then its deviation is

σ2
x,av = 〈|〈ψ(t)|x̂|ψ(t)〉 − 〈ξ|x̂|ξ〉|2〉t ≤ (∆x̂)2

4deff
≤ ||x̂||

deff
(2.11)

with || · || the standard operator norm, (∆x̂) the range of eigenvalues of x̂ and

deff =
1

∑
n

|〈ψ(0)|En〉|4 (2.12)

the ”effective dimension“ or the dimension of the supporting energy subspace which

can range from 1 ≤ deff ≤ dimĤ . It equals one if |ψ(0)〉 is an energy eigenstate of the

Hamiltonian and it equals the dimension of the Hamiltonian if the initial state occupies

every energy eigenstate of Ĥ with equal probability. Thus, (2.11) is a strict mathematical

formulation of a very intuitive physical concept: The more the initial state is ”smeared“

in the energy domain, the less noisy the quantum dynamic will be and thus, the actual

dynamic will stay very close to the equilibrium value in the long time limit.

In [29, 13] it is argued that for macroscopic systems the dimension of the Hilbert space

will be of the order 101023

and that a realistic measurement would have much less pos-

sible outcomes leading to the impossibility to differentiate the actual quantum dynamic

from the time averaged one (respective to a trace distance regarding a measurement)

because the distinguishability has the quotient of possible measurement outcomes and

and the square root of the effective dimension as an upper bound. Note that in such a

scenario that even if the energy of the system is constrained to an interval with width

10−1022

J the effective dimension will still be of the order of 100.9·1023

. Furthermore, a

statement regarding the ”universality“ of the equilibrium state is made in [29]: If a sub-

space of the Hilbert space with a large effective dimension is chosen and all eigenstates

of the Hamiltonian lying in this subspace cannot be distinguished regarding the realis-

tic measurement, then all states within this subspace will equilibrate towards the same

equilibrium state.

While the importance of the non-degeneracy condition (2.5) brings deeper understanding

to equilibration processes in quantum mechanics with mathematical rigidity and the

”universality of equilibration“ seems to be a precursor to unique equilibration, this theory

has some shortcomings: Nothing is said about the dynamics towards the equilibrium

state (of which several may exist) which shape plays an important role to make the
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2.3 Eigenstate Thermalization Hypothesis

connection from quantum mechanics to non-equilibrium thermodynamics. Furthermore,

all conditions and estimations remain on a very abstract layer of quantum mechanics

making it impossible to assess if usual Hamiltonians considered in quantum mechanics

with number of degrees of freedom much small than 1023 (for example electronic or spin

systems) fit these categories. Another shortcoming of this theory is that it makes no

assumptions about the time scales of the equilibration process: A hot cup of coffee in a

cold room which equilibrates on time scales of minutes our hours is not discriminated

from the Kepler problem of the earth moving around the sun which equilibrates only

on time scales of the heat death of the universe. But the latter would be constituted a

non-equilibrating system because of its quasi infinite time scale of equilibration.

2.3. Eigenstate Thermalization Hypothesis

In the previous section the non-degeneracy condition (2.5) was introduced and it was

shown that quantum dynamics in form of 〈x̂(t)〉 equilibrate towards the linear combina-

tion of the diagonal elements of x̂ in the energy eigenbasis if the energy support of the

initial state is large enough. If this process is not merely an equilibration process but

unique equilibration is taking place, then all possible initial states from an narrow energy

window should relax towards the same equilibrium value of 〈x̂(t)〉. A theory proposing a

mechanism for this feature is the eigenstate thermalization hypothesis (ETH): It states

that the microcanonical ensemble in the same energy window as the initial state and

the superposition of the diagonal elements of x̂ give rise to the same prediction of the

equilibrium value of 〈x̂〉.

∑

n

|cn|2〈En|x̂|En〉 = 〈x̂〉microcan(E0) =
1

Z

∑

nwith|E0−EN |≤∆E

〈En|x̂|En〉 (2.13)

with the left hand side the equilibrium value according to the non-degeneracy condition

and the right hand side the equilibrium prediction of the microcanonical ensemble where

Z is a normalization constant (the number of energy eigenstates in the energy window),

E0 the center of the energy window and ∆E its width. While the right hand side of

(2.13) is thermodynamically universal since it only depends on the center and width of

the chosen energy window or "temperature" of the quantum system, the left hand side

may strongly depend on detailed features of the initial state in form of the cn. Therefore,
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2.4 Non-Linear von Neumann Equation

the question how this equality is achieved is very interesting. The assumption the ETH is

the following: It is assumed that for states very close in terms of the energy distance the

〈En|x̂|En〉 do not or only very little vary giving rise to same equilibrium value regardless

of the distribution of the cn in this energy window 1. This scenario was proposed in

[16] and [17] and has since then been tested on a variety of different quantum systems

[16, 18, 31, 32] (including random Hamiltonians, hard-core bosons, quantum billiards).

Note that the ETH is merely a hypothesis and there are up to present day only numerical

tests (using exact diagonalization) whether a concrete Hamiltonian fulfills the ETH and

no abstract proofs.

Assuming the ETH is fulfilled for a certain quantum system and observable the mecha-

nism of unique equilibration can be understood quite easily: The system will thermalize

if the chosen energy window of the initial states considered is small enough so that the

diagonal elements of the observable in the energy eigenbasis do not vary too much (Note

that arbitrary large deviations are allowed on scales of the whole energy spectrum), but

the effective dimension (2.12) is large enough so that the dynamics of the observable

stays close to its long-time average. As in the equilibration theory of Reimann et al.

time plays an ancillary role as the destroyer of coherence between the eigenstates en-

coded in the initial states. Therefore the ETH lacks any assumptions about the way

into equilibrium for which the off-diagonal elements of x̂ in the energy eigenbasis are

responsible.

2.4. Non-Linear von Neumann Equation

While the last two sections focused on the discussion of conditions imposed onto Hamil-

tonians such that equilibration and thermalization in terms of the ETH can be achieved,

there is also the idea that the standard equations of motion of quantum mechanics have

to be modified by adding a non-linear, "dissipative" term which ensures thermalization

[33, 3]. The suggested form of the modified von-Neumann equation is

dρ

dt
= − i

~
[Ĥ, ρ] +

1

2kBτ(ρ, t)
{∆M(ρ, t), ρ} (2.14)

1Note that the opposite scenario would also fulfill (2.13): If the diagonal elements would vary strongly
in the energy window but the cn would not for all initial states in this energy window the same
result is achieved. But this seems unlikely

14



2.5 Open quantum systems

where ρ denotes the standard density operator, [·, ·] and {·, ·} are the standard com-

mutator and anti-commutator, kB is the Boltzmann constant, ∆M(ρ, t) is a hermitian

operator-valued function of ρ (with Tr(∆Mρ) = 0 to preserve normalization) and time

and τ(ρ, t) is a positive definite functional of the density operator and time. The function

∆M depends on ρ through the so-called "entropy operator" whose expectation value is

the von-Neumann-entropy and on the Hamiltonian itself ensuring a positive rate of en-

tropy generation and relaxation towards an equilibrium density matrix which resembles

the density matrix of the grand canonical ensemble (see [33] for details).

While this approach yields a possible mechanism of emergence of thermal states, it will

not be considered any further during this thesis since it seems evident from experimental

knowledge that the standard equations of quantum mechanics hold. Furthermore, the

addition to the standard von-Neumann equation in (2.14) is rather ad hoc and only

based on the idea that during thermalization the entropy should increase with time and

is not based on a strict mechanical picture.

2.5. Open quantum systems

Another approach to thermalization in quantum systems is to consider a quantum system

which consists of two parts: A so-called "bath" or "reservoir" which is assumed to be of

infinite size or very large compared to the second part which is most often called the

"system". The dynamics of the system alone are then analyzed while tracing out the

degrees of freedom of the bath.

A famous example for this is the Caldeira-Legett model [21]. The goal of this paper is

to construct a "system + bath" quantum system in which the dynamics of the system

follow a Langevin equation

mẍ+ νẋ+
dV

dx
= F (t) (2.15)

for the position x in the classical limit with the random force F (t) 〈F (t)〉 = 0, 〈F (t)F (t′)〉 =

2νkBTδ(t− t′), ν the friction coefficient/relaxation constant and V (x) and external po-

tential acting upon the system part which consists of a single particle. Equation (2.15)

is well-known for the description of the Brownian motion of a single particle in a liquid

for which the authors are trying to find a quantum analogon in the classical limit.
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2.5 Open quantum systems

In [21] a Hamiltonian consisting of a single particle acted upon an external potential

V (x) which is coupled to an infinite number of harmonic oscillators is considered:

Ĥ =
p̂2

2M
+ V (x̂) + x̂

∑

k

CkR̂k +
∑

k

p̂2
k

2m
+
∑

k

1

2
mω2

kR̂
2
k (2.16)

with M the mass of the Brownian particle, m the mass of the harmonic oscillators and

Ck the coupling constants of the harmonic oscillators to the single particle.

Given this Hamiltonian and the assumptions that the bath of harmonic oscillators is at

thermal equilibrium at time t = 0 with temperature T , kBT >> ~ωk and assuming that

the density of harmonic oscillators as a function of the frequency is

ρ(ω) =
2mνω2

πC2(ω)
(2.17)

if ω < Ω and zero otherwise (Ω is a cut-off frequency) with C(ω) the coupling constant

between system and bath as a function of the frequency the Langevin equation can be

reproduced in the classical limit.

While this theory addresses the dynamics into equilibrium and reproduces the Langevin

equation in the classical limit, only open quantum systems are addressed, but ultimately

most real world systems are considered to be closed quantum systems which are not

coupled to an infinite bath. Furthermore, the question how the bath reached a thermal

state is also not addressed and the relaxation constant ν is inducted in this theory by

(2.17) as a free parameter rather than being an internal property of a (closed) quantum

system.
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3. Hamiltonian of the anisotropic

Heisenberg ladder and numerical

methods

In the previous chapter an axiomatic description of unique equilibration in the macro-

scopic (as it is observed in the real world) sense is given and existing theories of equilibra-

tion and thermalization are discussed. As an introductory example a system consisting

of parts sharing a spatial inhomogeneity concerning a certain observable was discussed.

Both parts of the system interact with each other, but are isolated from the environment.

In this chapter a closed quantum system resembling this gedankenexperiment is given

and analyzed in form of an anisotropic Heisenberg spin ladder with the difference of

magnetization between the two sides of the ladder as the observable of interest. At first

the properties of this system are discussed and the methods of solving the Schroedinger

equation in terms of exact diagonalization, Runge-Kutta-scheme and Chebyshev expan-

sion are presented. The dynamics of this setup are then compared to the axiomatic

description of unique equilibration in sec. 2.1 and it is tested whether this system fulfills

the eigenstate thermalization hypothesis for magnetization difference in the analyzed

parameter space.

3.1. Anisotropic Heisenberg Ladder

Our system of choice consists of two anisotropic Heisenberg chains which are coupled

to each other. The anisotropic Heisenberg model (sometimes also called “XXZ model”)

is a generalization of the Heisenberg model which was invented in the 1920s by Werner
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3.1 Anisotropic Heisenberg Ladder

Heisenberg to explain ferromagnetism. Its Hamiltonian reads

ĥ = J
∑

i

Ŝi
xŜ

i+1
x + Ŝi

yŜ
i+1
y + ∆Ŝi

zŜ
i+1
z (3.1)

with Ŝi
x,y,z the respective component of the i-th spin operator fulfilling [Ŝi

x, Ŝ
j
y] = iŜi

zδij

with eigenvalues ±1/2 considering spin-1/2 particles. The anisotropy parameter ∆ con-

trols how much stronger the z-z-coupling is compared to the other couplings. For ∆ = 1

(3.1) becomes the standard Heisenberg model while for ∆ → ∞ it becomes the Ising

model and in the limit ∆ = 0 it becomes the XY model.

Our system of choice consists of two such Heisenberg chains (3.1) which are coupled in

the same manner as in (3.1) but multiplied with a factor κ.

Ĥ = ĥleft + ĥright + κV̂ (3.2)

where ĥleft and ĥright denote the left/right anisotropic Heisenberg chain and V̂ represents

the coupling between the two parts of the ladder which is

V̂ =
∑

i

ŜL,i
x ŜR,i

x + ŜL,i
y ŜR,i

y + ∆ŜL,i
z ŜR,i

z (3.3)

with L,R denoting that the spin is from the left/right part of the ladder. A coupling κ <<

1 represents the situation where the dynamics within the individual chains are much

faster than the dynamics between the chains, which was addressed in the introductory

example.

A suitable choice for a basis is the tensor product of the eigenstates of the individual Ŝi
z

operators

|m〉 = |mL
1m

L
2 . . .m

L
N/2m

R
1 . . .m

R
N/2〉 (3.4)

with L,R denoting the left/right part of ladder, N the number of spins in the whole

ladder and mα
i = ±1/2 denoting the eigenstates of an individual Ŝα,i

z . Considering this,

it is easy to see that the Hilbert space of this problem has the dimension dimH = 2N .

Therefore, further simplification is needed to make the spin ladder (at least for moderate

sized number of spins) feasible for numerical computation. Let Ŝtotal
z denote the total
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3.1 Anisotropic Heisenberg Ladder

magnetization along the z-axis of the system defined as

Ŝtotal
z =

∑

α=L,R

∑

i

Ŝα,i
z (3.5)

By means of direct computation it can easily be seen that

[Ĥ, Ŝtotal
z ] = 0 (3.6)

which means that the total magnetization along the z-axis is a conserved property in

the anisotropic Heisenberg ladder. Thus, the individual subspaces of the Hilbert space

with different eigenstates of the total magnetization along the z-axis are independent

from one another and we are free to analyze these subspaces individually. Throughout

this thesis only the largest of these subspaces with eigenvalue Stotal
z = 0 is chosen to be

the basis, which means that our basis fulfills the constraint

∑

α

∑

i

mα
i = 0 (3.7)

With (3.7) the dimension of the Stotal
z = 0 subspace is found to be

dimHStotal
z =0 =

N !
((

N

2

)
!
)2 (3.8)

which is significantly smaller than 2N . Furthermore the anisotropic Heisenberg ladder

features mirror symmetries which reduces the dimension (3.8) up to a factor 4, but these

symmetries are not considered throughout this thesis since they are hard to implement

in the existing simulation code and offer only a significant speed up in calculations for

small systems using exact diagonalization.

In Table 3.1 the actual size of the Stotal
z = 0 subspace is listed. From there, it can

be seen that sophisticated numerical methods are needed to handle the solution of the

Schroedinger equation for larger system sizes. We employ exact diagonalization using

the GNU octave library wrapped for C++ up until N = 16 for which such a calculation

takes about a week on a single core. For intermediate system sizes (N = 18 . . . 22)

a Runge-Kutta scheme of fourth order is used with sparse matrices from the Matrix

template library (MTL) also on a single core. The largest system sizes (N = 24 . . . 32)

are handled by a Chebyshev expansion of the Hamiltonian calculated in parallel on 65536
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3.1 Anisotropic Heisenberg Ladder

N dimHStotal
z =0

14 3432
16 12870
18 48620
22 705432
26 10400600
32 601080390

Table 3.1.: Dimension of the Stotal
z = 0 subspace as a function of the number of spins

N . Up to 16 spins exact diagonalization is a feasible method for solving
the Schroedinger equation. From 18 to 22 spins the Runge-Kutta scheme on
a singular core using sparse matrices is employed while from 20 to 32 the
parallel Chebyshev expansion is used.

CPUs on IBM BlueGene.Q in Jülich taking about 16 hours of computing time. Details

on the inner workings of these algorithms are provided in the next section.

As mentioned in the introduction of this chapter our observable of choice for which

unique equilibration will be analyzed is the difference of magnetization between the two

parts of the ladder which will be simply called “magnetization difference” from now on.

It is defined as the difference of the sum z-component of the spin operator on the left

side and the corresponding sum on the right side of the ladder

x̂ =
∑

i

ŜL,i
z −

∑

i

ŜR,i
z (3.9)

which does not commute with the Hamiltonian (3.2) and which, therefore, is not a

conserved quantity in this system. In the basis (3.4) the matrix representation of mag-

netization difference (3.9) is a diagonal matrix with entries from −N/2 to N/2 with

increment 2. Considering the mirror symmetry of the anisotropic Heisenberg ladder it

can easily be seen that for all energy eigenstates of (3.2) |Ei〉 the expectation value of

the magnetization difference is

〈Ei|x̂|Ei〉 = 0 (3.10)

Thus the eigenstate thermalization hypothesis is automatically fulfilled concerning this

setup of system and observable and needs no further investigation and only the form of

the dynamic of 〈x̂(t)〉 remains to be investigated.

This particular setup of an anisotropic Heisenberg ladder and magnetization difference

as an observable of interest was analyzed in [34] and exponential relaxation for 〈x̂(t)〉
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3.2 Numerical methods

which was found in the parameter intervals κ ∈ [0.05; 0.15], ∆ ∈ [0.5; 0.75] by means of

exact diagonalization and the time convolution-less super operator projection method

for ladders consisting of up to N = 16 spins. These findings prompted the idea to further

investigate this system for thermalization according to the axiomatic definition in sec.

2.1 and extending the results to larger systems. The results are also published in [27].

3.2. Numerical methods

In this section the numerical methods used for computing the time evolution of the

anisotropic Heisenberg ladder, namely exact diagonalization, fourth order Runge-Kutta

scheme and the Chebyshev expansion will be discussed. The time-evolved pure state

ψ(t) or density operator ρ(t) can be computed from the initial state by

ψ(t) = Û(t)ψ(0) (3.11)

ρ(t) = Û(t)ρ(0)Û †(t) (3.12)

with the time-evolution operator

Û(t) = e−i/~Ĥt (3.13)

which will be exactly determined by exact diagonalization or approximated with the two

other numerical schemes. For a detailed review on how to approximate the exponential

of a matrix see [35].

3.2.1. Exact diagonalization

To compute (3.13) exactly all eigenstates and corresponding energy eigenvalues of (3.2)

must be determined. This is done by diagonalizing the matrix representation of (3.2)

in the basis (3.4) using the GNU octave numerical library for C++ which provides a

wrapper for linear algebra functions of GNU octave for C++.

Knowing all eigenstates and corresponding eigenvalues of the Hamiltonian expression
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3.2 Numerical methods

the expectation value of an arbitrary operator Â becomes

〈Â(t)〉 = Tr
(
Âρ(t)

)
=
∑

m,n

ei/~(Em−En)〈Em|Â|En〉〈En|ρ(0)|Em〉 (3.14)

with |EN〉 the eigenstates of the Hamiltonian and En the corresponding energy eigen-

value. The accuracy of this method is only dependent of the accuracy of the method

used by the numerical library to determine the eigenstates and eigenvalues which can be

assumed to be of the order of magnitude of machine precision. The main disadvantage of

exact diagonalization is that it takes a long time to compute all eigenstates and eigenval-

ues and the corresponding basis transformation of Â and ρ and the eigenstates have to

be stored as dense vectors. A typical calculation for the N = 16 anisotropic Heisenberg

ladder takes about a week of computing time on a single processor. Since this method’s

computing costs scale with the third power of the dimension of the Hilbert space it is

not feasible for larger systems and approximative methods will be used.

3.2.2. Fourth order Runge-Kutta scheme

The fourth order Runge-Kutta scheme expands the time evolution operator (3.13) into

a Taylor series of order 4 and using an iterative calculation of the time evolution which

can be written as

|ψ(t+ ∆t)〉 = e−i/~Ĥ∆t|ψ(t)〉 (3.15)

with ∆t the time step. Thus, the time evolution from t = 0 to t = tmax can be broken

down into tmax/∆t applications of (3.15). Setting ~ = 1 from now on and expanding the

time evolution operator into a Taylor series yields

ψ(t+ ∆t) =

(
I − i∆tĤ − Ĥ2∆t2

2
+

1

6
iĤ3∆t3 +

1

24
Ĥ4∆t4

)
ψ(t) +O(t5) (3.16)
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3.2 Numerical methods

with I the identity matrix. Equation (3.16) can be brought into a form, which is more

efficient for numerical calculation, by splitting up the powers of the Hamiltonian

|ψ(t+ ∆t)〉 = |ψ(t)〉 + |v1〉 + |v2〉 + |v3〉 + |v4〉 (3.17)

|v1〉 = −iĤ∆t|ψ(t)〉 (3.18)

|v2〉 = −1/2iĤ∆t|v1〉 (3.19)

|v3〉 = −1/3iĤ∆t|v2〉 (3.20)

|v4〉 = −1/4iĤ∆t|v3〉 (3.21)

Thus, only the vectors |ψ〉 and |vi〉 and the Hamiltonian Ĥ must be stored during the

calculation. Since the Hamiltonian contains a lot of zero entries it is advantageous to save

it as a sparse matrix which in this thesis is done by employing the matrix template library

(MTL) [36, 37] which provides efficient routines for building and storing sparse matrices

and sparse matrix-vector products. This algorithm is usually much faster than exact

diagonalization, but has the main disadvantage that due to the Taylor approximation

this technique is not exact anymore, but introduces an error due to the cut-off of the

Taylor expansion. Furthermore, the time evolution according to (3.17) is not unitary

anymore such that the norm of |ψ(t)〉 is not conserved and will usually decrease with

time.

3.2.3. Chebyshev expansion

The second method used in this thesis to compute the time evolution of an Hamiltonian

is based on the series expansion of the time evolution operator (3.13) with first-kind

Chebyshev polynomials which are defined as

Tk(x) = cos (k arccos (x)) (3.22)

with k a natural number. They are orthogonal polynomials on the interval [−1; 1]. For

any x ∈ R with |x| < 1 it can be shown [38] that

e−izx = J0(z) + 2
∞∑

k=1

(−i)kJk(z)Tk(x) (3.23)
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3.2 Numerical methods

where Jk(z) denotes the Bessel function of the first kind. In order to apply (3.23) to the

time evolution operator the eigenvalues of the given Hamiltonian have to be considered:

For (3.23) to be applicable all eigenvalues Ei of the Hamiltonian Ĥ have to lie in the inter-

val [−1; 1] such that that the two-norm of the Hamiltonian fulfills ||Ĥ||2 = | max
i
Ei| < 1.

In general this conditions will not be fulfilled by arbitrary Hamiltonians. Therefore a

given Hamiltonian has usually to be rescaled in order to apply the Chebyshev expan-

sion. Furthermore, we do not know all eigenvalues of the Hamiltonian and an estimation

of the two-norm is needed to be able to rescale the Hamiltonian. An easy estimation of

the two-norm is the geometric mean of the one-norm and infinity-norm

||Ĥ||2 ≤
√

||Ĥ||1 · ||Ĥ||∞ (3.24)

with

||Ĥ||1 = max
j

∑

i

|Hij| (3.25)

||Ĥ||∞ = max
i

∑

j

|Hij| (3.26)

and Hij the matrix elements of the Hamiltonian given in a certain basis. Other methods

of estimating the extreme eigenvalues of the Hamiltonian include iterative eigensolvers

like the Arnoldi method which will give a good approximation to the dominant eigenvalue

with few iterations.

Having estimated the largest and smallest (by using −Ĥ in the estimation procedure)

eigenvalue of the given Hamiltonian it can be rescaled as

H̃ =
Ĥ − b

a
(3.27)

with a = 1/2 (Emax − Emin), b = 1/2 (Emax + Emin) and Emax, Emin the estimators of

the largest and smallest eigenvalue of Ĥ . With this the time evolution operator can be

written in the Chebyshev expansion as

Û(∆t) = e−i/~Ĥ∆t ≈ e−ib∆t/~

(
J0(a∆t/~) +

M∑

k=1

(−i)kJk(a∆t/~)Tk(H̃)

)
(3.28)

with M the maximum order of the Chebyshev expansion and Tk(H̃) is the matrix-valued

Chebyshev polynomial. Thus, to compute |ψ(t+∆t)〉 = Û(∆t)|ψ(t)〉 M different Cheby-
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3.3 Initial states

shev polynomials of the Hamiltonian multiplied by the wave function |vk〉 = Tk(H̃)|ψ(t)〉
have to be computed and stored. This can be done by employing the recursive definition

of the Chebyshev polynomials.

|vk+1〉 = 2H̃|vk〉 − |vk−1〉 (3.29)

with |v1〉 = H̃|v0〉 and |v0〉 = |ψ(t)〉. Exploiting the fact that the Hamiltonian of the

anisotropic Heisenberg ladder contains a large amount of zeros it can be saved in a

sparse matrix format for which matrix-vector multiplications like (3.29) are very fast

and can be distributed over many different CPUs. The Bessel functions in (3.28) can be

computed on time-scales of the order of a fracture of a second and do not contribute

significantly to the computing time of this algorithm.

The order of truncation of the series M in (3.28) plays a different role than in the Taylor

expansion used for the Runge-Kutta scheme. While the latter the order of magnitude

of different terms in the Taylor series can fluctuate strongly leading to the problem

of a strong round-off error (it has been argued [35] that the fourth order is the most

stable for a Taylor expansion), all terms in the Chebyshev expansion are in the same

order of magnitude since all terms in (3.28) have two-norms which are smaller than

one. Thus, the accuracy can be improved by increasing M without increasing round-off

errors. All calculations using the Chebyshev expansion of the time evolution operator

were performed on BlueGene.Q in Jülich. For more details on this algorithm and its

applications to other quantum systems see [39, 40, 41, 42, 43, 44, 45].

3.3. Initial states

In the beginning of this chapter the magnetization difference x̂ (3.9) was introduced as

the observable for which thermodynamic behavior is sought for in the anisotropic Heisen-

berg ladder. It was further argued that due to symmetry the eigenstate thermalization

hypothesis is automatically fulfilled for this observable and that a quantum state with

〈x̂〉 = 0 is in equilibrium regarding the magnetization difference. In order to be able to

study possible relaxation towards this equilibrium value the initial state should feature

expectation values of the magnetization difference at time t = 0 which are different from

zero. Furthermore, the energy window of the initial state shall be constrained to a small
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3.3 Initial states

portion of the whole energy spectrum. All calculations presented in the following chapter

are made for energy intervals centered around E = 0 with corresponds to states with

infinite temperature.

For calculations using exact diagonalization this can be achieved as follows: Since all

eigenvalues and eigenstates are known an energy projector P̂E,∆E which projects onto

the energy interval [E − ∆E;E + ∆E] can easily be constructed in both the “spin-

up/spin-down” and the energy eigenbasis. The magnetization difference x̂ has eigenvalues

ranging from −N/2 to N/2 with increment two if N is the total number of spins in the

ladder. A projector P̂x onto a certain eigenvalue of the magnetization difference can also

be easily constructed in the “spin-up/spin-down” basis. Thus for exact diagonalization

initial states

ρ =
1

Z
P̂E,∆EP̂xP̂E,∆E (3.30)

with Z the normalization which ensures Tr (ρ) = 1. At time t = 0 these initial states

have the expectation values

Tr (ρ(0)x̂) ≈ x (3.31)

σ2 = Tr
(
ρ(0)x̂2

)
− Tr (ρ(0)x̂)2 ≈ 0 (3.32)

The approximate signs in (3.31) and (3.32) come from the energy projection which

smudges the magnetization difference. Note that initial states (3.30) cannot be con-

structed for all possible combinations of E,∆E, x if (3.31) and (3.32) shall remain valid.

If for example x = N/2 is chosen, then an energy projection onto the center of the energy

spectrum with a small ∆E compared to the overall length of the spectrum leads to a

violation of (3.31) and (3.32) and ,thus, an unreasonable initial state.

For calculations using the fourth order Runge-Kutta scheme and the Chebyshev expan-

sion similar but pure initial states shall be used with also feature

〈ψ(0)|x̂|ψ(0)〉 ≈ x (3.33)

σ2 = 〈ψ(0)|x̂2|ψ(0)〉 − 〈ψ(0)|x̂|ψ(0)〉2 ≈ 0 (3.34)

for x an eigenvalue of the magnetization difference and are constrained to a certain

energy window. To construct these initial states the concept of typicality [46, 47] is em-

ployed, which can be explained as follows: A set of pure quantum states is given which
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3.3 Initial states

share some common feature. If this set of states also gives a narrow distribution of an-

other feature then there is typicality. The shared common feature, for example, could be

that the states are drawn at random according to the same distribution and then have a

narrow distribution of quantum expectation values for a certain observable. It has been

demonstrated [12] that, if pure states are drawn at random from the unitary invariant

ensemble (an ensemble of normalized, pure states which are invariant under all unitary

transformations in the Hilbert space), typicality can be achieved. From these consid-

erations energy constrained states with a certain expectation value of magnetization

difference are constructed by employing

|ω〉 =
1

A
P̂xe

−α/4(Ĥ−Ef)
2

|ψ〉 (3.35)

with α > 0 a constant which regulates the width of the energy window of |ω〉, A a

normalization constant and 〈ω|Ĥ|ω〉 = Ef . The operator e−α/4(Ĥ−Ef)
2

replaces the en-

ergy projector used in constructing the initial states for exact diagonalization since for

Runge-Kutta and Chebyshev the eigenvalues and eigenstates of the Hamiltonian are un-

known. While the projection operators for energy represent a box filtering of the energy,

for Runge-Kutta and Chebyshev a Gaussian filter is applied to the energy. This energy

filter is calculated using the same numerical algorithm which is used for the approx-

imation of the time evolution operator, i.e. if the time evolution is calculated by the

fourth order Runge-Kutta scheme then the energy filter is also calculated by a fourth

order Runge-Kutta scheme (using imaginary time evolution with a Gaussian). This is

easily possible since both algorithms rely only on the expansion of an operator into a

polynomial series. The state |ψ〉 is constructed by randomly generating a superposition

of all states in the up-down basis with Stotal
z = 0 and drawing its coefficient’s real and

imaginary part from a Gaussian random generator. For a detailed discussion on typi-

cality see sec. 4.3 in which typicality and the eigenstate thermalization hypothesis are

discussed.

Our analysis of typicality is restricted to the static case so far. This means that we

cannot be sure that if two states |ω〉, |ω′〉 which are constructed according to (3.35)

will feature approximately the same quantum expectation values for the magnetization

difference at all times t only because there is typicality at time t = 0. This scenario is

referred to as “dynamical typicality” and is analyzed in [48] for a set of initial states

which are not compatible to the scenario used for the anisotropic Heisenberg ladder.

Therefore, this analysis of dynamical typicality also relies on numerical evidence. In Fig.
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3.3 Initial states

3.1 the results for 〈x̂(t)〉 for five different initial states with 〈x̂(0)〉 = 2 for a system

comprising N = 16 spins with ∆ = 0.6 and κ = 0.2 are depicted. The initial states

are constructed according to (3.35) with α chosen such that Var
(
Ĥ
)

= 0.12. The time-

evolution is computed using the Runge-Kutta scheme with a time step ∆t = 0.01.

Although the initial states are generated at random according to the unitary invariant

0 75 150
t

0

1

2

<
x(

t)
>

Figure 3.1.: Time evolution of 〈x̂(t)〉 for five different pure initial states constructed
according to (3.35) for a system of N = 16 spins with ∆ = 0.6, κ = 0.2 and
〈x̂(0)〉=2. The time-evolution is computed using the Runge-Kutta scheme
with time step ∆t = 0.01. Although these initial states are generated at
random with Var

(
Ĥ
)

= 0.12, the time evolution 〈x̂(t)〉 is approximately

the same for all of them.

ensemble and they differ on the level of individual basis coefficients, the time evolution

of the magnetization difference is approximately the same for all five states. Thus, this

Hilbert space and the observable magnetization difference show typicality on the static

and dynamic level. Therefore, initial states constructed according to (3.35) are used in

the analysis of the thermodynamics of the anisotropic Heisenberg ladder.
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4. Unique equilibration in the

anisotropic Heisenberg ladder

In the previous chapter the Hamiltonian of the anisotropic Heisenberg ladder, the “spin-

up/spin-down” basis and its symmetries were discussed. Since the dimension of the

Hilbert space of this quantum system scales with the factorial of the number of spins

numerical methods of computing the time-evolution which can go beyond exact diag-

onalization in terms of system sizes were introduced. The initial states used for this

numerical methods were also discussed in terms of typicality. This discussion led to the

conclusion that although these states are different on the microscopic level (individual

basis coefficients), because they are generated at random, they have the expectation

value of the magnetization difference as a common macroscopic (in a coarse-grained

sense) feature. This corresponds well to the concepts of thermodynamics, in which the

macrostate is known but not the microstate. Therefore, these initial states are used in

the analysis of the anisotropic Heisenberg ladder. For all numerical analyses in this chap-

ter we choose ~ = 1, ∆ = 0.6, κ = 0.2 and J = 1 (the parameter J only sets the energy

scale of the system and has no other influence on the dynamics). The parameter α in

(3.35) is chosen such that the variance of the energy is Var
(
Ĥ
)

= 0.14.

As an introductory example of thermodynamic behavior in this quantum system, which

will only be analyzed qualitatively, consider the following scenario: For a ladder consist-

ing of N = 32 spins two initial states with 〈x̂(0)〉 = 8 and 〈x̂(0)〉 = −6 are chosen which

are very far apart from one another in terms of the total range of eigenvalues of magne-

tization difference. If the system would behave according to standard thermodynamics,

both states would reach an equilibrium state. The equilibrium states should be indistin-

guishable in terms of the macroscopic variable x̂. To check the time evolution of such a

system is computed with the Chebyshev expansion for the initial states mentioned above

and the probability distribution of being in a certain magnetization difference subspace
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Px(t) = 〈P̂x〉 is computed. The results of this computation are displayed in Fig. 4.1.

There it can easily be seen that although the probability densities are far apart at time

0
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Figure 4.1.: Dynamics of the probability distribution Px(t) for spin-ladders of size N =
32 for two different (partially random) initial states |ω〉 with 〈x̂(0)〉 = 8 (red
line) and 〈x̂(0)〉 = −6 (blue line). The two probability distributions hardly
overlap at t = 0 and almost coincide at later times. The time evolution is
computed using the Chebyshev expansion.

t = 0 they move closer together with time and cannot be discriminated by the naked

eye at time t = 100. Note that the actual quantum states cannot move closer together

in terms of a distance measured by a metric in the Hilbert space because of the unitary

dynamic. Furthermore, the distribution is centered at x = 0 at this time which is the

expected unique equilibrium value.

This analysis shows the possibility of thermodynamic behavior for this quantum system.

Therefore, a more quantitative analysis according to the “axioms of thermodynamics”

discussed in sec. 2.1 is performed. This means the expectation value of the magnetiza-
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4.1 Dynamics of the mean and variance of the magnetization difference

tion difference should show Markovian relaxation dynamics while its variance σ2 should

become negligible compared to the overall scale of eigenvalues of the magnetization dif-

ference in the limit N → ∞. Furthermore, the dynamics of these two observables should

follow a traditional Pauli master equation.

4.1. Dynamics of the mean and variance of the

magnetization difference

The first goal is to determine whether the dynamics of the expectation value of the

magnetization difference show Markovian and autonomous dynamics. To check this for

a given system size N the time evolution 〈x̂(t)〉 is computed for all different initial

magnetization differences 〈x̂(0)〉 = 0 . . . N/2 (the negative magnetization differences can

be ignored due to symmetry). Then the resulting curves are moved on top of each other

using a least squares fit: Let us denote two different curves of 〈x̂(t)〉 with different initial

magnetization differences at time t = 0 by y1(t) and y2(t). Then the expression

∑

i

(y1(ti) − y2(ti + h))2 (4.1)

is minimized numerically for the variable h with ti the discrete time steps generated

by the numerical computation of the time evolution. Thus, for every pair of curves a

shift parameter h can be computed. For this analysis we start with the highest possi-

ble starting magnetization difference and move the smaller ones on top of it. If these

dynamics are Markovian, the curves should be indistinguishable from one another after

this process. The results of this analysis are depicted in Figs. 4.2 and 4.3. For the setup

with N = 16 the curves for 〈x̂(0)〉 = 2 and 〈x̂(0)〉 = 4 lie on top of each other very well

while the expectation value for 〈x̂(0)〉 = 6 cannot be moved to be in accordance with

the other two curves. (higher values of the magnetization difference are omitted here

because they have the same problem as 〈x̂(0)〉 = 6 and 〈x̂(0)〉 = 0 is omitted because it

has no dynamic at all).

The setup with N = 32 is shown for initial magnetization differences up to 〈x̂(0)〉 = 12,

which can all be moved on top of each other nicely while higher values of magnetization

difference are omitted in this figure since these initial states do not exist in the given
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Figure 4.2.: Expectation values 〈x̂(t)〉 of the magnetization difference for N = 16 and
three initial states featuring different 〈x̂(0)〉. Graphs are shifted in time for
optimal agreement.
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Figure 4.3.: Expectation values 〈x̂(t)〉 of the magnetization difference for N = 32 and
four initial states featuring different 〈x̂(0)〉. Graphs are shifted in time for
optimal agreement.
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4.1 Dynamics of the mean and variance of the magnetization difference

energy shell. In both cases the dynamics of the expectation value of the magnetization

difference are Markovian and autonomous for almost all (N = 16) or all (N = 32)

possible initial states in the given energy shell. Therefore, it is a promising task to

analyze the dynamics of the variance of the magnetization difference for this system.
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typical variance
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Figure 4.4.: Variances σ2 of the magnetization difference for N = 16 and different initial
states regarding the starting value of magnetization difference. The solid
line indicates the typical variance.

In Fig. 4.4 and 4.5 the variances of the magnetization difference σ2 = 〈x̂(t)2〉 − 〈x̂(t)〉2

are displayed for systems with N = 16 and N = 32 spins. While the final variances for

the system comprising N = 16 tend to spread strongly, this effect decreases drastically

for a system with N = 32 spins for which the final variances lie around the typical

variance.

The question why the final values of the variances take on the same value is related to

34



4.1 Dynamics of the mean and variance of the magnetization difference
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Figure 4.5.: Variances σ2 of the magnetization difference for N = 32 and different initial
states regarding the starting value of magnetization difference. The solid
line indicates the typical variance.
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4.1 Dynamics of the mean and variance of the magnetization difference

typicality: The “typical variance” in Fig. 4.4 and 4.5 is the variance of a normalized pure

quantum state which is unrestricted with respect to 〈x̂〉 but energy projected onto the

same energy interval used for the states whose time evolution is analyzed:

σ2
typical = 〈ϕ|x̂2|ϕ〉 − 〈ϕ|x̂|ϕ〉2 (4.2)

|ϕ〉 =
1

A
e−α(Ĥ−EF )

2

|Ψ〉 (4.3)

According to the concept of typicality presented in the previous chapter for systems with

small Hilbert space variance in the considered energy shell, there is a huge region in the

Hilbert space with states (with respect to the unitary invariant ensemble) featuring a

common expectation value for a certain quantum observable while the region with states

featuring another expectation value for this observable is tiny. The above coincidence

indicates that while all considered initial states start in a very tiny region of Hilbert

space formed by “non-typical” states, the states venture out into the extremely large

region formed by the typical states, while other initial states (high values of starting

magnetization difference for small system sizes) do not.

While the clustering of the final variances around the generic, typical variance which

improves with scaling up to system to N = 32 spins can be seen as an indicator of

thermodynamic behavior, an early maximum of the variance develops which would not

be present if 〈x̂〉 truly behaved like a Brownian particle in a harmonic potential as

claimed in [27]. Thus, the dynamics of the variance of the magnetization difference σ2

is not Markovian and autonomous for the initial states considered here in the sense

that the dynamics are independent of the initial value of the magnetization difference.

But this was not part of the “thermodynamic axioms”. It was rather postulated that

the variance should become negligible in the macroscopic limit. Therefore, the scaling of

typical variance, final variance and early maximum of the variance with system size have

to be analyzed. The results of this analysis are depicted in Fig. 4.6. There the mean of

all final variances from initial states is compared to the linear fit of the typical variance.

Furthermore, the early maximum is extracted from the largest possible initial state for

which it is the largest. It can easily be seen that all these values scale linearly with system

size. Thus, the standard deviation of the magnetization difference σ scales like σ ∝
√
N ,

while the range xmax of possible initial states for which the expectation value of the

magnetization difference is autonomous and Markovian and the final variance clusters

around its typical value scales linearly with system size. Thus, in the macroscopic limit
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4.1 Dynamics of the mean and variance of the magnetization difference
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Figure 4.6.: Average of the final variances for different system sizes N sampled from
initial states shown in Fig. 4.4 and Fig. 4.5. The early maximum is extracted
from the largest existing initial state for the corresponding system size.
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4.2 Comparison of the dynamics to a Pauli master equation

N → ∞
σ

xmax
→ 0 (4.4)

In other words, the standard deviation becomes negligibly small compared to the possible

range of starting magnetization difference values which was one of the “thermodynamic

axioms”. Thus, for macroscopic systems measurement outcomes for the magnetization

difference are quasi deterministic for these initial states.

4.2. Comparison of the dynamics to a Pauli master

equation

The last question remaining concerning the validity of calling the anisotropic Heisenberg

ladder a thermodynamic system is whether the dynamics of 〈x̂〉 and σ2 can be described

by a Pauli master equation. This question was first addressed for small systems with

up to N = 16 spins in [27]. There the quantum dynamics were compared to a Pauli

master equation whose rates lead to a Fokker-Planck type behavior meaning exponential

relaxation of 〈x̂〉 and limited exponential growth up to the typical variance for σ2. While

this model gives reasonable agreement with the quantum dynamics for small system sizes

and initial states close to equilibrium, it can easily be seen from Figs. 4.7 and 4.8 that

such a description cannot remain valid for initial states far-away from equilibrium even

for large system sizes because of the developing early maximum of the variance which is

not reproduced correctly by this rate equation.

While the above mentioned stochastic model is based on combinatorial considerations

regarding the number of up and down spins in both beams of the ladder, now a rather

ad-hoc model will be discussed whose rates do not have any physical background but

are rather manually chosen to reproduce the quantum dynamics. Therefore, the follow-

ing setup is considered: The system can only transition from its current magnetization

difference subspace in a neighboring one meaning that rates Rxy 6= 0 only if x = y ± 2.

With this the expectation value of magnetization difference x (the overline indicates a

classical expectation value computed from the probabilities of the individual magnetiza-

tion difference subspaces generated by the Pauli master equation) can be calculated. If

the Pauli master equation is solved and the probabilities of the individual magnetization
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4.2 Comparison of the dynamics to a Pauli master equation
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Figure 4.7.: Quantum expectation values 〈x̂(t)〉 and variances σ2 of the magnetiza-
tion difference for N = 16 for two states, one starting close to equilib-
rium 〈x̂(0)〉 = 2 and the other far from equilibrium 〈x̂(0)〉 = 6. Solid lines
represent the corresponding data as calculated from the stochastic model
suggested in [27]. Close to equilibrium the agreement is good, while more
off-equilibrium it is not.
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Figure 4.8.: Quantum expectation values 〈x̂(t)〉 and variances σ2 of the magnetization
difference for N = 32 for two states, one starting close to equilibrium
〈x̂(0)〉 = 2 and the other far from equilibrium 〈x̂(0)〉 = 12. Solid lines
represent the corresponding data as calculated from the stochastic model
suggested in [27]. Close to equilibrium the agreement is good, while more
off-equilibrium it is not.
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4.2 Comparison of the dynamics to a Pauli master equation

subspaces Px(t) are known x is defined as

x(t) =
∑

y

yPy(t) (4.5)

Since the data from the quantum dynamics suggest that the expectation value of mag-

netization difference relaxes exponentially x(t) shall fulfill

d

dt
x(t) = −Gx(t) (4.6)

with G the relaxation constant which has to be extracted from the quantum data.

Plugging the definition of x (4.5) into (4.6) yields if the definition of the Pauli master

equation is used to eliminate the first temporal derivative of the probabilities

∑

y

(
∑

x

xRxy +Gy

)
Py = 0 (4.7)

This expression can be further simplified and finally yields using the conservation of

probability
∑
x
Rxy = 0

∑

x

(x− y)Rxy = −Gy (4.8)

Using the postulated property that only transitions between neighboring magnetization

subspaces (which have a distance of two) occur leads to

Rx+2,x − Rx−2,x = −G

2
x (4.9)

A similar calculation can be performed for the dynamics of the variance σ2 and relates

the sum Rx+2,x + Rx−2,x to a diffusion coefficient D(x). In case of standard Fokker-

Planck dynamics (like a Brownian particle in an harmonic trap) a constant diffusion

coefficient wold be chosen, but as it was argued above this is not possible here. Instead,

an inverted Lorentzian curve is chosen for the diffusion coefficient without any physical

considerations but rather the ad-hoc thought that from looking at Fig. 4.5 the diffusion

coefficient should be larger for the outermost magnetization difference subspaces. This

leads to the following expression for the rates

Rx+2,x = 0.5(A+B − B/(1 + (x/C)2) −Gx) (4.10)

Rx−2,x = 0.5(A+B −B/(1 + (x/C)2) +Gx) (4.11)
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4.2 Comparison of the dynamics to a Pauli master equation

where A,B,C,G are parameters which have to be extracted from the quantum dynam-

ics. This is done by using a least squares algorithm which minimizes the deviation of the

solution of the Pauli master equation with rates (4.10), (4.11) from the actual quantum

dynamics with initial states featuring |〈x(0)〉| ≤ N/4 (resulting in A = 0.16, B = 0.19,

C = 2.5, G = 0.046). The results of this process are depicted in Fig. 4.9. The reason-
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Figure 4.9.: Comparison of the quantum dynamics (markers) for 〈x̂(t)〉 and σ2(t) for
two initial states with 〈x̂(0)〉 = 2 and 〈x̂(0)〉 = 8 for a system consisting of
N = 32 spins with the dynamics generated from the rate equation mentioned
in the text (solid lines)

able agreement indicates that stochastic Markovian dynamics may mimic the coherent

quantum dynamics even beyond macroscopic determinism. This is further indicator for

thermodynamic behavior in the anisotropic Heisenberg ladder in this parameter and

initial state regime.

While the rate equation based on (4.10) and (4.11) can reproduce the quantum dynamics

with reasonable agreement even for initial states which are not close to equilibrium,
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4.2 Comparison of the dynamics to a Pauli master equation

the question remains whether a stochastic process can be constructed which shares the

properties of the above mentioned rate equation, but is not based on ad-hoc assumptions

about the rates. A way to do this is to build a discrete Markov chain from the transition

probabilities between the magnetization subspaces at certain point in time τ wXY (τ)

which are defined as

wXY (τ) := |P̂Xe
−iτĤ |ωY 〉|2 (4.12)

with |ωY 〉| the initial state starting in magnetization difference subspace Y . If such a

description applies the dynamics of the probabilities is given by PX(t) :

~P (nτ) = W (τ)n ~P (0) (4.13)

where ~P (t) represents the entity of all {PX(t)} as a vector, and W (τ) is the transi-

tion matrix formed by all {wXY (τ)}. From ~P (t) mean and variance may of course be

computed as

< x(t) >= ~X · ~P (t), σ2 = ~X2 ~P (t) − ( ~X · ~P (t))2 (4.14)

where ~X is the vector formed by all {X} and ~X2 the vector formed by all {X2}. In

Fig. 4.10 the dynamics of mean and variance as resulting from the unitary evolution to

the dynamics as resulting from (4.12, 4.13) for τ = 15 (this choice is not imperative,

however for τ on the timescale of the correlation time the agreement becomes worse)

are compared. Obviously, there is reasonable agreement even for states starting far from

equilibrium. This indicates that a Markov chain based on W (τ) may indeed essentially

capture the dynamics of the closed quantum system. In order to compare the Markov

chain defined by (4.13) to the master equation defined by spin flip model first a matrix

of finite transition probabilities uXY (τ) as resulting from [27] is computed. This is con-

veniently done numerically. Since it is intended to compare with wXY (15) of course also

uXY (15) is computed. In order to be able to compare wXY (15), uXY (15) in an meaningful

way matrices a “force” f(X) and a “diffusion coefficient D(X) is assigned to both tran-

sition in the following way: The change of the mean < x(t) > during time t = 15 given

that one started a < x(0) >= X is computed and called f(X). Furthermore, the increase

of the variance σ2(t) during time t = 15 given that one started a < x(0) >= X, σ2(0) ≈ 0

is computed and called D(X). Obviously, there is a good agreement for the force (Fig.

4.11(a)) and reasonable agreement for the diffusion coefficient (Fig. 4.11(b)) as calcu-

lated form the Markov chain (4.12) and the ”naive model“ from [27] close to equilibrium

(X = 0). However, there are also significant differences in the off-equilibrium regime.

Based on the numerics at hand any tendency of these differences to vanish in the limit

43



4.2 Comparison of the dynamics to a Pauli master equation
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Figure 4.10.: Quantum expectation values 〈x̂(t)〉 and variances σ2 of the magnetization
difference for N = 32 for two states, one starting close to equilibrium
〈x̂(0)〉 = 2 and the other far from equilibrium 〈x̂(0)〉 = 12. Dots repre-
sent the corresponding data as calculated from the Markov chain specified
by (4.12). This is to be compared with Figs. 4.8 and 4.9. Obviously, the
agreement of the quantum dynamics with the respective stochastic model
is better here compared to the spin flip model and equally good compared
to the model based on (4.10) and (4.11).
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4.2 Comparison of the dynamics to a Pauli master equation
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Figure 4.11.: (a) Quantity corresponding to what would be the force term in a Fokker-
Planck equation, calculated for the stochastic models defined by the spin
flip model from [27] (which has the same force as the Lorentzian model with
the rates described in (4.10) and (4.11)) and the discrete model from (4.12).
While the force for the spin flip model is almost strictly linear, the force
for (4.12) deviates from that in the off-equilibrium regime. However, the
curvature is low on the scale of σ(≈ 3). (b) Quantity corresponding to what
would be the diffusion term in a Fokker-Planck equation, calculated for
the stochastic models defined by the spin flip model from [27], the discrete
model from (4.12) and the Lorentzian model from (4.10) and (4.11)) . The
diffusion coefficient from (4.12) deviates from the one from the spin flip
model in the off-equilibrium regime.
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4.3 Eigenstate thermalization hypothesis

of larger systems cannot be found.

As was demonstrated above the unitary quantum dynamics can be described by a time-

continuous Markov chain whose rates are chosen ad-hoc and fitted to the quantum data

and a discrete Markov chain with transition probabilities from the actual quantum data.

Since both methods yield results with good agreement to the quantum data, it is safe

to assume that the dynamics of the anisotropic Heisenberg ladder can be described by a

stochastic process which is combined with the results from the previous section a strong

indicator for thermodynamic behavior in this closed quantum system.

4.3. Eigenstate thermalization hypothesis

While the eigenstate thermalization hypothesis does not describe the way into equilib-

rium of a quantum system, it can be a helpful method to describe why a certain final or

equilibrium value is reached for the time evolution of an expectation value of a quantum

observable independent of the initial state in a certain energy shell. For the dynam-

ics of the anisotropic Heisenberg ladder it was demonstrated that all initial states in

a certain energy shell have an expectation value 〈x̂(t)〉 which relaxes to zero. If large

enough systems are chosen (N = 32) then this relaxation is Markovian and autonomous

and the dynamics of σ(t)2 relax towards the typical variance. Thus, this system shows

behavior which a quantum system which approximately fulfills the eigenstate thermal-

ization hypothesis for σ2 and exactly for 〈x̂(t)〉 would. Therefore, the question whether

the eigenstate thermalization hypothesis is responsible for this behavior will be discussed

now.

For the time evolution of the expectation value of the magnetization difference 〈x̂(t)〉
this question can be answered easily: Due to symmetry all eigenstates of the Hamiltonian

of the anisotropic Heisenberg ladder |Ei〉 have

〈Ei|x̂|Ei〉 = 0 (4.15)

and, therefore, the eigenstate thermalization hypothesis is automatically fulfilled for the

expectation value of the magnetization difference. Since the non-degeneracy condition

of pairs of eigenvalues should be fulfilled for this system, all initial states in all possible
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4.3 Eigenstate thermalization hypothesis

energy shells will have expectation values of the magnetization difference which will

relax to zero. This is a valuable insight, but, of course, lacks any knowledge about the

dynamics of these expectation values and can only function as addendum to the analysis

of the markovicity of the dynamics.

Considering the variance of the magnetization difference σ2 = 〈x̂2〉 − 〈x̂〉2, there are no

analytic results concerning the eigenstate thermalization hypothesis due to symmetries.

But because of (4.15) it is sufficient to consider the eigenstate thermalization hypothesis

for 〈x̂2〉. The easiest method to analyze the eigenstate thermalization hypothesis in such

a case is to numerically diagonalize the Hamiltonian and compute all expectation values

〈Ei|x̂2|Ei〉. Note that this is only feasible for system up to N = 16 spins. In Fig. 4.12 the
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Figure 4.12.: Expectation values 〈Ei|x̂2|Ei〉 for a system of N = 14 spins plotted against
the corresponding energy eigenvalue Ei. The eigenstates are computed us-
ing exact diagonalization.

expectation values 〈Ei|x̂2|Ei〉 are depicted as a function of the energy for a system of N =
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4.3 Eigenstate thermalization hypothesis

14 spins whose eigenstates and eigenvalues are computed using exact diagonalization.

The spreading of these expectation values is strong and increases with energy. To be

able to analyze the amount of spreading of the expectation values 〈Ei|x̂2|Ei〉 it is wise

to subdivide the energy spectrum in distinct intervals and to calculate the mean of the

expectation values 〈Ei|x̂2|Ei〉 and its variance Σ2 for each individual energy interval,

which is a quite easy task if all eigenstates and eigenvalues are known. In Fig. 4.13 the
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Figure 4.13.: Mean Expectation values of 〈Ei|x̂2|Ei〉 and its standard deviation for en-
ergy intervals with a width of approximately 0.73 for a system of N = 14
spins plotted against the corresponding energy eigenvalue Ei. The eigen-
states are computed using exact diagonalization.

same data is used to compute the mean of the expectation values 〈Ei|x̂2|Ei〉 and its

standard deviation Σ quantifying the strong spreading of the expectation values of the

squared magnetization difference. The spreading Σ is an indicator of how different the

final variances will be for different initial states within the same energy shell. Since it

is known from the numerical computation of the time evolution of the variance of the
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4.3 Eigenstate thermalization hypothesis

magnetization difference σ2 that the final variances for initial states lie more closely

together with increasing system sizes, it is safe to assume that Σ becomes smaller with

increasing system sizes at least in the middle of the energy spectrum (only this part was

analyzed numerically before for the time evolution of σ2).

Since large system sizes cannot be diagonalized exactly on reasonable time scales, an-

other method to analyze the eigenstate thermalization hypothesis is needed. A possible

way to do this is to compute the mean 〈Ei|x̂2|Ei〉 of the variance of the magnetization

difference with the eigenstates within a certain energy shell (which is the typical vari-

ance σ2
typical) and its second moment using typicality and the fourth order Runge-Kutta

scheme. The typical variance which is defined in (4.2) and (4.3) is this mean such that

only a method for the computation of the second moment Σ2 of the variance of the mag-

netization difference with the eigenstates in a certain energy shell needs be developed.

The spreading Σ2 of the expectation values of x̂2 is defined for an energy shell formed

by a gaussian filter

Σ2 =
∑

n

Pn〈n|x̂2|n〉2 −
(
∑

n

Pn〈n|x̂2|n〉
)2

(4.16)

with |n〉 the energy eigenstates and Pn ∝ e−α/2(En−Ef )2

with
∑
n
Pn = 1. Now it will be

demonstrated that pure states drawn from an unitary invariant ensemble can be energy

filtered with a Gaussian giving rise to a small Hilbert space variance for systems with

a large effective dimension and that they can be used in the computation of Σ2. The

average of the quantum expectation values of a certain observable Â sampled from these

randomly chosen states (which is called the Hilbert space average) and its variance are

[11, 49]

HA
(
〈ψ|Â|ψ〉

)
=

Tr
(
Â
)

n
(4.17)

HV
(
〈ψ|Â|ψ〉

)
=

1

n+ 1




Tr
(
Â2
)

n
−



Tr
(
Â
)

n




2

 (4.18)

with n the dimension of the corresponding Hilbert space. For the anisotropic Heisenberg

ladder drawing pure states from the unitary invariant ensemble can be achieved by

choosing each basis coefficient in the “spin-up/spin-down” basis according to a uniform

distribution for the real part and the imaginary part and then normalizing the state.
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4.3 Eigenstate thermalization hypothesis

Introducing the Gaussian energy shift operator (or Gaussian filter)

Ĉ = e−1/4α(H−Ef )2

(4.19)

the Hilber space average and variance of the quantity θ = n〈ψ|Ĉ2|ψ〉 can be computed

HA (θ) = Tr
(
Ĉ2
)

=
∑

n

e−1/2α(En−Ef )2

(4.20)

HV (θ) =
1

n+ 1

(
nTr

(
Ĉ4
)

− Tr
(
Ĉ2
)2
)

(4.21)

with En the energy eigenstates of the Hamiltonian and

Tr
(
Ĉ4
)

=
∑

n

e−α(En−Ef )2

(4.22)

Assuming that the spectrum of the Hamiltonian is sufficiently smooth at Ef the traces

can be approximated by

Tr
(
Ĉ2
)

≈ n(Ef)
√

2π
√
α (4.23)

Tr
(
Ĉ4
)

≈ n(Ef )
√
π

√
α (4.24)

with n(Ef) the density of states of the Hamiltonian at energy Ef . Introducing the “ef-

fective dimension” d = n(Ef )
√
α the following estimations of the Hilbert space average

and variance of θ can be found

HV (θ) <
n

n + 1
Tr
(
Ĉ4
)
< d

√
π (4.25)

HA (θ) ≈ d
√

2π (4.26)

Equation (4.25) means that for a large effective dimension the corresponding Hilbert

space variance of θ is small giving rise to a narrow distribution of the Hilbert space

average in terms of pure states drawn form an unitary invariant ensemble. This means

that Tr
(
Ĉ2
)

can easily be estimated by a small number of randomly chosen pure states

and the energy constrained pure state C/

√
Tr
(
Ĉ2
)
|ψ〉 can be generated using typicality.

Defining the normalized (Tr(ρ) = 1) Gaussian filter operator according

√
ρ =

Ĉ

Tr
(
Ĉ2
) (4.27)

50



4.3 Eigenstate thermalization hypothesis

with this definition the ”filter amplitudes“ in (4.16) are 〈n|ρ|n〉 = Pn. To calculate the

typical variance and to check whether it can be determined from the energy filtered pure

states drawn from an unitary invariant ensemble the Hilbert space average and variance

of

β = N〈ψ|√ρx̂2√
ρ|ψ〉 (4.28)

Its Hilbert space average is

HA (β) = Tr
(
ρx̂2

)
=
∑

n

Pn〈n|x̂2|n〉 (4.29)

which is the typical variance and thus defining a numerical recipe for calculating it using

β. From the Hilbert space variance it can now be deduced if the typical variance can be

sampled from a view random pure states as was down in the previous sections.

HV (β) =
1

N + 1

(
NTr

(
ρx̂2ρx̂2

)
−
(
Tr
(
ρx̂2

))2
)

(4.30)

The first expression in (4.30) can be simplified further by using Pk ≤ 1/d

Tr
(
ρx̂2ρx̂2

)
=
∑

Pix̂
2
ikPkx̂

2
ki ≤ 1

d

∑
Pix̂

2
ikx̂

2
ki =

1

d
Tr
(
ρx̂4

)
(4.31)

Therefore, the Hilbert space variance of β scales with 1/d and for systems with a large

effective dimension the typical variance for a Gaussian shaped energy shell σ2
typical =

∑
n
Pn〈n|x̂2|n〉 can be computed from a view random drawn, energy filtered pure states.

At last the quantity

γ(t) = N〈ψ|√ρx̂2(t)x̂2√ρ|ψ〉 (4.32)

has to be analyzed. Assuming that the anisotropic Heisenberg ladder has non-degenerate

pairs of eigenvalues averaging over finite time intervals is the same as computing the total

time average

γ =

t2∫

t1

γ(t) dt = N〈ψ|√ρx̂2
Dx̂

2√
ρ|ψ〉 (4.33)

with x̂2
D the diagonal representation of x̂2 in the energy eigenbasis. The Hilbert space

average of (4.33) is

HA (γ) = Tr
(
ρx̂2

Dx̂
2
)

= Tr
(
ρx̂4

D

)
=
∑

n

Pn〈n|x̂2|n〉2 (4.34)

which is the first expression needed for the calculation of Σ2 (4.16). The definition of γ
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4.3 Eigenstate thermalization hypothesis

is also the numerical recipe for the calculation of this expression: A random state drawn

from the unitary invariant ensemble is energy filtered and the operator x̂2 is applied to

a copy of it, then both states are evolved in time using an appropriate method and the

scalar product between the original state and the copy of it to which again x̂2 is applied

to is calculated. The result is then time averaged over an interval in which the dynamic

has stopped. If this method is feasible, is again decided by the Hilbert space variance

which has the following supremum for γ

HV (γ) ≤ 1

d
Tr
(
ρx̂2

Dx̂
4x̂2

D

)
(4.35)

which again scales with the inverse effective dimension making this method good for the

systems at hand. This method is much faster compared to exact diagonalization and its

only sources of error are introduced by the statistical error due to the random drawing

of the initial states and the approximation of the time evolution by the Runge-Kutta

scheme. In order to estimate t1 and t2 in (4.33) γ(t) is calculated and the values are

chosen manually from the resulting curve to enclose an interval in which γ(t) shows

no dynamics apart from oscillations (Fig. 4.14). Figure 4.15 shows the results of this

method for a system of N = 14 spins compared to the exact diagonalization results.

The results for the typical variances σ2
typical and its spreading Σ as a function of the

energy are approximately the same. The main disadvantage of the Runge-Kutta method

of estimating the eigenstate thermalization hypothesis becomes visible in this figure:

It cannot be used in regions of the Hilbert space where only a few energy eigenstates

are because the state |ψ〉 cannot be constrained to these energy regions without high

statistical errors due to the low effective dimension at the edges of the spectrum.

In Fig. 4.16 the typical variance and its spreading are depicted for N = 20 with cal-

culations based on typicality and the fourth order Runge-Kutta scheme. While the de-

pendency of the typical variance on the energy stays roughly the same, the spreading

of variances within the energy intervals has decreased strongly. The decrease in the

spreading Σ indicates that the eigenstate thermalization hypothesis plays a role in the

thermalization process of this quantum system by ensuring that even for different initial

states the equilibrium state is the same. In Fig. 4.17 the ratio σ2
typical/Σ is depicted as a

function of the energy for certain system sizes. It can be seen that for all energy intervals

the ratio σ2
typical/Σ becomes smaller meaning that the relative spread of the expectation

values of x̂2 becomes smaller for larger systems regardless of the energy shell.
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4.3 Eigenstate thermalization hypothesis
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Figure 4.14.: The property γ(t) as a function of time for a system comprising 20 spins
and U = 0. The relaxation dynamics yield after t ≈ 150 indicating possible
choices for t1, t2 in (4.33)
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Figure 4.15.: Typical variance σ2
typical of the magnetization difference and its standard

deviation Σ regarding the variances of the magnetization difference of the
energy eigenstates in the corresponding energy shell for energy intervals
with a width of approximately 0.73 for a system of N = 14 spins plot-
ted against the corresponding energy. Both exact diagonalization and the
Runge-Kutta scheme are depicted.
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Figure 4.16.: Typical variance σ2
typical of the magnetization difference and its standard

deviation Σ regarding the variances of the magnetization difference of the
energy eigenstates in the corresponding energy shell for energy intervals
with a width of approximately 0.73 for systems of N = 20 and N = 24
spins plotted against the corresponding energy. Calculations for this data
were performed using the Runge-Kutta-scheme.
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Figure 4.17.: The ratio of the spreading Σ of variances of magnetization difference in a
certain energy shell to the typical variance σ2

typical in the same energy shell

plotted against the energy for different system sizes.

56
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Figure 4.18.: The spreading of the quantum expectation values of x̂2 with the energy
eigenstates Σ as a function of the effective dimension of the energy filtered
subspace sampled from 10 states drawn at random from the unitary invari-
ant ensemble for Ef = 0. The red curve represents a power law fit with an
offset Σ(N = ∞) = 0.17 corresponding to the finite width of the energy
subspace (see text). The straight black line is this offset.
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4.3 Eigenstate thermalization hypothesis

The eigenstate thermalization hypothesis is fulfilled if in the limit of large systems and

small energy subspaces N → ∞ and Var
(
Ĥ
)

→ 0 the spreading vanishes Σ → 0. Due to

the large computational effort needed to achieve very small energy subspaces the second

limit is omitted and the scaling of Σ with the dimension only is analyzed. Because of

the finite energy width it is clear that Σ cannot decrease to zero even in the limit of

large systems, but will reach an offset Σ(N = ∞) which is determined by the slope of

β(E) over the energy subspace. It can be calculated by approximating β(E) by a linear

function using a fit and calculating its standard deviation with the normal distribution

formed by the Gaussian energy filter. This analysis is depicted in Fig. 4.18 for a systems

comprising 14, 16, 18, 20 spins and the chosen energy subspace centered around Ef = 0:

There Σ is plotted against the effective dimension d which is defined in (4.23). The

effective dimension is a technical byproduct of the normalization of the random pure

state drawn from the unitary invariant ensemble with a Gaussian filter and represents

the number of states in the actual energy subspace. In case that the density of states does

not change its shape, if the system size is increased, the effective dimension is merely a

fraction of the complete dimension of the Hilbert space considered regardless of system

size. The results from Fig. 4.18 show that Σ(d) can be described by a power law with the

offset calculated with the above mentioned method indicating that this system might

fulfill the eigenstate thermalization hypothesis.
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5. Consistent histories and Markovian

quantum dynamics

In the last chapters the thermalization process of a spin ladder and the similarities of

this process to a classical master equation were discussed. Since dynamics of quantum

expectations values the anisotropic Heisenberg ladder can be described by a Pauli master

equation, it remains an interesting question whether the dynamics of quantum systems

can be treated as a stochastic process on the level of projective measurements.

A way to answer this question is to assign a probability to a list of consecutive, projective

measurements performed on a quantum systems using the “consistent history formalism”

(which is always possible but does not yield results in accordance with the laws of

probability for all systems) and check whether these assigned probabilities are Markovian

in the sense that the outcome of the next measurement depends only on the last one

and not more or even all measurements already performed on the system.

5.1. Consistent history formalism

So far the dynamics of the quantum systems considered have been entirely treated like

classical, Markovian, stochastic processes on the space of distinguishable mesostates

because of the similarities of their dynamics with Pauli master equations. However,

such an interpretation (even without the “Markovian”) is not necessarily in accord with

quantum mechanics on the level of measurements. The prime example is the double slit

experiment: The probability of the particle to hit the screen at a certain point simply

cannot be expressed as the sum of the probabilities of the particle passing through

either slit and then proceeding to the above point, i.e., the sum rule of probabilities is
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5.1 Consistent history formalism

not fulfilled. Hence for the double slit experiment the quantum histories of the particle

w.r.t. to its positions are not consistent or “decoherent” (cf. formal definition below).

However quantum histories of other systems with respect to other “propositions” may

be consistent, i.e., fulfill the sum rule. The latter is an indispensable prerequisite for

the description of the quantum dynamics of the systems at hand w.r.t. the mesostates

in terms of a master equation and the unraveling of its solution in terms of stochastic

trajectories. The mere existence of the concept of a Pauli master equation suggests

such a consistency, however, the derivation of the Pauli master equation and a precise

formulation of its limits of applicability is somewhat subtle [4, 50, 51, 52, 53]. It should

also be mentioned here that a valid derivation of a Pauli master equation on the basis of

projection operator techniques does not yet sufficiently proof consistency since it does

not directly allow for the calculation of the probability of a quantum history (comprising

more than one event). The question of consistency in non-equilibrium quantum systems

has been addressed in literature quite frequently, e.g., [54, 55], for an overview see [56],

however, these investigations address specifically consistency of position measurements

in systems of the Caldeira-Legett-type, which are all open quantum systems.

Also somehow implied by a Pauli master equation description, but different from consis-

tency is Markovicity. Here we call a quantum history or sequence of events Markovian if

its probability may essentially be written as a product of the probabilities of subsequent

events. This is of course only possible if the probability of any event exclusively depends

on the previous event.

In the remainder of this section we give some more concrete specifications of consistency

and Markovicity and introduce a non-specific and rather simple Hamiltonian model

tailored to facilitate a numerical check of consistency and Markovicity. This check will

be restricted to some somewhat arbitrary examples and is more intended to be a proof

of principle rather than an exhaustive detailed analysis.

A quantum history is a list of events (results of measurements) on a quantum system

which is assigned a probability through the consistent history formalism as developed by

Griffith, Omnes, Gell-Mann, Hartle and others [57, 58, 59]. The events are represented

by consecutive (not necessarily but often) projective measurements on the time-evolving

quantum system. For example, consider a quantum system which is in the state ρ at

t = 0, then a measurement is performed on the system yielding the property represented

by the projector P̂α1
at time t1, then at t2 the property P̂α2

is measured and so on.
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5.1 Consistent history formalism

Thus, the the history operator Cα with α the set of different projective measurements is

defined as

Ĉα = . . . P̂α2
e−iH(t2−t1)P̂α1

e−iHt1 (5.1)

with α1, α2, . . . ∈ α and
∑
n
Pαn

= 1. Intuitively, one would assign the probability pα =

Tr
(
ĈαρĈ

†
α

)
to the history Ĉα. For this to be true, the so assigned probabilities must

fulfill the axioms of probability meaning they have to be non-negative, normalized and

the sum rule of probabilities (the third axiom of Kolmogorov which states that the sum

of all possible probabilities is one) must apply. It can easily be seen that the so assigned

probabilities are non-negative and normalized, but what about the sum rule? It states

that probabilities are additive for disjoint events. That this needs not to be true can be

seen if unity is inserted into the expression for the probability of measuring P̂α2
at t = t2

in the Heisenberg picture.

Tr
(
P̂α2

(t2)ρP̂
†
α2

(t2)
)

=
∑

α1,α′

1

Tr
(
P̂α2

(t2)P̂α1
(t1)ρP̂

†
α′

1

(t1)P̂ †
α2

(t2)
)

(5.2)

In (5.2), there are more summands than just the probabilities of all possible histories. In

addition to the history probabilities, there are terms with different histories on the left

and on the right of the density operator in the trace. These inconsistency or decoher-

ence terms must vanish in order for the histories obeying the sum rule of probabilities

meaning

Tr
(
ĈαρĈβ

)
= 0 (5.3)

for all possible pairs of different histories which the system may undergo. If this is

true, the measurement can be considered purely classical since the occurrence of the

measurement have any influence at all on the system. There are two possible explanations

for the fact that (5.3) is true in some quantum systems: If the measurement device itself

is a part of the quantum system, it can play a vial part in the decoherence of the quantum

mechanics leading to (5.3) to be true (an example for this is the double slit), but there

are also systems for which (5.3) is true without explicitly incorporating the measurement

device, which is what is aimed for here.

Our model quantum system consists of two identical subunits with n states and band-

width δǫ, which are coupled with the average interaction strength λ.

H =
n−1∑

i=0

i

n− 1
δǫ|i〉〈i| +

n−1∑

j=0

j

n− 1
δǫ|j〉〈j| +

n−1∑

i,j=0

λ · eiθij |i〉〈j| (5.4)
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5.1 Consistent history formalism

with θij being uniformly distributed random numbers in the interval [0; 2π] so that

every element of the coupling matrix has the amplitude λ, but the phases are randomly

distributed. For simplicity, the density of states in both subunits are the same. This

system type has been analyzed before, see, e.g., [53, 60] and obeys a classic rate equation

with rates according to Fermi’s golden rule (relaxation time τR = 1/(2πλ2n/δǫ) if the

conditions 2λn/δǫ ≥ 1 and λ2n/δǫ2 << 1 are fulfilled (Fig. 5.1), which essentially

boils down to the correlation time τC = 2πn/δǫ being small to the relaxation time as

mentioned above.
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(t
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time evolution subunit 1
time evolution subunit 2
rate equation subunit 1
rate equation subunit 2

Figure 5.1.: A plot of the comparison of probability of being in the first p1(t) = 〈P̂1(t)〉
or second subunit p2(t) = 〈P̂2(t)〉 of a two part system calculated by exact
diagonalization of the Hamiltonian mentioned in the text with the solution
of the corresponding classical rate equation for n = 800, λ = 5 · 10−5 and
δǫ = 0.05 yielding τR = 3979 and τC = 126 (see [53] for details). The exact
probabilities are calculated using the time-evolution of a completely mixed
state in the first subunit. The rate equation and the exact probabilities agree
very well.

For the consistency check we choose to consider a set of histories in which the system

is in a completely mixed state in the first subunit at t = 0, then at time t = ∆t a

measurement is performed on the system finding the system either in the first or second

subsystem and, finally, at time t = 2∆t the system is found in the second subunit through
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5.1 Consistent history formalism

a measurement. This setup is essentially (5.2). We subtract the sum of the probabilities

corresponding to the two possible histories from the total transition probability from

the first to the second subunit during time t = 2∆t, thus finding the magnitude of the

inconsistencies which we divide by the probability of finding the system in the second

subunit at time t = 2∆t so that a small number indicates consistent histories. Note that

this criterion not directly verifies (5.3), but rather checks whether

∑

α6=β

Tr
(
ĈαρĈβ

)
= 0 (5.5)

which is weaker than (5.3), but it seems rather unlikely that the terms in (5.5) all cancel

each other out but are very large the same time. As can be seen in Fig. 5.2 the histories
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Figure 5.2.: A plot of the consistency check as described in the text versus the density of
states n/δǫ for a system consisting of two subunits for δǫ = 0.05, τR = 3979,
∆t = τR and τC = 126. The error bars are generated by checking the
consistency criterion for different realizations of the Hamiltonian mentioned
above and then estimating mean and variance. With growing density of
states the inconsistencies vanish and the single quantum histories can be
assigned meaningful probabilities.
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5.1 Consistent history formalism

become more consistent for higher density of states and in the limit n/δǫ → ∞ the

inconsistency terms vanish thus allowing the mapping of the quantum system onto a

stochastic process as done in the previous sections.

The question remains whether the dynamics of this system are also Markovian. The

possibility to describe the probabilities of being in either one of the subsystems by a

classical rate equation as seen in Fig. 5.1 points in that direction. The previous analysis

of this model in also points in that direction but is not conclusive in general since

this analysis relies on a projection operator method which can only model the first

step in every history of the mixed ρ at t = 0 to the first measurement since after the

measurement the “new initial state” is not completely mixed anymore and cannot be used

in the projection operator method, which neglects an inhomogeneity of a, e.g., Nakajima-

Zwanzig equation. Therefore, we numerically analyze if the system shows Markovian

dynamics be comparing probabilities generated by the consistent histories formalism

to probabilities resulting from splitting the history into pairs of conditional transition

probabilities. For example, if the system is Markovian the following identity would be

true if we consider the same setup as in the consistency check

Tr

(
P̂2(t2)P̂1(t1)

P̂1(0)

n
P̂ †

1 (t1)P̂
†
2 (t2)

)
= Tr


P̂2(t2)

ˆP1(t1)

n
P̂ †

2 (t2)


·Tr

(
P̂1(t1)

P̂1(0)

n
P̂ †

1 (t1)

)

(5.6)

meaning that a history can be split up into a sequence of conditional probabilities of

pairs of transitions. In (5.6) the particle starts in subsystem 1, is then measured there

at time t1 and is measured in subsystem 2 at time t2. For our analysis we choose again

a system starting completely mixed in the first subsystem, measure once in between at

t = ∆t and end up in subsystem two at t = 2∆t. As a criterion for being Markovian

we calculate the difference between the history probability from the consistent history

formalism (left side of (5.6)) and the probability which the Markovian assumptions

assigns to the history (right side of (5.6)). The absolute value of the difference is divided

by the consistent history formalism probability (left side of (5.6)) and, thus, a small

number indicates that the system tends to be more Markovian.

Fig. 5.3 shows the results of this analysis: Like with the consistency discussed above in

the limit n/δǫ → ∞ the system becomes Markovian, thus, justifying all the statements

about rate equations for quantum systems made in the previous sections. Note that the

densities of states discussed for the consistency and Markovian check are still pretty small
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Figure 5.3.: A plot of the Markovian criterion as described in the text versus the density
of states n/δǫ for ∆t = τR. Three systems with δǫ = 0.1 (+),δǫ = 0.05 (x)
and δǫ = 0.025 (*) where used while all other parameters and the method of
generating error bars were chosen as in Fig. 5.2. In the limit of large densities
of states of the system the Markovian criterion approaches zero and, thus,
it is safe to assume that the system has Markovian dynamics.

65



5.1 Consistent history formalism

compared to macroscopic systems so that for a real macroscopic system the criterions

would be indistinguishable from zero.
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6. Conclusion

In this thesis a medium sized, closed, quantum spin system modeled after a signature

setup in non-equilibrium thermodynamics, namely a hot and a cold body which are in

contact with each other, was analyzed for signs of thermodynamic behavior. These sig-

nature signs of thermodynamic behavior were adopted from the macroscopic observation

of non-equilibrium thermodynamics:

• Unique Equilibration: Thermodynamic observables like the temperature differ-

ence have an autonomous and Markovian relaxation process free of memory effects,

which means that the relaxation itself does not depend on the initial state of the

system and an unique equilibrium is reached.

• Autonomy: The statistical variance of the observed quantity is negligible com-

pared to the order of magnitude of the observable meaning that, if two equal sys-

tems of such kind are prepared in the same initial state, their relaxation process

is indistinguishable.

• Stochasticity: The relaxation process can be described by a Pauli master equation

of the Fokker-Planck type for the individual measuring values.

While for the macroscopic world it is clear that these “thermodynamic axioms” are ful-

filled, the question whether and how a small quantum system on the order of magnitude

of a molecule would behave was unclear. The data presented in this thesis shows that the

anisotropic Heisenberg ladder shows these signature signs of thermodynamic behavior

for the magnetization difference between the beams of the ladder even for a medium

sized (32 spins) system with a large improvement compared to small system comprising

16 spins. Although this was only checked for a certain setup of geometry of the spins and

parameters, there is hope that these findings can be reproduced for other systems on a
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similar order of magnitude concerning the system size, which is still very tiny compared

to the macroscopic world but this remains subject to further research. Furthermore,

other forms of initial states remain also a valid question for future research: The initial

states used throughout this thesis were centered at energy E = 0 where the density

of states is highest and the fulfillment of the eigenstate thermalization hypothesis is

best, but this scenario represents in terms of thermodynamics an infinite temperature.

Whether initial states with “finite temperature” in terms of Gaussian filtered pure states

with a small variance in energy space but centered at a different energy or pure states

resembling a Gibbs state will also show signature signs of thermodynamic behavior in

this quality, needs to be analyzed in the future.

The numerical methods used in this thesis, namely the use of randomly drawn pure

states from an unitary invariant ensemble, which are then constrained to an energy

shell using a Gaussian filter, also provide a case study to the usefulness of methods

from solving systems of ordinary differential equations in quantum mechanics: It was

demonstrated and proven using typicality that initial pure states constrained to an

energy shell can be constructed from the unitary invariant ensemble with little effort and

that the numerical computation of this energy filter can be achieved with little error.

Furthermore, quantum expectation value as a function of time can be reliably computed

using the Runge-Kutta or Chebyshev expansion. Using this findings, a numerical method

to check the eigenstate thermalization hypothesis was developed: While usually the

corresponding Hamiltonian is diagonalized and quantum expectation values of certain

observables of interest for energy eigenstates are computed, this method does not rely on

the knowledge of the exact energy eigenstates. Using only the ability to generate typical

energy filtered pure states and calculate their time evolution, the (Gaussian weighted)

average of quantum expectation values with the energy eigenstates and their respective

variance. This method was utilized to check the eigenstate thermalization hypothesis

for the anisotropic Heisenberg ladder and the fulfillment of the ETH was identified as

the cause of the relaxation of the magnetization difference and its variance towards an

unique equilibrium value.

At last it was analyzed whether markovicity can also be found on the level of sequences

of measurements on a quantum system: The consistent history formalism provides an

interpretation of quantum mechanics in which sequences of measurements or quantum

histories can be assigned a probability. These probabilities need not abide to the classical

laws of probability, but it was demonstrated that for a simple quantum system with a
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random Hamiltonian this is the case and in the limit of large systems these histories

become Markovian.

All in all, it could be demonstrated that closed quantum systems can show signature

signs of thermodynamic behavior without modifying the standard Schroedinger equation

or any other further constraints related to standard quantum mechanics. Furthermore,

the eigenstate thermalization hypothesis was identified as the leading factor in the devel-

opment of the unique equilibrium value, which is independent of the chosen excitation

from equilibrium in this system.
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A. Source Code

In this chapter the C++ source code to initialize the Hamiltonian for the ansisotropic

spin ladder and how to solve it using sparse matrices and the fourth order Runge-

Kutta method will be discussed. As a library for sparse matrices and their linear algebra

operations the open source version of the matrix template library [37] is used.

At first a list of all basis states in the “spin-up spin-down” representation in the sub-

space with total magnetization zero is generated by building all possible permutations of

(11111 . . . 10000 . . .) with N/2 spin-ups (represented by 1 internally) and N/2 spin-downs

(represented by 0)

void copy_state_from_into ( i n t ∗ o r i g i n a l , i n t ∗ copy , const i n t N)

{

f o r ( i n t i = 0 ; i < N; i++) copy [ i ] = o r i g i n a l [ i ] ;

}

vo id sma l l e s t_sta t e ( i n t ∗ s ta te , const i n t M, const i n t N)

{

i n t i ;

f o r ( i = 0 ; i < M; i++) s t a t e [ i ] = 1 ;

f o r ( i = M; i < N; i++) s t a t e [ i ] = 0 ;

}

i n t next_M_state ( i n t ∗ s ta te , const i n t N)
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{

i n t i = 0 ;

// Pos i t i on der e r s t en 0 nach e i n e r 1

i n t p = −1;

// Zahl der 1en b i s zu d i e s e r Pos i t i on

i n t n = 0 ;

// be ide Groessen bestimmen . . .

whi l e (p == −1 && i < N)

{

i f ( s t a t e [ i ] == 1)

{

n++;

}

e l s e

{

i f (n > 0) p = i ;

}

i ++;

}

// f a l l s e s e ine 0 nach e i n e r 1 g ib t . . .

i f (p != −1)

{

s t a t e [ p ] = 1 ;

s t a t e [ p−1] = 0 ;

f o r ( i = 0 ; i < n−1; i++) s t a t e [ i ] = 1 ;

f o r ( i = n−1; i < p−1; i++) s t a t e [ i ] = 0 ;

return 1 ;

}

// a n d e r n f a l l s . . .

e l s e return −1;
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}

i n t dim_M( const i n t M, const i n t N)

{

// Zustand

in t s t a t e [N ] ;

sma l l e s t_sta t e ( state ,M,N) ;

// Dimension

i n t dim = 1 ;

// so l ange es we i t e r e Zustaende g ib t . . .

whi l e ( next_M_state ( state ,N) == 1)

{

// . . . Dimension erhoehen .

dim += 1 ;

}

return dim ;

}

void gen_basis ( i n t ∗ s t a t e s [ ] , const i n t M, const i n t N, i n t dim )

{

i n t s t a t e [N ] ;

sma l l e s t_sta t e ( state ,M,N) ;

f o r ( i n t i = 0 ; i < N; i++) s t a t e s [ 0 ] [ i ] = s t a t e [ i ] ;

f o r ( i n t j =1; j<dim ; j++)

{

next_M_state ( state ,N) ;

f o r ( i n t i = 0 ; i < N; i++) s t a t e s [ j ] [ i ] = s t a t e [ i ] ;
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}

}

To generate the Hamiltonian a sparse matrix is initialized and for a all possible com-

binations of elements of the above generated basis states it is checked whether the

corresponding entry in the Hamiltonian is different from zero.

i n t zz_term ( i n t ∗ s ta te , const i n t N)

{

i n t sum = 0 ;

f o r ( i n t i = 0 ; i < N/2−1; i++)

{

i f ( s t a t e [ i ] == s t a t e [ i +1]) sum += 1 ; e l s e sum −= 1 ;

}

f o r ( i n t i = N/2 ; i < N−1; i++)

{

i f ( s t a t e [ i ] == s t a t e [ i +1]) sum += 1 ; e l s e sum −= 1 ;

}

return sum ;

}

i n t zz_term_cc ( i n t ∗ s ta te , const i n t N)

{

i n t sum = 0 ;

f o r ( i n t i = 0 ; i <= N/2−1; i++)

{

i f ( s t a t e [ i ] == s t a t e [ i+N/ 2 ] ) sum += 1 ; e l s e sum −= 1 ;

}
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return sum ;

}

i n t xx_yy_term ( in t ∗ s ta te1 , i n t ∗ s ta te2 , const i n t N)

{

// a k t u e l l e Pos i t i on

i n t i = 0 ;

// Zahl der Feh ler

i n t e r r o r s = 0 ;

// Pos i t i on des 1 . Feh l e r s

i n t pos1 = 0 ;

// Pos i t i on des 2 . Feh l e r s

i n t pos2 = 0 ;

// Fehler bestimmen

whi l e ( i < N && e r r o r s < 3)

{

i f ( s t a t e 1 [ i ] != s t a t e2 [ i ] )

{

e r r o r s += 1 ;

i f ( e r r o r s == 1) pos1 = i ;

e l s e i f ( e r r o r s == 2) pos2 = i ;

}

i ++;

}

// Fehler auswerten

i n t coupled = 0 ;

i f ( e r r o r s == 2 && st a t e1 [ pos1 ] != s t a t e1 [ pos2 ] )

{

i f ( pos2−pos1 == 1 && pos1 !=N/2−1)
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{

i f ( s t a t e 1 [ pos1 ] == 1) coupled = 1 ; e l s e coupled = −1;

}

}

return coupled ;

}

i n t xx_yy_term_cc ( i n t ∗ s ta te1 , i n t ∗ s ta te2 , const i n t N)

{

// a k t u e l l e Pos i t i on

i n t i = 0 ;

// Zahl der Feh ler

i n t e r r o r s = 0 ;

// Pos i t i on des 1 . Feh l e r s

i n t pos1 = 0 ;

// Pos i t i on des 2 . Feh l e r s

i n t pos2 = 0 ;

// Fehler bestimmen

whi l e ( i < N && e r r o r s < 3)

{

i f ( s t a t e 1 [ i ] != s t a t e2 [ i ] )

{

e r r o r s += 1 ;

i f ( e r r o r s == 1) pos1 = i ;

e l s e i f ( e r r o r s == 2) pos2 = i ;

}

i ++;

}
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// Fehler auswerten

i n t coupled = 0 ;

i f ( e r r o r s == 2 && st a t e1 [ pos1 ] != s t a t e1 [ pos2 ] )

{

i f ( pos2−pos1 == N/2)

{

i f ( s t a t e 1 [ pos1 ] == 1) coupled = 1 ; e l s e coupled = −1;

}

}

return coupled ;

}

template <typename Matrix>

void init_Hamiltonian ( const double J , const double Delta , const double Beta ,

i n t ∗ s t a t e s [ ] , Matrix& m, const i n t dim , const i n t N)

{

// Matr ices are not i n i t i a l i z e d by de f a u l t

m= 0 . 0 ;

// Create i n s e r t e r f o r matrix m

matrix : : i n s e r t e r <Matrix> in s (m) ;

// Zustaende

i n t s t a t e1 [N ] ;

i n t s t a t e 2 [N ] ;

// gekoppe l te Zustaende

i n t coupled ;
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/∗
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
d iagona l e Elemente

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
∗/

//zz−Konstante innerha lb e i n e r Kette

const double prefactor_zz_term = J/4∗ Delta ;

//zz−Konstante zwischen den Ketten

const double prefactor_zz_term_cc = prefactor_zz_term ∗Beta ;

// d iagona l e Element druch laufen . . .

f o r ( i n t i = 0 ; i < dim ; i++)

{

// a k t u e l l e r Zustand

copy_state_from_into ( s t a t e s [ i ] , s ta te1 ,N) ;

// zz−Term der Heisenberg −Wechselwirkung

in s ( i , i ) = cdouble ( zz_term ( state1 ,N)∗ prefactor_zz_term+

zz_term_cc ( state1 ,N)∗ prefactor_zz_term_cc , 0 ) ;

}

p r i n t f ( " Diagonale lemente e r s t e l l t \n " ) ;

/∗
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
nicht−d iagona l e Elemente

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
∗/

// Konstanten

const double prefactor_xx_yy = J /2 ;

const double prefactor_xx_yy_cc = Beta∗J /2 ;

f o r ( i n t i = 0 ; i < dim ; i++)

78



{

// p r i n t f ( " i=%d\n " , i ) ;

f o r ( i n t j = i ; j < dim ; j++)

{

// a k t u e l l e Zustaende

copy_state_from_into ( s t a t e s [ i ] , s ta te1 ,N) ;

copy_state_from_into ( s t a t e s [ j ] , s ta te2 ,N) ;

coupled = xx_yy_term ( state1 , s ta te2 ,N) ;

i f ( coupled != 0)

{

i n s ( i , j ) += cdouble ( prefactor_xx_yy , 0 ) ;

i n s ( j , i ) += cdouble ( prefactor_xx_yy , 0 ) ;

}

coupled = xx_yy_term_cc ( state1 , s ta te2 ,N) ;

i f ( coupled != 0)

{

i n s ( i , j ) += cdouble ( prefactor_xx_yy_cc , 0 ) ;

i n s ( j , i ) += cdouble ( prefactor_xx_yy_cc , 0 ) ;

}

}

}

// Dest ructor o f i n s s e t s f i n a l s t a t e o f m

}

// Funktion : Bestimmt Ma g ne t i s i e r ung s s ch i e f e

template <typename Matrix>
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void in i t_magd i f f ( Matrix& m, i n t ∗ s t a t e s [ ] , i n t dim , const i n t N)

{

// Matr ices are not i n i t i a l i z e d by de f a u l t

m= 0 . 0 ;

// Create i n s e r t e r f o r matrix m

matrix : : i n s e r t e r <Matrix> in s (m) ;

i n t s t a t e [N ] ;

f o r ( i n t j =0; j<dim ; j++)

{

double sumlinks = 0 ;

double sumrechts = 0 ;

// a k t u e l l e r Zustand

copy_state_from_into ( s t a t e s [ j ] , s ta te ,N) ;

f o r ( i n t i =0; i<=N/2−1; i++)

{

i f ( s t a t e [ i ] == 1) sumlinks += 0 . 5 ;

e l s e suml inks −= 0 . 5 ;

}

f o r ( i n t i=N/2 ; i<N; i++)

{

i f ( s t a t e [ i ] == 1) sumrechts += 0 . 5 ;

e l s e sumrechts −= 0 . 5 ;

}

i n s ( j , j ) = cdouble ( suml inks − sumrechts , 0 ) ;

// p r i n t f ( "M(%d,%d)=%f \n " , j , j , sumlinks−sumrechts ) ;

}

}
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The energy shift in the Runge-Kutta scheme is calculated by 4 matrix vectors products

with a shifted Hamiltonian.

template <typename Matrix>

void i n i t _ e s h i f t ( Matrix& m, Matrix& H, i n t dim , double Ef )

{

// Matr ices are not i n i t i a l i z e d by de f a u l t

m= H;

// Create i n s e r t e r f o r matrix m

matrix : : i n s e r t e r <Matrix> in s (m) ;

f o r ( i n t i =0; i<dim ; i++) in s ( i , i )=H( i , i )−cdouble ( Ef , 0 ) ;

}

// Z u f a l l s g e n e r a t o r i n i t i a l i s i e r e n

const gsl_rng_type ∗ T;

gsl_rng ∗ r ;

gsl_rng_env_setup ( ) ;

T = gsl_rng_default ;

r = gs l_rng_al loc (T) ;

//Seed

gsl_rng_set ( r , time (NULL) ) ;

// Magnet i s i e rung s ch i e f e i n i t a l i s i e r e n

compressed2D<cdouble> Ma(dim , dim ) ;
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compressed2D<cdouble> Maq(dim , dim ) ;

compressed2D<cdouble> Esh i f t (dim , dim ) ;

compressed2D<cdouble> Esh i f tq (dim , dim ) ;

compressed2D<cdouble> Hq(dim , dim ) ;

in i t_magd i f f (Ma, s ta t e s , dim ,N) ;

Maq=Ma∗Ma;

Hq=Hamiltonian∗Hamiltonian ;

// Anfangszustand e r s t e l l e n

dense_vector <cdouble> s t a t e (dim , cdouble ( 0 , 0 ) ) ,

v1 (dim , cdouble ( 0 , 0 ) ) , v2 (dim , cdouble ( 0 , 0 ) ) ,

v3 (dim , cdouble ( 0 , 0 ) ) , v4 (dim , cdouble ( 0 , 0 ) ) , tmp(dim , cdouble ( 0 , 0 ) ) ;

f o r ( i n t i =0; i<dim ; i++)

{

s t a t e [ i ]= cdouble ( gs l_ran_gauss ian_ziggurat ( r , 1 . 0 ) ,

gs l_ran_gauss ian_ziggurat ( r , 1 . 0 ) ) ;

}

tmp=st a t e ;

// E n e r g i e i t e r a t i o n ausfÃ 1
4
hren

// Z i e l e n e r g i e e in t ragen

i n i t _ e s h i f t ( Esh i f t , Hamiltonian , dim , Ef ) ;

Esh i f tq=Esh i f t ∗ Esh i f t ;

double dte =0.01 ;

double temax=2;

i n t s t ep s e = in t ( c e i l ( temax/ dte ) ) ;

82



f o r ( i n t i =1; i<=s t ep s e ; i++)

{

t=i ∗ dte ;

v1=cdouble ( −1 ,0)∗ dte ∗2∗ Esh i f tq ∗ s t a t e ;

v2=cdouble ( −0.5 ,0)∗ dte ∗2∗ Esh i f tq ∗v1 ;

v3=cdouble ( −1/3.0 ,0)∗ dte ∗2∗ Esh i f tq ∗v2 ;

v4=cdouble ( −0.25 ,0)∗ dte ∗2∗ Esh i f tq ∗v3 ;

s t a t e += v1+v2+v3+v4 ;

}

Since the pure initial state is drawn at random from the unitary invariant emsemble a

random number generator is needed. For this purpose the GNU Scientific Library (GSL)

[61] is used. The above presented example for the Runge-Kutta energy filtering is only

an excerpt from the original source code and not executable on its own. To iterate the

state in real time the last few lines of code have to be changed to look like this

t=i ∗dt ;

v1=cdouble (0 , −1)∗ dt∗ Hamiltonian∗ s t a t e ;

v2=cdouble (0 , −0.5)∗ dt∗ Hamiltonian∗v1 ;

v3=cdouble (0 , −1/3.0)∗ dt∗ Hamiltonian∗v2 ;

v4=cdouble (0 , −0.25)∗ dt∗ Hamiltonian∗v3 ;

s t a t e += v1+v2+v3+v4 ;
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