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“The igibûm exceeded the igûm by 7.
What are the igûm and the igibûm?”

– YBC 6967, 1. Babylonian Dynasty [1]
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1. Introduction

As indicated by the title, the central subjects of this thesis are theoretical – i. e. math-
ematical – models and their application to the experimental process. A mathematical
model may be defined as “an abstract, simplified, mathematical construct related to a part of
reality and created for a particular purpose” [2, 3]. Depending on the nature, complexity and
purpose of the problem, one might choose different types of models on various levels,
for example: descriptive or predictive, continuous or discrete, analytical or numerical,
microscopic or macroscopic, stochastic or deterministic, qualitative or quantitative ones
[4].

Some of the simplifications in the process of modeling are strongly linked to the
abstraction: Aspects of reality that have no effects on the system under consideration
are neglected. However, on close inspection, there is seldom anything that has exactly
no effect on the system. This is illustrated by an extreme but prominent example from
popular science, the Butterfly Effect [5]. Thus, an early and essential task is the distinction
between those effects that may be neglected and those that are crucial: Ignoring too many
aspects of reality will make the model useless, as it lacks precision. Ignoring too few,
however, might increase the complexity beyond manageability, regarding solvability,
required data or necessary computational power. Depending on the purpose, trade-offs
may be made in generality, realism or precision. Simulation models, for example, tend
to sacrifice generality in favor of realism and precision [2, 6].

Besides the negligible aspects of reality, a second class is formed by entities that effect
the modeled system, but are not part of it themselves. In mathematical models, they
often provide the boundary conditions, or, more generally spoken, exogenous variables.
Examples are the thermodynamic heat bath, or, in some models presented later, the
incident laser beam (before it interacts with the system under consideration). The
third class, of course, is the system under consideration, constituted by its endogenous
variables.

In a second step of simplification, the mathematical relation between exogenous vari-
ables and endogenous variables may be considered. For example, in some systems that
change on a large time constant, derivatives of higher order may be neglected, greatly
simplifying differential equations. Perhaps the most common method at this stage is
the simplification of complicated dependences between endogenous and exogenous
variables, for example via expansion into Taylor or Fourier series. Reduction to first or
even zero order is customary in these cases.

Today, mathematical modelling forms the basis of many modern sciences, including
physics. However, one might say that modelling predates science by ten thousands of
years: In 1937 in Vestonice in Moravia, a wolfbone was found, featuring 55 notches,
from which 25 where pooled in groups of five [7, 8]. It was dated to be at least 20,000
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1. Introduction

years old, and it is assumed to have served a hunter in counting prey or even slain
wolves in particular. The wolfbone served as a description of reality, abstracting and
simplifying it by reducing reality to the only necessary aspect. Striping the wolves
down to a notch as a countable entity and omitting all other attributes – especially the
hard-to-carry clawy and teethy ones – was not only a considerable increase of comfort,
but may be described as one of the first evidences for human economic – and in a wider
sense mathematical – modelling.

The next important step was made in the early ancient civilisations, more than 15,000
years later. Centralized bureaucratic nations with outspread trading contacts required
the invention of calculation [9], which naturally widely extended the possibilities for
mathematical modelling. For example, both Egyptian and Babylonic scribes reduced
their buildings and granaries to numerical diameter and height to determine their
capacities [9–11]. The Egyptian Papyri Rhind, Kahûn, Moscow, and Berlin feature
various exercise tasks like

“Example for the production of a magazine of 9 (and of) 10.” [11]

followed by instructions to calculate the volume. The Babylonian clay board YBC 5037
is inscribed with the question

“An excavation. Every side of the upper square is 1/2 gar. Every side of the
lower square is 4 cubit. The depth is 1/2 gar. What is the volume?” [11, 12].

Especially Babylon produced a considerable amount of boards with word problems to
torment their apprentice scribes. Due to the durable clay form, many Babylonian boards
are preserved until today, while most Egyptian papyri are lost [11, 13]. They feature
various geometrical and economical problems and discuss mathematical techniques
including roots, exponentials, calculation of interest and 2nd order algebraic equations
[11].

In the following 3,000 years, mathematics were extensively used in astronomy and
astrology. Still, the description of reality via mathematical models cannot be qualified
as science in the modern sense, as – besides calendrical purposes – religion was still
strongly connected to the measuring of celestial bodies [14, 15]. Nevertheless – but
not until the 16th century – the conjunction of mathematical models and science was
performed in this very field, initiated by the Copernican Revolution [16, 17]. Soon after,
Newton and Leibniz developed infinitesimal calculus and classical mechanics. Parallel
to this process, Bacon, Descartes, and Kant revolutionized epistemology, providing
the basis for the fundamental rules of science [17]. Since that time, the combination
of sophisticated mathematical models and scientific methods in empirical observation
characterises all natural sciences. Especially modern physics is born from this fusion.

Until today, experimental advances in all fields of physics demand the construction
of new and the amelioration of existing models. The publications compiled in this
cumulative thesis cover subtopics of nonlinear solid state optics. The models presented
are derived in close collaboration with the experimental branch of our research group.
This strong coupling of theory and experiment allows agile adaption of models to new
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experimental circumstances and direct proof or disproof of theoretical approaches. Three
important topics in modern photonics are studied. While a comprehensive introduction
and motivation is included in the respective chapters, a short overview is given in the
following:

In chapter 2, the coupled-wave theory first introduced by Kogelnik [18] is reviewed
and extended with emphasis on out-of-phase mixed holographic gratings. This class of
gratings becomes increasingly important due to novel methods of hologram recording
and new classes of materials and metamaterials like holographic polymer dispersed
liquid crystals. Additionally, advances in laser technology suggest a stronger spectro-
scopic view on holography. The model presented in this thesis accounts for both of
these demands and provides a closed analytical solution.

Chapter 3 contributes to the field of space-charge waves (SCW), which provides
powerful tools for material analysis, especially in semiconductor technology. Although
the underlying theory is generally understood [19], recent improvements of the ex-
perimental techniques required extensions of the model and the interpretation of new
effects. In this thesis, the existing formalism is adapted to a new method of excitation,
which not only simplifies the experimental setup, allowing for easier adoption into
industrial environments, but also provides insight into the direction of carrier motion.
Furthermore, the model is extended to describe the influence of an external magnetic
field, adding the possibility to examine the Hall mobility of carriers.

Eventually, chapter 4 studies the dynamics of light induced absorption in pho-
tochromic [Ru(bpy)2(OSO)]+. Compared to other photofunctional compounds, this
molecule is nontoxic and exhibits exceptional photochromic reactions. These properties
make it a promising candidate for important industrial and technological applications,
ranging from data storage to non-electronic computation. For a profound analysis,
the models used for the description of photofunctional molecules [20–22] have been
completely revised to account for the pronounced absortion changes in the material.
Furthermore, a setup with orthogonal pump and probe beams is modeled and exper-
imentally tested. This novel geometry is introduced to resemble common industrial
setups.

In all fields, the theoretical models are presented in conjunction with the adjoined
experimental work, both explaining and predicting the experimental data. The results
show remarkable agreement between theory and experiment.
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2. Holographic gratings

The term “holography”, which is derived from oλoς , complete, and γραϕειν, to write,
has been coined by Dennis Gábor in 1947, who developed it as a “new principle”
for microscopy [23]. As an imaging technique, it can be compared to photography –
however, instead of the intensity and frequency of the light, it captures intensity and
phase. Through the phase, the hologram carries directional information, allowing 3D
images from a limited field of vision. Via multiplexing of multiple holograms, the field
of vision can be extended and color added, covering the CIE range [24].

Hologram recording strongly depends on a coherent light source. Not surprisingly,
like many other optical applications, its success story [25–28] is strongly correlated with
the realisation of the laser in 1960 [29].

Summing it up, holograms may be used to control intensity, phase/direction, and
frequency of light. These qualities make them important components in optical setups,
ranging from filters over mirrors to microscopic image carriers [30–36]. In state-of-the-
art technological applications, holograms are of great interest especially for storage and
display purposes [37, 38].

The formation of holograms is widely understood [39, 40]. The classical method is
to interfere a plain reference wave with a signal wave, carrying the image information,
inside a photosensitive material (see figure 2.1). The recording in the material consists of
an absorption or refractive index modulation – i. e. a complex permittivity modulation.
It is read via the plain reference beam, leading to a reconstruction of the signal beam
carrying the image.

a)

b)

illumination

reference reconstruction

si
gn
al

Figure 2.1.: Recording (a) and reconstruction (b) of a thick transmission hologram.
Image of potato from Wikicommons user Lumbar, public domain license.
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2. Holographic gratings

The simplest hologram is obviously the image of another plain wave (besides the
one of no wave). It consists of the sinusoidal permittivity grating and results in a –
generally partial – diffraction of the plane reconstruction wave from the direction of
the reference wave – i. e. the Bragg angle of the grating – into the direction of the initial
signal wave. The ratio between the intensity of the incident beam I0 and diffracted
beam IS is described by the diffraction efficiency η = IS/I0. Despite the fact that a
first theoretical description has been given by Kogelnik in 1969 [18] and the structure
of far more complex holograms can be calculated for decades [41–46], the sinusoidal
modulation is still of great theoretical interest, especially regarding the diffraction
efficiency and the phase development in thick volume holograms.

Kogelnik’s theory covers gratings with pure or in-phase absorption and refractive
index gratings and low modulation depths. It has been used for the past 40 years –
for example in material sciences for the characterisation of light-matter interaction.
Nowadays, however, a review and extension of the theory has become necessary due
to new materials featuring strong, photosensitive effects allowing for high modulation
depths and complex out-of-phase gratings. Additionally, advances in laser technology
allowing to create a wide range of frequencies have made a spectroscopic view on
holography interesting.

Publication 1 presents a reviewed version of Kogelnik’s coupled-wave theory for thick
holographic gratings, updating and extending it to complex out-of-phase gratings and
discussing new, emerging effects. Publication 2 applies these theories for studying small-
polaron based holograms in thermally reduced, nominally undoped lithium niobate
regarding diffraction efficiency, relaxation behavior and dependence on pump-beam
intensity. In the unpublished-results section, calculations and discussions regarding the
phase behavior during beam diffraction or coupling inside a thick hologram are shown.

Further fundamentals on the topic are given in the publications.

12



2.1. Publications

2.1. Publications

In the field of holographic gratings, the author contributed to the following articles in
scientific, peer-reviewed journals:

1. Voit, K.-M. and M. Imlau. “Holographic Spectroscopy: Wavelength-Dependent Analysis
of Photosensitive Materials by Means of Holographic Techniques.”
MDPI Materials 6, no. 1 (January 23, 2013): 334–358. doi:10.3390/ma6010334.

Abstract: Holographic spectroscopy is highlighted as a powerful tool for the
analysis of photosensitive materials with pronounced alterations of the complex
permittivity over a broad range in the visible spectrum, due to the advances made
both in the fields of advanced holographic media and highly tunable lasers sys-
tems. To analytically discuss consequences for in- and off-Bragg reconstruction,
we revised Kogelnik’s coupled-wave theory strictly on the basis of complex per-
mittivities. We extended it to comply with modern experimental parameters such
as out-of-phase mixed holograms and highly modulated gratings. A spatially
modulated, wavelength-dependent permittivity that superimposes a spatially
homogeneous wavelength-dependent ground state spectrum is taken into account
for signal wave reconstruction with bulky elementary mixed gratings as an ex-
ample. The dispersion characteristics of the respective diffraction efficiency is
modelled for color-center-absorption and absorption of strongly localized carri-
ers. As an example for the theoretical possibilities of our newly derived set of
equations, we present a quantitative analysis of the Borrmann effect connected
to out-of-phase gratings, providing easier and more intuitive methods for the
derivation of their grating parameters.

2. Brüning, H., V. Dieckmann, B. Schoke, K.-M. Voit, M. Imlau, G. Corradi, and C.
Merschjann. “Small-polaron Based Holograms in LiNbO3 in the Visible Spectrum.”
Opt. Express 20, no. 12 (June 4, 2012): 13326–13336. doi:10.1364/OE.20.013326.

Abstract: Diffraction efficiency, relaxation behavior and dependence on pump-
beam intensity of small-polaron based holograms are studied in thermally reduced,
nominally undoped lithium niobate in the visible spectrum (λ = 488 nm). The
pronounced phase gratings with diffraction efficiency up to η = (10.8 ± 1.0)%
appeared upon irradiation by single ns-laser pulses (λ = 532 nm) and are com-
prehensively assigned to the optical formation of spatially modulated densities
of small bound NbLi4+ electron polarons, NbLi4+:NbNb4+ electron bipolarons,
and O-hole polarons. A remarkable quadratic dependence on the pump-beam
intensity is discovered for the recording configuration K ‖ c-axis and can be
explained by the electro-optic contribution of the optically generated small bound
polarons. We discuss the build-up of local space-charge fields via small-polaron
based bulk photovoltaic currents.

Both articles were published open access and are included in appendix A.
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2. Holographic gratings

2.2. Unpublished results

2.2.1. Derivation of real number coupled-wave equations (RN-CWT)

The complex-amplitude version of the coupled-wave equations

dR̄(z)
dz

= eiΦAk0ε′′1(λ)S̄(z)
4 (ε′0(λ))1/2 cos(θ)

− ieiΦBk0ε′1(λ)S̄(z)
4 (ε′0(λ))1/2 cos(θ)

(2.1)

dS̄(z)
dz

= e−iΦAk0ε′′1(λ)R̄(z)
4 (ε′0(λ))1/2 cos(θ)

− ie−iΦBk0ε′1(λ)R̄(z)
4 (ε′0(λ))1/2 cos(θ)

+ i

(
K2
x

2k0 (ε′0(λ))1/2 cos(θ)
−Kx tan(θ)

)
S̄(z),

(2.2)

derived in “Holographic Spectroscopy: Wavelength-Dependent Analysis of Photosensitive
Materials by Means of Holographic Techniques.” (publication 1, included in appendix A,
see for details on derivation and quantities), is well-suited for an analytical solution.
However, it obscures some important information about two-wave coupling, namely
the mechanics of the beam’s phase development inside the crystal. In the following, we
substitute the complex amplitudes of the electric field E with its Euler representation
R̄(z) = r̄(z) exp(iΦr(z)) (and the analogue version for S̄) to examine the phase explicitly.

Separation into real and imaginary part of the equation results in four coupled
ordinary differential equations (ODE) for r̄(z), s̄(z), Φr(z) and Φs(z). The first two
equations only depend on ΦDiff ≡ Φs(z) − Φr(z). The second two equations may be
subtracted from each other, resulting in an equation also only depending on ΦDiff(z).
Consequently, the set of equations considered in the following will be

r̄′(z) = cos (ΦA − ΦDiff(z)) k0ε′′1(λ)
4n0 cos(θ) s̄(z)

+ sin (ΦB − ΦDiff(z)) k0ε′1(λ)
4n0 cos(θ) s̄(z)

(2.3)

s̄′(z) = cos (ΦA − ΦDiff(z)) k0ε′′1(λ)
4n0 cos(θ) r̄(z)

− sin (ΦB − ΦDiff(z)) k0ε′1(λ)
4n0 cos(θ) r̄(z)

(2.4)

r̄(z)s̄(z)Φ′Diff(z) = β(θ)r̄(z)s̄(z)

− sin (ΦA − ΦDiff(z)) k0ε′′1(λ)
4n0 cos(θ)

(
r̄(z)2 + s̄(z)2

)

− cos (ΦB − ΦDiff(z)) k0ε′1(λ)
4n0 cos(θ)

(
r̄(z)2 − s̄(z)2

)
(2.5)

Note that this is no longer a set of linear differential equations and we will not bother
with another full analytical solution. Instead, it is important to see that the equations for
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2.2. Unpublished results

the amplitudes only indirectly contain the off-Bragg parameter β(θ) through ΦDiff(θ).
This means that the phase relation between the two beams – i. e. is the position of the
interference pattern of the illumination in relation to the holographic grating – governs
the diffraction efficiency. It is subject to a “dephasing” due to the off-Bragg parameter.

We will examine the development of the phase along the propagation through the
grating in the following, using numerical methods.

2.2.2. Analysis of RN-CWT

Numerical examination

Given the appropriate boundary conditions, the set of eqs. (2.3)-(2.5) can be easily solved
numerically. The focus of the calculations presented here lies on the development
of the phase difference between the reference and the signal beam. The reference
beam intensity is normalized to an initial intensity IR,0 = 1 W/m2. In contrast to the
diffraction analysis that publication 1 is focussed on, we will start with an additional
“signal beam” with small initial intensity IS,0 � 0.001 IR,0, i. e. we model a real beam-
coupling experiment (two incident beams) with a beam intensity ratio of 1 : 1000.
Besides omitting numerical and conceptual problems with an arbitrary or undefined
initial phase Φs(0) of a zero-intensity beam, this allows us to observe how the phase
difference – i. e. the position of the interference pattern of the two beams relative to
the grating – develops during the coupling process along the z direction. The initial
phase in a beam diffraction setup (one incident beam) can then be derived as the limit
IS,0 → 0.
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Figure 2.2.: Development of ΦDiff inside the grating for IS,0 = 0.0004 W/m2,
α0 = 260 m−1, α1 = 130 m−1, n0 = 2.1776, n1 = −1.179 · 10−4, in-Bragg
(left) and off-Bragg (right).

For a first calculation, we use the parameters similar to the refractive grating published
in [47]: α0 = 260 m−1, α1 = 130 m−1, n0 = 2.1776, n1 = −1.179 ·10−4. Consequently, the
imaginary part of the permittivity is negligible[48]. Figure 2.2 shows the development of
the phase difference ΦDiff(z) inside the grating for IS,0 = 0.0004 IR,0 and different initial

15



2. Holographic gratings

values of ΦDiff,0. It is obvious that all solutions to different boundary conditions converge
to a single value (up to 2π equivalence). In the off-Bragg case, the phase differences
again show asymptotic behavior to a linear function with a slope proportional to the
off-Bragg parameter β(z).

It is to be determined if this linear behavior holds true for any kind of grating. Figure
2.3 shows the development caused by a mixed grating. The refractive index grating
from above has been maintained, while the absorption grating has been increased to
α0 = 2000 m−1, α1 = 2000 m−1. The results in a ε′1 and ε′′1 of nearly equal size.
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Figure 2.3.: Development of ΦDiff inside the grating for IS,0 = 0.0004 W/m2,
α0 = 2000 m−1, α1 = 2000 m−1, n0 = 2.1776, n1 = −1.179 · 10−4, in-Bragg
(left) and off-Bragg (right).

It can be observed that the linear behavior is slightly disturbed. A final calculation is
performed on a pure absorption grating with the same parameters as above. The results
are shown in figure 2.4.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

-4

-2

0

2

4

dH @mmD

F
D

if
f

@ra
dD

0.0 0.2 0.4 0.6 0.8 1.0 1.2

-2

0

2

4

dH @mmD

F
D

if
f

@ra
dD

Figure 2.4.: Development of ΦDiff inside the grating for IS,0 = 0.0004 W/m2,
α0 = 2000 m−1, α1 = 2000 m−1, n0 = 2.1776, n1 = 0, in-Bragg (left) and
off-Bragg (right).

In a real beam coupling experiment (IR ≈ IS), however, for common gratings the
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2.2. Unpublished results

energy transfer between the two beams will not be high enough to shift ΦDiff to an
optimal value. Indeed, in not too thick volume gratings (which can, however, still be
described with the established term “thick grating”) in the sub-millimeter scale, the
phases will not be shifted at all in first approximation, as shown in fig. (2.5). We will
briefly discuss this case later on. For very thick gratings, though, simulations including
the full phase equation may be necessary.
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Figure 2.5.: Development of ΦDiff in a beam coupling experiment, in-Bragg (left) and
off-Bragg (right). Apart from IS = 1, the same parameters as in fig. 2.2 have
been applied.

Analytical examination

To determine ΦDiff(0) for a diffraction, we evaluate eq. (2.5) at z = 0, inserting the bound-
ary conditions r̄(0) = r0, s̄(0) = 0. Obviously, every term containing s̄(z) vanishes,
including the derivative. The remaining equation can be solved for ΦDiff(0), giving

ΦDiff(0) = arccos


 cos (ΦA) ε′′1(λ)− sin (ΦB) ε′1(λ)√

ε′′1(λ)2 + 2 sin (ΦA − ΦB) ε′′1(λ)ε′1(λ) + ε′1(λ)2


 . (2.6)

Note that this holds true for any mixed grating. In the case of pure gratings, ΦA = ΦB =
0 can be assumed and the phase difference ΦDiff(0) solves to π/2 for a pure absorption
grating, and 0 for a pure refractive-index grating. This can be interpreted as constructive
interference building up in regions of large refractive index and low absorption, as
we described the grating using a cosine. Thus, there is an optimal relation between
the grating and the interference pattern of the reference beam and the signal beam for
coupling. In the photon picture one may think of the photons having a probability
density that is highest in the low refraction index regions and in the low absorption
regions. Due to the avoiding of absorption centers, this results in a higher total intensity
of the outgoing beams than one would expect from the mean absorption of the grating.
Note that this is in good agreement with the results published in [48, 49], where the
highest diffraction efficiency of a mixed grating is achieved with a mixed π/2 phase
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2. Holographic gratings

shift between the gratings. In that case, the interference pattern of the reference and
the signal beam is in optimal position regarding both gratings. In the in-Bragg case,
the system is able to maintain the optimal phase relation, while in the off-Bragg case,
dephasing leads to a divergence from this optimal value.

The numerical examination of a pure refractive grating suggests ΦDiff(z) = ΦDiff,0 +az
as an ansatz. The slope a of the phase difference can likewise be obtained from the
equation eq. (2.5).

Differentiating eq. (2.5) in z, evaluating in z = 0, and inserting the boundary con-
ditions r̄(0) = r0, s̄(0) = 0 leaves an equation containing a only in the term ar0s′(0).
Inserting the equation

cos (ΦB − ΦDiff(0)) = −sin (ΦA − ΦDiff(0)) ε′′1(λ)
ε′1(λ) , (2.7)

which we know from finding ΦDiff(0) above, eliminates another two terms. Introducing
eq. (2.4) simplifies the problem greatly, leaving an equation that can be solved to

a = −1
2n0k0β(θ). (2.8)

This is exactly the exponent of the first phase factor in eq. (30) of [48]. Indeed, this
result could already be obtained from this equation. It can be easily shown that in case
Φ = 0 or π and ε′′1(λ) ≤ ε′1(λ) this factor is the only complex quantity and thus governs
the phase behaviour. Consequently, the linear phase shift holds true not only for pure
refractive index gratings but for any grating fulfilling the above condition.

Using these results, the coupled-wave equations can be expressed as

r̄′(z) =
cos

(
ΦA − ΦDiff,0 + β(θ)

2 z
)
k0ε′′1(λ)

4n0 cos(θ) s̄(z)

+
sin
(
ΦB − ΦDiff,0 + β(θ)

2 z
)
k0ε′1(λ)

4n0 cos(θ) s̄(z)

(2.9)

s̄′(z) =
cos

(
ΦA − ΦDiff,0 + β(θ)

2 z
)
k0ε′′1(λ)

4n0 cos(θ) r̄(z)

−
sin
(
ΦB − ΦDiff,0 + β(θ)

2 z
)
k0ε′1(λ)

4n0 cos(θ) r̄(z)

(2.10)

for any grating fulfilling Φ = 0 or π and ε′′1(λ) ≤ ε′1(λ).
On the other hand, in a beam-coupling experiment (s̄(0) ≈ r̄(0)) within a “not too

thick” grating, ΦDiff(z) can be assumed to be approximately constant. Due to the large
parameter space, general statements on the applicability of the approximation cannot be
made and it should be tested via simulations on the particular parameter set in question.

Further simplifications are possible in several experimental setups. For example,
substituting r̄(z) = r0, s̄(z) = s0 in eqs. (2.9),(2.10) in the in-Bragg case (i. e. assuming
that the intensity changes are small through the crystal) resembles the beam-coupling
equations derived in [50].
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2.2. Unpublished results

Real value analysis of the in-Bragg system

In the off-Bragg case, eqs. (2.9),(2.10) constitute a system of two first order ODEs with
real, periodic coefficients. The elements of the corresponding non-constant matrix are
given by

P̂11 = P̂22 = 0 (2.11)

P̂12 =
cos

(
ΦA − ΦDiff,0 + β(θ)

2 z
)
k0ε′′1(λ)

4n0 cos(θ) +
sin
(
ΦB − ΦDiff,0 + β(θ)

2 z
)
k0ε′1(λ)

4n0 cos(θ) (2.12)

P̂21 =
cos

(
ΦA − ΦDiff,0 + β(θ)

2 z
)
k0ε′′1(λ)

4n0 cos(θ) −
sin
(
ΦB − ΦDiff,0 + β(θ)

2 z
)
k0ε′1(λ)

4n0 cos(θ) . (2.13)

A general strategy for the solution of such an equation does not exist. In the in-Bragg
case, however, the coefficient matrix is constant and can be solved with basic methods,
resulting in an analytically equivalent form to the one derived in [48]. The general
solution of the in-Bragg problem is given by the following equation:

(
r̄
s̄

)
= C1P1e

p1z + C2P2e
p2z , (2.14)

where P1,2 are the eigenvectors of P̂ and p1,2 are their related eigenvalues. C1,2 emerge
from the boundary conditions which – in case of a diffraction experiment – are R̄(0) = 1,
S̄(0) = 0.

The result for a diffraction experiment (Is(0) = 0) is

r̄IB(z) = cosh




√
Z2
A − Z2

Bk0

4n0 cos(θB) z


 r0 (2.15)

s̄IB(z) = −
√
ZA − ZB
ZA + ZB

sinh




√
Z2
A − Z2

Bk0

4n0 cos(θB) z


 r0, (2.16)

where ZA = ε′′1(λ) cos
(
ΦA − ΦDiff,0

)
and ZB = ε′1(λ) sin

(
ΦB − ΦDiff,0

)
. Note that all

amplitudes have to be multiplied by the factor exp(−α0z/(2 cos(θ)) to reincorporate the
Beer-Lambert factor. The final resulting intensities are then

Ir,IB(z) = I0ALB(θ) cosh




√
P 2
A − P 2

Bk0

4n0 cos(θB) z




2

(2.17)

Is,IB(z) = I0ALB(θ)PA − PB
PA + PB

sinh




√
P 2
A − P 2

Bk0

4n0 cos(θB) z




2

, (2.18)

where ALB(θ) = exp(−α0z/ cos(θ)) again is the absorption according to the Beer-
Lambert law for the mean grating absorption.
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3. Space-charge wave spectroscopy

The method of space-charge wave (SCW) spectroscopy is a powerful tool for material
analysis [51, 52], originally associated with the field of photorefractive crystals and
holography [53–59]. It can be used to conduct investigations not only on the defect
structure of photoelectric crystals but also on the nature of charge transfer including the
direction of carrier motion [60].

In recent years, it has been extended to various classes of wide-bandgap semicon-
ductors [60, 61]. This allows the precise study of doping effects and their impact on the
electrical characteristics of these materials, which is of utmost importance in state-of-
the-art semiconductor science and technology [62, 63].

In one sentence, space-charge waves (SCW) can be described as eigenmodes of spacial-
temporal oscillations of a space-charge density appearing in a system of traps and free
carriers in semi-insulating solids when carriers move in an electric field [64]. SCW can
be excited and detected via various methods, from which the most important are

1. running sinusoidal illumination pattern on a photorefractive crystal in a static
electric field, using optical detection via the photorefractive effect [53],

2. static sinusoidal illumination pattern on a photorefractive crystal in an electric ac
field, using optical detection via the photorefractive effect [55], and

3. sinusoidal illumination pattern with different movement patterns on photoelectric
solids in a static electric field using electrical detection [58, 60].

The following explanations especially cover the latter version. For a more detailed
description, one may refer to [19, 52]

For a theoretical description of the resonance behavior of SCW excitation, the band
structure is described with a one-center model as depicted in figure 3.1. This configura-
tion is well known, e. g. from holography [65–67].

The system essentially features the valence band (VB), the conduction band (CB) with
the carrier density n(x, t), a donor level with spatial and temporal dependent density
ND(x, t) and an acceptor level with constant density NA for charge compensation. The
density of excited donors is described by ND+(x, t).

The dynamics of the system are usually described via the Kukhtarev or Kiev equations
[68, 69]:

∂tn(x, t) = 1
e
∂xj(x, t) + g(x, t)− n(x, t)ND+(x, t)

ϑ
(3.1)

j(x, t) = µen(x, t)E(x, t) + eD∂xn(x, t) (3.2)
I(t) = εε0∂tE(x, t) + j(x, t),, (3.3)
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3. Space-charge wave spectroscopy

Figure 3.1: Energy-level diagram of a one
center system. Electrons are ex-
cited by illumination with a gen-
eration rate g(x, t) and a decay
into traps after a mean relaxation
time τ .

CB

VB

τg(x,t)

where ∂x = ∂/∂x. Equation 3.1 is a rate equation for the energy levels, where e is
the electron charge, g(x, t) is the (in the presented case light-induced) generation rate,
ϑ = τ [NA + n(t = 0)] is the recombination rate and j(x, t) is the current density de-
scribed by equation 3.2. It consists of a field driven component proportional to the
material-dependent carrier mobility µ and the electric filed and a diffusive component
proportional to the density gradient a the diffusion constant D. Equation 3.2 is derived
from the Poisson equation and the equation of continuity via integration and describes
the spatially averaged total current density I(t).

For low light intensities, i. e. outside the saturation region, g(x, t) is proportional to the
light intensity W (x, t). Publication 3, that is part of this chapter, adepts the well-known
solution model for oscillating illumination patterns

Wo(x, t) = W0

(
1 +m · cos

(
Kx+ Θ cos (Ωt)

))
(3.4)

[70–73] to a new running pattern

Wr(x, t) = W0

(
1 + m

2 cos (Kx) + cos (Kx+ ωt)
)

(3.5)

New effects in the resonance curve of the AC-current amplitude ∆I(ω) are highlighted
and explained.

Publication 4 uses Wo(x, t), but extends the model for an external magnetic field
perpendicular to the electric field and to the incidence of light. From a technological
point of view, the influence of magnetic fields on SCWs is crucial for determining the
Hall mobility of carriers. A closed solution for this system is presented and discussed.
Experiments show remarkable agreement with the theoretical considerations.
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3.1. Publications

3.1. Publications

In the field of space-charge wave spectroscopy, the author contributed to the following
articles in scientific, peer-reviewed journals:

3. Hilling, B., T. Schemme, K.-M. Voit, H.-J. Schmidt, and M. Imlau. “Space-charge
Wave Excitation by Superposition of Static and Moving Interference Patterns.”
Phys. Rev. B 80, no. 20 (November 23, 2009): 205118.
doi:10.1103/PhysRevB.80.205118.

Abstract: The optical excitation of space-charge waves (SCW) has been realized
experimentally by superposition of static and moving light interference patterns
with Bi12GeO20 as an example. A clear resonance behavior of the ac detected in
an external electric circuit, as well as an inverse dispersion law, is verified, and a
low frequency signal due to a modulation of the photoconductivity appears. The
results are compared to the classical method using an oscillating light pattern for
excitation. The optimized method allows for the detection of the charge carriers
participating in SCW formation and yields an excitation of higher quality.

4. Petrov, D. V., A. V. Shamray, B. Hilling, K.-M. Voit, M. Lemmer, and M. Imlau.
“Orientational Dependencies of Space-charge Waves Under the Action of a Magnetic Field
in GaAs:Cr.”
Appl. Phys. B 103, no. 2 (May 1, 2011): 351–356. doi:10.1007/s00340-011-4490-7.

Abstract: Space-charge wave (SCW) excitation is studied under the influence of
an external magnetic field in GaAs:Cr depending on the orientational angle of the
exciting oscillating sinusoidal interference pattern to the external electric field. It
was found that the tilt of the SCW propagation direction induced by the magnetic
field results in a shift of the orientational dependence curve. This feature allows
determining the deviation angle of charge carriers’ trajectory and their sign. A
quantitative theoretical explanation of the effects is proposed and a theoretical
expression for the SCW ac-current is given.

The abstracts are displayed with kind permission of the American Physical Society
and the Springer-Verlag GmbH, Heidelberg. See appendix B on the inclusion of the full
publications in the version at hand.
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4. Photofunctional molecules

Photofunctional molecules feature functional reactions on certain light interaction. They
may range from changes in the electronic structure, including ionization, to changes in
the molecular configuration [74]. Especially the latter class inherits outstanding potential,
for example in energy conversion and storage [75] or future computing applications.
Today, optical data transfer and storage is already widely established [76, 77]. However,
logic circuits still work on an electronic basis, necessitating optoelectronic bridges.

Using photoswitchable molecules allows to eliminate electronic, transistor-based
components [78, 79], pioneering the third era of human automated computing, succeed-
ing the mechanical [80–82] and the electronic generation[83–85]. On this background,
comprehensive research has been conducted in the past years. Especially two advances
necessitate an extensive review of existing spectroscopic models, which is given in
publication 5 and applied to experimental data:

1. As desirable, most recent candidates, namely ruthenium-sulfoxide complexes,
exhibit exceptional photochromic reactions. Consequently strong absorption
dynamics during the pumping have to be taken into consideration.

2. By now, a state of research is reached in which industrial setups have to be taken
into stronger consideration. While classical research setups feature a parallel align-
ment of pump and probe beam, most industrial applications require orthogonal
alignment. The impact of these geometrical changes, especially in combination
with the high absorption, has to be investigated theoretically.

Fundamentals, including the particular advantages of the molecules under considera-
tion and their chemical structure, are given in the publication.
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4. Photofunctional molecules

4.1. Publication

In the field of photofunctional molecules, the author contributed to the following article
in a scientific, peer-reviewed journal:

5. Eicke, S., V. Dieckmann, A. Kruse, K.-M. Voit, L. Walder, and M. Imlau. “Dynamics
of the light-induced absorption in photochromic [Ru(bpy)2(OSO)]+”
Journal of Spectroscopy and Dynamics, 2013, accepted 07 March 2013, publication
imminent

Abstract: The dynamics of the light-induced absorption of a dense but fluid
ensemble of photochromic [Ru(bpy)2(OSO)]+, that is determined within a pump-
probe scheme, is analyzed by both, modeling and experimental investigations. The
intensities of pump and probing beams are significantly attenuated by absorption
involving the ground and photoisomerized states. Predictions of the derived
model are (i) a dependence of the dynamics on the spatial position of the probing
beam within the molecular ensemble, (ii) different dynamics for collinear or
non-collinear propagation of pump- and probing beams and (iii) dynamics that
depend on the molecular concentration of the ensemble. These predictions are
experimentally verified in an appropriate pump-probe configurations along the
boundary conditions of the model. We show that the findings can be successfully
applied to analyze the temperature dependence of the dynamics of an ensemble
of sulfoxide compounds. The relation of the model quantities to quantum yield
and activation energy is discussed.

The abstract is displayed with kind permission of the Cognizure Corporation. See
appendix B on the inclusion of the full publication in the version at hand.
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5. Summary & Conclusion

Due to the cumulative nature of this thesis, all scientific novelties presented in the
contained publications have been extensively introduced, discussed and summarized in
the respective papers. Thus, a very short summary shall suffice here.

Chapter 2 ameliorates the theory of wave-coupling in thick holographic gratings
by giving a full analytic description of out-of-phase complex-permittivity gratings. A
quantitative discussion of the arising Borrmann effect is given. Furthermore, the theory
is updated to modern terminology. A spectroscopic view is accentuated by accounting
for the wavelength dependence of the involved quantities over the full optical range. In
the unpublished-results section, some calculations on the phase behavior in the crystal
during beam-coupling are presented.

In Chapter 3, the method of space-charge wave spectroscopy has been extended for
the determination of the direction of carrier motion. Additionally, the influence of
magnetic fields is investigated and theoretically described.

Chapter 4 examines the dynamics of light-induced absorption in ruthenium-sulfoxide
complexes via pump-probe methods. The spectroscopic models have been adapted to
the pronounced photochromic reaction of these molecules. Furthermore, a model for
industrial 90◦ reading geometries has been developed and experimentally realized.

In the remaining part of the conclusion, I would like to catch up with the general
thoughts raised in the introduction. In the publications compiled in this cumulative
thesis, theoretical models from the field of nonlinear condensed-matter optics have not
only been developed and discussed, but also linked to state-of-the-art experimental data.
All topics share the fact that the established theoretical descriptions did not sufficiently
cover modern experimental techniques and results. Most basic theories were developed
in the 1960s and 1970s, which is shortly after the most important tool in modern optics,
the laser, appeared. Since then, large parts of the theoretical optical community and
the experimental one moved into different directions: While most theoreticians honed
their models for precision at the cost of applicability and generality, experimentalists
increased the complexity of their setups and faced a growing number of new effects. The
results of this thesis were able to close this gap for some parts of the treated fields. It has
been shown that the conjunction of empirical observation and sophisticated theoretical
modeling, as described in the introduction, is still the central pillar of modern physics
and should not be lost from sight.
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A. Open access publications

The following publication are published open access and are available on the publisher’s
websites free of charge.

The paper published in MDPI Materials underlies the Creative Commons Attribution
license. For the paper published in Optics Express, the copyright lies with the publisher.
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Diffraction efficiency, relaxation behavior and dependence on pump-beam
intensity of small-polaron based holograms are studied in thermally re-
duced, nominally undoped lithium niobate in the visible spectrum (λ =
488 nm). The pronounced phase gratings with diffraction efficiency up to
η = (10.8 ± 1.0) % appeared upon irradiation by single ns-laser pulses
(λ = 532 nm) and are comprehensively assigned to the optical formation
of spatially modulated densities of small bound Nb4+

Li electron polarons,
Nb4+

Li :Nb4+
Nb electron bipolarons, and O− hole polarons. A remarkable

quadratic dependence on the pump-beam intensity is discovered for the
recording configuration K ‖ c-axis and can be explained by the electro-
optic contribution of the optically generated small bound polarons. We
discuss the build-up of local space-charge fields via small-polaron based
bulk photovoltaic currents.

∗Department of Physics, University of Osnabrück, Osnabrück, Germany
†Wigner Research Centre for Physics, Budapest, Hungary
‡Helmholtz-Zentrum Berlin für Materialien und Energie GmbH, Berlin, Germany

A.1 Small-polaron based holograms in LiNbO3 in the visible spectrum

31



1 Introduction

The recording of volume holograms in polar oxide crystals by means of optical formation
of small bound polarons has been established as a novel type of hologram recording
mechanism, with LiNbO3 as an example, only recently [1]. An incoming fringe pattern
is transferred to a population density hologram by exploiting the optical absorption,
transport and strongly localized lattice distortion related with small bound polarons
[2]. The concept of small-polaron based hologram formation has been developed
to accelerate the hologram formation time in polar oxide crystals to the sub-µs-time
regime as well as to enable a spectrally broad optical response from the visible to
the near-infrared spectrum. Appropriate oxide crystals are inevitably required as
hologram recording media for a variety of modern holographic applications like real-
time holographic displays [3], volume holographic optical correlators [4] or tunable
Bragg-filters for photonic networks [5]. In LiNbO3, small polarons have formation times
in the sub-ps time regime [6], thus, hologram recording with fs-, ps-, and ns-laser pulses
can be expected. The respective small-polaron absorption features are broad (≈ 1 eV)
and are positioned in the visible and near-infrared spectrum (2.5 eV, 1.6 eV and 1.0 eV)
depending on the particular small polaron type [7, 8]. Thereby, an optical response for
recording and reconstruction from 3.0 to 0.5 eV is likely.

So far, we have probed the polaron-based hologram features in the near-infrared
spectrum (λ = 785 nm). This allowed us to uncover the dominating role of small bound
Nb4+

Li polarons (GP) in the appearance of mixed absorption and index volume gratings.
In this work, we focus on hologram features at a probing light wavelength of λ =

488 nm, i.e., a spectral range that is of utmost importance for a variety of modern
holographic applications of LiNbO3 such as real-time holographic displays [9]. The
interest in the blue spectrum is particularly driven by our findings that hologram
recording can be performed within a single 8 ns laser pulse while thermally-driven
hologram self-decay takes place in the range of a few milliseconds at room temperature.
Thus, thermally reduced LiNbO3 represents a photosensitive, re-recordable hologram
medium that is updatable at kHz frequencies.

From the point of view of small polarons, the blue spectrum is dominated by the
presence of Nb4+

Li :Nb4+
Nb electron bipolarons (BP, absorption maximum at λ ' 500 nm)

[7] and small O− hole polarons (HP, λ ' 500 nm) [8]. These two kinds of polarons
exhibit essentially different features with respect to light-matter-interaction: Bipolarons
stable at room temperature, are dissociated (gated) optically by light exposure within
a one-photon absorption process. The maximum addressable BP number density is
determined by the respective number density in the ground state. In contrast, short-lived
small bound hole polarons are generated via two-photon absorption. Their number
density grows until all possible O2− lattice sites, one in the vicinity of each Li vacancy,
are saturated [8]. These processes can be easily distinguished experimentally by the
study of the grating efficiency as a function of the pump-beam intensity.

We show that the hologram read-out in the visible spectrum can be comprehensively
explained in the frame of a complex interplay of BP, HP and GP. In particular, we find an
abnormal dispersive behavior that is due to the characteristic positions of the absorption
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maxima of the small polarons involved. The dependence of the diffraction efficiency on
the pump-beam intensity is mono-exponential for the case of probing the population
saturation behavior of BP. In contrast, it follows a quadratic dependence without satura-
tion behavior for the recording configuration that allows for a predominant electro-optic
contribution. This finding can be explained by considering the presence of a small-
polaron based bulk photovoltaic effect that is particularly related to the intrinsic defect
structure. An analogous model to Fe-doped LiNbO3 [10], that explains the build-up of
localized electric space charge fields, is discussed.

With these results and our earlier findings [1], the recording of polaron-based holo-
grams with ns-laser pulses in LiNbO3 is demonstrated over a broad range in the visible
spectrum. Further impact of the work is revealed by considering the possibility of
recording with fs- and ps-laser pulses, thus enabling fs-holography. Also, we like to
point to the possible transfer of the polaron concept for hologram recording to other
oxide crystals like KNbO3 [11].

2 Samples and experimental setup

Our studies were performed with single crystals of thermally reduced lithium niobate
grown from a congruent, nominally undoped melt via Czochralski growth technique
(Crystal Technology, Inc.). The sample under study (cf. Ref. [1]) with aperture (a× c) =
(6.54±0.01)× (5.69±0.01) mm2 and thickness d = (1.23±0.03) mm has been thermally
pre-treated by heating it for 6 hours at T = (970 ± 10) K in a reducing atmosphere of
p < 10−4 mbar. Thus, high densities of Nb4+

Li :Nb4+
Nb bipolarons (BP) and of small bound

Nb4+
Li -polarons (GP) [12, 13] were generated that are stable at room temperature. We

have calculated the number densities NBP and NGP using the steady-state absorption
for extraordinary light polarization at λ = 488 nm and λ = 785 nm and the absorption
cross sections published in Refs. [1, 14]. All relevant parameters are summarized in
Table 1.

Table 1: Absorption features and polaron number densities of the reduced lithium
niobate sample under study in the steady state at room temperature. The
sample is identical to the one used in Ref. [1].

sample properties and polaronic features

crystal thickness d (1.23± 0.03) mm
Fe content cFe < 5 ppm
α(488 nm) (667± 30) m−1

α(785 nm) (270± 10) m−1

NBP (56± 10)·1022 m−3

NGP (26± 7)·1022 m−3

Hologram recording and time-resolved detection of the hologram decay were per-
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formed in a two-beam interferometer setup. A single pulse of a frequency-doubled
YAG:Nd-laser (Innolas Spitlight 600, λp = 532 nm and average pulse duration τFWHM ≈
8 ns) was used for recording an unslanted volume grating (equal intensities IR = IS, par-
allel light polarization eR = eS, modulation depth m = 1, Bragg angle ΘB = 6.3◦). The
decay of the grating was probed in the blue-green spectral range with the Bragg-matched
beam of a continuous-wave laser at λt = 488 nm (Coherent Sapphire, I0 = 10 kW/m2).
Time-dependent data collection via a Si-PIN diode and digital storage oscilloscope was
limited to the range 1µs −100 s in order to suppress unwanted signal contributions
from thermal gratings [15]. The sample temperature was adjusted by a PID-controlled
thermoelectric element from room temperature up to 410 K.

3 Experimental results

Figure 1 depicts the temporal dynamics of the intensity of the first order diffracted
probe beam obtained upon hologram recording with a single 8 ns-laser pulse. The
intensity I(1st)(t), plotted on a logarithmic time scale, is normalized to the intensity of
the incoming probe beam I0 taking into account Fresnel reflection and thus corresponds
to the efficiency η of the diffraction process. The light polarizations of pump and

Figure 1: Semilogarithmic plot of the temporal dynamics of the normalized intensity of
the first order diffracted beam I(1st)/I0 for (a) K ⊥ c-axis (s-polarization) and
(b) K ‖ c-axis (p-polarization). Recording conditions: λp = 532 nm, ep ‖ c-axis
and Bragg angle ΘB = 6.3◦. Ip = IR + IS = 380 GW/m2. Bragg-matched
probing conditions: λ = 488 nm, e ‖ c-axis. The solid lines correspond to fits
of Eq. (1) to the data. The insets sketch the respective recording and probing
configurations.

probe beams were aligned parallel to the polar c-axis of the sample corresponding to
s-polarization in configuration (a) and p-polarization in configuration (b). The grating
vector of the recorded hologram K was chosen either perpendicular (a) or parallel (b)
to the c-axis as sketched in the insets. Thereby, in configuration (a) the corresponding
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elements of the electro-optic (r331 = 0) and photovoltaic tensor (β133 = 0) equal zero,
whereas in configuration (b) they are non-zero (r223 6= 0, r333 6= 0, β311 6= 0, β333 6= 0)
[16]. All experiments were performed for a Bragg-matched read-out beam. Higher
diffraction orders were not observed. This accords with our previous findings on the
rocking curve that unambiguously verified the presence of a volume grating for this
type of hologram recording mechanism and set of recording parameters [1].

Qualitatively, both gratings decay with a similar temporal dependence. The striking
observation in the two spectra is the severely different starting amplitude at t = 1µs of
the diffraction efficiency that is by a factor of approximately 500 larger in configuration
(b) compared with (a). Fitting a stretched exponential function:

I(1st)(t)
I0

= I(1st)(t = 0)
I0

exp
[
−
(
t

τ

)β]
(1)

to the experimental data (solid lines) yields the starting amplitudes I(1st)(t = 1µs)/I0,
the decay time constant τ and the stretching factor β as summarized in Table 2. We
note that Eq. (1) accords with the empirical dielectric decay function introduced by
Kohlrausch, Williams and Watts (KWW) [17].

Table 2: Parameters obtained from fitting Eq. (1) to the experimental data depicted in
Fig. 1 and of Eq. (6) to the data in Fig. 2.

K ⊥ c-axis K ‖ c-axis

I(1st)(t = 1µs)/I0 (1.9± 0.8) · 10−4 (0.108± 0.010)
τ (1.0± 0.3) ms (2.78± 0.30) ms
β (0.78± 0.20) (0.73± 0.10)

ηsat. (1.8± 0.8) · 10−4

Ic (52± 10) GW/m2

In the next step, we have studied the dependence of the starting amplitude on the
intensity of the recording beams, see Fig. 2. We find that the diffraction efficiency satu-
rates at a value of about 1.8 · 10−4 and pump beam intensities larger than ≈ 200 GW/m2

using the recording configuration (a). In contrast, I(1st)(t = 1µs)/I0 increases as a func-
tion of Ip in a superlinear way for configuration (b), i.e., saturation is not observed up
to the maximum available pump beam intensity of 380 GW/m2.

According to these findings, we need to verify the relation between the recorded
gratings and the optically-induced formation of small polarons for configuration (b).
For this purpose, the activation energy related to the grating decay has been determined
by means of temperature dependence measurements τ(T ) in a range of 300 K to 410 K.
Performing an Arrhenius plot a linear dependence is found allowing for the determi-
nation of the activation energy to EA = (0.57 ± 0.07) eV. This value can be compared
with literature values for the activation energies of different types of small polarons in
LiNbO3 and points to the activation energy of the small bound electron polaron, Nb4+

Li
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Figure 2: Normalized intensity of the first order diffracted beam I(1st)/I0 at t = 1µs
as a function of pump intensity Ip for (a) K ⊥ c-axis (s-polarization) and (b)
K ‖ c-axis (p-polarization) using the same recording and probing condition
as in Fig. 1. The solid line corresponds to a fit of a saturation function Eq. (6)
while the dashed line represents a fit of a quadratic intensity dependence to
the data.

for which Schirmer et al. obtained a value of 0.62 eV from conductivity measurements
[18].

4 Discussion

Our results highlight the prominent features of polaron-based holograms in the visible
spectrum in thermally reduced lithium niobate. For the field of applications, the striking
features are the diffraction efficiency of η = (0.108 ± 0.01) by means of single 8 ns-
laser pulse recording (Ip = 380 GW/m2) and the hologram self-decay within a few
miliseconds at room temperature. Taking into account the crystal thickness of d =
1.23 mm this corresponds to a photosensitivity [19] of:

S|488 nm
ns =

δ
√
η

δt

1
Ipd
' 8.4 cm/J , (2)

i.e. a value that is by one order of magnitude larger compared with holograms recorded
via the photorefractive effect [19, 20].

From the point of view of small polarons, there are two outstanding findings associ-
ated with the visible spectrum:

• The amplitude of the diffraction efficiency at 488 nm is reduced by a factor of two
in comparison with probing at 785 nm, i.e. an abnormal dispersion behavior is
found.
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• The intensity dependence of the diffraction efficiency is qualitatively different for
the recording geometries K ⊥ c and K ‖ c. We will discuss these two findings
below along the expectations for polaron-based hologram recording in the visible.

The further properties have already been reported for the near-infrared spectral range
[1] and give strong evidence for the polaronic origin of the hologram recording and
read-out process:

. a stretched-exponential decay of the diffraction efficiency,

. a hologram lifetime in the ms-range,

. a thermally activated hologram decay,

. an activation energy of the latter that corresponds to the activation energy of the
small bound Nb4+

Li polaron and

. a pronounced dependence of the diffraction efficiency on the recording geometry.

We should like to note the assumptions made in the following discussion: First, the
action of extrinsic defect centers, that foster hologram recording via the photorefractive
effect, is not considered [21]. This is justified because the number density of extrinsic
photorefractive/transition metal centers, such as Fe, is far below 5 ppm in our nominally
undoped LiNbO3 samples [14]. Furthermore, the thermal reduction pre-treatment
results in a considerable transfer of the valence state from acceptor to donor levels.
For instance, the number density of Fe3+ is considerably damped c(Fe3+) � 1, but it
is decisive for the photorefractive response as the amplitude of the index change is
linearly dependent on c(Fe3+) [22]. Second, the role of small free Nb4+

Nb electron polaron
densities is neglected because of their sub-µs-lifetime [23] and the chosen limitation of
the temporal dynamics to the time range t ≥ 1µs.

4.1 Hologram recording by spatially modulated polaron densities

Exposure to a spatially modulated intensity pattern I(x) = Ip[1 + cos(|K|x)] results in
the appearance of spatially modulated polaron densities. Densities NGP,HP of small
bound electron and small hole polarons are increased in the bright region of the fringe
pattern while the bipolaron density NBP is diminished in the same regions. In the
dark regions there are no changes of polaron densities. The formation time of the
small polaron density is limited by a sequence of processes starting from the optical
excitation of a charge-carrier by absorption and ending with self-localization at a Nb5+

Li -
site via electron-phonon coupling. The period in-between is characterized by coherent
electron transport in the conduction band. Because of its coherence in the presence
of electron-lattice coupling this intermediate state can be regarded as a large polaron.
The formation time of small free polarons at room temperature has been reported for
Mg-doped LiNbO3 to ≈ 110 fs [6] while small bound polarons appear within 400 fs [24]
after the optical pulse. If the duration of illumination exceeds the polaron formation
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time, a repetitive excitation of charge carriers from localized states becomes possible.
Thereby, the distance of the small polaron with respect to the initial polaron site can be
increased significantly. This may affect the appearance of polaron-based photovoltaic
currents (cf. section (4.4)), or the dynamics of the hologram recording process.

As the polaron densities are related to the polaron absorptions αGP,HP,BP of the re-
spective types by constant factors (the absorption cross sections σGP,HP,BP), the polaron
absorptions become spatially modulated and together yield the overall absorption mod-
ulation α(x) with amplitude α1 around a mean value (α0 + α1) in a crystal with ground
state absorption α0 of the unexposed sample (see Fig. 3(a)). This absorption modulation

Figure 3: (a) Spatial modulation of the absorption coefficient α(x) with amplitude α1
and average value of α0 + α1. The overall absorption change in the maxi-
mum of the fringe pattern αli is assembled from absorption changes of the
individual polaron types: αGP,HP,BP. All absorption contributions are related
to λ = 488 nm and extraordinary light polarization.
(b) Sinusoidal intensity pattern I(x) applied for exposure with average in-
tensity Ip = IR + IS and modulation depth unity resulting in a modulated
density of polarons and, therefore, a modulated change of absorption α(x).
This modulated absorption change is linked to a modulated change of the
index of refraction n(x) via the Kramers-Kronig relation as shown in Fig. 7 in
Ref. [1].

is causally related to a spatial modulation of the index of refraction n1(x) (see Fig. 3(b)),
i.e., by considering the interplay of the different polaron density modulations, we end
up with a population density grating. Its diffraction efficiency is determined from the
maximum amplitude of the change of the complex susceptibility arising from the optical
generation of small polarons.

4.2 Dispersion of diffraction efficiency

The energetic positions and bandwidths of the absorption features of the small polarons
involved [7, 8], their absorption cross sections [14] and dependence on the pump beam
intensity [12] are well documented in literature. Hence, it is possible to estimate the
maximum value of the absorption change (≡ 2α1 = αli) for the sample under study
and applied pump beam intensity as a function of wavelength (see Fig. 7 in Ref. [1]).
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As a result, we find α1(488 nm) = (−40 ± 15) m−1 at λ = 488 nm, so that the light
fringe pattern I(x) and the spatial absorption modulation α(x) are phase-shifted by π
with respect to each other, as depicted in Fig. 3(b). At the same time, the knowledge
of the dispersive absorption features allows for the calculation of the causally related
changes n1(λ) of the index of refraction via Kramers-Kronig-relation [25]. It yields
n1(488 nm) = (−3.4± 1.0) · 10−6 and a spatial modulation of the index of refraction n(x)
that is in phase with I(x) (Fig. 3(b)). The modulations α(x) and n(x) resemble a mixed
diffraction grating with efficiency η that is given by Kogelnik’s coupled wave theory
[26]:

η(λ) = exp
(−2 (α0(λ) + α1(λ)) dh

cos ΘB

)

×
[
sin2

(
πn1(λ)dh
λ cos ΘB

)
+ sinh2

(
α1(λ)dh
2 cos ΘB

)]
. (3)

Here, dh ≤ d denotes the effective thickness of the recorded hologram and d is the
thickness of the crystal. At 488 nm, we end up with an estimate for the diffraction
efficiency ηest.(488 nm) = (0.7± 1.0) · 10−4 with α0(488 nm) = (667± 30) m−1 and dh =
(0.61±0.07) mm taken from Ref. [1]. We have taken into account absorption losses in the
crystal volume (d− dh) due to the reduced effective grating thickness. This corresponds
to an additional absorption factor not included in Eq. (3) that results in an estimated
diffraction efficiency of ηest.(λ) = η(λ) · [exp(−2(α0 + α1)(d− dh)/ cos ΘB)]. Deviations
from a sinusoidal intensity pattern due to scattering, beam profile inhomogeneities and
the reported nonlinear response of αli(Ip) on the pump intensity are neglected.
In Fig. 4(a), we have plotted the dependence ηest.(λ) (black line). The experimentally
determined values for probing wavelengths 488 nm (4) and 785 nm (�) and K ⊥ c-
axis have been added for comparison. A good agreement between the estimate and
experimental data is found. Moreover, we should like to point out the considerable
decrease of the diffraction efficiency from the near-infrared to the blue spectral range in
the estimated spectrum. It is a result of the rather different positions of the absorption
features of the small polarons involved. In detail, both the index grating with n1,BP
and the absorption grating with α1,GP related to bipolaron and bound polaron density
alterations, respectively, likewise contribute to the diffraction efficiency at 488 nm. The
hole polaron density can be neglected. In contrast, it was shown that the diffraction
efficiency at 785 nm is mainly due to the action of the absorption amplitude related to the
small bound Nb4+

Li polaron (center of absorption feature at 1.6 eV), i.e., the contribution
of n1,GP and of susceptibility changes related to bipolarons and hole polarons could
be neglected [1]. This fact is highlighted in Fig. 4(b) by the dispersion of the ratio of
the diffraction efficiency for a pure absorption grating and a pure index grating η(n1 =
0)/η(α1 = 0). As the estimate of the diffraction efficiency only slightly depends on the
direction of the grating vector, with a correction of cos(2θB) ≈ 0.96 for p-polarization
and probing wavelength 488 nm [26], it is valid for both recording configurations under
study.
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Figure 4: (a) Dispersion of the diffraction efficiency ηest.(λ) (solid line) that has been
estimated according to Eq. (3) and the parameters published in Ref. [1]. The
grey area denotes the error for ηest.(λ). The experimentally determined ef-
ficiencies at a probing wavelength of 488 nm (4, this work) and 785 nm (�,
Ref. [1]) have been added for comparison. (b) Dispersion of the ratio of the
diffraction efficiency for a pure absorption grating and a pure index grating. A
predominant contribution of the absorption grating is found at 785 nm while
amplitude and index grating likewise contribute to the overall efficiency at
488 nm.

4.3 Intensity dependence of diffraction efficiency

The key in understanding the saturation behavior of the diffraction efficiency at 488 nm
as a function of pump beam intensity (Fig. 2(a)) is the intensity dependence of the small
polaron densities involved in the hologram recording process, i.e., of bipolarons and
bound polarons. According to our model, the bipolaron density is reduced via optical
gating processes in the bright regions of the fringe pattern and yields an increase of the
number density of small bound polarons by Nli,GP with

Nli,GP = 2Nli,BP . (4)

Here, Nli,BP denotes the number density of optically gated bipolarons. Because of the
limited number density of bipolarons NBP in the groundstate, a saturation behavior
according to

Nli,BP = NBP

[
1− exp

(−Ip
Ic

)]
(5)
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is to be expected and has been experimentally verified by means of the intensity de-
pendence of the light-induced, transient absorption at 488 nm in Ref. [12]. Because of
the relation given by Eq. (4), the intensity dependence of small bound polarons shows
saturation with the same characteristic intensity Ic, but an amplitude by a factor of
two larger compared with Eq. (5). Furthermore, the absorption amplitude and the
increase of polaron number density are directly linked via the absorption cross section.
Hence, saturation as a function of pump beam intensity also appears for the amplitudes
α1,BP,GP,HP and, taking into account Kramers-Kronig relation, for n1,GP,BP,HP. The latter
enter equation Eq. (3), so that the diffraction efficiency inevitably shows saturation, as
well. For small amplitudes α1, n1 and α1 � α0, we can approximate

η(Ip) ≈ (c1n1(Ip))2 + (c2α1(Ip))2 = ηsat.
[
1− exp

(
Ip
Ic

)]2
. (6)

The function is determined by only two fitting parameters: the saturation value ηsat.,
and the characteristic intensity Ic. Obviously, the fit can be applied to describe the
intensity behavior within the error bars as depicted by the solid line in Fig. 2. The
resulting fitting parameters are summarized in Table 2, the characteristic intensity Ic
is of the same order of magnitude as the characteristic intensity of the light-induced
absorption as reported in Ref. [12].

4.4 Dependence on the recording configuration

Understanding the dependence of the diffraction efficiency on the recording config-
uration K ⊥ c-axis and K ‖ c-axis remains a challenging task. While the situation
for K ⊥ c-axis is completely explained in the model of a spatially modulated polaron
density, further physical processes need to be taken into account to model the results
for K ‖ c-axis. It is reasonable to assign the pronounced increase of the diffraction
efficiency to the action of the linear electro-optic effect because r331 = 0, r223 6= 0,
and r333 6= 0. Moreover, a predominant contribution of the index grating over the
absorption grating is inferred from the efficiency exceeding the theoretical limit 3.7 %
of pure lossy gratings. As a consequence, the build-up of an electric field with light
exposure is required. At the same time, the stretched-exponential grating decay and
its temperature dependence with an activation energy of EA = (0.57 ± 0.07) eV un-
ambiguously assign the temporal behavior of the diffraction signal to the decay of a
spatially modulated density of small bound Nb4+

Li polarons. Thus, a relation between
the small polaron density and the electric field, both spatially modulated along the
direction of K, must be postulated. The electric field strength that modulates the index
with amplitude n1 = (−2.0 ± 0.5) · 10−4 can be estimated via E = −2n1/(n3

er333) (cf.
Ref. [1]). With ne(488 nm) = (2.2556± 0.0005) [27] and r333(488 nm) = 34.4 pm/V [28]
we getE ≈ 10 kV/cm that is much larger than the saturation field for diffusion transport
mechanisms Ediff = (kBT/e)(2π/Λ) ≈ 0.67 kV/cm. Hence, a photovoltaic transport
mechanism can be concluded, similar to the small polaron based model approach that
explains the bulk photovoltaic effect in Fe-doped LiNbO3 [10].
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As a consequence of this conclusion, the electric field E and thereby n1 must show a
dependence on the pump beam intensity Ip. In fact, the photovoltaic current density
is given by jphv ∼ βIp with the effective element of the photovoltaic tensor β. The
dependence n1(Ip) is reflected by the data in Fig. 2(b), where a pronounced increase of
the diffraction efficiency η on the pump beam intensity is depicted. Here we note, that η
can be approximated by η ∼ n2

1 for small amplitudes n1 according to Eq. (3), i.e., η = a·I2
p

for a linear dependence of n1 on Ip. Therefore, we have fitted a quadratic function to
the experimental data (dashed line in Fig. 2(b)) obtaining a = (8 ± 1) · 10−25 m4/W2.
Good agreement between the fit and the experimental data is found over a broad range
of intensities, thus additionally supporting the conclusion of a bulk photovoltaic effect
related to the optical formation of small polarons that is at the origin of the hologram
recording mechanism for the configuration K ‖ c-axis.

We finally note that nonlinearities of the diffraction efficiency are reported in photorefractive-
recording of holograms with ns-laser pulses in transition-metal doped LiNbO3, as well
[29]. Contrary to solely polaron-based hologram recording, the simultaneous interplay
of carriers excited from intrinsic and extrinsic defect centers needs to be considered.
Thereby, an intensity limit of the nonlinearity results that represents a striking difference
to our findings.

5 Conclusion

In conclusion, polaron-based recording of holograms in LiNbO3 is verified in the visible
spectrum. It obeys characteristic features that distinguish the recording process clearly
from laser pulse recording via the photorefractive effect involving extrinsic traps [30–
32], but can be closely related to the early findings of Schirmer and von der Linde
[33, 34]. A remarkable hologram recording sensitivity of S = 8.4 cm/J being nonlinearly
dependent on the pump beam intensity is verified. Our results clearly indicate the
impact of small bound polarons as optically addressable quasi-particles that have, so far,
been identified as metastable intermediate centers in photorefractive two-step recording
mechanisms [35–37]. All results underline the validity of our small polaron approach
for the recording of volume holograms in LiNbO3. Taking into account the formation
time of small polarons in the sub-ps regime [6, 24, 38], the small polaron approach may
be also applied for fs-holography.

From the materials’ point of view, nominally undoped LiNbO3 becomes more attrac-
tive as hologram material for modern holographic applications, including real-time
holographic displays. It can be expected that equivalent recording mechanisms are
present for a variety of other oxide crystals, as well. For instance, pronounced small
polaron densities can also be generated by single laser pulses in KNbO3 and BaTiO3
[11].
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Holographic spectroscopy is highlighted as a powerful tool for the analy-
sis of photosensitive materials with pronounced alterations of the complex
permittivity over a broad range in the visible spectrum, due to the advances
made both in the fields of advanced holographic media and highly tunable
lasers systems. To analytically discuss consequences for in- and off-Bragg re-
construction, we revised Kogelnik’s coupled wave theory strictly on the basis
of complex permittivities. We extended it to comply with modern experimen-
tal parameters such as out-of-phase mixed holograms and highly modulated
gratings. A spatially modulated, wavelength-dependent permittivity that
superimposes a spatially homogeneous wavelength-dependent ground state
spectrum is taken into account for signal wave reconstruction with bulky ele-
mentary mixed gratings as an example. The dispersion characteristics of the
respective diffraction efficiency is modelled for color-center-absorption and
absorption of strongly localized carriers. As an example for the theoretical
possibilities of our newly derived set of equations, we present a quantitative
analysis of the Borrmann effect connected to out-of-phase gratings, provid-
ing easier and more intuitive methods for the derivation of their grating
parameters.
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1 Introduction

Holography [1, 2] provides impressive tools for the analysis of photosensitive materials
at
optical frequencies: test holograms can be recorded by optical means, and phase-front
as well as amplitude-distribution of the reconstructed signal waves are detected.

Applying an appropriate theoretical model for the analysis yields the modulation
depth ∆ε of the material’s complex permittivity modulation and, if present, of the phase-
shift between refractive index and absorption grating Φ. Thereby, the photo-physical
processes underlying the holographic recording of optically induced gratings, i.e., the
materials’ photosensitivity in general, can be studied. (Such processes can be rather
complex, such as the photorefractive effect that combines optical excitation of charge
carriers in wide-band gap dielectrics, charge transport phenomena, the build-up of
electric space-charge fields due to re-trapping in dark regions of the fringe pattern and
the modulation of the refraction index via the Pockels effect.) It is the starting point for a
targeted design of hologram recording media. Also, the optimum boundary conditions
for hologram recording, taking into account the large variety of upcoming applications
of modern holography in photonics [3, 4], such as for instance real-time holographic
displays, can be determined.

Prominent examples for the successful application of holography for material analysis
are photorefractive crystals, i.e., crystals that obey the photorefractive effect for hologram
recording. A second example is molecular holographic media built from transition-
metal-compounds. Here, the targeted design of hologram recording materials related
to a broad range of parameters including photosensitivity, spectral sensitivity and
hologram lifetime has been demonstrated [5, 6].

The correct analysis of phase and amplitude of the reconstructed signal wave from
the test hologram is the key point of material characterization by means of holography.
Boundary conditions for the derivation of the analysis have to be chosen adequately to
experimental conditions and material parameters. Several publications in literature face
this type of analysis in detail for isotropic media [7–16] with Kogelnik’s coupled wave
theory for thick hologram gratings [17] being the most recognized one. Anisotropic media
were studied thoroughly by Montemezzani and Zgonik [18] and Sturman et al. [19]
by vectorial theories and consideration of the tensorial properties of the permittivity.
This enabled the analysis of such important classes of photosensitive materials as
semiconductors and sillenites. In other words, the underlying theoretical problem has
been solved decades ago and the derived set of formula is applied to a manifold of
hologram recording media and phenomena.

However, some of the chosen boundary conditions do not fully comply with experi-
mental parameters of modern holographic recording setups or the features of advanced
hologram recording media. From the experimental point of view, tunable lasers have
become state-of-the-art, thus, admitting hologram reconstruction over a broad range in
the optical spectrum and the application of the holographic principle for spectroscopy.
Advanced hologram recording media, such as garnets, nematic liquid crystal cells,
photopolymers or molecular crystals, feature pronounced alterations of the complex di-
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electric permittivity. Some of these materials also show an arbitrary phase shift between
the modulation of the real and the imaginary part of the permittivity. These conditions
have been described by Guibelalde [7], but the derived equations show a high grade of
formal complexity that prevents most further analysis [20].

For a broader range of applications, a more manageable set of formula is preferable,
that particularly allows for a higher flexibility with respect to the set of boundary
conditions. We have revised the derivation of the coupled wave theory accordingly
by keeping the permittivity and its optically induced alteration as complex measure
throughout the manuscript. We use the scalar permittivity. Thus, the theory presented
is applicable to isotropic media and materials and setups in which an effective scalar
permittivity may be assumed and the modulated permittivity tensor maintains diagonal
form [18].

It turns out that the derived set of formula enables the analytical expression of mea-
sures that have not been reported in literature, so far—while classical measures still
are involved. As an example, we introduce an analytically simple expression for the
intensity ratio of the plus- and minus-first-order diffracted waves (Borrmann-effect),
which allows easier characterisation of complex mixed grating structures. Moreover,
a quantitative analysis for hologram reconstruction taking into account angular de-
tuning and mixed, out-of-phase gratings is presented (rocking curve). All measures
are presented as wavelength-dependent properties, thus enabling the analysis of the
dispersive features of hologram reconstruction in presence of a pronounced spectrum
of the ground state absorption. While experimental basics have been described in
[21], a complete theoretical analysis of this holographic spectroscopy method is not yet
present in literature. The dispersion related features are highlighted with hologram
reconstruction at test holograms recorded via dopants and via small bound polarons as
an example.

2 Recording a Test Hologram and the Properties of Its
Permittivity

2.1 Recording of a Test Hologram

The superposition of two identical, mutually tilted coherent plane (or spherical) waves
is a simple way to record test holograms. The respective fringe pattern is a one-
dimensional (or radially symmetrical) intensity modulation aligned parallel to the
samples’ entrance surface. Maxima and minima refer to constructive and destructive
interference. From the point of view of the holographic principle, the two indistinguish-
able waves can be assigned unambiguously to reference (R-) and signal (S-) waves by
choosing one of the beams for signal wave reconstruction. The signal is regarded as a
point source positioned at infinite distance from the hologram recording medium.

The corresponding optical setup for the case of plane phase fronts is depicted in
Figure 1. Monochromatic laser light of a coherent, tunable laser source with flat-top
intensity profile and planar wave-front is split into two identical beams (In case that
a Gaussian intensity profile is present at the laser source output, an optical system
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for the transfer of Gaussian to flat-top-intensity profile [22] can be included in the
setup). The symmetric configuration of the beam paths secures equal optical path
lengths for R- and S-waves measured between the beamsplitter BS2 and the hologram
recording medium (sample). At least, a path length match within the coherence length
of the laser is required. Together with an adjustment of the beam intensities such that
IR = |R0|2 = IS = |S0|2 as well as a precise parallel adjustment of the electric field
vectors eR ‖ eS via the polarizers P, a fringe pattern with maximum modulation depth
m = 2eReS|R0S0|/(|R0|2 + S0|2) = 1 is obtained. Here, R0, S0 denote the electric field
amplitudes of the R- and S-waves outside the medium. Recording of the hologram can
be controlled via the shutter SH1.

We note that the homogeneity of the intensity profiles of the recording beams is
optimized via the spatial frequency filter SFF (lenses L1 and L2, and pinhole PH) that
represents a low-pass optical filter by positioning a pinhole (� 100µm) precisely within
the Fourier plane of lens L1 (For the case of intense ns-pulses, the pinhole needs to
be placed within an evacuated chamber in order to suppress plasma formation.) The
precise adjustment of lens L2 is mandatory to keep the planar wavefront (This can be
controlled simply by optical inspection of an interference pattern generated by a plane
parallel plate inserted into the beam path and slightly tilted with respect to the beam
direction. Alternatively, a Shack Hartmann wavefront sensor may be used).

The spatial intensity modulation that results from the interference between the R- and
S-waves is aligned within the plane of incidence and orthogonal to the samples’ normal,
i.e., along x-direction according to the inset of Figure 1. It represents a one-dimensional
sinusoidal intensity distribution best described by I(x) = |R0 +S0|2 = (|R0|2 + |S0|2)[1+
m cos(Kx + Φ0)] with the modulation depth 0 ≤ m ≤ 1, the spatial frequency of the
grating K = |K| = 2π/Λ, and the wavelength related to the intensity modulation Λ
(K = kR − kS, see inset of Figure 1). Here, kR and kS denote the wavevectors of the R-
and S-wave with |kR| = |kS| = 2π/λ. The wavelength Λ = λ/2 sin(θ) is determined by
the recording wavelengths and the angle of incidence θ = θR = θS that is measured with
respect to the samples’ normal. The phase position Φ0 takes into account the relative
phase adjustment of the R- and S-waves. Here, it is independent on time (Φo(t) = Φ0)
because of λ = λR = λS.

The characteristics of this optical setup comply with the simplifications of the theoret-
ical analysis shown in Table 1.

2.2 Properties of the Permittivity of the Test Hologram

The analysis of the interaction of a coherent light wave with the test hologram starts
with the Maxwell equations, particularly, by deducing the Helmholtz equation

∆E(r) + k2
0 ε̂(r, λ)µE(r) = 0 (1)

where E(r) is the electric field component perpendicular to the gradient of ε(r, λ), (The
given equation holds true for most experimental setups, where ε(r, λ) is modulated
parallel to the surface of the optical table and E is perpendicular to the table. In any
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Figure 1: Sketch of an optical setup for the recording of a test hologram: reference (R)
and signal (S) waves that are mutually coherent and feature a flat-top intensity
distribution and planar wavefronts, superimpose in a photosensitive medium
of thickness l and generate a sinusoidal intensity distribution. M1–M6: mirrors;
L1–L4: lenses; BS1–BS3: beam splitters, F1–F4: filters, P: polarizers; λ/2: half-
wave retarder plates; SH1–SH3: computer-controlled beam shutters; PD1-PD4:
Si-PIN diodes; BD1,BD2: beam dumps; SFF: spatial frequency filter, PH: pin-
hole. The direction of the corresponding wavevectors of the recording beams
(kR, kS) and the intensity distribution with respect to cartesian coordinates
I(x) is depicted in the inset.

other case, additional terms may have to be considered in the wave equation due to
the anisotropic medium.) k0 is the wavenumber in vacuum and ε(r, λ) is the spatially
dependent absolute permittivity. The relative magnetic permeability µr is assumed to
be unity. Common experimental media, however, are described in terms of the (real)
refractive index and the absorption. All these quantities may strongly depend on the
wavelength of the interacting electromagnetic wave and thus may be examined using
spectroscopic methods.

In contrast to former derivations, we assumed the refractive index and the absorption
index to be the fundamentally modulated quantities. This is justified by the fact that the
relative complex permittivity ε(λ) is the natural quantity of Equation (1).

Let us first have a look at the connection to the refractive index n and the absorption
index κ with regard to a sinusoidally modulated mixed grating with a common grating
vector K, but potentially different phase shifts Φn and Φκ (out-of-phase gratings) (The
phase shifts are given in relation to the origin that is defined by the interference pattern
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Table 1: Characteristics of the optical setup and their relation to simplifications made in
the theoretical analysis.

Characteristic of the optical setup Simplification for the theoretical analy-
sis

hologram recording is performed with equal
wavelengths of R- and S-waves degenerate wave-
mixing)

λR = λS, i.e., |kR| = |kS| = 2π/λ

hologram recording is performed by the superpo-
sition of planar wave fronts

sinusoidal permittivity modulation *

R- and S-waves feature flat-top intensity profile the electric field amplitudes are constant
within the beam paths and the beam is
assumed to have infinite diameter

hologram recording is performed with equal direc-
tions of the electric field vectors of R- and S-wave
and with equal intensities

|R0|2 = |S0|2, i.e., the modulation depth
becomes unity (m = 1), eR · eS = 1

hologram recording is homogeneously over the
entire volume, i.e., exponential decrease of the
grating parameters in z-direction is excluded
(cf. [9]) **

permittivity modulation is not z-
dependent

wave vector of the hologram is directed perpen-
dicularly to the samples’ normal

permittivity modulation
is aligned parallel to
x-axis (unslanted hologram)

* Under the given conditions, a sinusoidal modulation is realized if hologram record-
ing responses linear to the intensity of the recording beam superposition of planar
wave fronts. However, at large modulation depth, the recording of holographic
gratings is typically nonlinear [23, 24]. In these cases, the permittivity modulation
will not be sinusoidal, but a sine of the corresponding periodicity will usually be
the dominating Fourier component. In the following sections, we will argue that
within limits, the derived theory is still applicable then; ** Simply assuming a smaller
effective grating depth than the crystal has shown the same effects in praxis.

of two incident beams without phase shifts):

n(r, λ) = n0(λ) + n1(λ) cos(K · r + Φn) (2)
κ(r, λ) = κ0(λ) + κ1(λ) cos(K · r + Φκ) (3)

where K = (Kx, 0, 0)t is the grating vector of a non-slanted grating. As n(r, λ) =
n(r, λ)(1 + iκ(r, λ)) is the complex refractive index and ε(r, λ) = n(r, λ)2 (assuming the
permeability µr = 1 and frequencies in the optical range), this results in

ε(r, λ) = n0(λ)2 + 2n0(λ)n1(λ) cos(K · r + Φn)
− 2n0(λ)2κ0(λ)κ1(λ) cos(K · r + Φκ)
+ i[2n0(λ)2κ0(λ) + 2n0(λ)2κ1(λ) cos(K · r + Φκ)
+ 4n0(λ)n1(λ)κ0(λ) cos(K · r + Φn)]

(4)
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We have omitted several terms in Equation (4) for two reasons: 1. The first class
are terms that are nonlinear in κ0. These terms are left out as κ0 � 1. (In the optical
range, if κ0 ≈1, α0 ≈ 108 m−1, according to α = 2k0n0κ0. Compared with common
experimental values in the order of magnitude of 102, this can be considered extremely
high, thus justifying the assumption of κ0 � 1.) We like to note, however, that they can
be incorporated into further calculation at the cost of slightly higher complexity but
without generating new problems, as they are still proportional to cos(K · r + Φκ) or
cos(K · r + Φn). 2. The second class consists of terms nonlinear in κ1, n1 and thus in a
mixture of these cosine terms. Here, we can argue again that κ1, n1 � 1, i.e., the light
induced alterations are small, but a more convenient argument will be presented in the
later discussion in Section 3.2.

The first cosine term in Equation (4) of the real part is the refractive index grating
depending on n1 and the first one in the imaginary part is the absorption grating
depending on κ1. Additionally, there is a real term which acts like a refractive-index
grating though it is governed by κ1, and carries the phase shift of the absorption grating.
Furthermore, there is an imaginary one which correspondingly acts like an absorption
grating but is proportional to n1 and carries the phase shift of the refractive index grating.
However, these terms are much smaller in most usual cases and may be neglected.

As the sum of two trigonometric functions of one frequency is another trigonometric
function with the same frequency, ε can be written as

ε(r, λ) = ε′0(λ) + ε′1(λ) cos(K · r + ΦB)
+ i

(
ε′′0(λ) + ε′′1(λ) cos(K · r + ΦA)

) (5)

where

ε′0(λ) = n0(λ)2 (6)

ε′′0(λ) = 2n0(λ)2κ0(λ) (7)

ε′1(λ) =
√
RB(λ)2 + IB(λ)2 (8)

ε′′1(λ) =
√
RA(λ)2 + IA(λ)2 (9)

ΦA(λ) = ± arccos (RA(λ)/ε′′1(λ)) (positive if RA(λ) < 0) (10)
ΦB(λ) = ± arccos (RB(λ)/ε′1(λ)) (positive if RB(λ) < 0) (11)

RA(λ) = 2n0(λ)2κ1(λ) cos(Φκ) + 4n0(λ)n1(λ)κ0(λ) cos(Φn) (12)

IA(λ) = 2n0(λ)2κ1(λ) sin(Φκ) + 4n0(λ)n1(λ)κ0(λ) sin(Φn) (13)

RB(λ) = −2n0(λ)2κ0(λ)κ1(λ) cos(Φκ) + 2n0(λ)n1(λ)κ0(λ) cos(Φn) (14)

IB(λ) = −2n0(λ)2κ0(λ)κ1(λ) sin(Φκ) + 2n0(λ)n1(λ)κ0(λ) sin(Φn) (15)

are the cumulated real and imaginary modulations of the permittivity and their phase
shifts. Thus, a sinusoidal grating in n and κ is also a sinusoidal grating in ε in good
approximation. In contrast to [17] and [7], however, we will proceed in our calculation
using the permittivity.
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3 Dispersion of First Order Diffracted Waves
3.1 Signal Wave Reconstruction

Upon the recording of the test hologram, the complex permittivity ε of the sample
will be modulated along the x-direction. Assuming a linear recording mechanism, a
sinusoidal modulation proportional to I(x) can be expected. Hence, this permittivity
grating is also characterized by the wave vector K. Reconstruction of the signal wave
S can be performed by exposure of K with a monochromatic wave (wavevector k,
|k| = 2π/λ and angle of incidence θ measured with respect to the hologram’s normal).
Wavelength and angle of incidence can be chosen in a rather broad range provided
that the complex permittivity allows for wave propagation in the medium and the
permittivity modulation extends into the desired reconstruction wavelength range. The
wavelength and the propagation direction, i.e., the wavevector of the reconstructed
wave are unambiguously determined by momentum conservation, resulting in the
wavevector kS = kR −K (cf. Figure 2). We note here that for an arbitrarily chosen
reconstruction wave kR in the majority of cases |kR| 6= |kS | and the angle of the reference
wave to the hologram’s normal will differ from the angle of the signal wave.

Figure 2: Sketch of an optical setup for the reconstruction of a test hologram: Closing
of shutter SH1 stops the hologram recording process. Then, reconstruction
with a wavelength different from the recording wavelength is enabled by
opening shutter SH4. The direction of the probe beam, particularly the angle
of incidence with respect to the samples’ normal, is adjusted according to
momentum conservation depicted in the inset figure.

However, the appearance of wavelengths in the reconstructed beam spectrum dif-
ferent from the wavelength of the reconstructing wave is impossible, i.e., (|kS| = |kR|),
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if frequency conversion or inelastic scattering phenomena (e.g., Raman scattering) are
not to be considered in the holographic medium under study. In this particular case,
conservation of energy enforces a specific angle of incidence for a given wavelength of
the reconstruction wave, commonly denoted as the Bragg angle θB and determined by
θB = arcsin(λ/2Λ). We note that the Bragg angle and the angle of recording coincide
(θB = θ) solely for identical wavelengths of recording and reconstruction beams.

Conservation of energy and momentum defines a sharp constraint for the possibility
of wave reconstruction for a given grating vector K. However, in any practical situation,
this condition is softened by at least two effects, leading to the well known rocking
curve (i.e., the shape of the signal wave’s intensity profile upon angular or wavelength
detuning from the Bragg condition): 1. Every existing laser system has a certain wave-
length bandwidth. Consequently, there is not only one writing wavelength λ but a
range [λ− δλ, λ+ δλ], which is resembled either by the range of possible reconstruction
wavelengths under a certain angle of incidence or the range of angles for a given wave-
length; 2. The sharpness of a grating is inversely proportional to the dimensions of the
grating (cf. Figure 24.5a,b in [25]). In z-direction, the uncertainty of the Bragg condition
of a grating with thickness d is given by 2π/d. Consequently, the Bragg condition is
a property of thick holograms. In x-direction, the dependency on the dimensions is
even more obvious, as for an extension of the illumination that is smaller than Λ, the
modulation would lose its grating characteristics. As commonly used beam diameters
typically illuminate several hundreds or thousands of grating periods, finiteness in
x-direction can be neglected. The finiteness of the grating in z-direction, however, which
is governed either by the thickness of the crystal or the effective penetration depth of
the recording beam, is covered. The z-dependency will be considerable for common
samples and may be used to determine the effective grating thickness deff.

The spectral width of the recording beam is assumed to be sharp compared with other
effects in the theory, but related effects can be addressed via the spectroscopic methods
presented in the following.

From the experimental point of view, this implies that reconstruction of the signal
beam S can be simply performed by exposure of the recorded grating to the reference
beam, i.e., by shutting the signal beam via shutter SH3. Then, the Bragg condition is
automatically fulfilled. Alternatively, probing wavelengths different from the recording
wavelength can be used provided the fulfilment of the Bragg condition via angular
adjustment (The experimental values (wavelengths, angle of incidence) are determined
outside the hologram media. In contrast, the theoretical derivation of the underlying
wave coupling process proceeds for measures inside the sample. Hence, wavelengths
and propagation angle of recording and probe beams in the experiment must be cor-
rected for refraction.)

The basic setup for signal beam reconstruction exemplarily for a particular probing
wavelength λ slightly larger than the recording wavelength is sketched in Figure 2.

Compared with Figure 1, shutters SH1 and SH4 have been closed and opened, re-
spectively. Bragg-matched read-out is verified by choosing an appropriate angle of
incidence. Furthermore, the hologram lifetime τh is much larger than the time required
for reconstruction. The reconstructed signal beam is detected by its intensity using
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photodiode PD3, i.e., the presence of a hologram is verified by an intensity |S|2 > 0.
Its quality is defined via the diffraction efficiency η1 = |S|2/|R0|2, that is determined
predominantly by the amplitude of change of the complex permittivity as shown in the
following theoretical analysis.

With this setup in mind and the properties of the Bragg condition mentioned above,
we are able to study the dispersive properties of the recorded grating by applying a
tunable probe laser. Technically, the angular adjustment for each probing wavelength
can be performed by different means. We here mention the application of a motorized
linear or rotation stage for automatic adjustment of the reconstruction beam. But also
the rotation of the hologram medium itself can be considered in the case of a sufficient
hologram lifetime. White light generation using an ultrafast laser system has become
very attractive for generation of a broad-band light intensity spectrum. Its divergence
angle can be adjusted properly to match with the angular range of the Bragg condition.

The determination of grating parameters over a broad spectral range then can be used
for an exhausting analysis of the photophysical effects that are underlying the holo-
gram recording (holographic spectroscopy). It should be noted, that tuning the recording
wavelength is also possible, as indicated by the tunable laser source applied for holo-
gram recording in Figure 1. In this case, the dispersive properties of the photosensitive
response are retrieved.

3.2 Coupled-Wave Theory

Reconstruction can be understood as light diffraction at a thick, periodic permittivity
grating. We will construct a first order coupled-wave theory modulation according to
the simplified sketch in the inset of Figure 1.

Introducing Equation (5) into Equation (1) results in a linear partial differential equa-
tion (PDE) with complex, periodic coefficients. The problem including the boundary
conditions is isotropic in y direction and K-periodic in x direction, but still strongly de-
pends on the z direction. Consequently, an ansatz for the solution of an incoming beam
with wave vector k = k0 (ε′0(λ))1/2 (sin(θ), 0, cos(θ))t is provided by the Fourier series
E(r) = ∑∞

n=−∞An(z) exp (i(k− nK) · r). The terms in the sum may be interpreted as
diffracted beams with wave vector k− nK and complex amplitude An(z). We will refer
to them as the n-th diffraction orders.

By equating coefficients of the exponential functions, an infinite set of ordinary second
order differential equations can be derived. The influence of the second order has been
discussed in [26]. Due to the fact that it is small even in heavily modulated thick gratings,
we will neglect it in the following.

The resulting ordinary differential equations (ODEs) have the form

A′n(z) = aAn−1(z) + bnAn(z) + cAn+1(z) (16)

where a, b, c are complex numbers. This coupling between the Fourier coefficients,
i.e., the outgoing waves, emerges from the terms exp(iK · r) and exp(−iK · r) of the
exponential representation of ε being multiplied with E and thus resulting in a term
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An(z) exp ((k− (n± 1)K) · r). Consequently, every equation of the complete infinite
set is iteratively coupled to any other via the equations between.

In a diffraction experiment, only A0(0) 6= 0 in the boundary conditions and, due to
the iterative coupling, An(z) 6= 0, if and only if one of its neighbouring coefficients
Am(z) 6= 0 for m = n± 1. Thus, the beam intensity can only build up “from the inside
to the outside”, i.e., from lower to higher absolute diffraction orders.

The system (16) of coupled differential equations can be written in vector form as

A′(z) = B̂A (17)

where B̂ is an infinite tridiagonal matrix. Equation (17) will have the formal solution
A(z) = exp

(
B̂z
)

A(0). In order to evaluate it one needs the eigenvalues and eigen-

vectors of B̂. They could be determined numerically, or, because the entries of the
secondary diagonals of B are typically three orders of magnitude smaller than its diago-
nal elements, by means of the perturbation theory. Then we are faced with the following
problem: In the in-Bragg case (θ = θB) two diagonal elements of B̂ coincide, namely
b1 = b0, and one has to invoke the twofold degenerate perturbation theory. However, in
the far-off-Bragg case (e.g., θ � θB) the non-degenerate perturbation theory has to be
applied. Both theories give different results and the need for a unified approximation
that can be applied in the whole domain arises. It turns out that the two-coupled wave
approximation (Kogelnik ansatz) can be viewed as an interpolation between the results
of perturbation theory in the two extremal cases in-Bragg and far-off-Bragg, as far as
the two waves A0(z) and A1(z) are concerned. The details of this argument will be
published elsewhere. Here we take these remarks only as an additional justification to
follow the Kogelnik ansatz for the diffraction problem.

Instead, this purely mathematical approach may be greatly simplified by taking
into account the physical nature of the problem. As explained above, due to momen-
tum and energy conservation the Bragg condition, allows for only up to one signal
beam. The previous considerations demand this beam to be described by A±1(z): De-
pending on the sign of the angle of incidence and the choice of the direction of K,
A±1(z) exp (i(k−K) · r) is thus the only possible wave satisfying the Bragg condition
for the incident beam A0(z) exp (i(k) · r). All other parts of the solution are assumed to
be damped exponentially and do thus not develop notably. It has been shown [27, 28]
that these higher diffractions do not play a role even for high diffraction efficiencies
for incidence angles below 45◦. The damping effect even for minor deviations of the
remaining reference beam from the Bragg angle will be shown in the off-Bragg case,
which will be discussed later.

Furthermore, this constitutes our additional argument to omit the second class of
nonlinear terms in Section 2, as any contribution proportional to cos (nK · r + φ), |n| > 1,
would couple only into the higher orders of the Fourier series shown above and thus
induce a beam violating the Bragg condition. (They would, however define an additional
Bragg angle, but are neglected due to the considerable lower diffraction efficiency. This
fact is especially important for periodic gratings that deviate from the sinusoidal form,
such as gratings that are excited up to the saturation region [29]. At least for smaller
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deviations, the present theory may still be applied, only using the first order of their
Fourier series, as any other order couples in beams violating the Bragg condition.)

These considerations result in a two-wave ansatz

E(r) = R(z) exp (ik · r) + S(z) exp (i(k±K) · r) (18)

where R(z) = A0(z) is the incident reference beam, S(z) = A1(z) is the diffracted signal
beam and again, the sign depends on the angle of incidence and the choice of the
direction of K. Compared with the ansatz by Kogelnik, which uses the negative sign,
this version allows to take into account the effects of non-phase-symmetrical gratings,
i.e., gratings with Φ 6= 0 or Φ 6= π, which are not invariant against a reflection about the
z-axis. We will, however, proceed with the negative sign, which is valid for a grating
vector and beam incidence in (partially) positive x direction (θ > 0), and integrate the
incidence for θ < 0 via the symmetry argument θ → −θ⇒ Φ→ −Φ.

We note that a solution taking into account higher orders of diffraction (Rigorous
Coupled-Wave Theory) has been presented in [8, 30–32]. A comparison with Kogelnik’s
theory has recently been given in [33]. These orders are especially important for thin
gratings, where the damping effect of the violation of the Bragg conditions is less
relevant. The off-Bragg directional performance of this choice for a k-vector, the beta-
value method (BVM) published in [9] has been studied experimentally in comparison
with the Kogelnik ansatz in [34].

Inserting Equation (18) into Equation (1) and substituting α0 = 2k0 (ε′0(λ))1/2 κ0 gives
the following two coupled-wave equations:

dR(z)
dz

= − α0
2 cos(θ)R(z)

− eiΦAk0ε′′1(λ)S(z)
4 (ε′0(λ))1/2 cos(θ)

+ ieiΦBk0ε′1(λ)S(z)
4 (ε′0(λ))1/2 cos(θ)

(19)

dS(z)
dz

= − α0
2 cos(θ)S(z)

− e−iΦAk0ε′′1(λ)R(z)
4 (ε′0(λ))1/2 cos(θ)

+ ie−iΦBk0ε′1(λ)R(z)
4 (ε′0(λ))1/2 cos(θ)

+ i

(
K2
x

2k0 (ε′0(λ))1/2 cos(θ)
−Kx tan(θ)

)
S(z)

(20)

As explained in the initial table, the illumination is assumed to be constant in y-
direction and infinitely large. Thus the equation does not depend on y.

In the limit case of a zero grating modulation ε′1 = ε′′1 = 0, the first term of each
equation, i.e., the diagonal of the differential equation system, remains and gives the
well known Beer–Lambert law for the base absorption in the material. With non-zero
grating modulation, a Beer–Lambert-like exponential decay is maintained, but it is
governed by the mean absorption of the grating. It then contributes to the different
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decay characteristics of the transmitted and diffracted beams. The diagonal can be
eliminated in the following by introducing the law into the ansatz using the substitution
R(z) = R̄(z) exp(−α0z/(2 cos(θ)) and S(z) = S̄(z) exp(−α0z/(2 cos(θ)), resulting in the
equations

dR̄(z)
dz

= eiΦAk0ε′′1(λ)S̄(z)
4 (ε′0(λ))1/2 cos(θ)

− ieiΦBk0ε′1(λ)S̄(z)
4 (ε′0(λ))1/2 cos(θ)

(21)

dS̄(z)
dz

= e−iΦAk0ε′′1(λ)R̄(z)
4 (ε′0(λ))1/2 cos(θ)

− ie−iΦBk0ε′1(λ)R̄(z)
4 (ε′0(λ))1/2 cos(θ)

+ i

(
K2
x

2k0 (ε′0(λ))1/2 cos(θ)
−Kx tan(θ)

)
S̄(z)

(22)

Here and in the following, the barred variables represent quantities adjusted by the
mean absorption.

In this form, Equation (21) is reduced solely to the coupling, as the two terms are gov-
erned by the amplitude of the other beam, S(z). Equation (22) shows similar coupling
terms, but also feature an additional term in the last line of Equation (22), becoming
zero in the case that θ = θB = arcsin(Kx/(2k0 (ε′0(λ))1/2)), i.e., if the Bragg condition
is fulfilled. Introducing this formula into the last line, i.e., expressing Kx through θB ,
results in a coefficient

(
k0ε
′
0(λ)

)1/2
(

2 sin (θB)2

cos(θ) − 2 sin(θB) tan(θ)
)

(23)

From this, we define the off-Bragg parameter as

β(θ) = 2 sin (θB)2

cos(θ) − 2 sin(θB) tan(θ) (24)

The Taylor series given in the second line of Equation (24) is fairly accurate over the
range of most rocking curves even for large Bragg angles. Thus, for calculations in the
vicinity of the Bragg angle, the approximation

β(θ) ≈ 2(θB − θ) sin(θB) (25)

may be used.

3.3 Diffraction Efficiency of Out-of-Phase Mixed Gratings

For an analytical examination, we express Equations (21) and (22) in vector form. The
coefficient matrix of the resulting ODE is

Â =
(
iβ(θ)k0 (ε′0(λ))1/2 κ−

κ+ 0

)
(26)
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with

κ± = −k0 (exp(i± ΦA)ε′′1(λ)− i exp(i± ΦB)ε′1(λ))
4 (ε′0(λ))1/2 cos(θ)

(27)

This form of the coupling coefficients exhibits a much higher degree of symmetry than
the ones used in other publications. One reason for this is the use of one complex
quantity, i.e., the permittivity, instead of the two real quantities refractive index and
absorption. Indeed, this allows for a considerably better algebraic simplification of the
results obtained from the differential equations. Therefore, we will not need to use the
abbreviations κ± in the following.

In a diffraction experiment, there is no natural choice for x = 0, as there is no initial
interference pattern. Consequently, one of the phase offsets of the gratings can be chosen
as 0 without loss of generality. Thus, only the difference between ΦA and ΦB matters
and the phase difference φDiff(z) between the reference and the signal wave establishes
itself accordingly. In the following, we choose ΦB = 0 and ΦA = Φ.

The general solution of the problem is given by
(
R̄

S̄

)
= C1A1e

a1z + C2A2e
a2z (28)

where A1,2 are the eigenvectors of Â and a1,2 are their related eigenvalues. The coeffi-
cients C1,2 emerge from the boundary conditions, which in the most general case with
a normalized reference intensity are R̄(0) = 1, S̄(0) = S(0)/|R(0)|, whereby S(0) = 0
in a diffraction experiment. Both the eigensystem and the equation emerging from the
boundary conditions can be solved via standard algebraic methods without approxi-
mations. Using the boundary condition S(0) = 0, the differential equation solved to

R̄(z, θ) = e
1
2 iβ(|θ|)(ε′0(λ))1/2

zk0

(
cos


zk0

√
(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

4 (ε′0(λ))1/2 cos(θ)




−
i(2β(|θ|) cos(θ)ε′0(λ)) sin


 zk0

√
(2β(|θ|) cos(θ)ε′0(λ))2−ε′′1 (λ)2+2i cos(Φ)ε′′1 (λ)ε′1(λ)+ε′1(λ)2

4(ε′0(λ))1/2 cos(θ)




√
(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

)

(29)

and

S̄(z, θ) = ie
1
2 iβ(|θ|)(ε′0(λ))1/2

zk0
(
ε′1(λ) + ie−isgn(θ)Φε′′1(λ)

)

sin



√

(2β(|θ|) cos(θ)ε′0(λ))2−ε′′1 (λ)2+2i cos(Φ)ε′′1 (λ)ε′1(λ)+ε′1(λ)2k0z

4(ε′0(λ))1/2 cos(θ)




√
(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

(30)
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Here, we have already introduced the symmetry argument, manifesting in the form the
absolute value of θ and the sign function in front of Φ.

The diffraction efficiency, still assuming S̄(0) = 0, is given by

η1 = IS(z)
IR(0) = ALB(θ)

∣∣∣∣∣
S̄(z)
R̄(0)

∣∣∣∣∣

2

(31)

where ALB(θ) = exp(−α0z/ (2 cos(θ))) is the ground absorption from the Beer–Lambert
law.

Note again that α0 is the mean absorption coefficient of the grating and does in general
not equal the absorption coefficient of the crystal before the grating is written. This is
particularly important when a writing pattern does not penetrate the full depth of the
crystal and the absorption behind the grating has to be added to the calculation of the
result (see e.g., discussion in [5]). Application of the above results leads to the general
equation for arbitrary mixed out-of-phase gratings.

η1(z, θ) = ALB(θ)
∣∣∣ε′1(λ) + iesgn(θ)iΦε′′1(λ)

∣∣∣
2

∣∣∣∣∣∣
sin



√

(2β(|θ|) cos(θ)ε′0(λ))2−ε′′1 (λ)2+2i cos(Φ)ε′′1 (λ)ε′1(λ)+ε′1(λ)2k0z

4(ε′0(λ))1/2 cos(θ)



∣∣∣∣∣∣

2

∣∣∣(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos(Φ)ε′′1(λ)ε′1(λ) + ε′1(λ)2
∣∣∣

(32)

As this equation depends on all three grating parameters, ε′1, ε′′1 and Φ, a comprehensive
plot is not possible. We will discuss various aspects and limit cases in the following.

First, note that in this representation only the second factor depends on the sign of
the grating phase, as it only appears as the argument of even functions in the frac-
tion. The argument of the square root and the absolute value in the denominator,
(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos(Φ)ε′′1(λ)ε′1(λ) + ε′1(λ)2, is real for any pure grat-
ing (n1 = 0 or α1 = 0) or for gratings with Φ = ±π/2. In the latter case, it is also
positive under the condition ε′′1(λ) ≤ ε′1(λ). The only complex element in S(z) then is
a global factor exp(2iε′0(λ)β(|θ|)k0z), resembling a phase shift linear to the off-Bragg
factor β(|θ|). In out-of-phase gratings, however, the term 2i cos(Φ)ε′′1(λ)ε′1(λ) adds an
imaginary component.

3.4 Pure Refractive Index and Absorption Gratings

Pure gratings are a special case of in-phase gratings. In the case of a pure refraction
grating (α1 = 0), the diffraction efficiency reduces to

η1(z, θ) = ALB(θ)ε′1(λ)2

sin



√
ε′1(λ)2+(2β(|θ|) cos(θ)ε′0(λ))2

k0z

4(ε′0(λ))1/2 cos(θ)




2

(2β(|θ|) cos(θ)ε′0(λ))2 + ε′1(λ)2

(33)
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and, in case of a pure absorption grating (n1 = 0), to

η1(z, θ) = ALB(θ)ε′′1(λ)2

∣∣∣∣∣∣
sinh



√
ε′′1 (λ)2−(2β(|θ|) cos(θ)ε′0(λ))2

k0z

4(ε′0(λ))1/2 cos(θ)



∣∣∣∣∣∣

2

∣∣∣(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2
∣∣∣

(34)

The hyperbolic sine in Equation (34) is achieved by extracting i from the square root
according to | sin(ix)| = | sinh(x)|, resulting in the well-known forms for pure gratings.
Notice, however, that thinking in terms of a hyperbolic z dependency of Equation (34)
does only make sense in the vicinity of the Bragg angle as the square root will be
imaginary again for larger β(|θ|).

3.5 In-Bragg Cases

In the in-Bragg case, Equation (32) simplifies to

η1(z, θB) =ALB(θB)ε
′′
1(λ)2 + 2sgn(θ) sin (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2
√
ε′′1(λ)4 + 2 cos (2Φ) ε′′1(λ)2ε′1(λ)2 + ε′1(λ)4

·

∣∣∣∣∣∣
sin




√
ε′1(λ)2 + 2i cos(Φ)ε′′1(λ)ε′1(λ)− ε′′1(λ)2k0z

4 (ε′0(λ))1/2 cos(θ)



∣∣∣∣∣∣

2 (35)

In pure gratings the coefficient outside the modulo cancels down, resulting in the
in-Bragg expressions

η1(z, θB) = ALB(θ) sin
(

ε′1(λ)k0z

4 (ε′0(λ))1/2 cos(θ)

)2

= ALB(θ) sin
(
n1(λ)k0z

2 cos(θ)

)2
(36)

and

η1(z, θB) = ALB(θ)
∣∣∣∣∣sinh

(
ε′′1(λ)k0z

4 (ε′0(λ))1/2 cos(θ)

)∣∣∣∣∣

2

= ALB(θ)
∣∣∣∣sinh

(
n0(λ)κ1(λ)k0z

2 cos(θ)

)∣∣∣∣
2

= ALB(θ)
∣∣∣∣sinh

(
α1z

4 cos(θ)

)∣∣∣∣
2

(37)

The last lines in both cases resemble the results in [17].
Note that we have neglected the real permittivity modulation induced by an absorp-

tion index modulation and the imaginary modulation induced by a refractive index
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modulation discussed in Section 2, as these are considerably smaller than the main
contribution in common setups. Then,

ε′1(λ) = 2n0n1 and ε′′1(λ) = n0α1
k0

(38)

respectively.
In agreement with Kogelnik’s work, the maximal diffraction efficiency of a pure

absorption grating is 1/27 or about 3.7%. This value is achieved in the Bragg angle for
α0 = α1 and α0z/(4 cos(θB)) = arccos(2/

√
3) ≈ 0.55. In a pure refractive grating with

α0 = 0, the maximal diffraction efficiency is 100%, obviously.

3.6 Transmission Efficiency

The general expression for the 0-th order (transmission) efficiency η0 = |R(z)/R(0)|,
including off-Bragg, is slightly more extensive, consisting of a sum of two terms:

η0 = ALB(θ)
∣∣∣∣∣ cos


zk0

√
(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

4 (ε′0(λ))1/2 cos(θ)




−
i(2β(|θ|) cos(θ)ε′0(λ)) sin


 zk0

√
(2β(|θ|) cos(θ)ε′0(λ))2−ε′′1 (λ)2+2i cos(Φ)ε′′1 (λ)ε′1(λ)+ε′1(λ)2

4(ε′0(λ))1/2 cos(θ)




√
(2β(|θ|) cos(θ)ε′0(λ))2 − ε′′1(λ)2 + 2i cos (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

∣∣∣∣∣

2

(39)

In the general in-Bragg case, this reduces to

η0 = ALB(θ)
∣∣∣∣∣ cos


zk0

√
ε′1(λ)2 + 2i cos (Φ) ε′′1(λ)ε′1(λ)− ε′1(λ)2

4 (ε′0(λ))1/2 cos(θ)



∣∣∣∣∣

2

(40)

For a pure refractive grating with α0 = 0, η0 + η1 = 1 as expected.

4 Examples

Pure gratings have been extensively discussed in literature for the last 40+ years since
the previously mentioned groundbreaking paper by Kogelnik. In the following, we will
discuss two more complex cases, which have come into the focus of attention only in
the last few years, due to the progress made in the fields of advanced materials and
tunable lasers.

4.1 Spectroscopic in-Bragg Analysis of the Diffraction Efficiency

Usually, the diffraction efficiency is measured for a single wavelength of an angular
range around the Bragg angle. The resulting curve is called rocking curve and examples
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are shown and discussed in the next section. Here, we will examine the dependency
of the diffraction efficiency of mixed gratings of the reference-beam wavelength over a
broad optical spectrum range.

The description of the complex permittivity related to a recorded hologram considers
both the ground state permittivity and the optically induced change of the permittivity.
The ground state permittivity is decisive for the overall transmittance of the record-
ing and reconstruction waves. Particularly, it determines the efficiency of hologram
reconstruction which is its key measure.

With respect to dispersive measurements of the efficiency, the ground state permittiv-
ity thus needs to be taken into account. Otherwise, misinterpretation of the efficiency
may occur, i.e., losses of the efficiency as a function of the wavelength due to an increase
of the mean imaginary part of the permittivity may be understood as a reduction of the
amplitude of the permittivity change.

In the following, we will show our results on two exemplary systems, both modelled
on lithium niobate. The base absorption coefficient and refractive index are modelled
by using a simple resonator model. It results in a pronounced absorption band at the
lower edge of the optical spectrum, i.e., at high photon energies, with a band edge
(α = 20 cm−1) at 300 nm for lithium niobate grown from the congruently melting
composition. Exposure to light with photon energies in the vicinity of the band edge
energy can be applied for the recording of holograms via the mechanism of interband
photorefraction [35]. The tail of this absorption further determines the fundamental
absorption in the visible and near-infrared spectrum, and is important for near-infrared
recording mechanisms of holograms in lithium niobate [36].

We now add a Gaussian-shaped absorption spectrum around 500 nm resembling the
absorption band of Fe2+ in Fe-doped lithium niobate and reveal the spectrum depicted
in Figure 3 (a). Alternatively, we model a broad and asymmetric absorption spectrum of
the form

α(λ) ∝ λ exp
(
−(2Ep − ~c/λ)2

4Ep~ω0

)
(41)

according to the theoretical description of optical features of small bound polarons. This
type of absorption, shown in Figure 3 (b) exemplarily for the small bound Nb4+

Li electron
polaron centered at 1.6 eV, describes the light-induced small polaron transfer from a
specific lattice site to one of its next-neighbouring site. (For the given example, from
a Nb4+

Li lattice site to one of the eight Nb5+
Nb sites, to which the defect is octahedrally

coordinated.) Thus, the absorption is characterized by a minimum energy Ep and a
representative phonon energy of the system ~ω0 [37]. Here, c denotes the speed of light
in vacuum and ω0 is the phonon frequency.

Contrary to the dominating oscillator for the band-to-band transition, the strengths
of the Fe2+ and small polaron absorption characteristics are strongly affected by light-
exposure: The electron is excited from Fe2+ to the valence band, thus Fe3+ remains,
featuring an extremely sharp absorption band [38]. The light-induced optical transfer of
the electron from the Nb4+

Li polaronic site to its neighbouring Nb5+
Nb site results in the

disappearance of the near-infrared band at 1.6 eV, while an absorption band of the small
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free Nb4+
Nb electron polaron builds up at approximately 1.0 eV.

Taking into account these optically induced alterations of the absorption bands and
the fact that potentially both bands can diminish completely, we can model the causally
related light-induced change of the refractive index via Kramers–Kronig relation. Fig-
ure 3 shows the dispersion of the optically induced index amplitude n1 free of the
dispersion of the index n0(λ). In comparison with the classical recording of phase
holograms via the photorefractive effect [39], we note that the dispersion of the index
amplitude features a change of the sign within the optical spectrum so that spectra with
both positive and negative dispersion appear. This feature has been experimentally
verified for small-polaron recording of holograms in lithium niobate in [40].

Figure 3: Full absorption coefficient (thick black), base absorption (grey black), modu-
lated absorption band (dashed black) and refractive index change emerging
from Kramers–Kronig relation (blue) for Gaussian absorption band related to
Fe-doping (a) and polaronic absorption (b).

For in-Bragg measurements, the Bragg angle has to be adjusted for each wavelength.
The Bragg angle transforms according to

θB(λ) = arcsin
(
λ (ε′0(λR))1/2

λR (ε′0(λ))1/2 sin(θB,R)
)

(42)

where θB,R is a known Bragg angle for a reference wavelength λR.
Using the exemplary permittivities derived above, the curves shown in Figure 4

emerge.
Obviously, the induced refractive index change has a significant influence on the

diffraction efficiency aside from the absorption maximum, while the contribution of both
gratings is in the same order of magnitude in the ranges of their maximal amplitudes.
The overall curve is a simple sum of the two pure gratings. Numerical analysis shows
that the FWHM of the rocking curve is maintained over the complete spectrum under
consideration. This is in strong agreement with the explanation for the lack of definition
of the grating given in Section 3.1, as the effects involved are not wavelength dependent.

Notice that these effects are only necessarily true for phase-symmetrical gratings. We
will examine non-phase-symmetric gratings in the following sections.
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Figure 4: Diffraction efficiency for a Gaussian absorption band (a) and a polaronic
absorption band (b). Each figure shows the overall diffraction efficiency (black)
and the efficiency from the pure absorption (blue) and the pure refractive
index grating (red).

4.2 Effects of Phase Shifts in Mixed Gratings

For a pure refractive or absorption grating, the analysis of the grating parameters is
trivial. The modulation depth of the particular grating can be derived from the in-Bragg
diffraction efficiency η1 = Is(z)/I0 from Equations (36) and (37).

Only in the case that the effective grating thickness dh is smaller than the sample thick-
ness d—for example through holographic recording in strongly absorbing materials—the
rocking curve is required to determine the actual grating parameters in the form of an
effective grating thickness, as the in-Bragg results only allow to determine the zε′1(λ)
product. However, they allow a decent estimation as a starting value for a fit using
Equations (33) and (34).

For mixed and potentially out-of-phase gratings, for which experimental evidence
has been provided in [41], the situation is more complicated [42, 43]. First theoretical
results for a related Borrmann effect have been presented in [44] and a comprehensive
discussion is given in [20] including a qualitative discussion of the Borrmann effect in
the diffraction efficiency of the positive and negative range of the angle of incidence.
Basically, out-of-phase gratings result in different first order diffraction efficiencies for
positive and negative Bragg angles η1(±θ) and a shift of the maximal zeroth order
diffraction efficiency away from the Bragg angle. Examplary plots are given in Figure 5.
We have chosen ε′′1(λ) = ε′1(λ), as this configuration gives the most pronounced effects.

While the effect itself has been described qualitatively in the literature cited above,
a quantitative theoretical description has not been presented yet. We will analyse the
ratio of first order diffraction efficiencies between the positive and negative angle range
in the following section.

Note that against this background, a quantity like the “Japanese diffraction efficiency”
η1/(η0 + η1) is meaningless as an intrinsic scalar attribute of the grating, as in such
gratings, the value may strongly depend on the direction of incidence.
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Figure 5: Zeroth (a) and first order (b) diffraction efficiency for ε′′1(λ) = ε′1(λ) = 1, 13×
10−3 F·m−1. Figure (a): Φ = 0 (red), Φ = π/4 (black), Φ = π/2 (blue), Φ = 3π/4
(green). Figure (b): Φ = 0 (red), Φ = π/4 and Φ = 3π/4 (black), Φ = π/2 (blue).

5 Quantitative Analysis of the Borrmann Effect

Due to the simplification of the formal representation presented above, the quotient
η1(θB)/η1(−θB) can be calculated very easily from Equation (35). As only the denom-
inator in Equation (35) depends on the direction of the incident beam, we simply get

η1(θ)
η1(−θ) = ε′′1(λ)2 + 2 sin (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

ε′′1(λ)2 − 2 sin (Φ) ε′′1(λ)ε′1(λ) + ε′1(λ)2

= 1 +Q2
BA + 2QBA sin (Φ)

1 +Q2
BA − 2QBA sin (Φ)

=
∣∣∣∣∣
ε′1(λ) + ie−iΦε′′1(λ)
ε′1(λ) + ieiΦε′′1(λ)

∣∣∣∣∣

2

=
∣∣∣∣∣
QBA + ie−iΦ

QBA + ieiΦ

∣∣∣∣∣

2

(43)

where QBA = ε′1(λ)/ε′′1(λ). The same can be achieved using the complete off-Bragg
Equation (32) resulting in the last two lines of Equation (43). Thus, the ratio is constant
over the full rocking curve.

Equation (43) fulfils the necessary symmetry condition f(Φ) = f(2π − Φ)−1 and
reaches its maximum at Φ = π/2. This is expected as, in this case, the interference
pattern of the reference and signal beam appears in its optimal position (i.e., in the
position that would emerge in pure gratings) relative to both gratings in either the
positive or the negative angular range. The corresponding graph is shown in Figure 6.
(b) shows a high signal-to-noise ratio for QBA in the range of at least 0 to 5. For larger
ratios between real and imaginary part of the permittivity, accurate measurements may
be difficult. The pole at Φ = π/2 corresponds to the blue curve in Figure 5 (a), where the
signal beam vanishes in the negative Bragg angle.
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For a mixed grating (ε′′1(λ) 6= 0 6= ε′1(λ)), due to the symmetry of the sine, Equation (43)
will always have a solution of the form Φ = π/2±∆Φ(QBA) or Φ = −π/2±∆Φ(QBA).
This corresponds to the black curve in Figure 5 (a) representing Φ = π/4 and Φ = 3π/4.
These two results may only be distinguished by regarding the zeroth order diffraction
efficiency. It has been shown in [20] that |Φ| < π/2 if and only if η0(θ = 0) < ALB(0).
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Figure 6: Proportions η1(θ)/η1(−θ) (black) and η1(−θ)/η1(θ) (red). In figure (a), the
phase shift Φ-depending ratios are show for QBA = 3. In figure (b) the
QBA-depending ratios are given for Φ = π/2.

Equation (43) can be solved for QBA, resulting in

QBA =

(
η1(θ)
η1(−θ) + 1

)
sin (Φ)±

√(
η1(θ)
η1(−θ) + 1

)2
sin (Φ)2 −

(
η1(θ)
η1(−θ) − 1

)2

η1(θ)
η1(−θ) − 1

(44)

or for Φ, yielding

Φ = π − arcsin



(
1 +Q2

BA
)−

(
η1(θ)
η1(−θ) − 1

)

2QBA −
(
η1(θ)
η1(−θ) + 1

)


+ 2πN or

Φ = arcsin



(
1 +Q2

BA
)−

(
η1(θ)
η1(−θ) − 1

)

2QBA −
(
η1(θ)
η1(−θ) + 1

)


+ 2πN

(45)

where N is an integer. The two solutions for Φ may be distinguished as mentioned above.
Obviously, only positive quotients QBA have physical nature, resulting in Figure 7. For
η1(θ)/η1(−θ) → 1, the loop tends towards a rectangular curve delimited be the axes
and Φ = π and QBA =∞. This proves that a first order diffraction efficiency symmetric
with respect to the read-out angle is only achievable with pure gratings or symmetric
gratings (i.e., Φ = 0 of Φ = π).

To determine all three independent grating parameters ε′1, ε′′1 and Φ, at least three
independent data points are needed. In-Bragg, these could be η1(±θB) and η0(θB).
Unfortunately, as shown in Figure 5 (where η0(θB) is nearly the same for all Φ), η0(θB)
has a very low signal-to-noise ratio and thus does not qualify for the examination.
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Consequently, either off-Bragg or a different setup, for example involving two incident
beams, is necessary.

Finding an analytical expression for the shift of the extrema around the Bragg angle
of Equation (21) is incomparably harder than the previous calculations. The equation
has the structure

η0 = sin
(
k(θ)z

)2 + (1 + ∆(θ)) cos
((
k(θ) + ∆k(θ)

)
z
)2

(46)

where ∆(θ),∆k(θ) � 1 and thus η0 ≈ 1 according to sin(x)2 + cos(x)2 = 1. Thus, it is
not enough to examine only a part of the full term.

Currently, the most efficient way for the examination of the grating appears to be
inserting Equation (45) into Equations (35) and (39) at θ = θmax—reducing the parameter
space to two dimensions—and solving for ε′′1(λ), ε′1(λ) numerically.
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Figure 7: Graph of Equation (44). Figure (a) shows the relation between QBA and
Φ, for η1(θ)/η1(−θ) = 4/3 (green), 2 (black), 3 (red), 6 (blue). Figure (b)
shows the complete mathematical solution including η1(θ)/η1(−θ) < 1 , for
η1(θ)/η1(−θ) = 4/3 (green), 2 (black), 3/4 (red), 1/2 (blue).

6 Conclusions

Until recently, analyses in the field of holographic spectroscopy have not been necessary
in
electro-optics, as the fundamental mechanisms show little dispersion characteristics.
However, methods like the absorption-induced change of the refractive index and
new photosensitive materials have brought wavelength-dependent holograms with
pronounced photosensitivities over the entire optical spectrum range into the focus of
attention.

Kogelnik’s coupled-wave theory is still a valuable basis for the study of these topical
problems. However, the original works make assumptions that do not comply with
all modern experimental setups. Successive works closed some of these gaps at the
cost of significantly increased algebraic complexity. The set of equations presented here
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reduces this complexity to a level that allows advanced analysis of even those effects
that occur only in complex gratings (Borrmann effect). As an example, the analytic
tools supplied in this paper are applied not only to describe the dispersion behaviour
of such gratings, but also to investigate dependencies on the direction of incidence
on out-of-phase mixed gratings, that can be observed, e.g., in holographic polymer
dispersed liquid crystals. Using our quantitative analysis, it is possible to determine the
full set of grating parameters (real and imaginary part of the permittivity modulation,
and phase shift between these modulations) of such systems.
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