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Introduction

In 1975 Stanley initialised a new trend in commutative algebra by using in a system-
atic way methods from commutative algebra to study simplicial complexes. He associ-
ated a certain quotient ring of a polynomial ring to a simplicial complex, the so-called
Stanley-Reisner ring, see, e.g., the books by Miller and Sturmfels [43] or Stanley [57].
In the meantime a new perception arose: in the same manner onecan associate a certain
quotient ring of an exterior algebra to a simplicial complex, called the exterior face ring,
see, e.g., [28]. This turned out to be more natural. For example, in a “dictionary” of alge-
braic properties of the Stanley-Reisner ring and combinatorial properties of the simplicial
complex one always should take into account a duality (the so-called Alexander duality),
while one has a direct translation for exterior face rings. However, there are far more
methods known to study quotient rings of a polynomial ring than of an exterior algebra.
This thesis collects the known methods to work over an exterior algebra and, based on
these, develops parts of a module theory over an exterior algebra. Moreover, using the ex-
ample of Orlik-Solomon algebras, it shows that the exterioralgebra is helpful in the study
of other combinatorial objects that have no access via the polynomial ring. For more uses
of exterior algebra methods see, e.g., [28], [44], [45], [47].

The exterior algebraE = K〈e1, . . . ,en〉 in n variables over some fieldK is a skew-
commutativeZ-gradedK-algebra, with degei = 1. We work on the categoryM of finitely
generatedZ-graded left and rightE-modulesM satisfyingam= (−1)degadegmma for all
homogeneous elementsa∈ E, m∈ M. AlthoughE is not commutative, it behaves like a
commutative local ring or∗local ring (cf. [11, Section 1.5]) in many cases. Therefore it
is possible to translate many notions and relations betweenthese to the exterior algebra;
sometimes one has to adjust them a bit.

The exterior algebra and the polynomial ring on a dual basis to e1, . . . ,en are Koszul
duals of each other, that is, the Ext-algebra Ext∗

E(K,K) can be identified with that poly-
nomial ring. These two algebras are further related via the so-called Bernstein-Gel’fand-
Gel’fand correspondence (see Section 2.4 for details or thebook by Eisenbud [18]). For
example, Eisenbud and Schreyer [21, 22] used it in their construction for the proof of
the Boij-Söderberg conjectures [9], which, in particular, yield a proof of the multiplicity
conjecture of Huneke and Srinivasan (see [32]).

The exterior algebra as a tool in commutative algebra (as, e.g., in the construction of
the Koszul complex) is widely known. Chapter 1 introduces itas a stand-aloneK-algebra
and gives the essential concepts in this spirit that are usedin the thesis. Furthermore,
Section 1.2 collects all necessary notions related to simplicial complexes. A simplicial
complex∆ on the vertex set[n] = {1, . . . ,n} is a set of subsets of[n] closed under taking
subsets.
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8 INTRODUCTION

Chapter 2, on graded resolutions over the exterior algebra,has an introductory char-
acter, too. In the first two sections it presents projective and injective resolutions, the
differences and relations between these. One important invariant related to projective res-
olutions is theCastelnuovo-Mumford regularityregE M = max{ j ∈ Z : βi,i+ j(M) 6= 0} of
a moduleM ∈ M , whereβi, j(M) = dimK TorEi (K,M) j are thegraded Betti numbersof
M. We say thatM has ad-linear projective resolutionif βi,i+ j(M) = 0 for all integersi
and j 6= d. Thecomplexityof M measures the growth rate of the Betti numbers ofM and
is defined as

cxE M = inf{c∈ Z : βi(M) ≤ α ic−1 for someα ∈ R and for alli ≥ 1},

whereβi(M) = ∑ j∈Z βi, j(M) is thei-th total Betti number. Injective resolutions are the du-
als of projective resolutions via the duality functor(−)∗ = HomE(−,E), which is exact on
M . The numbersµi, j(M) = dimK ExtiE(K,M) j are called thegraded Bass numbersof M.
We say thatM has ad-linear injective resolutionif µi, j−i(M) = 0 for all j 6= d. The Bass
numbers ofM and the Betti numbers of its dualM∗ are related viaµi, j(M) = βi,n− j(M∗)
by [3, Proposition 5.2]. In particular,M has ad-linear injective resolution if and only if
M∗ has an(n−d)-linear projective resolution. A particular projective resolution ofK is
the Cartan complex, an injective the Cartan cocomplex, which are constructed in Section
2.3. They play a similar role as the Koszul complex over the polynomial ring.

An important tool to study ideals in a polynomial ring is the Gröbner basis theory.
Aramova, Herzog and Hibi [3] establish a Gröbner basis theory in the exterior algebra.In
doing so they lie the foundations to work with generic initial ideals in the exterior algebra.
Generic initial ideals preserve much information of the original ideal and, additionally,
are strongly stable. Therefore in many situations it is a successful strategy to pass on to
the generic initial ideal and then exploit the special properties of strongly stable ideals.
Accordingly, first these properties are studied in Section 3.1, followed by a presentation
of initial and generic initial ideals in Section 3.2, including the corresponding operation
on simplicial complexes, the so-calledexterior algebraic shifting.

Let M ∈ M . Following [1] we call an elementv ∈ E1 regular on M (or M-regular)
if the annihilator 0 :M v of v in M is the smallest possible, that is, the submodulevM.
Now M-regular sequencescan be defined in the obvious way. The maximal ones have
all the same length, which is called thedepthof M overE and denoted by depthM. This
invariant is studied extensively in Chapter 4. We show in Theorem 4.1.12 that

depthE M = depthE M∗ and cxE M = cxE M∗,

where the second equality follows from the relation depthE M + cxE M = n (provided
that K is infinite, see [1, Theorem 3.2]). Let∆ be a simplicial complex andK{∆} =
E/(eF : F 6∈ ∆) be its face ring,K[∆] = S/(xF : F 6∈ ∆) be its Stanley-Reisner ring, where
eF = ∏i∈F ei , xF = ∏i∈F xi andS= K[x1, . . . ,xn]. We prove in Theorem 4.3.6 that

depthE K{∆} ≤ depthSK[∆],

even in the more general situation of squarefree modules. InSection 4.4 the generic
exterior annihilator numbersαi, j(E/J) are studied. These are in some sense a refinement
of the depth. They can be used to compute the Cartan-Betti numbers, introduced in [46],
and, in particular, the Betti numbers ofE/J. We further show in Proposition 4.4.9 that, if
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|K| = ∞, then

β S
i,i+ j(K[∆e]) =

n

∑
l=1

(
n− l − j +2

i −1

)
αl , j(K{∆})

for the exterior shifting∆e of ∆.
Chapter 5 is devoted to module-theoretic properties. Modules with linear injective

resolutions behave quite nice. For example, letJ be a graded ideal inE such thatE/J has
a d-linear injective resolution,|K| = ∞ andH(M, t) = ∑i∈Z dimK Mit i denote theHilbert
seriesof M ∈ M . Then we show in Theorems 5.1.6 and 5.1.3 that

regE(E/J)+depthE(E/J) = d

and there exists a polynomialQ(t) ∈ Z[t] with non-negative coefficients such that

H(E/J, t) = Q(t) · (1+ t)depthE(E/J) and Q(−1) 6= 0.

In Theorem 5.1.8 we characterise in this situation the ideals J that have a linear pro-
jective resolution. A face ring has a linear injective resolution if and only if the associated
simplicial complex is Cohen-Macaulay, a direct consequence of the Eagon-Reiner theo-
rem [17].

A module M ∈ M is calledcomponentwise linearif the submoduleM< j> of M,
which is generated by all homogeneous elements of degreej belonging toM, has a j-
linear resolution. We callM componentwise injective linearif M< j> has a linear injective
resolution for allj ∈ Z, with M< j> = M/N, whereN is the biggest submodule ofM such
thatNj = 0. These are dual notions in the sense thatM is componentwise linear if and only
if M∗ is componentwise injective linear. A face ring is componentwise injective linear if
and only if the simplicial complex is sequentially Cohen-Macaualy, a result whose dual
version was known before by [31].

Furthermore,M is said to havelinear quotientswith respect to a homogeneous sys-
tem of generatorsm1, . . . ,mt if (m1, . . . ,mi−1) :E mi is an ideal inE generated by linear
forms for i = 1, . . . , t. A graded ideal that has linear quotients w.r.t. a minimal system of
generators is componentwise linear. Dually,E/J haspure decomposable quotientsw.r.t. a
decompositionJ = J1∩ . . .∩Jm⊂ E for graded idealsJi such that dimK soc(E/Ji) = 1 and⋂i−1

j=1Jj
/⋂i

j=1Jj is isomorphic to an ideal that is generated by a product of linear forms,
shifted in degrees byn−max{ j : (E/Ji) j 6= 0}, for i = 1, . . . ,m. A face ring satisfies this
property if and only if the simplicial complex is shellable;again the dual version was
known before by [33].

In Chapter 6 we apply our results on Orlik-Solomon algebras.The singular cohomol-
ogy H.(X;K) of the complementX of an essential central affine hyperplane arrangement
A in Cm is isomorphic toE/J whereJ is theOrlik-Solomon idealof X which is generated
by all

∂eS =
t

∑
i=1

(−1)i−1ej1 ∧· · ·∧ êj i ∧· · ·∧ejt for S= { j1, . . . , jt} ⊆ [n]

where{H j1, . . . ,H jt} is a dependent set of hyperplanes ofA , i.e. their defining linear
forms are linearly dependent. The definition ofE/J depends only on the matroid ofA ,
so we study more generally the Orlik-Solomon algebra of a matroid. For the convenience
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of the reader we start with all necessary matroid notions. InTheorem 6.2.3 and Corol-
lary 6.3.1 we determine the depth and the regularity of an Orlik-Solomon algebra. More
precisely, ifk is the number of connected components of the matroid andl is its rank, then

depthE(E/J) = k and regE(E/J) = l −k.

Note: Most of the results in Sections 3.1, 4.1, 5.1 and Chapter 6 have been published
in [40], most of the results in Sections 4.3 and 4.4 will appear in [39]; see also [38] for an
overview article.



CHAPTER 1

Basic notions

This chapter introduces the basic notions and tools that areused in the thesis. It is
assumed that the reader is familiar in the field of commutative algebra, as, e.g., found in
the book of Matsumura [42], in particular with the homological methods used there and
the theory of graded rings and modules. An extensive introduction into the homological
methods gives Weibel [60], a good overview on graded module theory is contained in the
book of Bruns and Herzog [11]. The forthcoming book by Herzog and Hibi [30] has an
introductory section on the exterior algebra.

1.1. Exterior algebra

Let E = K〈e1, . . . ,en〉 be the exterior algebra over ann-dimensional vector spaceV
with fixed basise1, . . . ,en over some fieldK; see, e.g., Bourbaki [10] for details on this
construction. It is aK-algebra with defining relationsv∧ v = 0 for all v ∈ V. Then it
follows thatv∧w = −w∧v for all v,w∈V. Setting degei = 1 induces aZ-grading onE.
In the following a grading is aZ-grading unless otherwise specified. The elementsv∈ E
of degree one are calledlinear forms. For a subsetA = {i1, . . . , ir} ⊆ [n] = {1, . . . ,n}
with i1 < .. . < ir we write eA = ei1 · · ·eir for the correspondingmonomial ei1 ∧ . . .∧eir .
(From now on we omit the∧ in products.) There is a one-to-one correspondence between
subsets of[n] and monomials inE. As aK-vector spaceE has a basis consisting of all
monomials. In particular, its vector space dimension is finite.

We only consider graded ideals inE. Then every left or right ideal is a two-sided
ideal. For non-graded ideals this is not the case, e.g., overa field of characteristic6= 2
the left idealI = (g f : g∈ E) and the right idealJ = ( f g : g ∈ E) in E = K〈e1, . . . ,e4〉,
generated byf = e1+e2e3, are not equal, becausee4 f = −e1e4 +e2e3e4 ∈ I \J.

An ideal in E is calledmonomialif it is generated by monomials. The only graded
maximal ideal inE is m = (e1, . . . ,en). The category of modules we work on is the
category of finitely generatedZ-graded left and rightE-modulesM satisfyingam =
(−1)degadegmma for all homogeneous elementsa ∈ E, m∈ M. We denote this category
by M . For example ifJ ⊆ E is a graded ideal, thenE/J belongs toM . In particular,E
is an object inM . The set of all homogeneous elements of degreek belonging toM is
denoted byMk.

There are three different ways of regarding the fieldK. First, we haveK = E0 as a
subset ofE, but this is not a submodule. Second, there is theE-moduleK ∼= En = Ke[n].
But this is not a graded isomorphism, so we prefer to writeK(−n) instead. Third, we
can regardK ∼= E/m. This is the usual way when consideringK asE-module, unless
otherwise stated.

11



12 1. BASIC NOTIONS

Let (−)∗ denote the duality functor onM given byM∗ = HomE(M,E) for M ∈ M .
It is an exact contravariant functor onM , which has been proved by different means in
[3, Proposition 5.1] or [18, Proposition 7.19]. For a graded idealJ ⊆ E one easily sees
that

(E/J)∗ = HomE(E/J,E)∼= 0 :E J

as gradedE-modules (cf. [3, Section 5]), where 0 :E J = { f ∈ E : f J = 0}. In particular,
there is a graded isomorphism ofE-modules

K∗ = HomE(E/m,E) ∼= K(−n),

since the annihilator ofm is exactlyKe1 · · ·en. This is also the socle ofE. Thesocleof
anE-moduleM is the set of elements belonging toM that are annihilated by the maximal
idealm.

For aK-vector spaceW let W∨ = HomK(W,K) be theK-dual ofW. Note that the
symbols∗ and∨ are used in various ways in the literature.

Lemma 1.1.1. [3, Proposition 5.1]Let M∈ M . Then(M∗)i
∼= (Mn−i)

∨ as K-vector
spaces for all i∈ Z.

More precisely,

M∗ = HomE(M,E) ∼= HomK(M,K(−n)) = M∨(−n),

since HomE(K,E) ∼= K(−n) and this is even a functorial isomorphism.
Every moduleM ∈ M has only finitely many non-zero homogeneous components.

The highest degree in which a non-zero moduleM is not zero is denoted byd(M), i.e.,

d(M) = max{i ∈ Z : Mi 6= 0} = n−min{i ∈ Z : (M∗)i 6= 0},

where the duality version results from Lemma 1.1.1.
The functionH(−,M) with

H(i,M) = dimK Mi

which mapsi to the vector space dimension of thei-th homogeneous component, is called
theHilbert functionof M.

TheHilbert seriesof M
H(M, t) = ∑

i∈Z

H(i,M)t i

has only finitely many summands. In particular, ifM 6= 0 is N-graded, i.e.,Mi = 0 for
i < 0 thenH(M, t) is a polynomial of degreed(M).

We say that fora ∈ Z the graded moduleM(−a), whosei-th graded component is
Mi−a, is the moduleM shifted in degrees by−a. The highest degree of a non-zero element
in M(−a) is d(M(−a)) = d(M)+a and its Hilbert series isH(M(−a), t) = taH(M, t).

For a linear formv∈ E1 andM ∈ M the finite sequence

(M,v) : . . . −→ M j−1
·v

−→ M j
·v

−→ M j+1 −→ . . .

is a complex sincev2 = 0. The j-th cohomology of this complex isH j(M,v) =
(

0:Mv
vM

)
j
.
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1.2. Simplicial complexes

Let ∆ be a simplicial complex on the vertex set[n], i.e.,∆ is a collection of subsets of
[n] such that wheneverF ∈ ∆ andG⊆ F it holds thatG∈ ∆. The elements of∆ are called
thefacesof ∆, the maximal facesfacets. A subset of[n] not in∆ is called anon-face. We
say that a face of cardinalityi hasdimension i−1. Thedimensionof a non-empty complex
∆ is the maximum of the dimension of its faces. The simplicial complex 2[n] = {F ⊆ [n]},
that consists of all subsets of[n], is called the(n−1)-simplex. The numberfi = fi(∆)
of faces of dimensioni is encoded in the so-calledf -vector f(∆) = ( f−1, f0, . . . , fd−1),
whered−1 = dim∆. Of interest is the number

χ̃(∆) =
d−1

∑
i=−1

(−1)i fi(∆)

which is called thereduced Euler characteristicof ∆.
A new technique in studying simplicial complexes was introduced by Stanley [56].

He considers the following commutative ring associated to asimplicial complex∆: let
I∆ = (xF : F 6∈ ∆) be the ideal in the polynomial ringS= K[x1, . . . ,xn] generated by the
squarefree monomialsxF corresponding to non-faces of∆. It is called theStanley-Reisner
idealof ∆ and the quotient ringK[∆] = S/I∆ is called theStanley-Reisner ringof ∆.

In the same way one associates to∆ the exterior face ring K{∆} = E/J∆, whereJ∆
is the exterior face ideal J∆ = (eF : F 6∈ ∆), see, e.g., [28] for a good overview. It is
minimially generated by the monomials corresponding to theminimal non-faces of∆.

The i-th graded componentK{∆}i is generated asK-vector space by the monomials
of degreei, that correspond to faces of dimensioni −1 of ∆. Thus

H(i,K{∆}) = fi−1(∆),

whence the Hilbert function ofK{∆} reflects thef -vector of∆. In particular, ifd−1 is
the dimension of∆, thend(K{∆}) = d.

TheAlexander dualof ∆ is the simplicial complex

∆∗ = {F ⊆ [n] : [n]\F 6∈ ∆}.

So the facets of∆∗ are the complements of the minimal non-faces of∆.
This combinatorial duality can be expressed via the algebraic duality onM . This is a

well-known fact, for the convenience of the reader we give a short proof.

Lemma 1.2.1.Let ∆ be a simplicial complex. Then

(K{∆})∗ ∼= J∆∗.

PROOF. It is enough to show thatJ∆∗ = 0 :E J∆ since we already know that(K{∆})∗∼=
0 :E J∆. Let F1, . . . ,Ft be the minimal non-faces of∆, i.e.,J∆ = (eF1, . . . ,eFt). A subset of
[n] is a face of∆ if and only if it contains no minimal non-face. Therefore it holds that

J∆∗ = (eF : F 6∈ ∆∗) = (eF : [n]\F ∈ ∆) = (eF : Fi 6⊆ [n]\F for all i = 1, . . . , t)

= (eF : Fi ∩F 6= /0 for all i = 1, . . . , t) = 0 :E (eF1, . . . ,eFt) = 0 :E J∆.

�



14 1. BASIC NOTIONS

Let ∆ be a simplicial complex of dimensiond−1. Consider the complex̃C

0−→
⊕

F∈∆,
dimF=d−1

ZF −→
⊕

F∈∆,
dimF=d−2

ZF −→ ·· · −→
⊕

F∈∆,
dimF=0

ZF −→
⊕

F∈∆,
dimF=−1

ZF −→ 0

with differential induced by

F = { j0, . . . , j i} 7→
i

∑
k=0

(−1)k{ j0, . . . , ĵk, . . . , j i}

for F ∈ ∆, dimF = i, where ĵk means thatjk is omitted.
The i-th reduced simplicial homology of∆ with coefficients in Kis defined to be

H̃i(∆;K) = Hi(C̃ ⊗Z K), i = −1, . . . ,d−1.

The i-th reduced simplicial cohomology of∆ with coefficients in Kis defined to be

H̃ i(∆;K) = H i(HomZ(C̃ ,K)), i = −1, . . . ,d−1.

It is not hard to show that there exist natural isomorphisms of K-vector spaces

H̃ i(∆;K) ∼= HomK(H̃i(∆;K),K), H̃i(∆;K) ∼= HomK(H̃ i(∆;K),K).

A simplicial complex∆ is calledacyclic if H̃ i(∆;K) = 0 for all i. It is easy to see
that the complex HomZ(C̃ ,K) is the same as the complex(K{∆},∑n

j=1ej), introduced at
the end of Section 1.1, only shifted by one in homological position because an (i −1)-
dimensional face corresponds to a monomial of degreei.

Corollary 1.2.2. [2, Lemma 3.3]Let ∆ be a non-empty simplicial complex of dimen-
sion d−1 > −1. Then for all i= 0, . . . ,d we have

H i(K{∆},
n

∑
j=1

ej) ∼= H̃ i−1(∆;K)

as K-vector spaces.

A simplicial complex∆ is calledCohen-Macaulay(overK) if the Stanly-Reisner ring
K[∆] is a Cohen-Macaulay ring as a module over the polynomial ringK[x1, . . . ,xn]. This
property can be expressed using simplicial homology, as wasproved by Reisner (see [50]).

Proposition 1.2.3.Let∆ be a simplicial complex. The following conditions are equiv-
alent:

(i) ∆ is Cohen-Macaulay over K;
(ii) H̃i(lk∆ F;K) = 0 for all F ∈ ∆ and all i < dimlk∆ F.

Here lk∆ F = {G : G∪F ∈ ∆,G∩F = /0} is thelink of F in ∆.



CHAPTER 2

Resolutions

We study projective and injective resolutions over the exterior algebra. Observe that
injective resolutions behave very special sinceE is an injectiveE-module. In Section
2.1 we introduce all necessary notions related to projective resolutions. In Section 2.2
the same is done for injective resolutions, and the relations between these two types of
resolutions are presented. Section 2.3 is devoted to the Cartan complex and cocomplex.
These are a useful projective and a useful injective resolution of the residue fieldK and
play a similar role as the Koszul complex for modules over a polynomial ring. The last
section, Section 2.4, gives a short introduction into the BGG correspondence, which is an
equivalence of categories between bounded complexes of coherent sheaves on projective
space and doubly infinite free resolutions over the exterioralgebra.

2.1. Projective resolutions

An analogous version of Nakayama’s Lemma for graded modulesoverE almost triv-
ially holds because the maximal idealm is nilpotent. Therefore many proofs for (graded)
modules over a commutative local or *local ring (cf. [11, Chapter 1.5]) can be translated
to modules over an exterior algebra. So for example it follows that every projectiveE-
module is free overE (see, e.g., [60, Proposition 4.3.11] for a proof over a commutative
local ring).

Also everyE-moduleM ∈ M has a graded free resolution, which can be constructed
as follows: Letm1, . . . ,mt be a system of homogeneous generators forM. The homomor-
phismF0 =

⊕t
i=1E(−degmi) −→ M mapping thei-th generator of the free module to

mi is a surjection onM. Its kernel is inM (note thatE is Noetherian) whence one can
repeat this step with a system of generators of the kernel. Inthis way one obtains an exact
complex

. . . −→ F2 −→ F1 −→ F0 −→ M −→ 0

with finitely generated graded free modulesFi , called agraded free resolutionof M. To
distinguish it from the injective resolution ofM, we sometimes call this resolutionprojec-
tive. If the systems of generators chosen are minimal in each step, then the resolution is
calledminimal. An equivalent condition to this is that all entries in the matrices represent-
ing the maps are elements inm. One can show that two minimal resolutions are isomorph
as complexes. Then the minimal graded projective resolution is “uniquely” determined
and the ranks and degree shifts in a minimal resolution depend only onM. So if

F. : . . . −→
⊕

j∈Z
E(− j)β1, j(M) −→

⊕
j∈Z

E(− j)β0, j (M) −→ M −→ 0

15



16 2. RESOLUTIONS

is a minimal graded projective resolution ofM, then the exponentsβi, j(M) are called the
graded Betti numbersof M and the ranksβi(M) = ∑ j∈Z βi, j(M)are called the(total) Betti
numbersof M. In particular,βi, j(M) = dimK TorEi (K,M) j = dimK Hi(K⊗E F.).

The resolution is calledt-linear if βi,i+ j(M) = 0 for all j 6= t. An equivalent condi-
tion is that all entries in the matrices representing the maps are of degree one andM is
generated in degreet.

The Betti numbers of a graded module determine its Hilbert series, and ifM has a
linear projective resolution, then also the converse is true.

Example 2.1.1.A simple example of a linear projective resolution is given by

. . . −→ E(−2)
·e1−→ E(−1)

·e1−→ E −→ E/(e1) −→ 0.

A (minimal) graded projective resolution of anE-moduleM has always infinite length
unless the module is free. Therefore the projective dimension is not significant. Instead
one measures the growth rate of the Betti numbers by thecomplexitywhich is defined as

cxE M = inf{c∈ Z : βi(M) ≤ α ic−1 for someα ∈ R and for alli ≥ 1}.

Note that cxE 0 = cxE E = −∞. The definition directly implies that cxE(E/J) = cxE J for
a graded idealJ ⊆ E, because ifF.→ J is the minimal graded projective resolution ofJ,
thenF.→ E → E/J is the minimal graded projective resolution ofE/J.

Another important number related to free resolutions is the(Castelnuovo-Mumford)
regularity

regE M = max{ j ∈ Z : βi,i+ j(M) 6= 0 for somei ≥ 0}
of a non-zero moduleM. We set regE 0 = −∞. Obviously the regularity is greater or
equal to the lowest degree of a generator in a minimal set of generators. From above it is
bounded byd(M) = max{i : Mi 6= 0} which can be seen when computing TorE

i (M,K) via
the Cartan complex (see Section 2.3 for details on this special resolution ofK), so this is
always a well-defined and finite number.

A module that is generated in one degree has a linear resolution if and only if its
regularity equals this degree. A short exact sequence 0→ U → M → N → 0 induces a
long exact sequence of Tor-modules
. . . −→ TorEi+1(N,K)i+1+( j−1) −→ TorEi (U,K)i+ j −→ TorEi (M,K)i+ j −→

TorEi (N,K)i+ j −→ TorEi−1(U,K)i−1+( j+1) −→ . . .

Thus the regularities of modules in a short exact sequence are related to each other in the
following way.

Lemma 2.1.2. Let 0 → U → M → N → 0 be a short exact sequence of non-zero
modules inM . Then:

(i) regEU ≤ max{regE M, regE N+1}.
(ii) regE M ≤ max{regEU, regE N}.

(iii) regE N ≤ max{regEU −1, regE M}.

Since the minimal graded projective resolutions of an idealand its quotient ring are
the same except for the beginning, the regularities of both can be compared.

Corollary 2.1.3. For a graded ideal0 6= J ⊂ E it holds thatregE J = regE(E/J)+1.
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Open problem 2.1.4.Over the polynomial ring it is true that the Castelnuovo-Mum-
ford regularity of the intersection of d linear ideals (i.e., ideals generated by linear forms)
is less or equal to d (cf.[15]). Is the same true over the exterior algebra?

2.2. Injective resolutions

The exactness of the duality functorM 7→ M∗ andM = M∗∗ imply that a module is
injective inM if and only if its dual is projective inM . The dual of a free module is a free
module and so the injective modules are exactly the free modules, just as the projective
ones.

Consequently every module inM has a graded injective resolution. The resolution is
calledminimalif the (i +1)-th module is the injective hull of the cokernel of the(i−1)-th
map. A graded injective resolution ofM is minimal if and only if the dualized resolution
is a minimal graded free resolution ofM∗. This is satisfied if and only if the entries of the
matrices of the maps in a minimal graded injective resolution of M are contained in the
maximal idealm of E. In particular,M has a unique minimal graded injective resolution
up to isomorphism.

We define thegraded Bass numbersto be the numbers

µi, j(M) = dimK ExtiE(K,M) j

and thetotal Bass numbersto be the numbersµi(M) = ∑ j∈Z µi, j(M). If I0 is the 0-th
module in the minimal graded injective resolution ofM, there is a graded isomorphism
socM ∼= socI0, since

socM ∼= HomE(K,M) ∼= Ext0E(K,M) ∼= HomE(K, I0) ∼= socI0.

In particular, the dimension of the socle ofM is the 0-th Bass numberµ0(M). That is
because theK-vector space dimension of the socle of a freeE-module is equal to its rank,
as for every copy ofE the socle has a copy ofKe[n].

Let I i =
⊕

j∈Z E(− j)ci j be thei-th module in the minimal graded injective resolution
of M. The maps in the complex obtained by applying HomE(K,−) to the minimal graded
injective resolution ofM are all zero and thus

ExtiE(K,M) ∼= HomE(K, I i) ∼=
⊕

j∈Z
HomE(K,E)(− j)ci j ∼=

⊕
j∈Z

K(−n− j)ci j ,

because HomE(K,E) ∼= K(−n). Hence,µi,k(M) = dimK
⊕

j∈Z K(−n− j)
ci j
k = ci,k−n and

the minimal graded injective resolution ofM is of the form

0−→ M −→
⊕

j∈Z
E(n− j)µ0, j −→

⊕
j∈Z

E(n− j)µ1, j −→
⊕

j∈Z
E(n− j)µ2, j −→ . . .

So in contrast to the minimal graded projective resolution one has to take into account
this shift byn, as for example in the following definition.

Definition 2.2.1. A moduleM ∈ M has ad-linear injective resolution, if it has a
graded injective resolution of the form

0−→ M −→ E(n−d)µ0,d −→ E(n−d+1)µ1,d−1 −→ E(n−d+2)µ0,d−2 −→ . . . ,

i.e., if and only ifµi, j−i(M) = 0 for all j 6= d.
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Obviously a graded injective resolution is linear if and only if the entries in the matri-
ces representing the maps are all of degree one.

A d-linear injective resolution implies thatd(M) = max{i : Mi 6= 0} = d because the
socle ofM is isomorphic to the socle ofE(n−d)µ0(M) which lies in degreed.

As for projective resolutions the Bass numbers of a graded module determine its
Hilbert series, and ifM has a linear injective resolution, then also the converse istrue.

Example 2.2.2.A simple example of a linear injective resolution is given by

0−→ (e1) −→ E
·e1−→ E(+1)

·e1−→ E(+2) −→ . . .

The duality between projective and injective resolutions implies the following relation
between the Bass numbers of a module and the Betti numbers of its dual.

Lemma 2.2.3. [3, Proposition 5.2]Let M∈ M . Then

µi, j(M) = βi,n− j(M
∗).

In particular, M has a d-linear injective resolution if and only if M∗ has an(n−d)-linear
projective resolution.

PROOF. Let Fi =
⊕

j∈Z E(− j)βi, j be thei-th module in the minimal projective resolu-
tion of M∗, βi, j = βi, j(M∗).

Then its dual is

F∗
i = HomE(Fi,E) ∼=

⊕
j∈Z

HomE(E,E)(+ j)βi, j ∼=
⊕

j∈Z
E(+ j)βi, j .

Thus computing Exti
E(K,M) via the dualized resolution yields

ExtiE(K,M) ∼= HomE(K,F∗
i ) ∼=

⊕
j∈Z

HomE(K,E)(+ j)βi, j ∼=
⊕

j∈Z
K(−n+ j)βi, j ,

where HomE(K,E) ∼= K(−n) is used. So finally

µi,k(M) = dimK ExtiE(K,M)k = dimK

(⊕
j∈Z

K(−n+ j)βi, j )
)

k

= dimK(
⊕

j∈Z
K

βi, j

−n+ j+k) = ∑
k=n− j

βi, j = βi,n−k.

�

2.3. Cartan complex and cocomplex

A very useful instrument is the Cartan complex which plays a similar role as the
Koszul complex for the polynomial ring. As this one it is a linear projective resolution
of the residue class field and thus its dual, the Cartan cocomplex, is a linear injective
resolution of it. We follow the exposition of Aramova and Herzog in [2, Section 4].

For a sequencev = v1, . . . ,vm of linear forms inE1 let C.(v;E) = C.(v1, . . . ,vm;E) be

the free divided power algebraE〈x1, . . . ,xm〉. It is generated by the divided powersx( j)
i

for i = 1, . . . ,m and j ≥ 0 which satisfy the relationsx j
i x

k
i = (( j +k)!/( j!k!))x j+k

i . Thus
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Ci(v;E) is a freeE-module with basisx(a) = x(a1)
1 · · ·x(am)

m , a∈ Nm, |a| = i. TheE-linear
differential onC.(v1, . . . ,vm;E) is

∂i : Ci(v1, . . . ,vm;E) −→Ci−1(v1, . . . ,vm;E), x(a) 7→ ∑
a j>0

v jx
(a1)
1 · · ·x

(a j−1)
j · · ·x(am)

m .

One easily sees that∂ ◦∂ = 0 (regardingv jvk = −vkv j ), so this is indeed a complex.

Definition 2.3.1. The complexes

C.(v;M) = C.(v;E)⊗E M and C.(v;M) = HomE(C.(v;E),M)

are called theCartan complexandCartan cocomplexof v with coefficients inM. The
corresponding homology modules

Hi(v;M) = Hi(C.(v;M)) and H i(v;M) = H i(C.
(v;M))

are called theCartan homologyandCartan cohomologyof v with coefficients inM.

The elements ofCi(v;M) can be identified with homogeneous polynomials∑maya

with ma ∈ M, a∈ Nm, |a| = i and

maya(x(b)) =

{
ma if a = b,

0 if a 6= b.

Moreover,C.(v;E) can be identified with the polynomial ringS= K[y1, . . . ,ym]. After
this identifications the differential onC.(v;M) is simply the multiplication with∑m

i=1viyi .
Setting degxi = 1 and degyi = −1 induces a grading on the complexes and their homolo-
gies.

Aramova, Avramov and Herzog [1] use product structures in cohomology to study
graded modules over the exterior algebra. We do not describethis in detail, see [1, Con-
struction 3.5] for the construction, Mac Lane [41] or Bourbaki [10] for a more general
situation. The essential content we need is that Ext∗

E(K,K) =
⊕

i≥0ExtiE(K,K) identifies
naturally with the polynomial ringS= Sym∗

K((E1)
∨), and this is the same identification

as in the preceding paragraph. They further show that Ext∗
E(K,M) has a structure as an

S-module. IfM is finitely generated as anE-module, then so is Ext∗E(K,M) overS. Apply-
ing the Hilbert-Serre theorem, see, e.g., [11, Corollary 4.1.8], to theS-module Ext∗E(K,M)
yields dimSExt∗E(K,M) = cxE M∗ (which is equal to cxE M as we will see in Section 4.1).

Cartan homology and Cartan cohomology are related as follows:

Proposition 2.3.2. [2, Proposition 4.2]Let M∈ M andv = v1, . . . ,vm be a sequence
in E1. Then Hi(v;M)∗ ∼= H i(v;M∗) as graded E-modules for all i.

In [3, Theorem 2.2] is proved that the Cartan complexC.(v1, . . . ,vm;E) with coef-
ficients inE is exact except in homological position 0 and hence it is a free resolution
of E/(v1, . . . ,vm) over E. Thus it can be used to compute TorE

i (E/(v1, . . . ,vm),−) and
ExtiE(E/(v1, . . . ,vm),−).

Proposition 2.3.3. [3, Theorem 2.2]Let M∈ M andv = v1, . . . ,vm be a sequence in
E1. There are isomorphism of graded E-modules

TorEi (E/(v1, . . . ,vm),M) ∼= Hi(v;M) and ExtiE(E/(v1, . . . ,vm),M) ∼= H i(v;M).
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As over a polynomial ring one can deduce useful facts on TorE
i (K,M) and ExtiE(K,M),

and hence on the Betti and Bass numbers of a moduleM, when computing these via
the Cartan (co)complex. For example one obtains thatM≥q =

⊕
j≥qM j has aq-linear

resolution if and only ifβi,i+ j(M) = 0 for j > q. In particular, the regularity ofM is the
maximal numberq such thatM≥q has aq-linear resolution, and is bounded from above
by d(M). Another useful conclusion is the following corollary. Here the truncationM≤k
of a moduleM is the submodule generated by all homogeneous elements of degree≤ k
belonging toM.

Corollary 2.3.4. Let M∈ M . Then, for all k∈ Z and all j ≤ k, we haveβi,i+ j(M) =
βi,i+ j(M≤k).

PROOF. Any homogeneous cycle of degreei + j representing a homology class in
Hi(v;M) for some basisv of E1 is of the form∑max(a) with |a| = i and degma = j.
Hence, forj ≤ k, it also represents a homology class inHi(v;M≤k) and vice versa. In the
same way we see that the boundaries coincide forj ≤ k. �

Cartan (co)homology can be used inductively as there are long exact sequences con-
necting the (co)homologies ofv1, . . . ,v j andv1, . . . ,v j+1.

To begin with there exists an exact sequence of complexes

0−→C.(v1, . . . ,v j ;M)
ι

−→C.(v1, . . . ,v j+1;M)
τ

−→C.−1(v1, . . . ,v j+1;M)(−1) −→ 0,

whereι is the natural inclusion map andτ is given by

τ(g0+g1x j+1+ . . .+gkx
(k)
j+1) = g1+g2x j+1+ . . .+gkx

(k−1)
j+1 ,

where thegi belong toCk−i(v1, . . . ,v j ;M).
This exact sequence induces a long exact sequence of homology modules.

Proposition 2.3.5.([2, Proposition 4.1]) Let M∈M andv = v1, . . . ,vm be a sequence
in E1. For all 1≤ j ≤ m there exists a long exact sequence of graded E-modules

. . . −→ Hi(v1, . . . ,v j ;M)
αi−→ Hi(v1, . . . ,v j+1;M)

βi
−→ Hi−1(v1, . . . ,v j+1;M)(−1)

δi−1
−→ Hi−1(v1, . . . ,v j ;M) −→ Hi−1(v1, . . . ,v j+1;M) −→ . . . .

Here αi is induced by the inclusion mapι, βi by τ and δi−1 is the connecting homo-

morphism, which acts as follows: if z= g0 + g1x j+1 + . . . + gi−1x(i−1)
j+1 is a cycle in

Ci−1(v1, . . . ,v j+1;M), thenδi−1(z) = g0v j+1.

Dualizing this long sequence yields a long exact sequence ofcohomology.

Proposition 2.3.6. [2, Proposition 4.3]Let M∈ M andv = v1, . . . ,vm be a sequence
in E1. For all 1≤ j ≤ m there exists a long exact sequence of graded E-modules

. . . −→ H i−1(v1, . . . ,v j+1;M) −→ H i−1(v1, . . . ,v j ;M) −→ H i−1(v1, . . . ,v j+1;M)(+1)

·y j+1
−→ H i(v1, . . . ,v j+1;M) −→ H i(v1, . . . ,v j ;M) −→ . . .
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2.4. The BGG correspondence

The Bernstein-Gel’fand-Gel’fand (BGG) correspondence isan equivalence between
the category of bounded complexes of coherent sheaves on projective space and the cate-
gory of doubly infinite free resolutions over the exterior algebra. It was introduced in [5];
Eisenbud, Fløystad and Schreyer derive in [19] an explicit version of this correspondence.
Its essential content is a functorL from complexes of gradedE-modules to complexes of
gradedS-modules, and its adjointR.

We need a special case of a broad result of [20] whose proof is based on the BGG
correspondence. We extract the necessary arguments from [20] and [19] and adapt them to
our notations, e.g., we consider a positive grading onE while the authors in [19] consider
degej = −1.

Let Sbe the polynomial ringS= K[y1, . . . ,yn] ∼=
⊕

i∈Z ExtiE(K,K) with degy j = −1,
wherey1, . . . ,yn is the dual basis ofe1, . . . ,en of E1.

We give the definition of the functorL on graded modules. It can be expanded on
complexes in a natural way by taking the total complex of a certain double complex.

Definition 2.4.1. Let M ∈ M . We defineL(M) to be the complex ofS-modules

. . . −→ S⊗K Mi −→ S⊗K Mi+1 −→ . . .

with differential induced by

s⊗m 7→
n

∑
j=1

y js⊗ejm.

HereS⊗K Mi has cohomological degreei and 1⊗mhas degreei for m∈ Mi .

The homology of this complex can be expressed in more familiar terms.

Proposition 2.4.2. [19, Proposition 2.3]Let M be inM . Then

H i(L(M)) j
∼= Exti− j

E (K,M) j .

PROOF. The j-th homogeneous component ofH i(L(M)) can be computed as thei-th
homology of the complex

. . . −→ Sj−i ⊗K Mi −→ Sj−(i+1)⊗K Mi+1 −→ . . .

From linear algebra it is known thatSj−i ⊗K Mi
∼= HomK((Sj−i)

∨,Mi). A basis of the
K-vector space(Sj−i)

∨ is given by{xa : a ∈ Nn, |a| = i − j} wherexa(yb) = 1 if a = b
and 0 otherwise, a basis of theE-moduleCi− j(e1, . . . ,en;E) by {x(a) : a∈Nn, |a|= i− j}.
Hence there is an isomorphism ofK-vector spaces

HomK((Sj−i)
∨,Mi) ∼= HomE(Ci− j(e1, . . . ,en;E),M) j .

The module on the right-hand side is the(i− j)-th vector space of thej-th part of the Car-
tan cocomplex whose homology in this position is just Exti− j

E (K,M) j . The isomorphism
induces an isomorphism of complexes whence the the assertion follows. �

Remark 2.4.3. The preceding Proposition 2.4.2 induces anS-module structure on
Ext∗E(K,M). The proof of the proposition also shows that this is the samestructure as the
product structure in cohomology as introduced in Section 2.3.
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Corollary 2.4.4. Let M ∈ M . The i-th homology Hi(L(M)) of the complexL(M)
vanishes for all i> 0 if and only if M has a0-linear injective resolution.

PROOF. H i(L(M)) vanishes if and only ifH i(L(M)) j = 0 for all i 6= 0 and all j ∈ Z.
Proposition 2.4.2 implies that this is the case if and only if

Exti− j
E (K,M) j = Exti− j

E (K,M)i−(i− j) = 0

which is true if and only ifM has 0-linear injective resolution. �

The complexL(M) helps to interpret the cohomologyH i(M,v) of the complex

(M,v) : . . . −→ Mi−1
·v

−→ Mi
·v

−→ Mi+1 −→ . . .

Theorem 2.4.5.[20, Theorem 4.1(b)]Let M∈M have a d-linear injective resolution.
Then Hi(M,v) = 0 for all i ∈ Z if and only if Hd(M,v) = 0.

PROOF. We may assumev = ∑n
j=1ej since the homology of the above complex does

not depend on the chosen basis ofE1, and, after a possible degree shift,d = 0. This
impliesd(M) = max{i : Mi 6= 0} = 0. ThusL(M) has the form

L(M) : . . . −→ S⊗K M−i −→ S⊗K M−i+1 −→ . . . −→ S⊗K M0 −→ 0.

By Corollary 2.4.4 it is a graded free resolution of someS-moduleP, that is generated in
degree zero. We consider the Laurent polynomial ringK[T,T−1] in one variableT with
degT =−1. Via the ring homomorphismS→ K[T] →֒ K[T,T−1] which sendsy j to T for
all j = 1, . . . ,n, the ringK[T,T−1] has a gradedS-module structure. We compareH i(M,v)
with TorSi (K[T,T−1],P). The complex

. . . −→ K[T,T−1]i ⊗K M−i −→ K[T,T−1]i−1⊗K M−i+1 −→ . . .

with differential s⊗m 7→ Ts⊗vm has the same homology as(M,v). This is also the
homology in degree zero of the complex

. . . −→ K[T,T−1]⊗K M−i −→ K[T,T−1]⊗K M−i+1 −→ . . .

with the same differential. The modules of this complex can be written as

K[T,T−1]⊗K M−i
∼= K[T,T−1]⊗SS⊗K M−i

∼= K[T,T−1]⊗SL(M)−i .

The differential, which was the multiplication with∑n
j=1T⊗ej , becomes under the first

isomorphism the multiplication with∑n
j=1T⊗1S⊗ej which is the same map as the mul-

tiplication with∑n
j=11K[T,T−1]⊗y j ⊗ej . This justifies writingL(M)−i . So finally

H i(M,v) ∼= TorSi (K[T,T−1],P)0.

This isomorphism implies the claim as follows: IfH i(M,v) = 0 for all i ∈ Z, then obvi-
ouslyH0(M,v) = 0. If H0(M,v) = 0, the above isomorphism gives

0 = H0(M,v) = TorS0(K[T,T−1],P)0
∼=
(
K[T,T−1]⊗SP

)
0.

In particular,K[T,T−1]0⊗K P0
∼= K⊗K P0

∼= P0 = 0. SinceP is generated in degree 0 this
already impliesP= 0. But then TorSi (K[T,T−1],P)0 = 0 for all i ∈Z which concludes the
proof. �
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Open problem 2.4.6.The statement of Theorem 2.4.5 is a statement purely on mod-
ules over the exterior algebra. Is there a proof for it without use of the BGG correspon-
dence?





CHAPTER 3

Generic initial ideals

Aramova, Herzog and Hibi develop in [3] a Gröbner basis theory for ideals in an exte-
rior algebra, most of the time analogous to the known Gröbner basis theory for polynomial
rings. They prove that for any ideal in an exterior algebra there exists a (the) generic ini-
tial ideal provided the field is infinite. Green also considers generic initial ideals over the
exterior algebra independently in Chapter 5 of [27]. Generic initial ideals are strongly
stable, independent of the characteristic of the field (in contrast to the polynomial ring).
Therefore we first have a look at stable and strongly stable ideals before we turn to the
generic initial ideals. The results on stable ideals already appeared in [40].

3.1. Stable ideals

Stable ideals are a nice class of ideals because their invariants can be read off directly
from the minimal generating system.

Let supp(u) = {i ∈ [n] : ei |u}, max(u) = maxsupp(u) and min(u) = minsupp(u) for a
monomialu, u 6= 1, inE. LetG(J) be the unique minimal system of monomials generators
of a monomial idealJ andG(J) j denote the subset ofG(J) consisting of the elements of
degreej.

Definition 3.1.1. Let J ⊂ E be a monomial ideal.

(i) J is calledstableif ej
u

emax(u)
∈ J for every monomialu∈ J and j < max(u).

(ii) J is calledstrongly stableif ej
u
ei
∈ J for every monomialu∈ J, i ∈ supp(u) and

j < i.

Observe that saying that some ideal is (strongly) stable always implies that this is a
monomial ideal6= E.

The following results on (strongly) stable ideals are inspired by the chapter on square-
free strongly stable ideals in the polynomial ring in [32].

Aramova, Herzog and Hibi construct in [3] the minimal graded free resolution of
a stable ideal. It is an analogue to the well-known Eliahou-Kervaire resolution [23] of
stable ideals in a polynomial ring. The construction yieldsthe following formula for the
graded Betti numbers of stable ideals.

Lemma 3.1.2. [3, Corollary 3.3]Let 0 6= J ⊂ E be a stable ideal. Then

βi,i+ j(J) = ∑
u∈G(J) j

(
max(u)+ i −1

i

)
for all i ≥ 0, j ∈ Z.

A direct consequence of the construction is a formula for theregularity of a stable
ideal.

25
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Lemma 3.1.3. [1, Corollary 3.2]Let 0 6= J ⊂ E be a stable ideal. Then

regE(J) = max{degu : u∈ G(J)}.

In particular, if J is stable and generated in one degree, it has a linear projective
resolution. An example for such an ideal is the maximal idealm of E and all its powers.

The above formula for the Betti numbers also gives a possibility to interpret the com-
plexity of a stable idealJ in terms ofG(J).

Lemma 3.1.4.Let 0 6= J ⊂ E be a stable ideal. Then

cxE(E/J) = max{max(u) : u∈ G(J)}.

PROOF. This is evident from the formula for the Betti numbers of stable ideals in
Lemma 3.1.2 since

βi(J) =
n

∑
k=1

mk(J)

(
k+ i −1

i

)

wheremk(J) = |{u ∈ G(J) : max(u) = k}|. The binomial coefficient in this sum is a
polynomial in i of degreek−1 and the number max{max(u) : u ∈ G(J)} is exactly the
maximalk which appears in the sum, i.e., withmk(J) 6= 0. �

For strongly stable idealsJ also the numberd(E/J) has a meaning in terms ofG(J).

Lemma 3.1.5.Let 0 6= J ⊂ E be a strongly stable ideal. Then

d(E/J) = n−max{min(u) : u∈ G(J)}.

Observe that this maximum does not change when replacingG(J) by J becauseJ is
strongly stable.

PROOF. Sets= max{min(u) : u∈ G(J)}. We want to show that

s= n−d(E/J).

The right hand side is

n−d(E/J) = min{i : (E/J)∗i 6= 0},

which is a direct consequence of Lemma 1.1.1.
As J ⊆ (e1, . . . ,es) we obtain “≥” immediately from the equivalence

J ⊆ (ei1, . . . ,eir ) ⇔ ei1 · · ·eir ∈ 0 :E J ∼= (E/J)∗

for i1, . . . , ir ∈ [n].
The other inequality follows if we show thatJ ⊆ (ei1, . . . ,eir ) implies r ≥ s. We can

assume thats< n. Otherwise,s= n impliesen ∈ J and thusJ = m, for which the assertion
is trivial.

So first consider the case thatJ ⊆ (es+1). As J is strongly stable,ei
u

es+1
∈ J for all

monomialsu∈ J and alli ≤ s. But ei
u

es+1
6∈ (es+1) for i 6∈ supp(u), which is not possible.

Thereforei must be contained in supp(u) for all i ≤ s. That is,J = (e1 · · ·es+1). We
concludes= max{min(u) : u∈ G(J)} = 1 and hencer ≥ s.
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Now assumeJ 6⊆ (es+1) and consider the idealJ = J+(es+1)/(es+1). This ideal is
again strongly stable in the exterior algebraE in n− 1 variablese1, . . . ,es,es+2, . . . ,en.
The position ofei diminishes by one fori > s+1. We see that

min(u) =

{
min(u) if min(u) ≤ s

min(u)−1 if min(u) > s+1

for the residue class of a monomialu with es+1 6 | u . By the choice ofs the second case
does not occur for monomials inJ which entails max{min(u) : u∈ J} = s. On the other
handJ ⊆ (ei1, . . . ,eir )+(es+1)/(es+1) so by induction hypothesiss≤ r if s 6∈ {i1, . . . , ir}
ands≤ r −1 otherwise. This concludes the proof. �

3.2. Initial and generic initial ideals

The monomial order onE considered in this thesis is always the reverse lexicographic
order with e1 > e2 > .. . > en. The initial ideal of a graded idealJ ⊂ E is the ideal
generated by the initial terms in( f ), f ∈ J with respect to this order, and is denoted by
in(J). The existence of the generic initial ideal gin(J) of a graded idealJ in the exterior
algebra over an infinite field is proved by Aramova, Herzog andHibi in [3, Theorem 1.6].
That is, they prove the existence of a non-empty Zariski-open subsetU ⊂ GL(n;K) such
that there is a monomial idealI ⊂ E with I = in(g(J)) for all g∈U . This idealI is called
the generic initial idealof J, denoted by gin(J). Generic initial ideals preserve much
information of the original ideal.

The generic initial ideal of a graded ideal is strongly stable if it exists [3, Proposition
1.7]. This is independent of the characteristic of the field in contrast to ideals in the
polynomial ring. In the following we investigate some relationships between a graded
ideal in the exterior algebra and its (generic) initial ideal.

By [3, Corollary 1.2] the Hilbert functions ofE/J and E/ in(J) coincide for any
graded idealJ ⊆ E.

We present a proof of the following proposition since parts of it are used in the proof
of the corollary afterwards.

Proposition 3.2.1. [34, Lemma 1.1]Let |K| = ∞ and0 6= J ⊂ E be a graded ideal in
E. Then

gin((E/J)∗) ∼= (E/gin(J))∗

as graded E-modules, where(E/J)∗ is identified with the ideal0 :E J.

PROOF. It is enough to show

in(0 :E J) = (0 :E in(J))

since there exists a generic automorphismg with

gin((E/J)∗) = gin(0 :E J) = in(g(0 :E J)) = in(0 :E g(J))

and
(E/gin(J))∗ = (0 :E gin(J)) = (0 :E in(g(J))).

Let f ∈ (0 :E J), i.e., f J = 0. In particular, in( f h) = 0 for all h∈ J. If in( f ) in(h) 6= 0
then 0= in( f h) = in( f ) in(h) so this case cannot occur. But then in( f ) in(h) = 0 for all
h∈ J and thus in( f ) ∈ (0 :E in(J)). This shows that in(0 :E J) ⊆ (0 :E in(J)) .
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Using the isomorphism(M∗)i
∼= (Mn−i)

∨ of K-vector spaces and the fact thatE/J
andE/ in(J) have the same Hilbert function, one sees that(0 :E in(J)) ∼= (E/ in(J))∗ and
(0 :E J) ∼= (E/J)∗ have the same Hilbert function as well:

dimK(E/ in(J))∗i = dimK((E/ in(J))n−i)
∨ = dimK(E/ in(J))n−i

= dimK(E/J)n−i = dimK((E/J)n−i)
∨ = dimK(E/J)∗i .

The same is true for(0 :E J) and in(0 :E J), so (0 :E in(J)) and in(0 :E J) have the
same Hilbert function. This concludes the proof. �

The (Castelnuovo-Mumford) regularity ofE/J andE/gin(J) coincide.

Theorem 3.2.2.[2, Theorem 5.3]Let |K| = ∞ and0 6= J ⊂ E be a graded ideal in E.
Then

regE(E/J) = regE(E/gin(J)).

We can compare the Bass numbers of a graded ideal with the Bassnumbers of its
initial ideal because we already know thatβi, j(E/J) ≤ βi, j(E/ in(J)) by [3, Proposition
1.8].

Corollary 3.2.3. Let |K| = ∞ and J⊂ E be a graded ideal. Then

µi, j(E/J) ≤ µi, j(E/ in(J)) and µi, j(E/J) ≤ µi, j(E/gin(J)).

In particular, if E/ in(J) or E/gin(J) has a d-linear injective resolution, then E/J has a
d-linear injective resolution as well.

PROOF. Exploiting the known inequality [3, Propositon 1.8]

βi, j(E/J) ≤ βi, j(E/ in(J))

and (the proof of) Proposition 3.2.1 gives the following relationships

µi, j(E/J) = βi,n− j((E/J)∗) ≤ βi,n− j(in((E/J)∗)) = βi,n− j((E/ in(J))∗) = µi, j(E/ in(J)).

From [3, Propositon 1.8] followsβi, j(E/J) ≤ βi, j(E/gin(J)) which implies the assertion
on the generic initial ideal in the same way. �

For the generic initial ideal also the converse is true.

Corollary 3.2.4. Let |K| = ∞ and J⊂ E be a graded ideal. If E/J has a d-linear
injective resolution, then E/gin(J) has a d-linear injective resolution as well.

PROOF. If E/J has ad-linear injective resolution, then its dual(E/J)∗ has an(n−d)-
linear projective resolution. In particular, its Castelnuovo-Mumford regularity equals
n−d. By Theorem 3.2.2 the regularity of(E/J)∗ and gin((E/J)∗) coincide. Using Propo-
sition 3.2.1 we obtain

n−d = regE(E/J)∗ = regE gin((E/J)∗) = regE(E/gin(J))∗.

As (E/J)∗ is generated in degreen−d, its generic initial ideal(E/gin(J))∗ is generated
in degree≥ n−d. Thus(E/gin(J))∗ has an(n−d)-linear projective resolution and so
E/gin(J) has ad-linear injective resolution. �
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The passage from a monomial ideal inE to its generic initial ideal gives rise to a
passage from a simplicial complex to another one. Let∆ be a simplicial complex on the
vertex set[n]. The generic initial ideal ofJ∆ is again a monomial ideal and thus there exists
a simplicial complex∆e on [n] such thatJ∆e = gin(J). This new complex∆e is called the
exterior algebraic shiftingof ∆. Algebraic shifting has been introduced by Kalai in [35],
[36] by other means (see also Björner and Kalai [7], [8]), see also the overview article
[37]. Another important variant of algebraic shifting is related to taking the generic initial
ideal in a polynomial ring. The name shifting comes from the fact that the so obtained
simplicial complexes satisfy the following property.

Definition 3.2.5. A simplicial complex∆ is calledshifted if for every faceF ∈ ∆,
i ∈ F and j > i it holds that(F \{i})∪{ j} ∈ ∆.

This is the combinatorial property corresponding to strongly stable ideals: the face
idealJ∆ is strongly stable if and only if∆ is a shifted complex.

As the generic initial ideal carries a lot of information about the original ideal the
same is true for a simplicial complex and its shifting. For example both complexes have
the samef -vector because the Hilbert functions ofJ and gin(J) are equal. Further results
in this direction are proved in Section 4.3, see also [2].

Example 3.2.6.Let ∆ be the following simplicial complex:

2 3 5

1 4

∆ =

The face ideal of∆ is J∆ = (e15,e24,e25,e134,e345). Its generic initial ideal is gin(J∆) =
(e12,e13,e23,e245,e145) and thus the exterior shifted complex∆e of ∆ is

4

5
3

1

2

∆e = .





CHAPTER 4

Depth of gradedE-modules

This chapter is devoted to an important invariant of anE-module, the depth, intro-
duced by Aramova, Avramov and Herzog in [1]. It is defined similar to the depth of a
module over a polynomial ring and closely related to the complexity, at least if the ground
field is infinite.

We present some interesting results on the depth and useful lemmas to compute it. In
Section 4.3 the depth of a squarefree module over an exterioralgebra is compared with
the depth of a certain corresponding squarefree module overa polynomial ring.

In the last section we study the (generic) annihilator numbers which are in some sense
a refinement of the notion of depth. We derive some facts whichrelate these numbers to
the Betti numbers of the corresponding module over the polynomial ring.

Most of the results in Section 4.1 appeared in [40], those in 4.3 and 4.4 will appear in
[39].

4.1. Regular elements and depth

Let M ∈M . As every linear form ofE is annihilated by itself, it is not useful to define
the notion of a regular element exactly as in commutative algebra. Following [1] we call
instead an elementv∈ E1 regular on M (or M-regular) if the annihilator ofv in M is the
smallest possible, that is, the submodulevM.

An M-regular sequenceis a sequencev1, . . . ,vs such thatvi is M/(v1, . . . ,vi−1)M-
regular fori = 1, . . . ,sandM/(v1, . . . ,vs)M 6= 0.

The following statements about regular elements are provedin [1]. Every M-regular
sequence can be extended to a maximal one and all maximal regular sequences have the
same length.

Definition 4.1.1. Let M ∈ M . The length of a maximalM-regular sequence is called
thedepthof M overE and denoted by depthE M.

Similar to the well-known Auslander-Buchsbaum formula

projdimSN+depthSN = n

for a finitely generated moduleN 6= 0 over a polynomial ringSwith n variables (see, e.g.,
[11, Theorem 1.3.3]) there is a formula relating the complexityand the depth of a finitely
generatedE-module.

Theorem 4.1.2.[1, Theorem 3.2]Let M∈ M , M 6= 0, and|K| = ∞. Then

cxE M +depthE M = n.

31
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For a graded ideal 06= J ⊂ E it holds that cxE(E/J) = cxE(J). Thus if |K| = ∞ the
above theorem implies also

depthE(E/J) = depthE(J).

Example 4.1.3.

(i) Every linear formv ∈ E1 is regular onE. Therefore a sequencev1, . . . ,vs of
linear forms is a regular sequence onE if and only if v1, . . . ,vs are linearly
independent. In particular,e1, . . . ,en is a maximal regular sequence onE. Thus
depthE E = n.

(ii) A linear form v is regular onE/J if and only if J : v = J+(v) because

annE/J v = (J : v)/J and v· (E/J) = (J+(v))/J.

For example(e12) : (e3) = (e3,e12) and thereforee3 is regular onE/(e12).

Let J = (eF1, . . . ,eFt) 6= 0 be a monomial ideal. A variableei is regular onJ if and
only if i 6∈ F1∪ . . .∪Ft . All these variables form a regular sequence onJ, but they need
not to be a maximal regular sequence as the Example 4.1.5 shows. Nevertheless this gives
a lower bound on the depth and, if the field is infinite, an upperbound on the complexity
of monomial ideals, i.e.,

depthE(J) ≥ n−|F1∪ . . .∪Ft | and cxE(J) ≤ |F1∪ . . .∪Ft |.

For stable ideals these are equalities.

Lemma 4.1.4.Let |K|= ∞ and0 6= J⊂E be a stable ideal with G(J) = {eF1, . . . ,eFt}.
Then

depthE(J) = n−|F1∪ . . .∪Ft | and cxE(J) = |F1∪ . . .∪Ft |.

PROOF. We already computed the complexity of a stable ideal in Lemma 3.1.4:

cxE(J) = max{max(u) : u∈ G(J)} = max{max(Fi) : i = 1, . . . , t} =: s.

SinceJ is stable, it holds that

F1∪ . . .∪Ft = {i ∈ [n] : i ≤ s},

whence the assertion follows. �

In general these bounds are not attained:

Example 4.1.5.Let J = (e12,e23,e34)⊆ K〈e1, . . . ,e4〉. The above bound for the depth
is 0, butv = e1 + . . .+e4 is regular onE/J and thus depthE(J) = depthE(E/J) ≥ 1. To
prove this we computeJ : v andJ+v degreewise. Letf ∈ E be a homogeneous element
such thatv f ∈ J. Suppose degf = 1, say f = ∑4

i=1αiei . Then

v f = (α2−α1)e12+(α3−α1)e13+(α4−α1)e14+(α3−α2)e23

+(α4−α2)e24+(α4−α3)e34 ∈ J.

SinceJ is monomial each term ofv f must be inJ. This gives equations

α3−α1 = α4−α1 = α4−α2 = 0,
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whence f ∈ (v) follows. Thus(J : v)1 = (v)1 = (J + (v))1 becauseJ1 = 0. Note that
J3 = E3 and therefore(J : v)2 = E2. The computations

e13 = ve3−e23+e34, e24 = v(e1+e4)+e12+e13−e34, e14 = ve4−e24−e34

show that(J+(v))2 = E2. Sov is indeed regular onE/J. Actually, it is even a maximal
regular sequence and thus depthE(E/J) = 1.

Wether a sequence of linear forms is regular on a module can bedetected by its Cartan
complex:

Proposition 4.1.6. [1, Remark 3.4]Let M ∈ M , M 6= 0, and v = v1, . . . ,vm be a
sequence of linear forms. The following statements are equivalent:

(i) v is M-regular.
(ii) H1(v;M) = 0.

(iii) Hi(v;M) = 0 for i ≥ 1.

In particular, permutations of regular sequences are regular sequences because

H1(v;M) ∼= TorE1 (E/(v1, . . . ,vm),M)

by Proposition 2.3.3 and the vanishing of the module on the right-hand side does not
depend on the order of the elements.

It is a well-known fact that being a regular sequence is a Zariski-open condition.
However, for the convenience of the reader we include a proofof it.

Proposition 4.1.7.Let M∈ M anddepthE M = t > 0. Then there exists a non-empty
Zariski-open set U⊆ GLn(K) such that v1, . . . ,vt is an M-regular sequence for allγ ∈U,
vi = γ(en−i+1), i = 1, . . . ,n.

PROOF. We use Proposition 4.1.6. LetU be the non-empty Zariski-open set such that
the rank of the matrices of theK-linear maps

C2(v1, . . . ,vt ;M)k
δ2−→C1(v1, . . . ,vt ;M)k

δ1−→C0(v1, . . . ,vt ;M)k

are maximal and constant for allk ∈ Z (note thatMk = 0 for almost allk). Thus the
dimensions of the images of the maps w. r. t. a generic sequence are maximal and cor-
respondingly the dimensions of the kernels are minimal. Letci,k denote the dimension
of the kernel of the mapδi in degreek w.r.t. a generic sequence and letbi,k denote the
dimension of the respective image. Ifδ1 andδ2 are the maps w.r.t. an arbitrary sequence,
then

dimK(Kerδ1)k ≥ c1,k ≥ b2,k ≥ (Imδ2)k.

Since depthE M = t there exists anM-regular sequence of linear formsv1, . . . ,vt . For
this sequence it holds that dimK(Kerδ1)k = (Imδ2)k for all k. Therefore it follows that
c1,k = b2,k for all k and thus every sequence induced byU is anM-regular sequence.�

For small examples one can compute this open set directly.

Example 4.1.8.Let J = (e123) ⊆ K〈e1,e2,e3,e4〉. A linear formv = α1e1 + α2e2 +
α3e3 +α4e4 is regular onJ if and only if α4 6= 0.
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Reducing modulo a regular element does not change the minimal projective graded
resolution of a module numerically.

Proposition 4.1.9. Let M ∈ M and v∈ E1 be a regular element on M. If F. is a
projective graded resolution of M over E, then F./vF. is a projective graded resolution of
M/vM over E/(v) whose modules have the same ranks and degree shifts as the modules
in F.. If in addition F. is minimal, then F./vF. is minimal too and

β E
i, j(M) = β E/(v)

i, j (M/vM).

PROOF. Let F. be a projective graded resolution ofM over E. The i-th module in
F./vF. is a freeE/(v)-module of the same rank asFi , thei-th module ofF.:

Fi/vFi
∼= E/(v)⊗E Fi

∼= E/(v)⊗E

⊕

j∈Z

E(− j)bi j ∼=
⊕

j∈Z

E/(v)(− j)bi j

The homology of the complex is

Hi(F./vF.) ∼= Hi(E/(v)⊗E F.) ∼= TorEi (E/(v),M)∼= Hi(v;M),

whereHi(v;M) is thei-th Cartan homology ofv with coefficients inM (see Proposition
2.3.3). Fori ≥ 1 we haveHi(v;M) = 0 by Proposition 4.1.6 whenceF./vF. is exact except
at homological position 0. The 0-th homology isE/(v)⊗E M ∼= M/vM so this complex
is indeed a projective graded resolution ofM/vM overE/(v).

If in additionF. is minimal, the entries in the matrices representing the maps ofF. are
of degree≥ 1. This property remains unchanged when reducing modulov. The exponents
bi j are then the graded Betti numbers ofM. �

Before we can understand what happens when reducing an injective resolution by a
regular element we first need to understand the interplay between regular elements and
duality.

Obviously a linear formv is regular onM 6= 0 if and only if the complex

(M,v) : . . . −→ M j−1
·v

−→ M j
·v

−→ M j+1 −→ . . .

is exact.

Remark 4.1.10.ForM = K{∆} andv= e1+ . . .+en Aramova and Herzog identified
the i-th cohomology of the above complex(M,v) as the(i − 1)-th reduced simplicial
cohomology of∆ (cf. Corollary 1.2.2). They further show that if there exists a regular
element onK{∆}, thene1 + . . .+en is regular. Thus we conclude that depthE K{∆} = 0
if and only if H̃ i(∆;K) 6= 0 for somei, i.e., if ∆ is not acyclic.

We will need the following useful lemma.

Lemma 4.1.11.Let0→U → M → N → 0 be an exact sequence of non-zero modules
in M . If v∈ E1 is regular on two of the three modules, then it is regular on the third.

PROOF. Recall thatH i(M,v) is the homology of the complex(M,v). The short exact
sequence induces a short exact sequence of complexes

0−→ (U,v) −→ (M,v) −→ (N,v) −→ 0
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which induces a long exact sequence of the homology modules

. . . −→ H i−1(N,v) −→ H i(U,v) −→ H i(M,v) −→ H i(N,v) −→ H i+1(U,v) −→ . . .

Then the observation thatv is regular on one of these modules, sayM, if and only if the
corresponding homologyH i(M,v) is zero for alli concludes the proof. �

Let v1, . . . ,vm ∈ E1 andM ∈ M . To simplify notation we define

Hi(k) = Hi(v1, . . . ,vk;M) for i > 0, k = 1, . . . ,m

and

H̃0(k) =
0 :M/(v1,...,vk−1)M vk

vk(M/(v1, . . . ,vk−1)M)
.

Analogously

H i(k) = H i(v1, . . . ,vk;M) for i > 0, k = 1, . . . ,m

and

H̃0(k) =
0 :0:M(v1,...,vk−1) vk

vk(0 :M (v1, . . . ,vk−1))
.

Finally we setHi(0) = H i(0) = 0 for i > 0. The modulesH̃0(k) andH̃0(k) are not
the 0-th Cartan homology and cohomology but defined such thatthe long exact sequences
of Cartan homology and cohomology modules of Propositions 2.3.5, 2.3.6 induce exact
sequences

. . . −→ H2(k) −→ H1(k)(−1) −→ H1(k−1) −→ H1(k) −→ H̃0(k)(−1) −→ 0

and

0−→ H̃0(k)(+1) −→ H1(k) −→ H1(k−1) −→ H1(k)(+1) −→ H2(k) −→ . . .

Theorem 4.1.12.Let M∈ M . A sequencev = v1, . . . ,vm in E1 is an M-regular se-
quence if and only if it is an M∗-regular sequence. In particular,depthE M = depthE M∗

and, if K is infinite,cxE M = cxE M∗.

PROOF. To prove the assertion it is enough to show that ifv is anM∗-regular sequence,
then it is anM-regular sequence as well.

First of all we state two observations which will be used several times in the proof.
Let N,N′ ∈ M andv∈ E1.

(∗) If v is N′-regular andvN′ ⊆ vN, thenvN∩N′ = vN′.

This is obvious sincex∈ vN∩N′ impliesx∈ 0 :N′ v = vN′.

(∗∗) If v is regular onN,N′ andN∩N′, thenv is regular onN+N′.

This follows from the short exact sequence

0−→ N∩N′ −→ N⊕N′ −→ N+N′ −→ 0

and Lemma 4.1.11.
The main task is to show by an induction ont ≥ 0 thatvk is regular on each module

of the formvi1 · · ·vir (v j1, . . . ,v jt )M for {i1, . . . , ir , j1, . . . , jt} ⊆ {1, . . . ,m}\{k} and allk =
1, . . . ,m.
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Then withr = 0, t = k−1 this means thatvk is (v1, . . . ,vk−1)M-regular, withr = t = 0
thatvk is M-regular. Hence the exact sequence

0−→ (v1, . . . ,vk−1)M −→ M −→ M/(v1, . . . ,vk−1)M −→ 0

implies by Lemma 4.1.11 thatvk is M/(v1, . . . ,vk−1)M-regular for allk = 1, . . . ,m.
For the induction lett = 0. For simplicity we show thatvk is v1 · · ·vk−1M-regular. But

as permutations of regular sequences are regular sequences, the proof works for arbitrary
elements of the sequence as well.

The Cartan homology ofv with values inM∗ vanishes which implies by Proposition
2.3.2 that the Cartan cohomology ofv with values inM vanishes. In particular

H̃0(k;M) =
0 :0:M(v1,...,vk−1) vk

vk(0 :M (v1, . . . ,vk−1))
= 0

for all k = 1, . . . ,m. We show by induction onk thatvk is vk−1 · · ·v1M-regular. Ifk = 1 we
have

H̃0(1;M) =
0 :M v1

v1M
= 0.

Hencev1 is M-regular. Now suppose that the assertion is known fork−1.
The module 0 :M (v1, . . . ,vk−1) contains all elements ofM that are annihilated by allvi ,

i = 1, . . . ,k−1. Since everyvi is M-regular (same argument as forv1, since permutations
of regular sequences are regular sequences), 0 :M (v1, . . . ,vk−1) = vk−1M∩ . . .∩v1M.

We seevl−1M∩ . . .∩v1M = vl−1 · · ·v1M by another induction onl ≤ k. If l ≤ 2 this
is obvious. Now ifl > 2 we have

vl−1M∩ . . .∩v1M = vl−1M∩ (vl−2M∩ . . .∩v1M) = vl−1M∩vl−2 · · ·v1M
(∗)
= vl−1 · · ·v1M

where the induction hypothesis of the first induction onk is used. i.e., thatvl−1 is regular
on vl−2 · · ·v1M sincel −1≤ k−1.

Then

0 = H̃0(k;M) =
0 :0:M(v1,...,vk−1) vk

vk(0 :M (v1, . . . ,vk−1))
=

0 :vk−1···v1M vk

vk(vk−1 · · ·v1M)
implies thatvk is vk−1 · · ·v1M-regular.

We return to the induction ont and supposet > 0. We decompose the module
vi1 · · ·vir (v j1, . . . ,v jt )M in two parts. By induction hypothesis the linear formvk is regular
on vi1 · · ·vir (v j1, . . . ,v jt−1)M and onvi1 · · ·vir v jt M. Furthermore, the induction hypothesis
gives thatv jt is vi1 · · ·vir (v j1, . . . ,v jt−1)M-regular. Thus with(∗) follows that the intersec-
tion of the two parts is

vi1 · · ·vir (v j1, . . . ,v jt−1)M∩vi1 · · ·vir v jt M = v jt vi1 · · ·vir (v j1, . . . ,v jt−1)M.

Again by induction hypothesisvk is regular on this intersection. So(∗∗) implies thatvk is
regular onvi1 · · ·vir (v j1, . . . ,v jt−1)M +vi1 · · ·vir v jt M = vi1 · · ·vir (v j1, . . . ,v jt)M.

Finally it remains to show thatM/(v1, . . . ,vm)M 6= 0 for v1, . . . ,vm being anM-regular
sequence. But this is evident sinceM/(v1, . . . ,vm)M = 0 would imply

M = (v1, . . . ,vm)M = (v1, . . . ,vm)2M = . . . = (v1, . . . ,vm)m+1M = 0

and henceM∗ = 0, which is not possible (unlessm= 0). �

One consequence of the preceding theorem (and its proof) is the following identity.
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Proposition 4.1.13.Let M∈ M and v1, . . . ,vm be an M-regular sequence. Then

(M/(v1, . . . ,vm)M)∗ ∼= v1 · · ·vmM∗

as graded E-modules.

PROOF. We show by induction onm that (M/(v1, . . . ,vm)M)∗ ∼= vm· · ·v1M∗, using
thatv1, . . . ,vm is also anM∗-regular sequence by Theorem 4.1.12. Ifm= 1 this follows
from the exact sequence

0−→ 0 :M v1 −→ M
·v1−→ M −→ M/v1M −→ 0

and the corresponding exact dual sequence

0−→ (M/v1M)∗ −→ M∗ ·v1−→ M∗ −→ (0 :M v1)
∗ −→ 0

because here(M/v1M)∗ is the kernel of the multiplication withv1 which isv1M∗ asv1 is
M∗-regular.

Now supposem> 1 and the assertion is proved for regular sequences of length< m.
The proof of Theorem 4.1.12 shows thatvk is regular onvi1 · · ·vir (v j1, . . . ,v jt )M

∗

for {i1, . . . , ir , j1, . . . , jt} ⊆ [m] \ {k} for k = 1, . . . ,m. In particular,vm is regular on
vm−1 · · ·v1M∗, thus we can use the induction hypothesis on it which gives

vm· · ·v1M∗ = vm(vm−1 · · ·v1M∗) ∼= vm(M/(vm−1, . . . ,v1)M)∗.

By assumptionvm is regular onM/(vm−1, . . . ,v1)M and hence by Theorem 4.1.12 also
on its dual(M/(vm−1, . . . ,v1)M)∗. Thus another application of the induction hypothesis
gives

vm(M/(vm−1, . . . ,v1)M)∗ ∼=
(
M/(vm−1, . . . ,v1)M

/
vm(M/(vm−1, . . . ,v1)M)

)∗

∼= (M/(vm,vm−1, . . . ,v1)M)∗.

�

The relationHi(v;M∗) = H i(v;M)∗ between Cartan homology and Cartan cohomol-
ogy in Proposition 2.3.2 provides the following dual version of Proposition 4.1.6.

Corollary 4.1.14. Let M∈ M , M 6= 0 andv = v1, . . . ,vm be a sequence in E1. Then
the following statements are equivalent:

(i) v1, . . . ,vm is M-regular.
(ii) H1(v;M) = 0.

(iii) H i(v;M) = 0 for all i > 0.

PROOF. An E-module is zero if and only if its dual is zero. Thus the equality of the
conditions follows from Theorem 4.1.12, Propositon 2.3.2 and Proposition 4.1.6. �

Now we can use the same argumentation for reducing injectiveresolutions by a regular
element as for projective resolutions.
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Proposition 4.1.15.Let M ∈ M , v∈ E1 be an M-regular element and I. a graded
injective resolution of M over E. ThenHomE(E/(v), I .) is a graded injective resolution
of vM over E/(v) with the same ranks and degree shifts as I.. If in addition I. is minimal,
thenHomE(E/(v), I .) is minimal too and

µE
i, j(M) = µE/(v)

i, j (vM).

PROOF. Let I . be a graded injective resolution ofM. The homology of the complex
HomE(E/(v), I .) is isomorphic to the Cartan cohomologyH i(v;M) of M with respect to
v by Proposition 2.3.3. Asv is M-regular, Corollary 4.1.14 implies thatH i(v;M) = 0 for
i > 0.

The i-th module in this resolution is of the form

HomE(E/(v),
⊕

j∈Z
E(n− j)ci, j(M)) ∼=

⊕
j∈Z

HomE(E/(v),E)(n− j)ci, j(M)

∼=
⊕

j∈Z
(0 :E v)(n− j)ci, j(M)

∼=
⊕

j∈Z
(v)(n− j)ci, j(M)

∼=
⊕

j∈Z
E/(v)(n−1− j)ci, j(M).

Thus HomE(E/(v), I .) is indeed a graded injective resolution ofvM with the same ranks
and degree shifts (bear in mind thatE/(v) is an exterior algebra withn−1 variables).
The minimality is preserved because an injective resolution over E is minimal if and
only if all entries in the matrices of the maps are in the maximal ideal. This property is
not touched by applying HomE(E/(v), ·). Then the exponentsci, j are the graded Bass
numbersµi, j . �

Many statements over the exterior algebra are analogous to statements over a polyno-
mial ring. However, one has to be careful. For example, Lemma4.1.11 applied on the
sequence 0→ J→ E → E/J→ 0 implies that a linear formv is regular onJ if and only if
it is regular onE/J. Inductively it follows that even a sequencev1, . . . ,vm of linear forms
is a J-regular sequence if and only if it is a regular sequence onE/J. There is no such
statement over the polynomial ring.

On the other hand, the situation over the exterior algebra can also be not as nice as
over the polynomial ring. For example the annihilator of an element inE can be arbitrary
complicated. Therefore elements whose annihilators have asimple shape in some sense
are distinguished. Following [14] we call a homogeneous element inE of positive degree
pure decomposableif it is a product of linear forms. The annihilator of such an element
is generated by linear forms:

Lemma 4.1.16.Let f 6= 0 be a homogeneous element in E of degree m> 0. Then
annE f = (v1, . . . ,vm), where v1, . . . ,vm are linearly independent linear forms, if and only
if f = α ·v1 · · ·vm for someα ∈ K.

PROOF. Suppose annE f = (v1, . . . ,vm) wherev1, . . . ,vm are linearly independent lin-
ear forms. After a change of coordinates we may assume thatvi = ei for i = 1, . . . ,m.
Then

( f ) = 0 : (0 : f ) = 0 : (e1, . . . ,em) = (e1 · · ·em)
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and hencef = αe1 · · ·em for someα ∈ K.
Now let f = α ∏m

i=1vi for someα ∈ K. The linear formsv1, . . . ,vm must be linearly
independent because otherwisef would be zero. Thenvm, . . . ,v1 is a regular sequence
on E. We claim that annE f = (v1, . . . ,vm). To see the non-trivial inclusion letg∈ E be
a homogeneous element withg f = 0. That is,gv1 · · ·vm = 0. Sincevm is regular onE it
follows thatgv1 · · ·vm−1 ∈ (vm). Now vm−1 is regular onE/(vm) whencegv1 · · ·vm−2 ∈
(vm−1,vm) and, inductively,g∈ (v1, . . . ,vm). �

In view of the preceding lemma we extend the definition of a pure decomposable
element as follows: a homogeneous elementm in a gradedE-module is calledpure de-
composableif its annihilator 0 :E m is generated by linear forms. Apure decomposable
moduleis a module that is generated by pure decomposable elements.

Proposition 4.1.17.Let m∈ M ∈ M be a homogeneous non-zero element of degree
d. Then m is pure decomposable if and only if the regularity ofthe cyclic submodule
generated by m is d, i.e., ifregE〈m〉 = d.

PROOF. Let m be pure decomposable. The minimal free resolution of〈m〉 over E
starts with the mapE(−d) → 〈m〉, 1 7→ m. The kernel of this map is the annihilator of
m which is generated by linear forms by definition. Thus the resolution can be continued
with the Cartan complex with respect to this linear forms, shifted in degrees by−d, which
is ad-linear resolution.

If m is not pure decomposable, then there exists a minimal generator of the annihilator
of m of degreej > 1. Thusβ1,d+ j(〈m〉) 6= 0 and therefore reg〈m〉 ≥ d+ j > d. �

4.2. Depth and the generic initial ideal

Recall that the monomial order considered is always the reverse lexicographic order
with e1 > e2 > .. . > en.

As the regularity, also the depth is preserved by the passageto the generic initial ideal.
This result is already known. For the convenience of the reader we present a proof.

Theorem 4.2.1.[34, Proposition 2.3]Let |K| = ∞ and J⊂ E be a graded ideal in E.
Then

depthE(E/J) = depthE(E/gin(J)) and cxE(E/J) = cxE(E/gin(J)).

PROOF. The inequality

βi, j(E/J) ≤ βi, j(E/gin(J))

follows from [3, Proposition 1.8]. Thus cxE(E/J) ≤ cxE(E/gin(J)). It follows from the
equation

cxE M +depthE M = n

in Theorem 4.1.2 that
depthE(E/J) ≥ depthE(E/gin(J)).

Being a regular sequence is an open condition by Proposition4.1.7. Hence there
exists anE/J-regular sequencev1, . . . ,vt , t = depthE(E/J), of linear forms such that there
is a generic automorphismg mappingvi to en−i+1 with gin(J) = in(g(J)). Since the
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considered monomial order is the revlex order, we have in(g(J)+en) = in(g(J))+en and
in(g(J) : en) = in(g(J)) : en by [2, Proposition 5.1]. Then the Hilbert functions

H(−,E/(gin(J+v1))) = H(−,E/(J+v1)) = H(−,E/g(J+v1))

= H(−,E/(g(J)+en)) = H(−,E/ in(g(J)+en)) = H(−,E/(gin(J)+en))

are equal. Analogously one seesH(−,E/gin(J : v1)) = H(−,E/(gin(J) : en)). On the
other handJ+v1 = J : v1 asv1 is E/J-regular. Hence

H(−,E/gin(J+v1)) = H(−,E/gin(J : v1)).

Thus the Hilbert functions of gin(J)+en and gin(J) : en coincide as well which already
implies gin(J)+ en = gin(J) : en because gin(J)+ en ⊆ gin(J) : en is always true. This
shows thaten is E/gin(J)-regular.

The above computations can be generalised to a longer regular sequencev1, . . . ,vi ,
i ≤ t so inductively we obtain thaten−i+1 is E/(gin(J)+(en, . . . ,en−i+2))-regular fori =
1, . . . , t. The quotients do not vanish because the corresponding quotient ringsE/(J +
(v1, . . . ,vi−1)) do not vanish. So this means thaten, . . . ,en−t+1 is an E/gin(J)-regular
sequence.

This proves the reverse inequality

depthE(E/J) ≤ depthE(E/gin(J)).

Therefore the depths, and, with Theorem 4.1.2, also the complexities are equal. �

We extract one fact proved along the way in the proof of Theorem 4.2.1, taking into
account thatJ = gin(J) for stable idealsJ.

Corollary 4.2.2. Let J⊂ E be a stable ideal,|K| = ∞ and depthE(E/J) = t. Then
en, . . . ,en−t+1 is a regular sequence on E/J.

For a simplicial complex∆ Theorem 4.2.1 says that the depths of its face ringK{∆}
and the face ring of its exterior shiftingK{∆e} are equal (cf. Section 3.2 for the definition
of exterior shifting). It is possible to read off the depth ofthe face ring of a shifted complex
from the structure of the complex.

The join of two simplicial complexes∆ andΓ is the simplicial complex

∆∗Γ = {F ∪G : F ∈ ∆,G∈ Γ},
whose faces are the unions of a face of∆ and a face ofΓ.

Theorem 4.2.3.Let∆ be a simplicial complex on the vertex set[n] and|K|= ∞. Then
the following statements are equivalent:

(i) depthE(K{∆}) = t;
(ii) ∆e = Γ∗2[t], whereΓ is a non-acyclic, (dim∆− t)-dimensional simplicial com-

plex and2[t] is the(t−1)-simplex on the vertex set{n− t +1, . . . ,n}.

PROOF. Recall that depthE(K{∆}) = depthE(K{∆e}) by Theorem 4.2.1.
(i)⇒(ii) We first assume that depthE(K{∆}) = t. In order to prove (ii) we show that

for F ∈ ∆e it holds thatF ∪{n− r + 1, . . . ,n} is a face of∆e for any r ≤ t. Let F ∈ ∆e.
Without loss of generality we may assume thatF ∩{n− r +1, . . . ,n} = /0. The sequence
en, . . . ,en−r+1 is regular onK{∆e} = E/gin(J∆) by Corollary 4.2.2. Suppose thatF ∪
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{n− r +1, . . . ,n} /∈ ∆e. Thus,en · · ·en−r+1eF = 0 in K{∆e}. By the definition of a regular
sequence it follows that

en−r+2 · · ·eneF ∈ J∆e +(en−r+1).

Therefore,en−r+2 · · ·eneF = 0 ∈ E/(gin(J∆) + (en−r+1)). Inductively, we geteF = 0 ∈
E/(gin(J∆)+(en, . . . ,en−r+1)). SinceF ∩{n− r +1, . . . ,n} = /0 by assumption, we have
eF ∈ gin(J∆), i.e., F 6∈ ∆e. This is a contradiction. This shows∆e = Γ ∗ 2[t] for some
(dim∆− t)-dimensional simplicial complexΓ with JΓ = gin(J∆)+(en, . . . ,en−t+1). From
the definition of depth and Corollary 4.2.2 it follows that

depthE(K{Γ}) = depthE(K{∆e})− t = 0.

We therefore conclude from Remark 4.1.10 thatH̃i(Γ;K) 6= 0 for some 0≤ i ≤ dim(Γ),
i.e.,Γ is non-acyclic.

(ii)⇒(i) We have to show that depthE(K{∆e}) = t. By assumption, we have∆e =

Γ ∗ 2[t], where 2[t] is the (t − 1)-simplex on the vertex set{n− t + 1, . . . ,n} andΓ is a
non-acyclic simplicial complex on the vertex set[n− t]. On the level of face rings this
means

K{∆e} = K{Γ}⊗K K{2[t]}.

The face ring of the simplex isK{2[t]} = K〈en−t+1, . . . ,en〉. The sequenceen, . . . ,en−t+1

is regular onK{2[t]} and thus also onK{∆e}. This implies depthE(K{∆e}) ≥ t. It further
holds that

K{∆e}/(en, . . . ,en−t+1) ∼= K{Γ}.
SinceΓ is non-acyclic it follows from Remark 4.1.10 that depthE(K{Γ}) = 0. Therefore
en, . . . ,en−t+1 is a maximal regular sequence onK{∆e} and thus depthE(K{∆e}) = t. �

Example 4.2.4. In Example 3.2.6 the exterior shifting of the simplicial complex ∆
with J∆ = (e15,e24,e25,e134,e345) is computed. The face ideal of the shifting is the ideal

J∆e = (e12,e13,e23,e245,e145).

It is not a cone over any vertex, hence the simplex as in Theorem 4.2.3 is the empty one
and we conclude depthE K{∆} = depthE K{∆e} = 0. If also the two non-filled triangles
245 and 145 of∆e were filled, one could split the complex into the edge 45, a 1-simplex,
and three points. Hence, in that case, the depth would be 2.

4.3. Squarefree modules over the exterior algebra and the polynomial ring

Yanagawa introduces squarefree modules over the polynomial ring S= K[x1, . . . ,xn]
as a generalisation of squarefree monomial ideals in [62]. In this sectionS is always
considered to be positively graded, i.e., degxi = 1 for all i = 1, . . . ,n.

Fora = (a1, . . . ,an) ∈ Nn we say thata is squarefreeif 0 ≤ ai ≤ 1 for i = 1, . . . ,n. We
set|a| = a1 + . . .+an and supp(a) = {i : ai 6= 0}.

A finitely generatedNn-gradedS-moduleN = ⊕a∈NnNa is calledsquarefreeif the
multiplication mapNa →Na+εi , y 7→ xiy is bijective for anya∈Nn and for alli ∈ supp(a),
whereεi ∈ Nn is the vector with 1 at thei-th position and zero otherwise.

Römer defines in [53, Definition 1.4] a finitely generatedNn-gradedE-moduleM =
⊕a∈NnMa to besquarefreeif it has only squarefree non-zero components.
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Aramova, Avramov and Herzog [1] and Römer [53] construct a squarefreeE-module
NE and its minimal free resolution starting from a squarefreeS-moduleN and its minimal
free resolution.

Theorem 4.3.1.[53, Theorem 1.2]The assignment N7→ NE induces an equivalence
between the categories of squarefree S-modules and squarefree E-modules (where the
morphisms are theNn-graded homomorphisms).

Example 4.3.2.The Stanley-Reisner ringK[∆] is a typical example of a squarefree
S-module, the exterior face ringK{∆} of a squarefreeE-module.

These two correspond to each other under the equivalence of categories, i.e.,

(K[∆])E
∼= K{∆}

(see [1, Theorem 1.3]).

As the equivalence of the categories of squarefreeS- and squarefreeE-modules bases
on the construction of resolutions, one also gets the following relation between the Betti
numbers of a squarefreeS-module and its correspondingE-module. Letβ S

i, j and β E
i, j

denote the graded Betti numbers overS andE, respectively. Recall that anS-moduleN
has at-linear resolution if and only ifβ S

i,i+ j(N) = 0 for all j 6= t.

Corollary 4.3.3. [53, Corollary 1.3]Let N be a squarefree S-module and let NE be
the associated squarefree E-module. Then

β E
i,i+ j(NE) =

i

∑
k=0

(
i + j −1
j +k−1

)
β S

k,k+ j(N).

In particular, N has a t-linear projective resolution over Sif and only if NE has a t-linear
projective resolution over E.

The formula for the Betti numbers implies that the regularity of a squarefreeS-module
and its correspondingE-module coincide.

Lemma 4.3.4.Let N be a squarefree S-module and let NE be the associated squarefree
E-module. Then

regS(N) = regE(NE).

PROOF. We plug in the formula for the Betti numbers into the definition of regularity:

regE(NE) = max{ j ∈ Z : β E
i,i+ j(NE) 6= 0, i ≥ 0}

= max{ j ∈ Z :
i

∑
k=0

(
i + j −1
j +k−1

)
β S

k,k+ j(N) 6= 0, i ≥ 0}

= max{ j ∈ Z : β S
k,k+ j(N) 6= 0 for some 0≤ k≤ i, i ≥ 0}

= max{ j ∈ Z : β S
k,k+ j(N) 6= 0,k≥ 0}

= regS(N).

�
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One could tend to think that also the two notions of depth (over the exterior algebra
and the polynomial ring) coincide. But this is not the case (for simplicial complexes this
is already clear from Theorem 4.2.3 because a non-acyclic complex does not need to have
depth zero overS). In the following example the depth overS is indeed greater than the
depth overE.

Example 4.3.5.Let ∆ be the simplicial complex on the vertex set[4] consisting of
three edges intersecting in a common vertex 4.

2 3

4 1

∆ =

The face ideal is the idealJ∆ = (e12,e13,e23). It is a shifted complex whence the depth of
K{∆} is 1 by Theorem 4.2.3. For example,e4 is a maximal regular sequence onK{∆}.
On the other hand, with the help of Macaualy 2 [26], we compute thatx4,x1+x2+x3 is a
maximal regular sequence onK[∆].

This relation between the depths is true in general.

Theorem 4.3.6.Let |K| = ∞ and N 6= 0 be a finitely generatedNn-graded squarefree
S-module. Then

0≤ depthS(N)−depthE(NE) = cxE(NE)−projdimS(N) ≤ regS(N).

PROOF. A comparison of Theorem 4.1.2,

depthE NE +cxE NE = n,

and the Auslander-Buchsbaum formula just above Theorem 4.1.2,

depthSN+projdimSN = n,

shows that the differences between the depths and between the complexity and the pro-
jective dimension are equal. We show that the inequalities hold for the latter difference.

Corollary 4.3.3 implies that

β E
i (NE) = ∑

j≥0
β E

i,i+ j(NE) = ∑
j≥0

i

∑
k=0

(
i + j −1
j +k−1

)
β S

k,k+ j(N).

Let m(i)
j = max{k+ j : β S

k,k+ j(N) 6= 0, 0≤ k≤ i}. Thenβ E
i,i+ j(NE) is a polynomial ini of

degreem(i)
j −1. Therefore, it follows thatβ E

i (NE) is a polynomial ini of degreem(i)−1,

wherem(i) = max{m(i)
j : j ≥ 0,β E

i,i+ j(NE) 6= 0} (here we can write max instead of sup
because the modules in the minimal freeE-resolution of a finitely generated module are
finitely generated). This yields for the complexity

cxE(NE) = sup{m(i) : i ≥ 0}

= sup{k+ j : β S
k,k+ j(N) 6= 0, k≥ 0, j ≥ 0}

= max{l : β S
i,l(N) 6= 0, i ≥ 0, l ≥ 0},

(1)
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where the last equality holds becauseN has a finiteS-resolution. Letp = projdimS(N)
and i, j ∈ Z with β S

i,i+ j(N) 6= 0 and cxE(NE) = i + j. Theni ≤ p and so cxE(NE)− p ≤

cxE(NE)− i = j ≤ regS(N). On the other hand there exists somek, 0 ≤ k ≤ regS(N)
such thatβ S

p,p+k(N) 6= 0. This implies cxE(NE) ≥ p+ k by (1) and thus cxE(NE)−

projdimS(N) ≥ k≥ 0. �

Remark 4.3.7.

(i) The relations in Theorem 4.3.6 in particular show that anexterior version of
Terai’s theorem [58],

projdimSI∆ = regSK[∆∗],

does not hold, i.e., in general it is not true that cxE J∆ = regE K{∆∗}, since
regE K{∆∗} = regSK[∆∗] by Lemma 4.3.4. Thus the class of simplicial com-
plexes for which this equation holds are exactly those with depthS(K[∆]) =
depthE(K{∆}) (see also Open problem 4.3.11).

(ii) For simplicial complexes the relation between the complexity and the Betti
numbers overS in (1) has been noticed already in [1, Theorem 4.2].

An interesting question to ask is if there are classes of squarefree modules for which
equality holds in the second inequality in Theorem 4.3.6. Inthe special case of Stanley-
Reisner rings of simplicial complexes we can identify at least two such classes.

Lemma 4.3.8.Let ∆ be a simplicial complex of dimension d−1≥ 0 and |K| = ∞. If
J∆ has a linear projective resolution or if∆ is Cohen-Macaulay, then

depthS(K[∆])−depthE(K{∆}) = cxE(K{∆})−projdimS(K[∆]) = regS(K[∆]).

PROOF. Examining the proof of Theorem 4.3.6 we see that we have an equality
in the second inequality in Theorem 4.3.6 if and only ifβ S

p,p+r(K[∆]) 6= 0 wherep =
projdimS(K[∆]) andr = regS(K[∆]). This is the most right lower corner in the correspond-
ing Betti diagram. It is obviously the case ifI∆ (equivalentlyJ∆) has a linear resolution.

If ∆ is Cohen-Macaulay,K[∆] has depthd overS if dim ∆ = d−1 and the face ring
K{∆} has ad-linear injective resolution overE (see, e.g., [2, Corollary 7.6] or Example
5.1.1). Following Theorem 5.1.6 (which is independent fromthe results in this section) it
holds that

d = depthE(K{∆})+ regE(K{∆}).

By Lemma 4.3.4 the regularity overE is the same as the regularity overS, hence

regS(K[∆]) = regE(K{∆}) = d−depthE(K{∆}) = depthS(K[∆])−depthE(K{∆}).

As an alternative proof of this case it is possible to show that if ∆ is Cohen-Macaulay then
K[∆] has only one so-called extremal Betti number. �

The following example shows that in general the converse of Lemma 4.3.8 is not true.
A monomial idealI in S is calledsquarefree stableif for all squarefree monomialsxA ∈ I
and alli < max(A) with i 6∈ A one hasxixA\max(A) ∈ I .
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Example 4.3.9.Let ∆ be the simplicial complex on the vertex set[4] consisting of
two triangles – one of them filled, the other one missing – glued together along one edge.

2 3

4 1

∆ =

The face ideal isJ∆ = (e12,e134). It is not generated in one degree and thus does not
have a linear projective resolution. On the other hand∆ is not pure so it cannot be Cohen-
Macaulay.J∆ is stable whence we can compute the regularity and the depth of K{∆} from
the known formulas Lemma 3.1.3 and Lemma 3.1.4. AlsoI∆ is squarefree stable. Then
the depth can be computed by the formula

depthSK[∆] = n−max{max(u)−deg(u) : u∈ G(I∆)}−1

which is proved in [4, Corollary 2.4]. Here we then compute

depthS(K[∆]) = 4−max{0,1}−1 = 2,

regE(K{∆}) = max{2,3}−1 = 2,

depthE(K{∆}) = 4−max{2,4} = 0.

Hence, depthS(K[∆])−depthE(K{∆}) = regE(K{∆}).

A natural question to ask is which triples of numbers(t,s, r) with r ≥ s− t ≥ 0 can
occur such that there exists a squarefreeS-moduleN with depthE(NE) = t, depthS(N) = s
and regE(NE) = r. We can answer this issue by showing that all triples of numbers are
possible.

Example 4.3.10.Let (t,s, r) be as above and letn = r + t + 3. Let I be the ideal in
K[x1, . . . ,xn] generated by the monomials

x1x2 · · ·xs−txi for i = s− t +1, . . . ,n− t,

x1x2 · · · x̂ j · · ·xr+2 for j = 1, . . . ,s− t

(herex̂ j means thatx j is omitted). Finally setJ = IE, i.e., J is the ideal inK〈e1, . . . ,en〉
generated by the above monomials withx replaced bye. By constructionI is squarefree
stable andJ is stable. Thus we can compute the invariants ofS/I andE/J with the known
formulas. First the depth overSof S/I is, as in the preceding Example 4.3.9,

depthS(S/I) = n−max{max(u)−deg(u) : u∈ G(I)}−1

= n−1−max{n− t − (s− t +1), r +2− (r +1)}

= n−1−max{n−s−1,1} = n−1− (n−s−1) = s,

where we usen = r + t +3≥ s+3. The depth ofE/J overE is, computed with Lemma
3.1.4 and Theorem 4.1.2,

depthE(E/J) = n−max{max(u) : u∈ G(J)} = n−max{n− t, r +2}

= n−max{r +3, r +2} = t.

Finally the regularity ofE/J is, by Lemma 3.1.3,

regE(E/J) = max{deg(u) : u∈ G(J)}−1 = max{s− t +1, r +1}−1 = r +1−1 = r
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where we user ≥ s− t.

Open problem 4.3.11.
(i) Is there a characterisation of the simplicial complexes∆ with depthS(K[∆])−

depthE(K{∆}) = regS(K[∆])?
(ii) Is there a characterisation of the simplicial complexes∆ with depthS(K[∆])−

depthE(K{∆}) = 0?

4.4. Annihilator numbers over the exterior algebra

In this section the so-called exterior generic annihilatornumbers of anE-module are
introduced. They are the exterior analogue of the generic annihilator numbers of a mod-
ule over a polynomial ring introduced first by Trung in [59] and studied later by Conca,
Herzog and Hibi (see [12]).

Recall thatH j(M,v) =
(

0:Mv
vM

)
j
is the homology of the complex

(M,v) : . . . −→ M j−1
·v

−→ M j
·v

−→ M j+1 −→ . . .

for a moduleM ∈ M and a linear formv∈ E1.

Definition 4.4.1. Let v1, . . . ,vn be a basis ofE1 and letM ∈ M . The numbers

αi, j(v1, . . . ,vn;M) = dimK H j(M/(v1, . . . ,vi−1)M,vi)

for j ∈ Z and 1≤ i ≤ n are called theexterior annihilator numbersof M with respect to
v1, . . . ,vn.

This definition depends on the chosen basis. The following theorem justifies the defi-
nition of generic annihilator numbers which are independent of the basis.

Theorem 4.4.2.Let J⊂ E be a graded ideal and|K| = ∞. Then there exists a non-
empty Zariski-open set U⊆ GLn(K) such that

αi, j(v1, . . . ,vn;E/J) = αi, j(en, . . . ,e1;E/gin(J))

for all γ ∈U, vi = γ(en−i+1), i = 1, . . . ,n.

PROOF. Let U ′ = {ϕ ∈ GLn(K) : in(ϕ(J)) = gin(J)} be a non-empty Zariski-open
set of linear transformations that can be used to compute thegeneric initial ideal ofJ. Set
U = {ϕ−1 : ϕ ∈ U ′}, which is Zariski-open and non-empty as well. Letγ = ϕ−1 ∈ U
and setvi = γ(en−i+1) for 1 ≤ i ≤ n, i.e., ϕ(vi) = en−i+1. As ϕ is an automorphism,
E/(J+(v1, . . . ,vi)) andE/(ϕ(J)+(en, . . . ,en−i+1)) have the same Hilbert function. [2,
Proposition 5.1] implies that

in(ϕ(J)+(en, . . . ,en−i+1)) = gin(J)+(en, . . . ,en−i+1),

because we use the revlex order. Therefore also the two quotient ringsE/(J+(v1, . . . ,vi))
andE/(gin(J)+(en, . . . ,en−i+1)) have the same Hilbert function. The sequences

0−→ H j(E/(J+(v1, . . . ,vi−1)) ,vi) −→ (E/(J+(v1, . . . ,vi))) j

·vi−→ (E/(J+(v1, . . . ,vi−1))) j+1 −→ (E/(J+(v1, . . . ,vi))) j+1 −→ 0

and
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0−→ H j(E/(gin(J)+(en, . . . ,en−i+2)) ,en−i+1) −→ (E/(gin(J)+(en, . . . ,en−i+1))) j

·en−i+1
−→ (E/(gin(J)+(en, . . . ,en−i+2))) j+1 −→ (E/(gin(J)+(en, . . . ,en−i+1))) j+1 −→ 0

are exact sequences ofK-vector spaces. The vector space dimensions of the three latter
vector spaces in the two sequences coincide, hence it holds that

αi, j(v1, . . . ,vn;E/J) = dimK H j(E/(J+(v1, . . . ,vi−1)) ,vi)

= dimK H j(E/(gin(J)+(en, . . . ,en−i+2)) ,en−i+1)

= αi, j(en, . . . ,e1;E/gin(J)).

�

As mentioned above, now the following definition makes sense.

Definition 4.4.3. Let J ⊂ E be a graded ideal and|K| = ∞. The numbers

αi, j(E/J) = αi, j(en, . . . ,e1;E/gin(J))

for j ∈ Z and 1≤ i ≤ n are called theexterior generic annihilator numbersof E/J.

Remark 4.4.4.Let J ⊂ E be a graded ideal and|K|= ∞. By definition of theαi, j and
the fact that gin(gin(J)) = gin(J), it holds that

αi, j(E/J) = αi, j(E/gin(J)).

Setαi(E/J) = ∑ j∈Z αi, j(E/J) and 1≤ r ≤ n. Thenαi(E/J) = 0 for all i ≤ r if and only
if r ≤ depthE(E/J). This is an easy consequence of the fact thaten, . . . ,en−i+1 is a regular
sequence onE/gin(J) if and only if i ≤ depthE(E/gin(J)) = depthE(E/J) (see Corollary
4.2.2).

We have already given a proof of the fact that being a regular sequence is a Zariski-
open condition in Proposition 4.1.7. But it is also possibleto prove this for quotient rings
using the generic annihilator numbers which gives a shorterproof.

Proposition 4.4.5.Let |K| = ∞, J ⊂ E be a graded ideal anddepthE(E/J) = t > 0.
Then there exists a non-empty Zariski-open set U⊆ GLn(K) such that v1, . . . ,vt is an
M-regular sequence for allγ ∈U, vi = γ(en−i+1), i = 1, . . . ,n.

PROOF. Let U be the non-empty Zariski-open set as in Theorem 4.4.2, i.e.,such
that the annihilator numbers with respect to sequencesv1, . . . ,vn induced byU equal
the generic annihilator numbers. Following Corollary 4.2.2 en, . . . ,en−t+1 is a regular
sequence onE/gin(J) and therefore

αi, j(v1, . . . ,vn;E/J) = αi, j(en, . . . ,e1;E/gin(J)) = 0

for i ≤ t. Thusv1, . . . ,vt is regular onE/J. �

The numbersαi, j count residue classes of monomials inE/gin(J) with certain prop-
erties.

Theorem 4.4.6.Let J⊂ E be a graded ideal and|K| = ∞. Then

αi, j(E/J) = |{eF ∈ E/gin(J) : degeF = j, maxF ≤ n− i, eF 6= 0, en−i+1eF = 0}|.

HereeF denotes the residue class of eF ∈ E in E/gin(J).
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PROOF. Sinceαi, j(E/J) = αi, j(E/gin(J)) we may assume thatJ = gin(J). Then
αi, j(E/J) can be computed using the sequenceen, . . . ,e1, i.e.,

αi, j(E/J) = dimK H j(E/(J+(en, . . . ,en−i+2)),en−i+1
)

= dimK

(
(J+(en, . . . ,en−i+2)) : en−i+1

J+(en, . . . ,en−i+1)

)

j
.

Thusαi, j(E/J) is the number of monomials of degreej in (J+(en, . . . ,en−i+2)) : en−i+1,
that are not contained inJ + (en, . . . ,en−i+1). We show that this number is exactly the
cardinality of the set

{eF ∈ E/gin(J) : degeF = j, maxF ≤ n− i, eF 6= 0, en−i+1eF = 0}.

To this end leteF ∈ (J + (en, . . . ,en−i+2)) : en−i+1 be of degreej. Then en−i+1eF ∈
J + (en, . . . ,en−i+2). SinceJ is a monomial ideal, eitheren−i+1eF ∈ (en, . . . ,en−i+2) or
en−i+1eF ∈ J. In the first case it follows thateF ∈ (en, . . . ,en−i+1), becauseen−i+1 is reg-
ular onE, so that we do not need to count it. In the second case,eF 6∈ J+(en, . . . ,en−i+1)
is equivalent toeF 6∈ J andeF 6∈ (en, . . . ,en−i+1), or equivalentlyeF 6= 0 and maxF ≤
n− i. �

In the special case of the face ring of a simplicial complex∆, Theorem 4.4.6 yields
the following combinatorial description of the exterior generic annihilator numbers.

Corollary 4.4.7. Let∆ be a simplicial complex,∆e be its exterior shifting and|K|= ∞.
Then

αi, j(K{∆}) = |{F ∈ ∆e : |F| = j, F ⊆ [n− i], F ∪{n− i +1} 6∈ ∆e}|.

Using this description we are able to express the Betti numbers of the Stanley-Reisner
ring of the exterior shifting of a simplicial complex as a linear combination of certain
generic annihilator numbers. One of the key ingredients forthe proof is the Eliahou-
Kervaire formula for the Betti numbers of squarefree stableideals in a polynomial ring.
We recall this formula before giving the result.

Proposition 4.4.8.[4, Corollary 2.3]Let0 6= I ⊂ S be a squarefree stable ideal. Then

βi,i+ j(S/I) = ∑
u∈G(I) j+1

(
max(u)− j +1

i −1

)
.

For a simplicial complex∆, as∆e is shifted, the Stanley-Reisner idealI∆e of the exte-
rior shifting is a squarefree stable ideal. We need this property in the following.

Our result expresses the annihilator numbers in terms of theminimal generators ofJ∆e

in the exterior algebra.

Proposition 4.4.9.Let∆ be a simplicial complex,∆e be its exterior shifting and|K|=
∞. Then

αl , j(K{∆}) = |{u∈ G(J∆e) j+1 : max(u) = n− l +1}|.
In particular,

β S
i,i+ j(K[∆e]) =

n

∑
l=1

(
n− l − j +2

i −1

)
αl , j(K{∆}).
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PROOF. As shown in Corollary 4.4.7 the numberαl , j(E/J∆) counts the cardinality of
the set

A = {A∈ ∆e : |A| = j, A⊆ [n− l ], A∪{n− l +1} 6∈ ∆e}.

The minimal generators ofJ∆e are the monomials corresponding to minimal non-faces of
∆e. Thus the elements of{u ∈ G(J∆e) j+1 : max(u) = n− l + 1} are the monomialseB
such thatB lies in the set

B = {B 6∈ ∆e : |B| = j +1, max(B) = n− l +1, ∂ (B) ⊆ ∆e},

where∂ (B) = {F ⊂ B : F 6= B} denotes the boundary ofB.
We show that there is a one-to-one correspondence betweenA andB. Let B ∈ B.

Thenn− l +1∈ B andA = B\{n− l +1} is an element inA . Conversely ifA∈ A then
B = A∪{n− l +1} ∈ B. The only non-trivial point here is to see that the boundary of B
is contained in∆e. So letF ∈ ∂B, i.e.,F ⊆ B and there existsj ∈ B\F. If j = n− l +1
thenF is a subset ofA ∈ ∆e and thusF ∈ ∆e. If j 6= n− l + 1 then j < n− l + 1 since
maxB = n− l +1. If we exchangej andn− l +1 we are again in the first case and obtain
F \ {n− l + 1}∪ { j} ∈ ∆e. As ∆e is shifted, we can substitutej back byn− l + 1 and
obtain again a face of∆e, namelyF .

The statement about the Betti numbers then follows from the Eliahou-Kervaire for-
mula for squarefree stable ideals (Proposition 4.4.8) and the simple fact that the minimal
generators ofI∆ are in a one-to-one correspondence to the minimal generators ofJ∆. �

The exterior generic annihilator numbers can also be used tocompute the Betti num-
bers over the exterior algebra. This is analogous to a resultover the polynomial ring, see
[12, Corollary 1.2]. To this end we use theCartan-Betti numbersintroduced by Nagel,
Römer and Vinai in [46].

Definition 4.4.10. Let J ⊂ E be a graded ideal,|K| = ∞ and letv1, . . . ,vn be a basis
of E1. We set

βi, j ,r(v1, . . . ,vn;E/J) = dimK Hi(v1, . . . ,vr ;E/J) j ,

whereHi(v1, . . . ,vn;E/J) denotes thei-th Cartan homology.

Nagel, Römer and Vinai remark that there exists a non-emptyZariski-open setW such
that the numbersβi, j ,r are constant on it. Therefore they define:

Definition 4.4.11.LetJ⊂E be a graded ideal,|K|= ∞ and letv1, . . . ,vn be a sequence
induced byW, for W as above. The numbers

βi, j ,r(E/J) = βi, j ,r(v1, . . . ,vn;E/J)

are called theCartan-Betti numbersof E/J.

For r = n, we obtain from Proposition 2.3.3 that the Cartan-Betti numbers ofE/J
are the usual exterior graded Betti numbers ofE/J, i.e., βi, j ,n(E/J) = β E

i, j(E/J). We
formulate and prove the following result using the generic annihilator numbers. Plugging
in the description of the generic annihilator numbers in terms of the minimal generators
of J∆e, our result is the same as [46, Theorem 2.4(i)] which is a direct consequence of the
construction of the Cartan homology for stable ideals in [3, Proposition 3.1].
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Theorem 4.4.12.Let J⊂ E be a graded ideal,|K| = ∞ and v1, . . . ,vn a basis of E1.
Then

βi,i+ j ,r(v1, . . . ,vn;E/J) ≤
r

∑
k=1

(
r + i −k−1

i −1

)
αk, j(v1, . . . ,vn;E/J) for i ≥ 1, j ≥ 0.

PROOF. Setβi,i+ j ,r(v1, . . . ,vn;E/J) = βi,i+ j ,r , αi, j = αi, j(v1, . . . ,vn;E/J) and

H̃0(i) = ker
(

E/(J+(v1, . . . ,vi))
·vi−→ E/(J+(v1, . . . ,vi−1))

)

for 1≤ i ≤ n. ThenH̃0(i) is a gradedE-module and theK-vector space dimension of the
j-th graded piece equalsαi, j . Recall from Section 4.1 that̃H0(i) is constructed such that
there are long exact Cartan homology sequences

. . . −→ H2(i) −→ H1(i)(−1) −→ H1(i −1) −→ H1(i) −→ H̃0(i)(−1) −→ 0.

Thus for i = 1 andr = 1 we obtain from the long exact Cartan homology sequence the
following exact sequence

H1(1)(−1) j+1 → H1(0) j+1 → H1(1) j+1 → H̃0(1)(−1) j+1 → 0.

SinceHi(0) = 0 for i ≥ 1 this yields

β1, j+1,1 = α1, j .

For r ≥ 1 we have the exact sequence

H1(r +1)(−1) j+1 → H1(r) j+1 → H1(r +1) j+1 → H̃0(r +1)(−1) j+1 → 0.

From this sequence we conclude by induction hypothesis onr

β1, j+1,r+1 ≤ αr+1, j +β1, j+1,r

≤ αr+1, j +
r

∑
k=1

(
r −k

0

)
αk, j

=
r+1

∑
k=1

αk, j .

Now let i > 1. Forr = 1 there is the exact sequence

Hi(0)i+ j → Hi(1)i+ j → Hi−1(1)(−1)i+ j → Hi−1(0)i+ j .

The outer spaces in the sequence are zero, hence

βi,i+ j ,1 = βi−1,i+ j−1,1 ≤ α1, j

by induction hypothesis oni.
Let nowr ≥ 1. There is the exact sequence

Hi(r)i+ j → Hi(r +1)i+ j → Hi−1(r +1)(−1)i+ j → Hi−1(r)i+ j .
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We conclude by induction hypothesis onr andi

βi,i+ j ,r+1 ≤ βi,i+ j ,r +βi−1,i−1+ j ,r+1

≤
r

∑
k=1

(
r + i −k−1

i −1

)
αk, j +

r+1

∑
k=1

(
r +1+ i −1−k−1

i −2

)
αk, j

=
r

∑
k=1

((
r + i −k−1

i −1

)
+

(
r + i −k−1

i −2

))
αk, j +

(
i −2
i −2

)
αr+1, j

=
r+1

∑
k=1

(
r + i −k

i −1

)
αk, j .

�

We formulate the above theorem for generic sequences of linear forms.

Corollary 4.4.13. Let J⊂ E be a graded ideal and|K| = ∞. Then

βi,i+ j ,r(E/J) ≤
r

∑
k=1

(
r + i −k−1

i −1

)
αk, j(E/J) for i ≥ 1, j ≥ 0,

and equality holds for all i≥ 1 and1≤ r ≤ n if and only if J is componentwise linear (see
Section 5.3 for a definition).

PROOF. Let v1, . . . ,vn be a sequence of linear forms that can be used to compute the
exterior generic annihilator numbers and the Cartan-Bettinumbers ofE/J as well. Such a
sequence exists as both conditions are Zariski-open and theintersection of two non-empty
Zariski-open sets remains Zariski-open and non-empty. Theinequality then follows from
the above Theorem 4.4.12 with this sequence.

The inequalities in the proof of Theorem 4.4.12 are all equalities if and only if the
long exact sequence is split exact. In this case the sequencev1, . . . ,vn is called aproper
sequencefor E/J. In [46, Theorem 2.10] it is shown that this is the case for a generic
sequence if and only ifJ is a componentwise linear ideal. �

A natural question to ask is whether the exterior generic annihilator numbers play a
special role among the exterior annihilator numbers ofE/J with respect to an arbitrary
sequence. Herzog posed the question if they are the minimal ones among all the annihi-
lator numbers. In the attempt of proving this conjecture it turned out to be wrong. For the
sake of completeness we first state the conjecture.

Question 4.4.14.Let J⊂ E be a graded ideal and|K| = ∞. For any basis v1, . . . ,vn
of E1 it holds that

αi, j(E/J) ≤ αi, j(v1, . . . ,vn;E/J)

for 1≤ i ≤ n and j≥ 0.

Thus, our aim would be to prove that the annihilator numbers are minimal on a non-
empty Zariski-open set. Fori = 1 this is known to be true. Just take the non-empty
Zariski-open set such that the ranks of the matrices of the maps of the complex

(M,v) : . . . −→ M j−1
·v

−→ M j
·v

−→ M j+1 −→ . . .
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are maximal (note thatM j = 0 for almost all j). The difficulty for a proof fori > 1 is
that in the calculation of the annihilator numbers appear alternating sums. The following
example gives a negative answer to Question 4.4.14.

Example 4.4.15.Let 1≤ i, j ≤ n, i + j ≤ n and letJ = (el1 · · ·el j+1 : 1≤ l1 < l2 <

.. . < l j+1 ≤ n− i +1) ⊆ E be a graded ideal. By construction,J is strongly stable and
therefore gin(J) = J. Then

αi, j(E/J) = αi, j(en, . . . ,e1;E/gin(J)) = αi, j(en, . . . ,e1;E/J),

i.e., we can use the sequenceen, . . . ,e1 to compute the generic annihilator numbers of
E/J.
From the exact sequence
0−→ H j(E/(J+(en, . . . ,en−i+2)),en−i+1) −→ (E/(J+(en, . . . ,en−i+1))) j

·en−i+1
−→ (E/(J+(en, . . . ,en−i+2))) j+1 −→ (E/(J+(en, . . . ,en−i+1))) j+1 −→ 0

we deduce

αi, j =dimK (E/(J+(en, . . . ,en−i+1))) j

−dimK (E/(J+(en, . . . ,en−i+2))) j+1+dimK (E/(J+(en, . . . ,en−i+1))) j+1).

In the following we consider the sequencee= en, . . . ,en−i+3,en−i+1,en−i+2,en−i , . . . ,e1
whereen−i+2 anden−i+1 changed positions. We compute the exterior annihilator numbers
of E/J with respect to this sequence. As before, we have the exact sequence
0−→ H j(E/(J+(en, . . . ,en−i+3,en−i+1)),en−i+2) −→ (E/(J+(en, . . . ,en−i+1))) j

·en−i+2
−→ (E/(J+(en, . . . ,en−i+3,en−i+1))) j+1 −→ (E/(J+(en, . . . ,en−i+1))) j+1 −→ 0

which leads to

αi, j(e;E/J) =dimK (E/(J+(en, . . . ,en−i+1))) j

−dimK (E/(J+(en, . . . ,en−i+3,en−i+1))) j+1

+dimK (E/(J+(en, . . . ,en−i+1))) j+1).

Our aim is to show thatαi, j(E/J) > αi, j(e;E/J). We therefore need to show that
dimK (E/(J+(en−i+1, . . . ,en−i+3,en−i+1))) j+1

> dimK (E/(J+(en, . . . ,en−i+3,en−i+2))) j+1.

Let u = el1 · · ·el j+1 ∈ E j+1 with l1 < .. . < l j+1. If l j+1 > n− i + 1, it already holds
that u ∈ (en, . . . ,en−i+3,en−i+2) j+1. If l j+1 ≤ n− i + 1, we haveu ∈ J. Thus,u ∈ (J+
(en, . . . ,en−i+3,en−i+2)) j+1 in any case and therefore

dimK (E/(J+(en, . . . ,en−i+3,en−i+2))) j+1 = 0.

Consider nowu′ = en−i+2en−i · · ·en−i− j+1 ∈ E j+1. By definition, it holds thatu′ 6∈
J andu′ 6∈ (en, . . . ,en−i+3,en−i+1). SinceJ is a monomial ideal this impliesu′ 6∈ (J +
(en, . . . ,en−i+3,en−i+1)) j+1. We therefore get

dimK (E/(J+(en−i+1, . . . ,en−i+3,en−i+1))) j+1 > 0.

This finally shows
αi, j(E/J) > αi, j(e;E/J)
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and we conclude that the answer to Question 4.4.14 is negative. We also compute the an-
nihilator numbers one step before w.r.t. this two sequences, i.e., we computeαi−1, j(E/J)
andαi−1, j(e;E/J) to show that this numbers are related to each other the other way round,
i.e., we have

(2) αi−1, j(E/J) < αi−1, j(e;E/J).

This suggests that, to have a chance to become smaller than the generic numbers, the
annihilator numbers with respect toehave to become “worse”, i.e., greater, in some other
position. Similar to thei-th annihilator numbers ofE/J we can compute the(i −1)-st
annihilator numbers using the exact sequence. We thereforeget

αi−1, j(E/J) =dimK (E/(J+(en, . . . ,en−i+2))) j

−dimK (E/(J+(en, . . . ,en−i+3))) j+1

+dimK (E/(J+(en, . . . ,en−i+2))) j+1)

for the(i −1)-st generic annihilator ofE/J in degreej. In the same way, we obtain

αi−1, j(e;E/J) =dimK (E/(J+(en, . . . ,en−i+3,en−i+1))) j

−dimK (E/(J+(en, . . . ,en−i+3))) j+1

+dimK (E/(J+(en, . . . ,en−i+3,en−i+1))) j+1)

for the (i −1)-st exterior annihilator number ofE/J in degreej with respect to the se-
quencee. SinceJ is generated by monomials of degree strictly larger thanj it holds
that

dimK (E/(J+(en, . . . ,en−i+2))) j = dimK (E/(en, . . . ,en−i+2)) j

and

dimK (E/(J+(en, . . . ,en−i+3,en−i+1))) j = dimK (E/(en, . . . ,en−i+3,en−i+1)) j .

Since

dimK (E/(J+(en, . . . ,en−i+2))) j = dimK (E/(J+(en, . . . ,en−i+3,en−i+1))) j ,

in order to show (2) we need to prove that

dimK (E/(J+(en, . . . ,en−i+2))) j+1 < dimK (E/(J+(en, . . . ,en−i+3,en−i+1))) j+1 .

This follows from

(3) (J+(en, . . . ,en−i+2)) j+1 ) (J+(en, . . . ,en−i+3,en−i+1)) j+1 .

To show (3) letu = el1 · · ·el j+1 ∈ (J+(en, . . . ,en−i+3,en−i+1)) j+1 with l1 < .. . < l j+1.
If l j+1 ≤ n− i + 1 it follows thatu ∈ Jj+1. If l j+1 > n− i + 1 it already holds thatu ∈
(en, . . . ,en−i+2) and thus

u∈ (J+(en, . . . ,en−i+2)) j+1 .

Since
en−i+2en−i · · ·en−i− j+1 ∈ (J+(en, . . . ,en−i+2)) j+1

but
en−i+2en−i · · ·en−i− j+1 6∈ (J+(en, . . . ,en−i+3,en−i+1)) j+1

we obtain (3).
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After slight modifications to Example 4.4.15 we also get a counterexample of the
question whether the generic annihilator numbers over a polynomial ring are the minimal
ones among all the annihilator numbers with respect to a sequence. See [39, Example 4.5]
for more details.

Example 4.4.15 in particular shows that changing the order of the elements of a se-
quence might change the annihilator numbers. However, whentaking the sequence from
a certain non-empty Zariski-open set the order of the elements does not matter.

Theorem 4.4.16.Let J⊂ E be a graded ideal and|K| = ∞. If K has enough alge-
braically independent elements over its base field, then there exists a non-empty Zariski-
open set V⊆ GLn(K) such that

αi, j(E/J) = αi, j(γ(eσ(1)), . . . ,γ(eσ(n));E/J)

for all γ ∈V and allσ ∈ Sn, where Sn denotes the symmetric group on[n].

PROOF. If K has enough algebraically independent elements over its base field, then
the subsetU ⊆ GLn(K) consisting of matrices with algebraically independent entries is
non-empty and Zariski-open. Furthermore, it is invariant under row permutations, column
permutations and also under taking inverses. LetU ′ be a non-empty Zariski-open set of
linear transformations that can be used to compute the generic initial ideal. We show that
U ∩U ′ = V is as required.

First of all V is non-empty and Zariski-open since it is the intersection of two such
sets. Considerγ ∈V, σ ∈ Sn and setγi = γ(en−i+1). The proof of Theorem 4.4.2 shows
that it is enough to prove

dimK (E/(gin(J)+(en, . . . ,en−i+1))) j = dimK
(
E/
(
J+(γσ(1), . . . ,γσ(i))

))
j

for i = 1, . . . ,n and j ∈ Z.
Since gin(J) = in(γ−1(J)) it holds that

dimK (E/(gin(J)+(en, . . . ,en−i+1))) j = dimK (E/(J+(γ1, . . . ,γi))) j .

The permutation lemma on page 288 in [7] (it is only formulated for monomial ideals,
but the proof is valid also for arbitrary graded ideals) implies that

dimK (E/(J+(γ1, . . . ,γi))) j = dimK
(
E/
(
J+(γσ(1), . . . ,γσ(i))

))
j
.

Both equations together conclude the proof. �

Open problem 4.4.17.Is it possible to drop the assumption on K in the above Theo-
rem 4.4.16?



CHAPTER 5

Properties of gradedE-modules

We study several module-theoretic properties in this chapter. If possible, also the dual
notion is formulated and investigated. An important property is having a linear injective
resolution, which is studied in the first section and corresponds to the Cohen-Macaulay
property of a module over a polynomial ring. Most of the results in this section appeared
in [40]. We note some results on face rings of Gorenstein simplicial complexes in Section
5.2. Furthermore, we study componentwise linear and componentwise injective linear
modules in Section 5.3 and modules with linear or pure decomposable quotients in Section
5.4. The last section, Section 5.5, is devoted to strongly decomposable modules, a more
combinatorial property.

5.1. Modules with linear injective resolutions

Modules with linear injective resolutions behave nicer in many cases than arbitrary
modules. Recall from Section 2.2 that a moduleM ∈M has ad-linear injective resolution
if its minimal graded injective resolution is of the form

0−→ M −→ E(n−d)µ0 −→ E(n−d+1)µ1 −→ . . .

or, equivalently, ifµi, j−i(M) = 0 for j 6= d.
The following example shows that it is in some sense the exterior counterpart to the

notion of a Cohen-Macaulay module.

Example 5.1.1.Let ∆ be a simplicial complex on[n]. Then∆ is Cohen-Macaulay if
and only if the face idealJ∆∗ of the Alexander dual∆∗ has a linear projective resolution.
This is the Eagon-Reiner theorem [17, Theorem 3].

It is equivalent to say that the face ringK{∆} = E/J∆ has a linear injective resolution
as it is the dual ofJ∆∗ by Lemma 1.2.1.

This equivalence could be derived directly from Corollary 1.2.2 and Proposition 1.2.3,
see also [2, Corollary 7.6].

This is even true in a more general context. Römer proves in [53, Corollary 3.7] that
a squarefreeS-moduleN is Cohen-Macaulay if and only if the corresponding sqaurefree
E-moduleNE has a linear injective resolution.

Lemma 5.1.2.Let J⊂ E be a graded ideal and v be E/J-regular Then E/J has a d-
linear injective resolution over E if and only if E/(J+(v)) has a(d−1)-linear injective
resolution over E/(v).

55
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PROOF. Proposition 4.1.15 shows thatE/J has ad-linear injective resolution overE
if and only if v(E/J) has one overE/(v). The latter module is isomorphic to theE/(v)-
module

v(E/J) =
(
J+(v)

)
/J ∼=

(
E/(v)

)/(
J+(v)/(v)

)
(−1)

where the isomorphism is induced by the homomorphism

E/(v) →
(
J+(v)/J

)
(+1), a+(v) 7→ av+J.

Thusv(E/J) has ad-linear injective resolution if and only if
(
E/(v)

)/(
J+(v)/(v)

)
has

a (d−1)-linear injective resolution. �

Recall from Section 1.1 thatH(M, t) = ∑i∈Z dimK Mit i denotes the Hilbert series of
a gradedE-moduleM. Analogously to the well-known Hilbert-Serre theorem (see, e.g.,
[11, Proposition 4.4.1]) we have the following result.

Theorem 5.1.3.Let |K| = ∞ and0 6= J ⊂ E be a graded ideal withdepthE(E/J) = s.
Let E/J have a linear injective resolution. Then there exists a polynomial Q(t) ∈ Z[t]
with non-negative coefficients such that the Hilbert seriesof E/J has the form

H(E/J, t) = Q(t) · (1+ t)s with Q(−1) 6= 0.

Note that it is not possible to generalise the equation in this form to the case of arbi-
trary quotient rings. The ideal(e12,e13,e14,e234) provides a counterexample.

PROOF. Let M = E/J. First of all we show that ifv is M-regular, then

(4) H(M, t) = (1+ t)H(M/vM, t).

We have the exact sequence

0−→ vM −→ M −→ M/vM −→ 0

which implies

(5) H(vM, t) = H(M, t)−H(M/vM, t).

As v is M-regular the sequence

0−→ vM(−1) −→ M(−1)
·v

−→ M −→ M/vM −→ 0

is exact and gives

(6) (1− t)H(M, t) = H(M/vM, t)− tH(vM, t).

Equations (5) and (6) together show (4).
Thus ifv1, . . . ,vs is a maximalE/J-regular sequence, we obtain inductively

H(E/J, t) = (1+ t)sH(E/J+(v1, . . . ,vs), t).

The Hilbert series ofE/(J+(v1, . . . ,vs)) is a polynomial with non-negative coefficients
and depthE (E/(J+(v1, . . . ,vs))) = 0. We claim that the polynomial 1+ t does not divide
H(E/(J+(v1, . . . ,vs)), t).

To this end we may assume that depthE(E/J) = 0. The Hilbert series and the depth
of E/J andE/gin(J) coincide and by Corollary 3.2.4E/gin(J) has a linear injective
resolution. So we may assume in addition thatJ is strongly stable. Then we know the
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Betti numbers ofJ. Proving that 1+ t does not divide the Hilbert series ofE/J is the same
as showing this forJ as the Hilbert series ofE is (1+ t)n.

Let mk, j(J) = |{u∈ G(J) : max(u) = k,deg(u) = j}|. Computing the Hilbert series of
J via the minimal graded free resolution ofJ gives

H(J, t) = ∑
i≥0

(−1)iH(
⊕

j∈Z
E(− j)βi, j (J), t)

= ∑
i≥0

(−1)i ∑
j∈Z

t jβi, j(J)(1+ t)n

= ∑
i≥0

(−1)i ∑
j∈Z

t i+ jβi,i+ j(J)(1+ t)n

= ∑
i≥0

(−1)i ∑
j∈Z

t i+ j(1+ t)n ∑
u∈G(J) j

(
max(u)+ i −1

max(u)−1

)

= ∑
i≥0

(−1)i
n

∑
k=1

k

∑
j=1

mk, j(J)

(
k+ i −1

k−1

)
t i+ j(1+ t)n

=
n

∑
k=1

k

∑
j=1

mk, j(J)t j(1+ t)n ∑
i≥0

(
k+ i −1

k−1

)
(−1)it i

=
n

∑
k=1

k

∑
j=1

mk, j(J)t j(1+ t)n 1
(1+ t)k

=
n

∑
k=1

k

∑
j=1

mk, j(J)t j(1+ t)n−k,

where we used the formula for the Betti numbers of stable ideals from Lemma 3.1.2. All
coefficients appearing in the last sum are non-negative hence no term can be cancelled
by another. The formulan−cxE(E/J) = depthE(E/J) = 0 and Lemma 3.1.4 imply that
mn, j(J) 6= 0 for somej. Letu= eFen ∈ G(J). We haveeFei ∈ J for all i = 1, . . . ,n because
J is stable. The dual ofE/J is (E/J)∗ ∼= 0 :E J, which is generated by all monomialseF
with eFc 6∈ J (cf. Section 1.1). But thene(F∪{i})c = eFc\{i} 6∈ (E/J)∗ for all i 6∈F. AseF 6∈ J
(otherwiseeFen would not be a minimal generator), the complementeFc is in (E/J)∗ and
even a minimal generator. The ideal(E/J)∗ has an(n−d)-linear projective resolution,
in particular it is generated in degreen−d, so |F| = n− |Fc| = n− (n− d) = d. Thus
we have seen that every minimal generatoru∈ G(J) with n∈ supp(u) has degreed+1.
Hencemn, j(J) = 0 for j 6= d+1 andmn,d+1(J) 6= 0. So there is exactly one summand in
H(J, t) that is not divisible by 1+ t whence 1+ t does not divideH(J, t). �

As an application of this theorem we obtain the following corollary.

Corollary 5.1.4. Let |K| = ∞ and ∆ be a Cohen-Macaulay simplicial complex of
dimension≥ 0. The depth of the face ring K{∆} is 0 if and only ifχ̃(∆) 6= 0.
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PROOF. By Theorem 5.1.3 the depth ofK{∆} is zero if and only ifH(K{∆},−1) 6= 0.
Then the assertion follows from

H(K{∆},−1) =
d

∑
i=0

(−1)i dimK K{∆}i =
d

∑
i=0

(−1)i fi−1(∆) = −χ̃(∆).

�

Remark 5.1.5. If M ∈ M has ad-linear injective resolution, then its graded Bass
numbers are determined by its Hilbert series. The graded Bass numbers are the coef-
ficients in the Hilbert series of theS-module Ext∗E(K,M), cf. Section 2.3. Using that
H(M, 1

t ) = tnH(M∗, t), which follows from Lemma 1.1.1, one obtains

H(Ext∗E(K,M), t) =
(−1)n−d

tn−d(1− t)nH(M∗,−t).

For quotient rings with linear injective resolution there is a nice formula for the regu-
larity.

Theorem 5.1.6.Let |K| = ∞, 0 6= J ⊂ E be a graded ideal and E/J have a d-linear
injective resolution. Then

regE(E/J)+depthE(E/J) = d.

PROOF. First assume that depthE(E/J) = 0. Thend = d(E/J) is an upper bound for
regE(E/J) and we want to show that both numbers are equal. Theorem 3.2.2says that
regE(E/J) = regE(E/gin(J)). Since depthE(E/gin(J)) = depthE(E/J) = 0 by Theorem
4.2.1, we may assume in addition thatJ is strongly stable.

In this situation we have already seen in the proof of Theorem5.1.3 that there exists a
minimal generator ofJ of degreed+1 which implies regE(E/J) = regE J−1≥ d+1−
1 = d. This proves the case depthE(E/J) = 0.

Now suppose depthE(E/J) = s. ReducingE/J modulo a maximal regular sequence
v1, . . . ,vs does not change the regularity by Proposition 4.1.9, butE/J+(v1, . . . ,vs) has a
(d−s)-linear injective resolution overE/(v1, . . . ,vs) by Lemma 5.1.2. Then the consid-
erations for the case depth zero yield regE(E/J+(v1, . . . ,vs)) = d−s and so

regE(E/J) = regE(E/J+(v1, . . . ,vs)) = d−s= d−depthE(E/J).

�

Remark 5.1.7. Let |K| = ∞ and 06= J ⊂ E so thatE/J has ad-linear injective res-
olution. By Theorem 4.1.2 we have cxE(E/J) = n−depthE(E/J). As d ≤ n this proves
that

regE(E/J) ≤ cxE(E/J).

This inequality is even true for general quotient ringsE/J. For arbitrary gradedE-
modules there is no such relation between the regularity andthe complexity since the
first one is changed by shifting while the other is invariant.

If E/J has ad-linear injective resolution, then(E/J)∗ has an(n−d)-linear projective
resolution, whence regE(E/J)∗ = n−d. Therefore it holds that

regE(E/J)+ regE(E/J)∗ = d−depthE(E/J)+n−d = cxE(E/J).
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For a graded idealJ ⊂ E Eisenbud, Popescu and Yuzvinsky characterise in [20] the
case when bothJ has a linear projective andE/J has a linear injective resolution over
E. In their proof they use the Bernstein-Gel’fand-Gel’fand correspondence. We present a
(partly) more direct proof using generic initial ideals.

Theorem 5.1.8. [20, Theorem 3.4]Let |K| = ∞ and 0 6= J ⊂ E be a graded ideal.
Then J and(E/J)∗ have linear projective resolutions if and only if J reduces to a power
of the maximal ideal modulo some (respectively any) maximalE/J-regular sequence of
linear forms of E.

PROOF. At first we show that it is enough to consider the case depthE/J = 0. Note
that the idealJ has a linear projective resolution overE if and only if the idealJ +
(v1, . . . ,vs)/(v1, . . . ,vs) has a linear projective resolution overE/(v1, . . . ,vs) by Propo-
sition 4.1.9. Furthermore, by Lemma 5.1.2,E/J has a linear injective resolution overE
if and only if E/(J+(v1, . . . ,vs)) has one overE/(v1, . . . ,vs). All in all we may indeed
assume that depthE(E/J) = 0.

Thet-th power of the maximal idealm = (e1, . . . ,en) has at-linear projective resolu-
tion because it is strongly stable and generated in one degree (cf. Lemma 3.1.2). For the
same reason(E/m

t)∗ ∼= 0 :E m
t = m

n−t+1 has a linear projective resolution. Hence the
“if” direction is proved.

It remains to show that ifJ has at-linear projective resolution,E/J has ad-linear
injective resolution and depthE(E/J) = 0, thenJ = m

t .
In a first step we will see thatJ may be replaced by its generic initial ideal. IfJ has

a t-linear projective resolution, its regularity is obviously t. Then by Theorem 3.2.2 the
regularity of gin(J) is alsot. As gin(J) is generated in degree≥ t this implies that gin(J)
has at-linear resolution as well.

Also E/gin(J) has ad-linear injective resolution as well by Corollary 3.2.4. Finally

depthE(E/gin(J)) = depthE(E/J) = 0

by Theorem 4.2.1. Altogether gin(J) satisfies the same conditions asJ. Assume that
gin(J) = m

t . The Hilbert series ofJ and gin(J) are the same which implies that in this
caseJ = m

t as well becauseJ ⊆ m
t = gin(J).

This allows us to replaceJ by gin(J) so in the following we assume thatJ is strongly
stable.

In the proof of Theorem 5.1.3 it is proved in the same situation that there exists a
minimal generator ofJ of degreed + 1. As J is generated in degreet, it follows that
d = t −1.

Finally, we will see that this equality impliesJ = m
t . As E/J has ad-linear injective

resolution, the numberd(E/J) = max{i : (E/J)i 6= 0} equalsd. Then, by Lemma 3.1.5,

max{min(u) : u∈ G(J)} = n−d = n− t +1.

Thus there exists a monomialu ∈ G(J) of degreet with min(u) = n− t + 1. The only
possibility foru is u = en−t+1 · · ·en. Then every monomial of degreet is in J becauseJ is
strongly stable and this impliesJ = m

t sinceJ is generated in degreet. �
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As an application we obtain a characterisation of the Cohen-Macaulay non-acyclic
simplicial complexes whose face ideal has a linear resolution. To this end we define
∆m,n = {F ⊆ [n] : |F| ≤ m}.

Corollary 5.1.9. Let |K| = ∞ and ∆ be a Cohen-Macaulay simplicial complex with
χ̃(∆) 6= 0. The face ideal J∆ has a linear projective resolution if and only if∆ = ∆m,n for
some m≤ n.

PROOF. Note that the face ideal of∆m,n is m
m+1. Therefore if∆ = ∆m,n for some

m≤ n, it has all the desired properties.
Conversely let∆ be a Cohen-Macaulay simplicial complex withχ̃(∆) 6= 0 whose face

ideal has a linear projective resolution. Since∆ is Cohen-Macaulay, the face ringK{∆}
has a linear injective resolution. Then by Theorem 5.1.8 theidealJ∆ has a linear projective
resolution if and only if it reduces to a power of the maximal ideal modulo some maximal
K{∆}-regular sequence. But as depthE K{∆} = 0 by Corollary 5.1.4, there are no regular
elements and henceJ∆ itself must be a power of the maximal ideal, saym

m+1 for some
m≤ n. Hence,∆ = ∆m,n. �

5.2. Face rings of Gorenstein complexes

In this section we investigate Gorenstein complexes with exterior algebra methods.
A good overview over Gorenstein complexes is given in the book by Bruns and Herzog,
[11]. A simplicial complex∆ is calledGorensteinif its Stanley-Reisner ringK[∆] is
Gorenstein, i.e., ifK[∆](−a) is isomorphic to its canonical moduleωK[∆], wherea∈ Z is
the a-invariant ofK[∆]. We define core∆ to be∆core[n], the restriction of∆ to core[n] =
{i ∈ [n] : st∆{i} 6= ∆}, where st∆ F = {G∈ ∆ : F ∪G∈ ∆} for F ⊆ [n]. Notice that∆ is the
join

∆ = core∆∗∆[n]\core[n]

and hence
K[core∆][xi : {i} 6∈ core[n]].

It follows that∆ is Gorenstein if and only if core∆ is Gorenstein. Therefore it is sufficient
to study simplicial complexes that satisfy∆ = core∆. A Gorenstein complex that satisfies
this condition is calledGorenstein∗. Then thea-invariant ofK[∆] is 0 and henceK[∆] ∼=
ωK[∆].

There is the following combinatorial description of the Gorenstein property.

Theorem 5.2.1.[11, Theorem 5.6.1]Let ∆ be a simplicial complex with∆ = core∆.
Then∆ is Gorenstein if and only if for all F∈ ∆ one has

H̃i(lk∆ F;K) ∼=

{
K if i = dimlk∆ F,

0 if i < dimlk∆ F.

Notice that this description together with Proposition 1.2.3 implies that a Gorenstein
complex is Cohen-Macaulay.

Lemma 5.2.2. Let ∆ be a Gorenstein complex of dimension d−1 with ∆ = core∆.
Thenχ̃(∆) 6= 0.
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PROOF. The reduced Euler characteristic can be computed via the reduced simplicial
homology of∆, i.e.,

χ̃(∆) =
d−1

∑
i=−1

(−1)i dimK H̃i(∆;K)

(see, e.g., [11, p. 231]). As∆ is Gorenstein, Theorem 5.2.1 implies̃Hi(∆;K) ∼= K if
i = d−1 and is zero otherwise. Hence

χ̃(∆) = dimK H̃d−1(∆;K) = 1 6= 0.

�

Corollary 5.2.3. Let ∆ be a Gorenstein complex of dimension d− 1 with s= n−
|core[n]|. ThendepthE K{∆} = s,cxE K{∆} = n−s andregE K{∆} = d−s.

PROOF. Observe that

K{∆} = K{core∆}⊗K K{∆[n]\core[n]}
∼= K{core∆}{ei : {i} 6∈ core∆}

and hence depthE K{∆} = depthE K{core∆}+ n− |core∆|. Thus the equations follow
from Lemma 5.2.2, Corollary 5.1.4, Theorem 4.1.2 and Theorem 5.1.6. �

Similarly we characterise the Gorenstein∗ complexes with linear projective resolution.

Proposition 5.2.4.Let∆ be a Gorenstein complex of dimension d−1 with ∆ = core∆.
The face ideal J∆ has a linear projective resolution if and only if∆ = ∆0,n or ∆ = ∆n−1,n.

PROOF. From Lemma 5.2.2 and Corollary 5.1.9 it follows thatJ∆ has an(m+ 1)-
linear projective resolution if and only if∆ = ∆m,n. We show that∆m,n is Gorenstein∗ if
and only ifm= 0 or m= n−1. (The complex∆n,n (the simplex) is Gorenstein, but not
Gorenstein∗.)

Following [11, Theorem 5.6.2] a simplicial complex∆ with ∆ = core∆ is Gorenstein
over K if and only if ∆ is Cohen-Macaulay overK and χ̃(lk∆ F) = (−1)dimlk∆ F for all
F ∈ ∆. The complex∆m,n is Cohen-Macaulay by Corollary 5.1.9. LetF ∈ ∆m,n. Then
lk∆m,nF = {G⊆ [n]\F : |G| ≤m−|F|}. Hence dimlk∆m,nF = m−|F|−1 and the number

of i-dimensional faces isfi(lk∆m,nF) =
(n−|F |

i+1

)
. The reduced Euler characteristic is

χ̃(lk∆m,nF) =
m−|F |−1

∑
i=−1

(−1)i
(

n−|F|
i +1

)
.

If m = 0 then∆0,n = { /0} and χ̃(lk∆0,n /0) = −1 and dimlk∆0,n /0 = −1. Thus∆0,n is
Gorenstein∗. If m> 0 let F ∈ ∆m,n with |F| = m−1. Then

χ̃(lk∆m,nF) =
m−(m−1)−1

∑
i=−1

(−1)i
(

n−m+1
i +1

)
=

0

∑
i=−1

(−1)i
(

n−m+1
i +1

)

= −

(
n−m+1

0

)
+

(
n−m+1

1

)
= −1+n−m+1 = n−m.
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For 1≤ m≤ n−1 the numbern−mequals 1 only ifm= n−1 and otherwise it is neither
1 nor -1. Hence ifm 6= 0,n−1 then∆m,n cannot be Gorenstein∗. It remains to show that
∆n−1,n is Gorenstein∗. Let F ∈ ∆n−1,n be an arbitrary face. Then

χ̃(lk∆n−1,nF) =
n−1−|F |−1

∑
i=−1

(−1)i
(

n−|F|
i +1

)
= −

n−|F |−1

∑
i=0

(−1)i
(

n−|F|
i

)

= −

(
n−|F |

∑
i=0

(−1)i
(

n−|F|
i

)
− (−1)n−|F |

(
n−|F|
n−|F|

))

= −(0− (−1)n−|F|) = (−1)n−|F| = (−1)dimlk∆n−1,n F .

All in all we have proved that the complex∆m,n is Gorenstein∗ if and only if m∈
{0,n−1}. Then Corollary 5.1.9 concludes the proof. �

Since the Stanley-Reisner ideal of a simplicial complex hasa linear resolution if and
only if its face ideal has one, we obtain the following corollary.

Corollary 5.2.5. Let ∆ be a Gorenstein complex of dimension d−1 with ∆ = core∆.
The Stanley-Reisner ideal I∆ has a linear free resolution over S if and only if∆ = ∆0,n or
∆ = ∆n−1,n.

The graded Bass numbers of the face ring of a Gorenstein∗ simplicial complex depend
only on the f -vector of the complex, because the face ring has a linear injective resolu-
tion whence the Bass numbers are determined by the Hilbert series. We give a concrete
formula for this relation.

Proposition 5.2.6.Let∆ be a Gorenstein∗ simplicial complex of dimension d−1 with
f-vector( f−1, . . . , fd−1). Then K{∆} has a d-linear injective resolution over E and the
graded Bass numbers of K{∆} are

µi,d−i(K{∆}) =
d

∑
k=0

(
n−d+ i −1

i −k

)
fd−k−1

and zero otherwise.

PROOF. A Gorenstein complex is Cohen-Macaulay whenceK{∆} has ad-linear in-
jective resolution, see, e.g., Example 5.1.1.K{∆} has a naturalZn-grading. Leta ∈ Zn

anda = a+ −a− wherea+ ∈ Zn is the vector whoseith component isai if ai > 0, and
is 0 if ai ≤ 0, while a− = a−a+. Aramova and Herzog [2, Proposition 6.2] show that
H i(e;K{∆})a = 0 if a j > 1 for somej. Moreover,

H i(e;K{∆})a
∼= H̃ i−|a−|−1(lk∆ Ga;K),

if a j ≤ 1 for all j andGa = { j : a j > 0} is a face of∆. As ∆ is Gorenstein∗, the simplicial
homology of the link of each faceF ∈ ∆ satisfies

H̃i(lk∆ F;K) =

{
K i = dimlk∆ F,

0 i < dimlk∆ F,
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by Theorem 5.2.1. Combining these two results we can computethe Bass numbers of
K{∆}. Recall thatH̃i(∆;K) ∼= H̃ i(∆;K) asK-vector spaces. We obtain

H i(e;K{∆})a
∼= H̃i−|a−|−1(lk∆ Ga;K)

∼=

{
K i −|a−|−1 = dimlk∆ Ga,Ga ∈ ∆,a j ≤ 1 for all j,

0 otherwise.

Suppose from now on thata j ≤ 1 for all j. ThenGa ∈ ∆ if and only if K{∆}a+ 6= 0. If
Ga is in ∆, then

dimlk∆ Ga = dim∆−|Ga| = d−1−|a+|.

Hence the conditioni −|a−|−1 = dimlk∆ Ga is the same as

i = d−|a+|+ |a−| = d−|a|

and so

H i(e;K{∆})a
∼=

{
K i = d−|a|,K{∆}a+ 6= 0,a j ≤ 1for all j,

0 otherwise.

The numberµi,d−i = dimK H i(e;K{∆})d−i is the number ofa ∈ Zn which satisfies the
three conditionsi = d− |a|, K{∆}a+ 6= 0, a j ≤ 1 for all j. Whena j ≤ 1 for all j, then
Ga = { j : a j = 1}. SupposeGa ∈ ∆. ThenGa has at mostd = dim∆ + 1 elements, say,
|Ga|= d−k for somek∈ {0, . . . ,d}. There arefd−k−1 possibilities forGa. As |a|= d− i,
there are−(d− i−(d−k)) = i−k times a “-1” to distribute onn−(d−k) positions. This
gives (

n−d+k+ i −k−1
i −k

)
=

(
n−d+ i −1

i −k

)

possibilities for eachGa. Altogether these are exactly
d

∑
k=0

(
n−d+ i −1

i −k

)
fd−k−1

possibilities to choosea∈ Zn, |a| = d− i such thatH i(e;K{∆})a
∼= K. This ist the vector

space dimension ofH i(e;K{∆})d−i
∼= ExtiE(K,K{∆})d−i, which is µi,d−i by definition.

�

We will need the following identity (which is possibly knownby other means).

Lemma 5.2.7.Let j,k,d,n∈ N with d≤ n. Then
j

∑
i=k

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k

)
= (−1)k

(
d−k
j −k

)
.

PROOF. We use a threefold induction. The first one, induction (1), is onk. Suppose
k = 0. Then we have to show that

j

∑
i=0

(−1)i
(

n
j − i

)(
n−d+ i −1

i

)
=

(
d
j

)
.

We use another induction (2) onj. The casej = 0 is obvious. Now suppose the claim is
proved for j. We use an induction (3) onn to show that then it is also true forj +1. The
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casen= 0 is trivial sinced ≤ n implies alsod = 0. For the induction step of the induction
(3) onn we have to prove that

j+1

∑
i=0

(−1)i
(

n+1
j +1− i

)(
n+1−d+ i −1

i

)
=

(
d

j +1

)

for somed ≤ n+1 and we have the induction (2) hypothesis forj (for all values ofn) and
the induction (3) hypothesis for values≤ n. Then

j+1

∑
i=0

(−1)i
(

n+1
j +1− i

)(
n+1−d+ i −1

i

)

=
j+1

∑
i=0

(−1)i
((

n
j +1− i

)
+

(
n

j − i

))(
n+1−d+ i −1

i

)

=
j+1

∑
i=0

(−1)i
(

n
j +1− i

)(
n+1−d+ i −1

i

)
+

j+1

∑
i=0

(−1)i
(

n
j − i

)(
n+1−d+ i −1

i

)

=
j+1

∑
i=0

(−1)i
(

n
j +1− i

)(
n− (d−1)+ i −1

i

)
+

j

∑
i=0

(−1)i
(

n
j − i

)(
n− (d−1)+ i −1

i

)

=

(
d−1
j +1

)
+

(
d−1

j

)

=

(
d

j +1

)

where we have used the induction hypothesis ford−1 instead ofd. This proves the claim
of the induction (3) onn which proves the claim of the induction (2) onj.

Now we show the induction step of the induction (1) onk:
j

∑
i=k

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k

)

=
j

∑
i=k−1

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k

)

=
j

∑
i=k−1

(−1)i
(

n
j − i

)((
n− (d−1)+ i −1

i −k+1

)
−

(
n−d+ i −1

i −k+1

))

=
j

∑
i=k−1

(−1)i
(

n
j − i

)(
n− (d−1)+ i −1

i −k+1

)
−

j

∑
i=k−1

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k+1

)

= (−1)k−1
(

d−1−k+1
j −k+1

)
− (−1)k−1

(
d−k+1
j −k+1

)

= (−1)k
((

d−k+1
j −k+1

)
−

(
d−k

j −k+1

))

= (−1)k
(

d−k
j −k

)
.
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�

This identity can be used to prove the following identity forthe entries of thef -vector
of a Gorenstein∗ simplicial complex.

Proposition 5.2.8.Let∆ be a Gorenstein∗ simplicial complex of dimension d−1 with
f-vector( f−1, . . . , fd−1). Then

fd− j−1 =
j

∑
k=0

(−1)k
(

d−k
j −k

)
fd−k−1

for j = 0, . . . ,d.

PROOF. SinceK{∆} has a linear injective resolution, we can compute the Hilbert
series ofK{∆}, which isH(K{∆}, t) = ∑d

l=0 fl−1t l , via the graded Bass numbers ofK{∆}
and then compare coefficients:

H(K{∆}, t) = ∑
i≥0

(−1)iµi,d−it
−n+d−i(1+ t)n

= ∑
i≥0

n

∑
k=0

(−1)i
(

n
k

)
µi,d−it

−n+d−i+n−k

= ∑
i≥0

n

∑
k=0

(−1)i
(

n
k

)
µi,d−it

d−i−k.

Comparing the coefficient oftd− j gives

fd− j−1 =
j

∑
i=0

(−1)i
(

n
j − i

)
µi,d−i .

The graded Bass numbersµi,d−i are computed in Proposition 5.2.6:

fd− j−1 =
j

∑
i=0

d

∑
k=0

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k

)
fd−k−1

=
j

∑
i=0

j

∑
k=0

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k

)
fd−k−1

=
j

∑
k=0

(
j

∑
i=k

(−1)i
(

n
j − i

)(
n−d+ i −1

i −k

))
fd−k−1

=
j

∑
k=0

(−1)k
(

d−k
j −k

)
fd−k−1.

In the last step we used Lemma 5.2.7. �

Proposition 5.2.9.Let∆ be a Gorenstein∗ simplicial complex of dimension d−1 with
f-vector( f−1, . . . , fd−1). Then the Hilbert series ofExt∗E(K,K{∆}) is

H(Ext∗E(K,K{∆}), t) =
∑d

j=0(−1) j fd− j−1t j

(1− t)n .
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PROOF. As K{∆} has ad-linear injective resolution, thei-th graded component of
Ext∗E(K,K{∆}) is

ExtiE(K,K{∆}) = ExtiE(K,K{∆})d−i

whose vector space dimensionµi,d−i(K{∆}) is computed in Proposition 5.2.6. Thus

H(Ext∗E(K,K{∆}), t) = ∑
i≥0

µi,d−it
i

= ∑
i≥0

d

∑
k=0

(
n−d+ i −1

i −k

)
fd−k−1t i

= ∑
i≥0

d

∑
k=0

(
n−d+k+ i −k−1

i −k

)
fd−k−1t i

=
d

∑
k=0

fd−k−1tk ∑
i≥0

(
n−d+k+ i −k−1

i −k

)
t i−k

=
d

∑
k=0

fd−k−1tk

(1− t)n−d+k

=
1

(1− t)n

d

∑
k=0

fd−k−1tk(1− t)d−k

=
1

(1− t)n

d

∑
k=0

d−k

∑
i=0

(−1)i
(

d−k
i

)
fd−k−1t i+k

=
1

(1− t)n

d

∑
j=0

j

∑
k=0

(−1) j−k
(

d−k
j −k

)
fd−k−1t j

=
1

(1− t)n

d

∑
j=0

(−1) j fd− j−1t j ,

where we have used Proposition 5.2.8 in the last step. �

Fløystad [24] characterises the Gorenstein∗ property in terms of what he calls en-
riched cohomology. This is the cohomology of the complexL(K{∆}(−n)), cf. Section
2.4. The j-th graded piece of thei-th cohomology of this complex is isomorphic to
Exti− j

E (K,K{∆}(−n)) j by Proposition 2.4.2. So if∆ is Cohen-Macaulay of dimension
d− 1, i.e., if K{∆} has ad-linear injective resolution, then the top cohomology is the
only non-zero cohomology and is isomorphic to Ext∗

E(K,K{∆})(−n+ d)− j . With this
translation Fløystad’s result is the following.

Theorem 5.2.10.[24, Theorem 3.1]Let ∆ be a Cohen-Macaulay simplicial complex.
Then∆ is Gorenstein∗ if and only if Ext∗E(K,K{∆}) is a torsionfree S-module of rank
1. In this caseExt∗E(K,K{∆})(−n+ d) identifies as the Stanley-Reisner ideal I∆∗ of the
Alexander dual of∆.

Remark 5.2.11. It would be nice to know a property of gradedE-modules that cor-
responds to the Gorenstein property. Such modules should have at least a linear injective
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resolution. In view of the preceding Theorem 5.2.10 one could try to consider mod-
ules M (or only quotient ringsE/J), that have a linear injective resolution and in ad-
dition it holds that Ext∗E(K,M) is a torsionfree rank oneS-module. But this condition
implies that depthE M = 0, because the complexity ofM equals the Krull dimension of
Ext∗E(K,M), which isn in that case. (To see the equality between these two invariants
apply the Hilbert-Serre theorem, e.g., [11, Corollary 4.1.8], to theS-module Ext∗E(K,M)
and use cxE M = cxE M∗, Theorem 4.1.12.) Therefore this condition could be a definition
of Gorenstein∗. However, we do not know how to expand this condition on modules of
arbitrary depth. The striking definition would be that a module is Gorenstein if modulo a
maximal regular sequence it is Gorenstein∗. But even for depth one it is not clear at the
moment that Ext∗E(K,M/vM) is torsionfree and of rank one if and only if Ext∗

E(K,M/wM)
is torsionfree and of rank one, forM-regular elementsv,w.

Open problem 5.2.12.Is there an exterior analogue of the Gorenstein property?

5.3. Componentwise linear and componentwise injective linear modules

In this section we study a generalisation of the notion of linear projective resolution,
the componentwise linearity. It has been introduced for ideals in a polynomial ring by
Herzog and Hibi in [29] to generalise Eagon and Reiner’s result in Example 5.1.1, that
the Stanley-Reisner ideal of a simplicial complex has a linear resolution if and only if
the Alexander Dual of the complex is Cohen-Macaulay. Such ideals have been studied in
several articles, e.g., [25], [31], [55]. Römer [52] generalises this notion and Herzog and
Hibi’s result to squarefree modules over a polynomial ring.

Definition 5.3.1. A moduleM ∈M is calledcomponentwise linearif the submodule
M〈 j〉 of M, which is generated by all homogeneous elements of degreej belonging toM,
has aj-linear resolution for allj ∈ Z.

A componentwise linear module that is generated in one degree has a linear resolution.
On the other hand, a module that has a linear resolution, is componentwise linear. We
encountered a class of componentwise linear ideals in Section 3.1.

Example 5.3.2.If J⊂ E is a stable ideal, then eachJ〈 j〉 is also stable. It follows from
Lemma 3.1.2 that a stable ideal has a linear resolution if it is generated in one degree.
Hence a stable ideal is componentwise linear.

Proposition 5.3.3.Let ∆ be a simplicial complex. Then the Stanley-Reisner ideal I∆
is componentwise linear if and only if the face ideal J∆ is componentwise linear.

PROOF. Herzog and Hibi also introduce in [29] the notion of a squarefree compo-
nentwise linear ideal in a polynomial ring, that is, an idealI , generated by squarefree
monomials, such thatI[ j ], the ideal generated by the squarefree monomials of degreej
belonging toI , has a linear resolution for allj. They show in [29, Proposition 1.5] thatI
is squarefree componentwise linear if and only if it is componentwise linear. Obviously
(I∆)[ j ] and(J∆)〈 j〉 correspond to each other under the equivalence of categories. Hence
the assertion follows from Corollary 4.3.3. �

In the following we present some of the results in [29] and [31] adapted to modules
over the exterior algebra.
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Lemma 5.3.4.If M ∈M has a linear projective resolution, then alsomM has a linear
projective resolution.

PROOF. Assume thatM has at-linear resolution. ThenM/mM is generated in degreet
and is isomorphic as anE-module to a direct sum

⊕m
i=1K(−t), whereK is regarded as the

E-moduleE/m. Therefore the minimal projective resolution ofM/mM is a direct sum of
Cartan complexes with respect toe1, . . . ,en, each shifted in degree byt. This resolution is
t-linear whence regE M/mM = t. The short exact sequence 0→mM →M →M/mM → 0
and Lemma 2.1.2 yield regE mM ≤ t +1 and thusmM has a(t +1)-linear resolution, as
it is generated in degreet +1. �

Corollary 5.3.5. If M ∈ M is componentwise linear, then M≤k is componentwise
linear for all k∈ Z.

PROOF. This follows directly from the previous lemma, since

(M≤k)〈 j〉 =

{
M〈 j〉 for j ≤ k,

m
j−kM〈k〉 for j > k.

�

The graded Betti numbers of a componentwise linear module can be determined by
the Betti numbers of its components.

Proposition 5.3.6.Suppose that M∈ M is componentwise linear. Then

βi,i+ j(M) = βi(M〈 j〉)−βi(mM〈 j−1〉)

for all j ∈ Z.

PROOF. Let sbe the highest degree of a generator in a minimal set of generators ofM
andt be the lowest degree. We proceed by induction ons≥ t. Supposes= t, that is,M
is generated in degreet. SinceM is componentwise linear, it has at-linear resolution and
thusβi,i+ j(M) = 0 for j 6= t. The j-th component is then

M〈 j〉 =





m
j−tM for j > t,

M for j = t,

0 for j < t.

Thus in this case the assertion is obvious.
Suppose thats> t. ThenM≤s−1 is componentwise linear by Corollary 5.3.5, whence

we can apply the induction hypothesis on it. Therefore, by Corollary 2.3.4, it holds that

βi,i+ j(M) = βi,i+ j(M≤s−1) = βi((M≤s−1)〈 j〉)−βi(m(M≤s−1)〈 j−1〉)

= βi(M〈 j〉)−βi(mM〈 j−1〉)

for j ≤ s− 1. Thus the assertion is proved forj ≤ s− 1. Let j ≥ s. The short exact
sequence

0→ M≤s−1 → M → M〈s〉/mM〈s−1〉 → 0,
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which is exact by of the definition ofs, gives rise to the long exact sequence

. . . −→ TorEi (K,M≤s−1)i+ j −→ TorEi (K,M)i+ j −→ TorEi (K,M〈s〉/mM〈s−1〉)i+ j

−→ TorEi−1(K,M〈s〉/mM〈s−1〉)(i−1)i+( j+1) −→ . . .

The induction hypothesis yields

βi,i+ j(M≤s−1) = βi((M≤s−1)〈 j〉)−βi(m(M≤s−1)〈 j−1〉) = 0.

Hence, the long exact sequence of Tor-modules entails

(7) TorEi (K,M)i+ j
∼= TorEi (K,M〈s〉/mM〈s−1〉)i+ j .

From the short exact sequence

0−→ mM〈s−1〉 −→ M〈s〉 −→ M〈s〉/mM〈s−1〉 −→ 0

we obtain the long exact sequence

TorEi+1(K,M〈s〉/mM〈s−1〉)i+1+( j−1) → TorEi (K,mM〈s−1〉)i+ j → TorEi (K,M〈s〉)i+ j

→ TorEi (K,M〈s〉/mM〈s−1〉)i+ j → TorEi−1(K,mM〈s−1〉)i−1+( j+1)

The module at the right end vanishes forj 6= s−1, sincemM〈s−1〉 has ans-linear resolu-
tion. The module at the left end vanishes forj = s, sinceM〈s〉/mM〈s−1〉 is generated in
degrees. So for j = swe obtain

βi,i+s(M〈s〉) = βi,i+s(mM〈s−1〉)+βi,i+s(M〈s〉/mM〈s−1〉).

Taking into account (7) and thatmM〈s−1〉 andM〈s〉 haves-linear resolutions, this proves
the formula forj = s.

For j > s the second, the third and the last Tor-module vanishes because the corre-
sponding modules haves-linear resolutions. Therefore also the fourth one must be zero,
that is, using (7),

TorEi (K,M)i+ j = 0.

This concludes the proof, sincemM〈 j−1〉 = M〈 j〉 for j > s. �

The next theorem characterises componentwise linearity ofa moduleM in terms of
the regularity of its truncationsM≤k.

Theorem 5.3.7.Let M be a module inM . Then M is componentwise linear if and
only if regE(M≤k) ≤ k for all k∈ Z.

PROOF. First assume thatM is componentwise linear. Then Corollary 5.3.5 and
Proposition 5.3.6 yield

βi,i+ j(M≤k) = βi((M≤k)〈 j〉)−βi(m(M≤k)〈 j−1〉).

For j > k it holds that(M≤k)〈 j〉 = m(M≤k)〈 j−1〉 and thusβi,i+ j(M≤k) = 0 in this case.
Then regE(M≤k) ≤ k follows immediately from the definition of the regularity.

Now suppose that regE(M≤k) ≤ k for all k. We use induction onj to show thatM〈 j〉
as a j-linear resolution. Letj = t be the lowest degree of a generator in a minimal set of
generators. ThenM〈t〉 = M≤t and thus regE M〈t〉 = t. Hence,M〈t〉 has at-linear resolution.



70 5. PROPERTIES OF GRADEDE-MODULES

For j > t the induction hypothesis and Lemma 5.3.4 imply thatmM〈 j−1〉 has a j-linear
resolution. From the short exact sequences

0−→ M≤ j−1 −→ M≤ j −→ M〈 j〉/mM〈 j−1〉 −→ 0

and
0−→ mM〈 j−1〉 −→ M〈 j〉 −→ M〈 j〉/mM〈 j−1〉 −→ 0

we obtain, using Lemma 2.1.2,

regE M〈 j〉 ≤ max{regmM〈 j−1〉, regE M〈 j〉/mM〈 j−1〉}

≤ max{ j,max{regE M≤ j−1−1, regE M≤ j} = max{ j, j −2, j} = j.

�

The preceding theorem implies in particular that regE M ≤ s if s is the highest degree of
a generator in a minimal set of generators of a componentwiselinear moduleM. However,
this number is always a lower bound for the regularity. Therefore the following corollary
holds.

Corollary 5.3.8. Let M∈ M , M 6= 0 be componentwise linear. Then

regE M = max{ j : β0, j(M) 6= 0}.

In the following we want to dualise the notion of a componentwise linear module.

Definition 5.3.9. For t ∈ Z we defineM〈t〉 = M/N whereN is the biggest submodule
of M such thatNt = 0.

We callM componentwise injective linearif M〈t〉 has a linear injective resolution for
all t ∈ Z.

Remark that such a moduleN always exist, e.g., take the sum over all submodulesN′

with N′
t = 0.

Theorem 5.3.10.A module M∈ M is componentwise linear if and only if M∗ is
componentwise injective linear.

PROOF. We show that(M〈t〉)
∗ ∼= (M∗)〈n−t〉 for t ∈ Z. Then we have the following

equivalent statements:

(a) M is componentwise linear.
(b) M〈t〉 has a linear projective resolution for allt ∈ Z.

(c) (M∗)〈n−t〉 has a linear injective resolution for allt ∈ Z.
(d) M∗ is componentwise injective linear.

To prove the claim we consider the two exact sequences

0−→ M〈t〉 −→ M −→ M/M〈t〉 −→ 0

and
0−→ (M/M〈t〉)

∗ −→ M∗ −→ (M〈t〉)
∗ −→ 0

which imply
(M〈t〉)

∗ ∼= M∗/(M/M〈t〉)
∗.
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So we have to show that(M/M〈t〉)
∗ is the biggest submodule ofM∗ that is zero in degree

n− t. First of all, using Lemma 1.1.1 we see

(M/M〈t〉)
∗
n−t

∼= ((M/M〈t〉)t)
∨ = 0.

Now let N be a submodule ofM∗ with Nn−t = 0. We show thatN is contained in
(M/M〈t〉)

∗. Again using Lemma 1.1.1 we haveN∗
t = 0. From the exact sequence

0−→ (M∗/N)∗ −→ M −→ N∗ −→ 0

we obtainMt = ((M∗/N)∗)t and thusM〈t〉 ⊆ (M∗/N)∗. Hence(M∗/N)∗/M〈t〉 is a sub-
module ofM/M〈t〉 and the quotient module is isomorphic toN∗. Dualizing once more
givesN ⊆ (M/M〈t〉)

∗. �

Corollary 5.3.11. If M ∈ M has a linear injective resolution then M is component-
wise injective linear.

Corollary 5.3.12. If M ∈ M is componentwise injective linear and its socle lies in
degree d, then M has a d-linear injective resolution.

PROOF. Recall that the socle of a moduleM is isomorphic to Ext0E(K,M). Thus if the
socle lies in degreed, this implies thatµ0, j(M) = β0,n− j(M∗) = 0 for all j 6= d by Lemma
2.2.3. ThereforeM∗ is a componentwise linear module that is generated in one degree,
whence it has an(n−d)-linear projective andM ad-linear injective resolution. �

Example 5.3.13.Let J ⊂ E be a stable ideal. Then the ideal(E/J)∗ is also stable and
thus componentwise linear by Example 5.3.2. SoE/J is a componentwise injective linear
E-module.

There is a characterisation ofd(M) = max{i : Mi 6= 0} using Ext-modules:

Theorem 5.3.14.Let M 6= 0 be inM . Then

d(M) = min{l ∈ Z : ExtiE(K,M) j−i = 0 for all i and j > l}.

PROOF. We only have to consideri ≥ 0. Letd = d(M) and

s= min{l ∈ Z : ExtiE(K,M) j−i = 0 for all i and j > l}.

Computing ExtiE(K,M) via the Cartan cocomplex directly showsd ≥ s.
On the other hand,

Ext0E(K,M)d
∼= HomE(K,M)d

∼= (socM)d 6= 0

because 06= Md ⊆ socM. So this impliesd ≤ s. �

As counterpart ford(M) we definet(M) as follows.

Definition 5.3.15. ForM ∈ M , M 6= 0 let t(M) denote the number

t(M) = max{l ∈ Z : ExtiE(K,M) j−i = 0 for all i and j < l}.
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Thus the highest strand in a minimal injective resolution ofM is ExtiE(K,M)d(M)−i and
the lowest is ExtiE(K,M)t(M)−i. Both numbers are equal if and only ifM has ad-linear
injective resolution (and thend = d(M) = t(M)).

For a face ring of a simplicial complex componentwise injective linearity is equivalent
to a property of∆, the sequentially Cohen-Macaulayness. A simplicial complex∆ is called
sequentially Cohen-Macaulay(over K) if its Stanley-Reisner ringK[∆] is sequentially
Cohen-Macaulay. This is equivalent to say that∆(k) is a Cohen-Macaulay complex for
everyk, where∆(k) is the simplicial complex generated by thek-dimensional faces of∆.

Proposition 5.3.16.Let ∆ be a simplicial complex. Then K{∆} is componentwise
injective linear if and only if∆ is sequentially Cohen-Macaulay.

PROOF. Herzog, Reiner and Welker proved in [31, Theorem 9] that∆ is sequentially
Cohen-Macaulay if and only ifI∆∗ is componentwise linear. This is the case if and only if
K{∆} is componentwise injective linear by Theorem 5.3.10 and Proposition 5.3.3. �

In the next part we prove a characterisation of componentwise injective linear modules
that corresponds to the known characterisation in [52] of componentwise linear squarefree
modules, which are exactly those whose Alexander dual is sequentially Cohen-Macaulay.
For this purpose we need to consider modulesM with chains of submodules

0 = M0 ⊂ M1 ⊂ . . . ⊂ Mt = M

such that
(i) Mi/Mi−1 has a linear injective resolution for 1≤ i ≤ t,

(ii) d(M1/M0) < d(M2/M1) < .. . < d(Mt/Mt−1).
We denote such a chain by filtration (∗) and further call the numberst,d1, . . . ,dt , where

di = d(Mi/Mi−1), thecombinatorial typeof the filtration.

Lemma 5.3.17.Let M∈ M have a filtration (∗) of combinatorial type t,d1, . . . ,dt .
(i) Mi has the filtration (∗) M0 ⊂ M1 ⊂ . . . ⊂ Mi of combinatorial type i,d1, . . . ,di .

(ii) M/Mi−1 has the filtration (∗) Mi/Mi ⊂ . . . ⊂ Mt/Mi of combinatorial type t−
i,di+1, . . . ,dt .

PROOF. The first statement is evident. For the second just note that

d(M j/Mi
/

M j−1/Mi) = d(M j/M j−1).

�

The combinatorial type of a filtration (∗) is determined byM.

Theorem 5.3.18.Let M∈ M have a filtration (∗) of combinatorial type t,d1, . . . ,dt .
Then

(i) ExtiE(K,M) j−i = 0 for j 6∈ {d1, . . . ,dt},
(ii) Ext i

E(K,M)d j−i
∼= ExtiE(K,M j/M j−1)d j−i for j = 1, . . . , t.

PROOF. We proceed by an induction ont, the length of the filtration. Ift = 0 then
M = 0, so the claim is trivial. Fort = 1 the only possible filtration is 0⊂ M. In this case
M ∼= M1/M0 has ad1-linear injective resolution and thus Exti

E(K,M) j−i = 0 for j 6= d1.
Furthermore ExtiE(K,M) ∼= ExtiE(K,M1/M0), so (ii) is obvious in this case.
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Now assumet > 1 and consider the exact sequence

0−→ M1 −→ M −→ M/M1 −→ 0.

The moduleM1
∼= M1/M0 has ad1-linear injective resolution whence Exti

E(K,M1) j−i = 0
for j 6= d1. On the other sideM/M1 has the filtration (∗)

0 = M1/M1 ⊂ . . . ⊂ Mt/M1 = M/M1

of lengtht−1. By induction hypothesis we have Exti
E(K,M/M1) j−i = 0 for j 6= d2, . . . ,dt

and ExtiE(K,M/M1)d j−i
∼= ExtiE(K,M j/M j−1)d j−i for j = 2, . . . , t. The short exact se-

quence induces the long exact sequence

ExtiE(K,M1) j−i −→ExtiE(K,M) j−i −→ExtiE(K,M/M1) j−i −→Exti+1
E (K,M1)( j+1)−(i+1)

The first displayed module is zero forj 6= d1, the third one forj 6= d2, . . . ,dt and the last
one for j 6= d1−1. From this we see immediately that the second module, Exti

E(K,M) j−i,
is zero for j 6= d1,d2, . . . ,dt which proves (i).

If j = d1 we have the short exact sequence

0−→ ExtiE(K,M1)d1−i −→ ExtiE(K,M)d1−i −→ 0.

hence ExtiE(K,M1)d1−i
∼= ExtiE(K,M)d1−i .

For j ∈ {d2, . . . ,dt} the conditiond1 < d2 impliesd j +1 6= d1 such that we have the
exact sequence

0−→ ExtiE(K,M)d j−i −→ ExtiE(K,M/M1)d j−i −→ 0.

From this follows

ExtiE(K,M)d j−i
∼= ExtiE(K,M/M1)d j−i

∼= ExtiE(K,M j/M j−1)d j−i .

�

An immediate consequence is:

Corollary 5.3.19. Let M ∈ M , M 6= 0 have a filtration (∗) of combinatorial type
t,d1, . . . ,dt. Then t(M) = d1 and d(M) = dt .

We will need some more properties of such filtrations.

Lemma 5.3.20.Let M have a filtration (∗) of combinatorial type t,d1, . . . ,dt. Then
d(Mi) = d(Mi/Mi−1) for i = 1, . . . , t.

PROOF. This follows from an application of Theorem 5.3.18 to the filtration

0 = M0 ⊂ . . . ⊂ Mi

of Mi, using the characterisation

d(M) = min{l ∈ Z : ExtiE(E/m,M) j−i = 0 for all i and j > l}

from Theorem 5.3.14. �
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Theorem 5.3.21.A filtration (∗) is uniquely determined by M.

PROOF. Let M have a filtration

0 = M0 ⊂ . . . ⊂ Mt = M

of combinatorial typet,d1, . . . ,dt . We show by induction ont that this filtration is the
unique filtration (∗) of M.

The caset = 0 is trivial. If t = 1, the unique possibility for a filtration of length 1 is

0 = M0 ⊂ M1 = M.

Since, by Theorem 5.3.18, the length of a filtration (∗) is unique, this is also the only
possibility for a filtration (∗) of M.

Now assume thatt > 1 and consider the exact sequence

0−→ Mt−1 −→ M −→ M/Mt−1 −→ 0.

The moduleMt−1 has the filtration (∗)

0 = M0 ⊂ . . . ⊂ Mt−1

of lengtht −1. By induction hypothesis this filtration is unique. We claim that

M/Mt−1
∼= (M∗

〈n−dt〉
)∗.

ThenM/Mt−1 is independent of the filtration because the right side of theequation de-
pends only onM. (Recall thatdt is independent of the filtration by Theorem 5.3.18). This
means thats in every filtration (∗) of M the second last term is equal toMt−1. Since the
filtration of Mt−1 is unique, the whole filtration is unique.

It remains to proof the claim. We show the equivalent formulation

(M/Mt−1)
∗ ∼= M∗

〈n−dt〉
.

Consider the exact sequence

0−→ (M/Mt−1)
∗ −→ M∗ −→ (Mt−1)

∗ −→ 0.

The moduleM/Mt−1 has adt-linear injective resolution so that(M/Mt−1)
∗ has an(n−

dt)-linear projective resolution. In particular,(M/Mt−1)
∗ is generated in degreen−dt .

This already gives the inclusion

(M/Mt−1)
∗ ⊆ M∗

〈n−dt〉
.

Combining Lemma 5.3.20 withd(M) = n−min{i ∈ Z : (M∗)i 6= 0} (this follows from
Lemma 1.1.1) we see

n−dt−1 = min{i : (M∗
t−1)i 6= 0}.

Sodt−1 < dt implies
(M∗

t−1)n−dt = 0.

Thus the(n−dt)-th homogeneous component ofM∗ maps to zero and is henceforth con-
tained in(M/Mt−1)

∗. From this equality follows. �

So long we have investigated some properties of these filtrations (∗) but have not
touched the question of the existence of such filtrations. This question can be answered
completely.
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Theorem 5.3.22.M has a filtration (∗) if and only if M is componentwise injective
linear.

PROOF. Assume thatM has a filtration (∗)

0 = M0 ⊂ M1 ⊂ . . . ⊂ Mt = M

of combinatorial typet,d1, . . . ,dt . We will show thatM is componentwise injective linear
For this purpose we use an induction ont. The caset = 0 is obvious. Ift = 1 we have
thatM has a linear injective resolution which implies thatM is componentwise injective
linear.

Now assumet > 1. By the induction hypothesisMt−1 is componentwise injective lin-
ear. The moduleM/Mt−1 has adt-linear injective resolution. In the proof of the unique-
ness theorem, Theorem 5.3.21, we have seen that

(M/Mt−1)
∗ = (M/Mt−1)

∗
〈n−dt〉

∼= M∗
〈n−dt〉

.

Furthermore we know thatn−dt = min{i : (M∗)i 6= 0}. So the exact sequence

0−→ (M/Mt−1)
∗ −→ M∗ −→ (Mt−1)

∗ −→ 0

induces a short exact sequence

0−→ (M/Mt−1)
∗
〈i〉 −→ M∗

〈i〉 −→ (Mt−1)
∗
〈i〉 −→ 0

for all i ∈ Z (see [52, Lemma 4.4] for a proof of the corresponding statement over a
polynomial ring). The first and the third module in this sequence have linear projective
resolutions which, by considering the corresponding long exact Tor-sequence, implies
thatM∗

〈i〉 has a linear projective resolution as well. This means thatM∗ is componentwise
linear or, equivalent, thatM is componentwise injective linear.

Now assume thatM is componentwise injective linear. Setd = d(M). We show by
induction ond ≥ t(M) thatM has a filtration (∗). If d = t(M), the least possible,M has a
linear injective resolution and thus 0⊆ M is a filtration (∗).

Ford > t(M) it holds thatM∗ 6= M∗
〈n−d〉 because otherwiseM∗ has a linear projective

andM a linear injective resolution.
Sinced(M) = n−min{i : (M∗)i 6= 0}, we have thatd((M∗/M∗

〈n−d〉)
∗) < d and thus

we can apply the induction hypothesis on(M∗/M∗
〈n−d〉)

∗, i.e., there exists a filtration (∗)

0 = M0 ⊆ . . . ⊆ Mt−1 = (M∗/M∗
〈n−d〉)

∗ ⊆ M

for somet. It remains to show thatM/(M∗/M∗
〈n−d〉)

∗ has ad-linear injective resolution.

But this is clear sinceM/(M∗/M∗
〈n−d〉)

∗ ∼= (M∗
〈n−d〉)

∼= M〈d〉 and M is componentwise
injective linear. �

5.4. Linear quotients and pure decomposable quotients

Monomial ideals with linear quotients have been introducedby Herzog and Takayama
[33] to study resolutions that arise as iterated mapping cones.Over the exterior algebra
one can see them as modules that are generated by iterativelypure decomposable ele-
ments.
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Definition 5.4.1. Let M be a module inM with homogeneous generatorsm1, . . . ,mt .
Then M is said to havelinear quotientswith respect to this system of generators if
(m1, . . . ,mi−1) :E mi is an ideal inE generated by linear forms fori = 1, . . . , t. We say
thatM has linear quotients if there exists a homogeneous system ofgenerators such that
M has linear quotients with respect to this system.

Note that in contrast to the definition of linear quotients over the polynomial ring
it is important to start withi = 1, i.e., 0 :E m1 has to be generated by linear forms or
equivalently,m1 has to be a pure decomposable element.

Example 5.4.2.The definition depends on the order of the generators. For example
the idealJ = (e1,e12+e34) has linear quotients w.r.t. this order of the generators, because

0 :E e1 = (e1), and (e1) :E (e12+e34) = (e1,e3,e4).

But e1e2+e3e4 is not pure decomposable and henceJ has not linear quotients with respect
to the reversed order on the generators.

The regularity of a module with linear quotients is the smallest possible, just as for
componentwise linear modules.

Theorem 5.4.3.Let M∈M , M 6= 0, have linear quotients w.r.t. homogeneous gener-
ators m1, . . . ,mt . Then the regularity of M is

regE(M) = max{degm1, . . . ,degmt}.

PROOF. It is clear that

regE(M) ≥ max{degm1, . . . ,degmt}

by the definition of the regularity.
Let Mi be the module generated by the firsti elementsm1, . . . ,mi , for i = 1, . . . , t. We

prove the reverse inequality inductively for each of theMi. The first moduleM1 is gen-
erated by a pure decomposable element. Hence, Proposition 4.1.17 implies regE(M1) =
degm1.

The sequence

0−→ Mi−1 −→ Mi −→ (E/(Mi−1 :E mi))(−degmi) −→ 0

is exact. SinceMi−1 :E mi is generated by linear forms, the Cartan complex with respect to
this linear forms, shifted in degree by−degmi , is a(degmi)-linear projective resolution of
it. In particular, the regularity of the last module is degmi . Thus by induction hypothesis
and Lemma 2.1.2 we conclude

regE Mi ≤ max{regE(Mi−1), regE(E/(Mi−1 :E mi)(−degmi))}

= max{max{degm1, . . . ,degmi−1},degmi}

= max{degm1, . . . ,degmi}.

�
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Corollary 5.4.4. If M ∈ M has linear quotients and is generated in one degree, then
M has a linear resolution.

For graded ideals the above corollary also follows from the next theorem, whose proof
is quite analogous to the proof of the corresponding statement over a polynomial ring of
Sharifan and Varbaro in [55, Corollary 2.4].

Theorem 5.4.5.Let J⊂E be a graded ideal and f1, . . . , ft be a minimal homogeneous
system of generators of J. If J has linear quotients with respect to f1, . . . , ft , then J is a
componentwise linear ideal.

PROOF. We proceed by an induction ont. For t = 1 the idealJ = ( f1) is generated
by a pure decomposable element whence it has a linear resolution. In particular, it is
componentwise linear. For the induction step letd = degft and

I = ( f1, . . . , ft−1).

By the induction hypothesisI is componentwise linear. ObviouslyJ〈 j〉 = I〈 j〉 for j < d
henceJ〈 j〉 has aj-linear resolution forj < d. As next step we show thatJ〈d〉 has a linear
resolution. To this end we show thatI : ft = I〈d〉 : ft . SinceI〈d〉 ⊆ I it follows immediately
that

I〈d〉 : ft ⊆ I : ft .

As J has linear quotients, the idealI : ft is generated by linear formsv1, . . . ,vm. In partic-
ular, it holds thatvi ft ∈ I for i = 1, . . . ,m, i.e., there existsgi j ∈ E such that

vi ft =
t−1

∑
j=1

gi j f j .

The assumption thatf1, . . . , ft , f is a minimal system of generators forJ implies that

deggi j ≥ 1

for all gi j 6= 0. As the degree ofvi ft is d+1, the degree off j is≤ d for all j with gi j 6= 0.
Hencevi ft ∈ I≤d and thusvi ∈ I〈d〉 : ft because(I≤d)d+1 = (I〈d〉)d+1. This proves

I : ft = I〈d〉 : ft .

UsingJ〈d〉 = I〈d〉 +( ft) we obtain

J〈d〉
/

I〈d〉 ∼= E
/
(I〈d〉 : ft)(−d) ∼= E

/
(I : ft)(−d) ∼= E

/
(v1, . . . ,vm)(−d).

Thus the sequence

0−→ I〈d〉 −→ J〈d〉 −→ E/(v1, . . . ,vm)(−d) −→ 0

is exact. The first module in this sequence has ad-linear resolution by induction hypo-
thesis, for the third module the Cartan complex shifted in degrees by−d is a d-linear
resolution. Then Lemma 2.1.2 implies thatJ〈d〉 has ad-linear resolution as well.

It remains to show thatJ〈 j〉 has aj-linear resolution forj > d. Let r be the regularity
of J, i.e.,

r = max{degf1, . . . ,degft}
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by Theorem 5.4.3. Ifd ≥ r, i.e., if ft is the generator with the highest degree, then
J〈d+ j〉 = m

jJ〈d〉 for all j ≥ 1. SinceJ〈d〉 has a linear resolution, alsom jJ〈d〉 has a linear
resolution, by Lemma 5.3.4.

Ford ≤ r we proceed by a second induction onr −d. Recall that the colon idealI : ft
is generated by the linear formsv1, . . . ,vm. If m= n they generate the maximal idealm

and it holds that

(8) J〈d+ j〉 = I〈d+ j〉.

To see the non-trivial inclusion in (8) takeg ∈ J〈d+ j〉. Theng has a representationg =

g′ + h ft with g′ ∈ I〈d+ j〉 andh ∈ E, degh = j ≥ 1. Thush ft ∈ m ft ⊆ I andg ∈ I〈d+ j〉.
Therefore we assume thatm< n and complementv1, . . . ,vm with vm+1, . . . ,vn to a basis
of E1. Let

gi = vi ft for i = m+1, . . . ,n.

Then we will see that

(9) (I +(gm+1, . . . ,gn))〈d+ j〉 = J〈d+ j〉

holds for all j ≥ 1. Sincegi = vi ft ∈ ( ft) we have that(I + (gm+1, . . . ,gn)) ⊆ J =
I + ( ft). On the other hand leth be in J〈d+ j〉, h = h′ + h′′ ft with h′ ∈ I , h′′ ∈ m =

(v1, . . . ,vm,vm+1, . . . ,vn). SinceI : ft =(v1, . . . ,vm) we can assume thath′′ ∈ (vm+1, . . . ,vn)
and thus thath∈ I +(gm+1, . . . ,gn).

Therefore by (9) it is enough to show thatI +(gm+1, . . . ,gn) is componentwise linear.
To this end we show that we can apply the induction hypothesis(of the induction onr−d)
to I +(gm+1, . . . ,gn).

At first we will see thatI +(gm+1, . . . ,gn) has linear quotients, more precisely that

(I +(gm+1, . . . ,gm+i−1)) : gm+i = (v1, . . . ,vm,vm+1, . . . ,vm+i)

for all i = 1, . . . ,n−m. The inclusion “⊇” immediately follows fromgm+i = vm+i ft and
I : ft = (v1, . . . ,vm). So leth∈ (I +(gm+1, . . . ,gm+i−1)) : gm+i. Then there existsak,bk∈E
such that

vm+i fth =
t−1

∑
k=1

ak fk +
m+i−1

∑
k=m+1

bkvk ft .

Thus

vm+ih−
m+i−1

∑
k=m+1

bkvk ∈ I : ft = (v1, . . . ,vm)

and hence

vm+ih∈ (v1, . . . ,vm,vm+1, . . . ,vm+i−1).

Sincevm+i is not contained in the linear ideal(v1, . . . ,vm,vm+1, . . . ,vm+i−1), it is regular
on it. So it follows that

h∈ (v1, . . . ,vm,vm+1, . . . ,vm+i−1)+(vm+i).
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We further claim thatf1, . . . , ft−1,gm+1, . . . ,gm+i is a minimal system of generators
for I +(gm+1, . . . ,gm+i) for all i. Suppose that there existsak,bk ∈ E such that

fl =
t−1

∑
k=1,k6=l

ak fk +
i

∑
k=1

bm+kgm+k =
t−1

∑
k=1,k6=l

ak fk +

(
i

∑
k=1

bm+kvm+k

)
ft

for some 1≤ l < t. Then fl ∈ ( f1, . . . , f̂l , . . . , ft), a contradiction to the assumption that
f1, . . . , ft is a minimal system of generators ofJ.

Now suppose that there existsak,bk ∈ E such that

gm+l =
t−1

∑
k=1

ak fk +
i

∑
k=1,k6=l

bm+kgm+k

for some 1≤ l ≤ i. The degree ofgm+l = vm+l ft equals the degree of thegm+k = vm+k ft ,
hence the coefficientsbm+k are elements inK and

(vm+l −
i

∑
k=1,k6=l

bm+kvm+k) ft =
t−1

∑
k=1

ak fk ∈ I .

Therefore(vm+l −∑i
k=1,k6=l bm+kvm+k) ∈ I : ft = (v1, . . . ,vm), again a contradiction. This

proves the claim thatf1, . . . , ft−1,gm+1, . . . ,gm+i is a minimal system of generators for
I +(gm+1, . . . ,gm+i) for all i.

Finally we note that

max{degf1, . . . ,degft−1,deggm+1, . . . ,deggm+i} = max{r,d+1}

andr − (d+1) = (r −d)−1. So by induction hypothesisI +(gm+1, . . . ,gm+i) is compo-
nentwise linear and this concludes the proof. �

Example 5.4.6.The hypothesis in Theorem 5.4.5 that the generating system is min-
imal cannot be removed. For example the idealJ = (e12,e34) does not have a linear
resolution, and as it is generated in one degree, this means thatJ is not componentwise
linear. ButJ has linear quotients with respect to the non-minimal homogeneous generat-
ing systeme12,e123+e234,e34.

The definition of linear quotients for a module overE is exactly the same as for mod-
ules over a polynomial ring. For simplicial complexes thesenotions coincide. This is not
surprising since these notions correspond to a combinatorial property of∆, as we will see
later on in this section.

Proposition 5.4.7.Let ∆ be a simplicial complex. The face ideal J∆ of ∆ has linear
quotients if and only if the Stanley-Reisner ideal I∆ of ∆ has linear quotients.

PROOF. Both ideals are generated by the respective monomials corresponding to the
minimal non-facesF1, . . . ,Fm of ∆. Thus the colon ideals appearing in the definition are
monomial ideals, too. Then(xF1, . . . ,xFi−1) : xFi is generated by{x j : j ∈ A} if and only if
(eF1, . . . ,eFi−1) : eFi is generated by{ej : j ∈ A∪Fi}. �

In the following we introduce a notion that turns out to be thedual notion to linear
quotients. Recall from Section 4.1 that an element inE is called pure decomposable if it
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is a product of linear forms. An ideal is called pure decomposable if it is generated by
pure decomposable elements.

Definition 5.4.8. Let J = J1∩ . . .∩ Jm ⊂ E be a graded ideal and let the idealsJi be
graded. We say thatE/J haspure decomposable quotientswith respect to this decompo-
sition if

(i) dimK soc(E/Ji) = 1 for i = 1, . . . ,m;
(ii) the quotient

⋂i−1
j=1Jj

/⋂i
j=1Jj is isomorphic to an ideal that is generated by a

pure decomposable element, shifted in degrees byn−di , di = d(E/Ji), for i =
1, . . . ,m.

We say thatE/J haspure decomposable quotientsif there exists a decomposition such
thatE/J has pure decomposable quotients with respect to this decomposition.

The second condition in the definition implies that thei-th quotient
⋂i−1

j=1Jj
/⋂i

j=1Jj

has an(n−di)-linear injective resolutions.
Observe that a decomposition into an intersection of idealsalways exists. Suppose

that f1, . . . , fm is a homogeneous system of generators of 0 :E J, then takeJi = 0 :E fi
sinceJ = 0 :E (0 :E J) = 0 :E ∑m

i=1( fi) =
⋂m

i=10 :E ( fi).

Example 5.4.9.The definition depends on the order of the ideals. For examplecon-
sider the idealJ = (e1e3,e1e4) with the decomposition

J = J1∩J2, J1 = (e1), J2 = (e13,e14,e23,e24,e12−e34).

We have soc(E/J1) = (e234)+(e1)/(e1) and soc(E/J2) = (e34)+J2/J2. Thus the socles
are one-dimensionalK-vector spaces. They lie in degreed1 = d(E/J1) = 3 andd2 =
d(E/J2) = 2 respectively. In this order of the decomposition the first quotient is

E/(e1) ∼= (e1)(+1)

and the second is
(e1)/(e13,e14) ∼= (e134)(+2).

(The isomorphisms are induced by the multiplication withe1 resp. e34.) ThereforeE/J
has pure decomposable quotients with respect to the decomposition J1∩ J2. But if one
reverses the order of the decomposition, the first quotient is

E/(e13,e14,e23,e24,e12−e34)

and this cannot be isomorphic to a pure decomposable principal ideal. Otherwise the
annihilator ofE/J2, which isJ2, would be the annihilator of this ideal. But the annihilator
of a pure decomposable principal ideal is a linear ideal.

The argument used in the above example is true in general, so we state that the first
ideal in a decomposition that gives pure decomposable quotients must be a linear ideal.

On the level of monomial ideals, or equivalently, exterior face rings, this algebraic
property corresponds to a well-known combinatorial property of simplicial complexes.

We recall one formulation of this property from, e.g., [11, Definition 5.1.11], which is
perhaps not the most frequently used one, but the one we need in the proof. A simplicial
complex∆ is calledshellableif there exists an orderF1, . . . ,Fm of the facets of∆ in such
a way that the set{F : F ∈ 〈F1, . . . ,Fi〉,F 6∈ 〈F1, . . . ,Fi−1〉} has a unique minimal element
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for all i, 2≤ i ≤ m. Here〈F1, . . . ,Fi〉 denotes the simplicial complex whose facets are
F1, . . . ,Fi . Such an order of the facets is called ashelling.

Theorem 5.4.10.Let∆ be a simplicial complex with facets F1, . . . ,Fm and let Ji be the
ideal generated by the variables ej with j 6∈ Fi for i = 1, . . . ,m. Then J∆ = J1∩ . . .∩Jm and
K{∆} has pure decomposable quotients with respect to this decomposition if and only if
F1, . . . ,Fm is a shelling of∆.

PROOF. J∆ is the ideal generated by the monomials corresponding to the(minimal)
non-faces of∆, i.e., a monomialeF is contained inJ∆ if and only if F 6⊆ Fi , or equivalently
eF ∈ Ji , for i = 1, . . . ,m.

First assume thatF1, . . . ,Fm is a shelling of∆. The first condition in Definition 5.4.8
is easy to check:

soc(E/Ji) = soc(E/(ej : j 6∈ Fi)) = KeFi .

This also showsdi = d(E/Ji) = |Fi |. Let Fmin denote the minimal element of the set
{F : F ∈ 〈F1, . . . ,Fi〉,F 6∈ 〈F1, . . . ,Fi−1〉} which exists by the definition of a shelling. We
show that

(10)
i−1⋂

j=1

Jj
/ i⋂

j=1

Jj
∼= (eFmin∪Fc

i
)(n−di),

whereFc
i = [n]\Fi. To this end we consider the following map

ϕ :
i−1⋂

j=1

Jj

·eFc
i−→ (eFc

i
)(n−di).

It is a graded homomorphism because degeFc
i

= n−|Fi| = n−di. The kernel is

Kerϕ =
i−1⋂

j=1

Jj ∩ (0 :E eFc
i
) =

i−1⋂

j=1

Jj ∩Ji =
i⋂

j=1

Jj .

We claim that the image ofϕ is (eFmin∪Fc
i
)(n−di). The setFmin is the minimal element

of the set{F : F ⊆ Fi ,F 6⊆ Fj for all j < i}. ThuseFmin is contained inJj for all j < i,
i.e., eFmin ∈

⋂i−1
j=1Jj , andeFmin∪Fc

i
is in the image ofϕ. An arbitrary monomialeG is an

element in
⋂i−1

j=1Jj if and only if G 6⊆ Fj for all j = 1, . . . , i −1. If G∩Fc
i 6= /0 theneG is

in the kernel ofϕ. OtherwiseG⊆ Fi and henceG ∈ {F : F ⊆ Fi ,F 6⊆ Fj for all j < i}.
SinceFmin is the unique minimal element of this set it follows thatFmin ⊆ G. Therefore
the image ofϕ is contained in(eFmin∪Fc

i
). All togetherϕ induces an isomorphism as in

(10).
Now assume thatK{∆} has pure decomposable quotients with respect toJ∆ = J1∩

. . .∩Jm. Then there exists linear formsvi j , i = 1, . . . ,m, j = 1, . . . ,si such that

i−1⋂

j=1

Jj
/ i⋂

j=1

Jj
∼= (vi1 · · ·visi

)(n−di),

with di = d(E/Ji) = |Fi| as above. Since theJj are monomial ideals, these quotients are
Zn-graded. Thus also their annihilators areZn-graded, i.e., monomial ideals. From the
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above isomorphism follows

annE

(
i−1⋂

j=1

Jj
/ i⋂

j=1

Jj

)
= annE

(
(vi1 · · ·visi

)(n−di)
)

= (vi1, . . . ,visi
),

whence we conclude that thevi j are variables, sayvi j = ei j .
SetSi = {i1, . . . , isi}. We show thatSi ∩Fi is the unique minimal element of the set

Fi = {F : F ⊆ Fi ,F 6⊆ Fj for all j < i}

for i = 1, . . . ,m. LetF be an element ofFi and suppose there exists an elementl ∈ Si ∩Fi ,
l 6∈ F. Thenel eF = 0 and thus, sinceel eF 6= 0, F ∪{l} 6⊆ Fi . This is a contradiction and
so every element ofFi indeed containsSi ∩Fi . The complement ofFi is contained inSi :
suppose there exists an elementl ∈ Fc

i \Si . SinceFi 6⊆ Fj for j < i, the monomialeFi is in⋂i−1
j=1Jj and its residue class is not zero in

⋂i−1
j=1Jj

/⋂i
j=1Jj . Also el eFi 6= 0 becausel 6∈ Si

andl 6∈ Fi . But this means thatFi ∪{l} ⊆ Fi , obviously a contradiction. Hence

|Si ∩Fi | = |Si \Fc
i | = |Si |− (n−|Fi|) = si −n+di .

The degree ofei1 · · ·eisi
in (ei1 · · ·eisi

)(n−di) also issi −n+di . Therefore there exists a

non-zero element of this degree in
⋂i−1

j=1Jj
/⋂i

j=1Jj and it can be chosen as the residue
class of a monomialeF with F ∈Fi , |F|= si −n+di. We have already seen thatSi ∩Fi ⊆
F. Since these sets have the same cardinality, they are equal.In particular, it holds that
Si ∩Fi ∈ Fi . �

The dual property to pure decomposable quotients are linearquotients.

Theorem 5.4.11.Let J be a graded ideal in E. Then E/J has pure decomposable
quotients if and only if(E/J)∗ has linear quotients.

PROOF. Every system of generatorsf1, . . . , ft of (E/J)∗ ∼= 0 :E J corresponds to a
decompositionJ = J1∩ . . .∩Jt with dimK soc(E/Ji) = 1 via Ji = 0 :E ( fi) for i = 1, . . . , t
and vice versa. The reason for this are the equalities

J = 0 :E (0 :E J)) = 0 :
t

∑
i=1

( fi) =
t⋂

i=1

0 :E ( fi) =
t⋂

i=1

Ji

and
dimK soc(E/Ji) = µ0(E/Ji) = β0((E/Ji)

∗) = β0(( fi)) = 1,

using Lemma 2.2.3 and the fact that soc(E/Ji)∼= HomE(K,E/Ji)∼= Ext0E(K,E/Ji). If one
also takes into account the grading one obtains that the socle lies in degreen−degfi , i.e.,
di = d(E/Ji) = n−degfi .

The sequence

0−→ (E/( f1, . . . , fi−1) : fi)(−degfi)
· fi
−→ E/( f1, . . . , fi−1) −→ E/( f1, . . . , fi) −→ 0

is exact. Thus also the dualized sequence

0−→ 0 :E ( f1, . . . , fi)−→ 0 :E ( f1, . . . , fi−1)−→ (0 :E (( f1, . . . , fi−1) : fi))(+degfi)−→ 0

is exact.
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Using 0 :E ( f1, . . . , fi) =
⋂i

j=1Jj , degfi = n−di and the fact that the annihilator of
a linear ideal is a pure decomposable principal ideal and vice versa we conclude that
( f1, . . . , ft) has linear quotients if and only ifE/J1∩ . . .∩Jt has pure decomposable quo-
tients. �

Theorems 5.4.10, 5.4.11 and Proposition 5.4.7 together form another proof of the
well-known fact that a simplicial complex∆ is shellable if and only if the face ideal of the
Alexander dualI∆∗ has linear quotients.

Corollary 5.4.12. Let J be a graded ideal in E. If E/J has pure decomposable quo-
tients with respect to a decomposition J= J1∩ . . .∩Jm that satisfies

⋂m
j=1, j 6=i Jj 6⊆ Ji , then

E/J is componentwise injective linear. If in addition the socle of E/J lies in one degree,
then E/J has a linear injective resolution.

PROOF. This follows from Theorems 5.3.10, 5.4.11 and 5.4.5. The assumption on the
decomposition guarantees that one obtains a minimal systemof generators for 0 :E J. �

Open problem 5.4.13.Is there a direct proof of Corollary 5.4.12 (without use of
duality)?

5.5. Strongly pure decomposable ideals

Pure decomposable ideals are generated by elements whose annihilators are generated
by linear forms. In this section we investigate a sharpeningof this condition: in addition,
these annihilators should have nice intersections.

Definition 5.5.1. An idealJ in the exterior algebraE is calledstrongly pure decom-
posableif J has a system of pure decomposable generatorsf1, . . . , ft such that the anni-
hilators annE fi = (v : v∈Vi) satisfy the conditionVi ∩ (V1+ . . .+V̂i + . . .+Vt) = {0} for
everyi = 1, . . . , t.

For simplicity we often omit the pure and say strongly decomposable ideal. The
definition depends on the chosen generating system as the following example shows.

Example 5.5.2.Let J = ( f1, f2) in E = K〈e1, . . . ,e6〉 with f1 = e123, f2 = e456. Then
V1 = 〈e1,e2,e3〉 andV2 = 〈e4,e5,e6〉. Therefore this generating system obviously satisfies
the conditions in Definition 5.5.1. But the (minimal) generating systemg1 = f1 + f2,
g2 = f2 does not, since the annihilator ofg1 is generated by the monomialseiej with
i ∈ {1,2,3}, and j ∈ {4,5,6} and not by linear forms.

The following observation will be useful in some proofs.

Remark 5.5.3. Let J = ( f1, . . . , ft) be as in Definition 5.5.1. ThenV1⊕ . . .⊕Vt is a
direct sum of vector spaces. Therefore we can choose bases oftheVi and complement the
union of all the basis elements to a basis ofE1. Thus we can assume that after a coordinate
transformation the annihilators are generated by variables. Then Lemma 4.1.16 shows that
the fi become monomials under this coordinate transformation.

To check whether a monomial ideal is strongly decomposable is easy.
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Proposition 5.5.4.Let J= (eF1, . . . ,eFt) be a monomial ideal in E. Then J is strongly
decomposable (with respect to this generating system) if and only if F1, . . . ,Ft are pairwise
disjoint.

PROOF. A monomial is obviously pure decomposable. WithVi = 〈ej : j ∈ Fi〉 the
conditionVi ∩(V1+ . . .+V̂i + . . .+Vt) = {0} is equivalent toFi ∩(F1∪ . . .∪ F̂i ∪ . . .∪Ft) =
/0. It is satisfied for alli = 1, . . . , t if and only if Fi ∩Fj = /0 for all j 6= i. �

A monomial ideal in a polynomial ring is acomplete intersectionif and only if the
support of the monomials are pairwise disjoint. In view of the preceding proposition the
notion of strongly decomposable could be the exterior analogue of a complete intersec-
tion. We will see that there are even more parallels, but nevertheless the behaviour of
strongly decomposable is not completely satisfactory. An arbitrary ideal in a polynomial
ring is acomplete intersectionif and only if it is generated by a regular sequence. This
is also true for strongly decomposable ideals, at least if there is a notion of a regular
sequence, i.e., if it is generated by linear forms.

Proposition 5.5.5. Let J = (v1, . . . ,vt) with linear forms v1, . . . ,vt ∈ E1. Then J is
strongly decomposable if and only if v1, . . . ,vt is a regular sequence on E.

PROOF. The annihilator of a linear form is the ideal generated by the linear form.
Therefore we have thatVi = 〈vi〉 for i = 1, . . . , t. Then the conditionVi ∩ (V1 + . . .+V̂i +
. . .+Vt) = {0} is equivalent tovi 6∈ V1 + . . .+ V̂i + . . .+Vt . It is satisfied for alli if and
only if v1, . . . ,vt are linearly independent, which is equivalent to say thatv1, . . . ,vt is a
regular sequence onE. �

The generating systems that satisfy the conditions of the definition of strongly decom-
posable are minimal systems of generators.

Proposition 5.5.6. If J = ( f1, . . . , ft) is strongly decomposable, then f1, . . . , ft is a
minimal system of generators of J.

PROOF. As explained in Remark 5.5.3 we can assume that after a coordinate change
the fi are monomials since a coordinate transformation does not change the minimality
property.

Following Proposition 5.5.4 the monomials have pairwise disjoint support and are
therefore a minimal set of generators. �

Strongly decomposable ideals are a class of modules over theexterior algebra with a
linear injective resolution.

Theorem 5.5.7.If J = ( f1, . . . , ft) is strongly decomposable, then E/J has an(n− t)-
linear injective resolution.

PROOF. Again we may assume that thefi are monomials as in Remark 5.5.3 since
a coordinate transformation does not touch the property of having a minimal injective
resolution. ThereforeJ has the formJ = J∆ for some simplicial complex∆. As stated
in Proposition 5.5.4 this implies thatI∆ is a complete intersection. In particular,∆ is
Cohen-Macaulay and thusE/J∆ has a linear injective resolution. The dual 0 :J of E/J is
generated in degreet so the resolution must be(n− t)-linear. �
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Note that, in contrast to the property strongly decomposable, having a linear injective
resolution does not depend on the choice of generators.

Lemma 5.5.8. Let J= (eF1, . . . ,eFt) be a strongly decomposable monomial ideal in
E and [n] \ (F1∪ . . .∪Ft) = {i1, . . . , is}. Then ei1, . . . ,eis is a maximal regular sequence
on E/J. In particular, depthE(E/J) = n− |F1∪ . . .∪Ft | and, if |K| = ∞, cxE(E/J) =
|F1∪ . . .∪Ft |.

PROOF. It is easy to see thatei1, . . . ,eis is a regular sequence. Therefore we assume
thatF1∪ . . .∪Ft = [n] and show that in this situation depthE(E/J) = 0. The idealJ has a
decompositionJ = J1∩ . . .∩Jt with Ji = (ej : j ∈ Fi). If t = 1 thenJ = J1 = (e1, . . . ,en)
has depth 0. Fort > 1 there is the exact sequence

0−→ J −→ (J1∩ . . .∩Jt−1)⊕Jt −→ (J1∩ . . .∩Jt−1)+Jt −→ 0.

The Fi are pairwise disjoint and thusF1∪ . . .∪Ft−1 6= [n]. By the induction hypothesis
the variables that generateJt are a maximal regular sequence onJ1∩ . . .∩ Jt−1. Hence,
(J1∩ . . .∩ Jt−1)+ Jt has depth 0. There exist regular elements onJ1∩ . . .∩ Jt−1 and on
Jt . Since this is an open condition by Proposition 4.1.7, thereeven exists an element that
is regular on(J1∩ . . .∩Jt−1)⊕Jt . If there were a regular element onJ, this and Lemma
4.1.11 would imply that there exists a regular element on(J1∩ . . .∩ Jt−1)+ Jt which is
not possible. We conclude that depthE J = 0. �

Corollary 5.5.9. Let |K| = ∞ and J= ( f1, . . . , ft) be strongly decomposable. Then

(i) cxE(E/J) = ∑t
i=1 |degfi | ≥ t.

(ii) depthE(E/J) = n−∑t
i=1 |degfi | ≤ n− t.

(iii) regE(E/J) = ∑t
i=1 |degfi |− t.

Equality holds in (i) and (ii) if and only ifdegfi = 1 for i = 1, . . . , t.

PROOF. (i) This follows after a change of coordinates from Lemma 5.5.8 and Propo-
sition 5.5.4.

(ii) This follows immediately from (i) and the formula

depthE(E/J)+cxE(E/J) = n.

(iii) As E/J has an(n− t)-linear injective resolution, the regularity is, by Theorem
5.1.6,

regE(E/J) = n− t−depthE(E/J) = n− t − (n−
t

∑
i=1

|degfi |) =
t

∑
i=1

|degfi |− t.

�

This shows that such generating systems are not a good generalisation of regular se-
quences as we had hoped, because the depth does not necessarily diminish by one when
dividing out an element of such a sequence. (In fact the depthdiminishes exactly if it is a
regular element in the known sense.)

Nevertheless the property is maintained under reduction modulo regular sequences.
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Lemma 5.5.10.Let J be a strongly decomposable ideal and v∈ E1 a regular element
on E/J. Then J+(v)/(v) as an ideal in E/(v) is strongly decomposable as well.

PROOF. We may assume thatJ = (eF1, . . . ,eFt) with Fi ∩Fj = /0 by Remark 5.5.3 be-
cause the property of being a regular element is independentfrom coordinates. Asv is
regular onE/J it is not in the vector space spanned by the variablesej with j ∈ Fi for
somei (cf. Lemma 5.5.8). Thus we can assume as well thatv = es for somes∈ [n].

Then the residue classeseFi , i = 1, . . . , t generateJ+(es)/(es). They are monomials
in the exterior algebraE/(es) with pairwise disjoint supports and thusJ + (es)/(es) is
strongly decomposable inE/(es). �

But strongly decomposability is not carried over from the initial ideal to the ideal,
simply because pure decomposability is not.

Example 5.5.11.Let J = (e12+ e34). Then inJ = (e12) with respect to the revlex
order. This ideal is strongly decomposable, butJ is not becausee12+ e34 is not a pure
decomposable element.

Open problem 5.5.12.
(i) Is there a proof of Theorem 5.5.7 without use of the fact that acomplete inter-

section ideal in the polynomial ring is Cohen-Macaulay? Open problem 2.1.4
could be helpful.

(ii) Is there an exterior analogue of the complete intersection property?
(iii) Is there a generalisation of the notion regular for elementsof higher degree?



CHAPTER 6

Orlik-Solomon algebras

In this chapter we apply results of the preceding chapters onOrlik-Solomon algebras.
These are quotient rings over the exterior algebra defined bya certain combinatorial struc-
ture. They have linear injective resolutions and their defining ideal is pure decomposable.

Let A = {H1, . . . ,Hn} be an essential central affine hyperplane arrangement inCm,
X its complement. We refer to the book by Orlik and Terao [48] for background on
hyperplane arrangements. We choose linear formsαi ∈ (Cm)∗ such that Kerαi = Hi for
i = 1, . . . ,n. It is well-known that the singular cohomologyH.(X;K) of X with coefficients
in K is isomorphic toE/J whereJ is theOrlik-Solomon idealof X which is generated by
all

∂eS =
t

∑
i=1

(−1)i−1ej1 ∧· · ·∧ êj i ∧· · ·∧ejt for S= { j1, . . . , jt} ⊆ [n]

where{H j1, . . . ,H jt} is a dependent set of hyperplanes ofA , i.e.,α j1, . . . ,α jt are linearly
dependent. The algebraE/J is also known as theOrlik-Solomon algebraof X. Note that
the definition ofE/J does only depend on the matroid ofA on [n]. Therefore in this
chapter we study more generally the Orlik-Solomon algebra of a matroid. Most of the
results in this chapter appeared in [40].

6.1. Orlik-Solomon algebra of a matroid

For the convenience of the reader we collect all necessary matroid notions that are
used in this section. They can be found in introductory bookson matroids, as for example
[49] or [61]. Notice that from now on the letterM always denotes a matroid, and not a
module.

Let M be a non-emptymatroid over [n], i.e., M is a collectionI of subsets of[n],
calledindependent sets, satisfying the following conditions:

(i) /0 ∈ I .
(ii) If A∈ I andB⊆ A, thenB∈ I .

(iii) If A,B∈ I and|A| < |B|, then there exists an elementi ∈ B\A such thatA∪
{i} ∈ I .

The subsets of[n] that are not inI are calleddependent, minimal dependent sets are
calledcircuits. The cardinality of maximal independent sets (calledbases) is constant
and denoted byr(M), therankof M.

Equivalently one can define a matroid via its setC of circuits, which has to satisfy the
following three conditions:

(i) /0 6∈ C .
(ii) If C1 andC2 are members ofC andC1 ⊆C2, thenC1 = C2.

87
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(iii) If C1 andC2 are distinct members ofC andi ∈C1∩C2, then there is a member
C3 of C such thatC3 ⊆ (C1∪C2)\{i}.

Condition (iii) is called thecircuit elimination axiom.
On E exists a derivation∂ : E → E of degree−1 which mapsei to 1 and obeys the

Leibniz rule
∂ (ab) = (∂a)b+(−1)degaa(∂b)

for homogeneousa∈ E and allb∈ E. One easily checks

∂eS = (ei1 −ei0) · · ·(eim−ei0) =
m

∑
j=0

(−1) jeS\{i j}

for S= {i0, . . . , im}. TheOrlik-Solomon idealof M is the ideal

J(M) = (∂eS : Sdependent) = (∂eC : C circuit ).

If there is no danger of confusion we simply writeJ for J(M). The quotient ringE/J is
called theOrlik-Solomon algebraof M.

Orlik-Solomon algebras of matroids are generalisations ofOrlik-Solomon algebras
of central hyperplane arrangements, since not every matroid is defined by a hyperplane
arrangement.

Example 6.1.1.The matroid on[9] whose circuits are

{{1,2,3},{1,6,8},{1,5,7},{2,4,7},{2,6,9},{3,4,8},{3,5,9},{4,5,6}}

is called thenon-Pappus matroid. Matroids defined by hyperplane arrangements are rep-
resentable matroids (overC). Oxley showed in [49, Proposition 6.1.11] that the non-
Pappus matroid is not representable over any field and hence cannot be defined by a
hyperplane arrangement.

A circuit whose minimal element (respective to a chosen order on [n]) is deleted is
called abroken circuit. A set that does not contain any broken circuit is callednbc.
Björner proved in [6, Theorem 7.10.2] that the set of all monomials corresponding to
nbc-sets is aK-linear basis ofE/J.

A loop is a subset{i} that is dependent. IfM has a loop{i}, then∂ei = 1 is in J and
thusE/J is zero. Quite often it is enough to consider the case thatM is simple, i.e., M
has no loops and no non-trivial parallel classes. Aparallel classis a maximal subset such
that any two distinct membersi, j are parallel, i.e.,{i, j} is a circuit, and no member is a
loop.

Note that ifM has no loops, a monomialeS is contained inJ if and only if the setS is
dependent (see for example [6, Lemma 7.10.1]).

Example 6.1.2.The simplest matroids are theuniform matroids Um,n with m≤ n.
They are matroids over[n] such that all subsets of[n] of cardinality≤ mare independent.
The rank ofUm,n is obviouslymand the circuits ofUm,n are all subsets of[n] of cardinality
m+ 1. Thus the Orlik-Solomon idealJm,n := J(Um,n) of Um,n is the idealJm,n = (∂eA :
A⊂ [n], |A|= m+1). The relation

∂eS =
k

∑
j=0

(−1) j∂eS\{i j}∪{1}
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for S= {i0, . . . , ik} ⊆ [n] with 1 6∈ S is easily verified by a simple computation. Then we
can rewrite the Orlik-Solomon ideal as

Jm,n = (∂eA : A⊂ [n], |A|= m+1,1∈ A).

The rank of a subsetX ⊆ [n] is the rank of the matroidM|X which results from re-
strictingM on X. Then the closure operator cl is defined as

cl(X) = {i ∈ [n] : r(X∪{i}) = r(X)}

for X ⊆ [n]. If cl(X)= X, thenX is called aflat (or a closed set). The by inclusion partially
ordered setL of all flats ofM is a graded lattice. OnL we consider theMöbius function
which can be defined recursively by

µ(X,X) = 1 and µ(X,Z) = − ∑
X≤Y<Z

µ(X,Y) if X < Z

and thecharacteristic polynomial

p(L; t) = ∑
X∈L

µ( /0,X)tr(M)−r(X).

Thebeta-invariantβ (M) of a matroidM was introduced by Crapo in [13] as

β (M) = (−1)r(M) ∑
S⊆[n]

(−1)|S|r(S) = (−1)r(M) ∑
X∈L

µ( /0,X)r(X).

The Möbius function, the characteristic polynomial and the beta-invariant are consid-
ered in detail in [63].

The direct sumof two matroidsM1 andM2 on disjoint ground setsV1 andV2 is the
matroid M1⊕M2 on the ground setV1 ∪V2 whose independent sets are the unions of
an independent set ofM1 and an independent set ofM2. The circuits ofM1⊕M2 are
those ofM1 and those ofM2. Let Ei = K〈ej : j ∈Vi〉 for i = 1,2 be the exterior algebras
corresponding to the ground sets, andE = E1⊗K E2. Then the Hilbert series of the Orlik-
Solomon algebra is multiplicative on direct sums, i.e.,

H(E/J(M1⊕M2), t) = H(E1/J(M1), t) ·H(E2/J(M2), t).

This can be proved using the fact that the set of all nbc-sets of cardinalityk is aK-basis of
(E/J)k and that the nbc-sets ofM1⊕M2 are the unions of an nbc-set ofM1 and an nbc-set
of M2.

On a matroidM exists the equivalence relation:

x∼ y⇔ x = y or there is a circuitC which contains bothx andy.

The equivalence classes of this relation are called theconnected componentsor, more
briefly, componentsof M. They are disjoint subsets of the ground set and each circuit
contains only elements of one component. IfT1, . . . ,Tk are the components ofM thenM =
M|T1⊕·· ·⊕M|Tk. In abuse of notation we also call the matroidsM|Ti the components of
M. The matroidM is calledconnectedif it has only one connected component.

The Orlik-Solomon algebra has a linear injective resolution, which was first observed
by Eisenbud, Popescu and Yuzvinsky in [20] for Orlik-Solomon algebras defined by hy-
perplane arrangements, although their proof works for arbitrary Orlik-Solomon algebras
as well. For the convenience of the reader we present a compact proof.
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Theorem 6.1.3.[20, Theorem 1.1]Let l = r(M) be the rank of the matroid M. Then
the Orlik-Solomon algebra E/J of M has an l-linear injective resolution.

PROOF. Let Γ be the simplicial complex whose faces are the nbc-sets ofM. The face
ideal ofΓ is the ideal

JΓ = (eA : A 6∈ Γ) = (eA : A is a broken circuit).

This ideal is the initial ideal in(J) of J (this is implicitly contained in the proof of [14,
Theorem 3.3]).

By [6, Theorem 7.4.3] the complexΓ is shellable and henceK{Γ} has pure decom-
posable quotients by Theorem 5.4.10. We show that the socle of K{Γ} is K{Γ}l . Then it
follows from Corollary 5.4.12 thatK{Γ} = E/ in(J) has anl -linear injective resolution.
Corollary 3.2.3 finally implies that alsoE/J has anl -linear injective resolution.

It remains to show that socK{Γ} = K{Γ}l . As l is the rank of the matroid, there is no
independet set with more thanl elements. In particular, there are no nbc-sets with more
than l elements, as nbc-sets are independent. This showsK{Γ}l+1 = 0 and thusK{Γ}l
lies in the socle ofK{Γ}. On the other hand, let 06= eA ∈ K{Γ} be of degree< l , in other
words,A is an nbc-set with less thanl elements. Every nbc-set is contained in an nbc-base
(see, e.g., [6, Proposition 7.4.2(ii)]), and hence there exists an element i ∈ [n]\A such that
A∪{i} is nbc. Equivalently,eieA 6= 0 in K{Γ} and thuseA 6∈ socK{Γ}. All in all this
shows socK{Γ} = K{Γ}l . Alternatively one could use that a pure shellable complex is
Cohen-Macaulay. �

Björner’s result [6, Theorem 7.4.3] that is used in the above proof also says thatthe
quotient ring modulo the ideal generated by the monomials corresponding to circuits
(which is the face ring of a matroid complex, cf. Section 6.5)has a linear injective res-
olution. Therefore one could ask if it is true in general thatE/∂J has a linear injective
resolution ifE/J has one, for an arbitrary graded idealJ. But the answer is negative:

Example 6.1.4.Let J = (e123,e234,e245,e456) ⊆ K〈e1, . . . ,e6〉. The simplicial com-
plex whose face ideal isJ is clearly shellable, hence Cohen-Macaulay. ThereforeE/J
has a linear injective resolution. We use the computer algebra system Macaulay 2 [26] to
compute the annihilator of∂J = (∂e123,∂e234,∂e245,∂e456). It is the ideal

0 : ∂J = (∂e23∂e45,∂e23∂e256,∂e13∂e456−∂e12∂e256,∂e13∂e345),

which is not generated in one degree. ThusE/∂J cannot have a linear injective resolution.

6.2. Depth of Orlik-Solomon algebras

We want to determine the depth of the Orlik-Solomon algebra.We are able to find
at least oneE/J-regular element ifM has no loops. IfM has a loop, thenE/J = 0 and
depthE(E/J) = 0, so we can restrict our attention to loopless matroids.

Proposition 6.2.1. If the matroid M has no loops, then the variable ei is E/J-regular
for all i ∈ [n]. In particular,depthE(E/J) ≥ 1.

PROOF. By Theorem 2.4.5 and Theorem 6.1.3 it is enough to show that the annihilator
of ei in E/J and the ideal(ēi) = ei(E/J) in E/J coincide in degreel .
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Every set of cardinalityl + 1 is dependent and therefore every monomial of degree
l + 1 is contained inJ whence(E/J)l+1 = 0. So every element inE/J of degreel is
annihilated byei .

Now let T be an independent set of cardinalityl that does not containi. ThenT ∪{i}
is dependent and thus∂eT∪{i} ∈ J. ArrangeT ∪{i} such thati is the first element. Then
in E/J there is the relation

eT = eT −∂eT∪{i} = eT −eT +(. . .)ei = (. . .)ei.

So the residue class of every monomial of degreel is in the ideal generated byei , which
shows that the annihilator and the ideal(ei) coincide in degreel . This shows thatei is
E/J-regular and thus the depth ofE/J is at least 1. �

The matroidsM whose corresponding depth is exactly 1 can be characterisedby their
beta-invariantβ (M).

Theorem 6.2.2.If |K| = ∞ and M has no loops, then the depth of the Orlik-Solomon
algebra E/J equals 1 if and only ifβ (M) 6= 0.

PROOF. Theorem 5.1.3 shows that the depth ofE/J is the maximal numbers such
that the Hilbert series can be written asH(E/J, t) = (1+ t)sQ(t) for someQ(t) ∈ Z[t]
with Q(−1) 6= 0.

Björner proved in [6, Corollary 7.10.3] that

H(E/J, t) = (−t)r(M)p(L;−
1
t
).

Replacing the characteristic polynomialp(L;−1
t ) by its definition gives

H(E/J, t) = ∑
X∈L

µ( /0,X)(−1)r(X)tr(X).

Observe thatH(E/J,−1) = 0 because 1+ t dividesH(E/J, t) at least once sinceei is
regular onE/J by the preceding lemma. Thus the Taylor expansion ofH(E/J, t) at−1 is

H(E/J, t) =

(

∑
X∈L

µ( /0,X)(−1)r(X)r(X)(−1)r(X)−1

)
(1+ t)+(1+ t)2(. . .)

=

(
− ∑

X∈L
µ( /0,X)r(X)

)
(1+ t)+(1+ t)2(. . .)

= (−1)r(M)−1β (M)(1+ t)+(1+ t)2(. . .).

Now one sees thatH(E/J, t) can be divided twice by 1+ t if and only if β (M) = 0. �

Crapo [13, Theorem II] proves thatM is connected if and only ifβ (M) 6= 0 (see also
Welsh [61, Chapter 5.2]). Thus the above result says that ifM is connected, the depth of
E/J equals the number of components ofM. This is true in general.

Theorem 6.2.3.Let |K| = ∞ and M be a loopless matroid with k components and J
its Orlik-Solomon ideal. ThendepthE(E/J) = k.
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PROOF. LetM1, . . . ,Mk be the matroids on the components ofM, i.e.,M = M1⊕ . . .⊕
Mk and letJi = J(Mi) be the corresponding Orlik-Solomon ideals. Theorem 5.1.3 and
Theorem 6.2.2 imply that their Hilbert series can be writtenas

H(K〈ej : j ∈ Ti〉/Ji , t) = Qi(t) · (1+ t)

such thatQi(−1) 6= 0. The Hilbert series is multiplicative on direct sums, thus

H(E/J, t) =
k

∏
i=1

(Qi(t) · (1+ t)) = Q(t) · (1+ t)k

with Q(−1) 6= 0 and so depthE(E/J) = k. �

For Orlik-Solomon algebras of hyperplane arrangements this result has been proved
by Eisenbud, Popescu and Yuzvinsky. In [20, Corollary 2.3] they state that the codimen-
sion of the singular variety (i.e., the set of all non-regular elements on the Orlik-Solomon
algebra) of the arrangement is the number of central factorsin an irreducible decompo-
sition of the arrangement. This codimension is exactly the depth of the Orlik-Solomon
algebra as Aramova, Avramov and Herzog show in [1, Theorem 3.1].

Remark 6.2.4. Let M be a loopless matroid with componentsT1, . . . ,Tk andMi =
M|Ti . A “canonical” maximal regular sequence onE/J can be found as follows. For every
componentTj choose an elementi j ∈ Tj . Thenei1, . . . ,eik is anE/J-regular sequence: As
E/(J+(ei1, . . . ,ei j−1)) has an(l − j +1)-linear injective resolution overE/(ei1, . . . ,ei j−1)
by Lemma 5.1.2, it is enough to prove thatei j is regular onE/(J + (ei1, . . . ,ei j−1)) in
degreel − j +1. LetA be an independent subset of[n]\{i1, . . . , i j−1} with |A|= l − j +1.
ThenA = S1∪ . . .∪Sk with Si ⊆ Ti . The rank ofM is the sum of the ranks of theMi ,
i.e., l = r(M1) + . . .+ r(Mk). So at mostj −1 of theSi are not bases of their matroid,
which means that there exists at ∈ {1, . . . , j} such thatSt ∪{it} is dependent inMt . Then
A∪{it} is dependent inM. The same trick as in the proof of Proposition 6.2.1 shows that
eA ∈ J+(ei1, . . . ,ei j ).

Remark 6.2.5. Deletion and contraction are standard matroid operations.Let M be
a matroid on[n]. For a subsetX ⊆ [n] the deletionof X from M is the matroidM \X,
whose independent sets are the independent sets ofM having no common element with
X. In other words, it is the restriction ofM on [n] \X. The contractionof X from M
is the matroidM/X, whose circuits are the minimal non-empty members of{C \X :
C is a circuit ofM}. Both matroids are matroids on the ground set[n]\X.

In general, there seems to be no relation between the depth ofthe Orlik-Solomon alge-
bra of a matroid and the depth of the Orlik-Solomon algebra ofits deletion or contraction.
To see this we look at the connected components. It is known that every connected compo-
nent ofM\X or M/X is contained in a connected component ofM. LetM = M1⊕ . . .⊕Mk
with Mi = M|Ti be the decomposition ofM into its connected components. Then

M \X = M1\ (T1∩X)⊕ . . .⊕Mk\ (Tk∩X) andM/X = M1/(T1∩X)⊕ . . .⊕Mk/(Tk∩X)

are decompositions ofM \X andM/X, butMi \(Ti ∩X) andMi/(Ti ∩X) are not necessar-
ily connected. Thus the number of connected components may diminish or grow under
these operations.
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At least, there is an upper and a lower bound for it. The upper bound is (as for every
matroid) the cardinality of the ground set, i.e.,n−|X|. An example where this bound is
attained is the deletion of a subsetX with x elements of the uniform matroidUn−x,n,

Un−x,n\X ∼= Un−x,n−x,

or the contraction of the uniform matroidUx,n,

Ux,n/X ∼= U0,n−x.

The lower bound is the number of connected componentsTi of M such thatTi∩X 6= Ti .
This is the number of the non-empty matroids in the decomposition of M \X andM/X as
above. It is attained ifMi \ (Ti ∩X) (or Mi/(Ti ∩X)) is connected for alli. For example
if X is a separatorof M, i.e., a union of components ofM, then this bound is always
attained. For instance ifX = T1∪ . . .∪Ts for somes≤ k, then the number of connected
components ofM \X = M/X is k−s, becauseTi \ (Ti ∩X) 6= /0 if and only if i > s.

6.3. On resolutions of Orlik-Solomon algebras

As we know now the depth, we can compute the regularity of the Orlik-Solomon
algebra as well.

Corollary 6.3.1. Let |K| = ∞ and M be a loopless matroid of rank l with k compo-
nents. The regularity of its Orlik-Solomon algebra is

regE(E/J) = l −k.

PROOF. This is just an application of Theorem 5.1.6. �

Example 6.3.2.We consider the uniform matroidsUm,n and their Orlik-Solomon
idealsJm,n.

If m = 0 then every non-empty set is dependent. The circuits are allsets with one
element, in particular they are loops. ThusU0,n has rank 0 andn componentsU0,1. The
Orlik-Solomon ideal isJ0,n = E.

If m= n then every set is independent. There are no circuits henceJn,n = 0. The rank
of Un,n is n and it hasn componentsU1,1. Thus depthE(E/J) = n and cxE(E/J) = 0. The
regularity is regE(E/J) = n−n = 0.

If m 6= 0,n thenUm,n is connected. Thus depthE(E/J) = 1 and cxE(E/J) = n−1. The
rank ism hence the regularity is regE(E/J) = m−1.

We say that anE-module haslinear relationsif it is generated in one degree and the
first syzygy module is generated in degree one. Thus a linear projective resolution implies
linear relations.

Theorem 6.3.3.Let M be a simple matroid and have no singleton components. Ifthe
Orlik-Solomon ideal J has linear relations then M is connected.

PROOF. As M is simple there exists no circuits with one or two elements, so J is
generated in degreem≥ 2. SupposeJ = (∂eCi : i = 1, . . . , r) whereC1, . . . ,Cr are circuits
of M of cardinalitym+1. Let f1, . . . , fr be the free generators of

⊕r
i=1E(−m) such that
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fi is mapped to∂eCi in the minimal graded free resolution ofJ. Then the assumption says
that the kernel of this map,

U = {
r

∑
i=1

ai fi : ai ∈ E,
r

∑
i=1

ai∂eCi = 0},

is generated by elementsgk = ∑r
i=1vik fi with vik ∈E1. We may assume that the generators

gk are minimal in the sense that no sum∑i∈I ′ vik fi with I ′ ( {1, . . . , r} is inU .
Under this conditions we claim that for eachk the elements of the circuitsCi with

vik 6= 0 are in the same component ofM.
Fix k∈ {1, . . . , r}. The support of a linear formv = ∑n

j=1 α jej with α j ∈ K is the set
supp(v) = { j : α j 6= 0}. The monomials in the expression∑r

i=1vik∂eCi = 0 have the form
ejeCi\{l} with l ∈ Ci and j ∈ supp(vik). Because of the structure of∂eCi the monomials
ejeCi\{l} cannot be zero for alll ∈Ci . If it is not zero, then there exists anotherCp, q∈Cp

andt ∈ supp(vpk) such that

{ j}∪Ci \{l} = {t}∪Cp\{q}.

As Ci andCp have at least three elements, it follows that their intersection is not empty.
This means that their elements are both in the same componentof M. Then the min-
imality of gk implies that all elements of circuitsCi with vik 6= 0 belong to the same
component, because otherwise one could split the sumgk into two sums∑i∈I1 vik∂eCi = 0
and∑i∈I2 vik∂eCi = 0, whereI1 corresponds to one component andI2 to the other(s). This
shows the claim that for eachk the elements of the circuitsCi with vik 6= 0 are in the same
component ofM.

As the next step we show that, giveni ∈ {1, . . . , r}, every j ∈ supp(vik) must belong
to some circuitCp with vpk 6= 0. Suppose that the converse is true, that is,j 6∈Cp for all p
with vpk 6= 0. Then

ej ∑
{p: j∈supp(vpk)}

αp jk∂eCp = 0

with vpk = ∑n
j=1αp jkej . This implies∑{p: j∈supp(vpk)}αp jk∂eCp ∈ (ej) and thus this sum

must equal zero sincej 6∈Cp for all thesep. But this is not possible as this is a relation of
degree 0 andU is generated by relations of degree 1. Therefore everyj ∈ supp(vik) must
belong to some circuitCp with vpk 6= 0. From this and the first claim we conclude that all
indices in the support ofvik belong to the same component ofM as the elements of the
circuitsCi .

If M is not connected and has no singleton components, there exists at least two com-
ponents and thus two circuitsCl andCj whose intersection is empty. There is a trivial
relation of degree 2mbetween the generators corresponding to these two circuits, namely
∂eCl f j ±∂eCj fl . This relation has a representation

∂eCl f j ±∂eCj fl = ∑
k

hkgk = ∑
k

r

∑
i=1

hkvik fi

wherehk ∈ Em−1. Then
∂eCl = ∑

k

hkv jk
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since thefi are free generators. Each monomial in the sum on the right-hand side has a
variable whose index is in the support ofv jk. As shown above this support is contained in
the same component ofM asCj . ThusCl contains elements of the component ofCj which
implies that both circuits belong to the same component, a contradiction to the choice of
Cl andCj . �

Finally we classify all Orlik-Solomon ideals with linear projective resolutions. Joining
or removing “superfluous” variables has no effect on the linearity of J. This operation
can be expressed using the direct sum of matroids. A singleton {i} is a component of
a (loopless) matroidM if and only if it is contained in no circuit, or equivalently,is
contained in each base. In this casei is called acoloop. The matroid on{i} is U1,1 if
i is a coloop, so we can writeM = M′⊕U1,1 with M′ = M|[n]\{i}. Let E′ = E/(ei) and
J′ the Orlik-Solomon ideal ofM′ in E′. Thenei is E/J-regular andJ = J′E has a linear
projective resolution if and only ifJ′ has one. By iterating this procedure we can split
up M in the direct sum of a matroidM′ which has no singleton components and a copy
of U f , f where f is the number of coloops ofM (note thatU f−1, f−1⊕U1,1 = U f , f ). Then
J(M′) has a linear resolution if and only ifJ(M) has one.

Theorem 6.3.4.Let |K| = ∞ and M be a matroid on[n]. The Orlik-Solomon ideal J
of M has an m-linear projective resolution if and only if M satisfies one of the following
three conditions:

(i) M has a loop and m= 0.
(ii) M has no loops, but non-trivial parallel classes, m= 1 and M= U1,n1 ⊕·· ·⊕

U1,nk ⊕U f , f for some k, f ≥ 0.
(iii) M is simple and M= Um,n− f ⊕U f , f for some0≤ f ≤ n.

PROOF. First of all we will see that ifM satisfies one of the three conditions thenJ
has a linear projective resolution:

(i) If M has a loop{i}, then∂ei = 1∈ J soJ is the whole ringE which has a linear
resolution.

If M satisfies (ii) then the circuits ofM are the circuits of theU1,ni . Thus all circuits
of M have cardinality two which means thatJ is generated by linear formsv1, . . . ,vs and
has the Cartan complexC.(v1, . . . ,vs;E) as a linear resolution.

(iii) Following the remark preceding this theorem we may assume thatM has no sin-
gleton components, so we haveM =Um,n. If m= 0 orm= n then the Orlik-Solomon ideal
is E or zero and has a linear resolution. By Example 6.3.2 the matroid Um,n is connected
if m 6= 0,n. Hence it follows from Theorem 6.2.2 that depthE(E/J) = 1. By Proposition
6.2.1 the variablee1 is E/J-regular. The Orlik-Solomon ideal

J = Jm,n = (∂eA : |A| = m+1,1∈ A)

of Um,n was computed in Example 6.1.2. SoJ+(e1) = (eA : |A| = m)+(e1) and thusJ
reduces moduloe1 to them-th power of the maximal ideal in the exterior algebraE/(e1)
and hence has a linear projective resolution by Theorem 5.1.8.

Now letJ have anm-linear projective resolution. IfM has a loop, then this is a circuit
of cardinality one whencem= 0. ThusM satisfies (i).
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Now we consider the case thatM is simple. As above we assume thatM has no
singleton components. So we have to show thatM = Um,n. Theorem 6.3.3 implies that
M is connected. Then depthE(E/J) = 1 by Theorem 6.2.2 ande1 is a maximal regular
sequence onE/J by Proposition 6.2.1. ReducingJ modulo(e1) gives them-th power of
the maximal ideal of the exterior algebraE/(e1) by Theorem 5.1.8 .

Let A⊆ [n] with 1 ∈ A, |A| = m+ 1 and letA′ = A\ {1}. The degree of the residue
class ofeA′ in E/(e1) is m and soeA′ ∈ J+(e1)/(e1). Thus there exists a representation

eA′ = f +ge1 f ∈ J,g∈ E.

Then

eA = ±eA′e1 = ± f e1 ∈ J

which is the case if and only ifA is dependent. So every subset of cardinalitym+ 1
containing 1 is dependent. An analogous argument fori > 1 shows that every subset of
cardinalitym+1 is dependent. No subset of cardinality≤ m is dependent becauseJj = 0
for j < m. Thus we concludeM = Um,n.

Finally we assume thatM has no loops or singleton components, but non-trivial par-
allel classes. Then there exists at least one circuit with two elements. AsJ is generated in
degreem this impliesm= 1. LetJ1, . . . ,Jk be the Orlik-Solomon ideals of the components
M1, . . . ,Mk of M, i.e.,J = J1 + . . .+Jk. EachJj is generated by linear forms, because no
∂eC with C of one component can be represented by elements∂eCi with Ci of other com-
ponents. Ideals generated by linear forms have the Cartan complex with respect to these
linear forms as minimal graded free resolution and this is a linear resolution. ThusJj has
a linear resolution. It is the Orlik-Solomon ideal of the connected loopless matroidM j .
Following the argumentation in the preceding paragraph forsimple matroids this implies
M j = U1,n j with n j the cardinality of thej-th component ofM andM =

⊕k
j=1U1,n j . �

Since the powers of the maximal ideal ofE are strongly stable, their minimal reso-
lution and especially their Betti numbers are known from Lemma 3.1.2. Also Eisenbud,
Fløystad and Schreyer give in [19, Section 5] an explicit description of the minimal graded
free resolution of the power of the maximal ideal using Schurfunctors. Their result gave
the hint how a “nicer” formula of the Betti numbers could looklike.

Proposition 6.3.5.The graded Betti numbers ofm
t are

βi,i+t(m
t) =

(
n+ i
t + i

)(
t + i −1

i

)
andβi,i+ j(m

t) = 0 for j 6= t.

PROOF. There are
(k−1

t−1

)
monomials of degreet whose highest supporting variable is

ek, i.e.,mk(m
t) = |{u∈ G(mt) : max(u) = k}|=

(k−1
t−1

)
. Hence by Lemma 3.1.2 we obtain

βi,i+t(m
t) =

n

∑
k=t

mk(m
t)

(
k+ i −1

k−1

)
=

n

∑
k=t

(
k−1
t −1

)(
k+ i −1

k−1

)
.
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That this sums equals
(n+i

t+i

)(t+i−1
i

)
can be seen by an induction onn, where the induction

step fromn to n+1 is the following:
n+1

∑
k=t

(
k−1
t −1

)(
k+ i −1

k−1

)

=

(
n+ i
t + i

)(
t + i −1

i

)
+

(
n

t −1

)(
n+ i

n

)

=

((
n+ i +1

t + i

)
−

(
n+ i

t + i −1

))(
t + i −1

i

)
+

(
n

t −1

)(
n+ i

n

)

=

(
n+ i +1

t + i

)(
t + i −1

i

)
,

where we used that (
n+ i

t + i −1

)(
t + i −1

i

)
=

(
n

t −1

)(
n+ i

n

)

which can be verified by a direct computation. �

Now we obtain:

Theorem 6.3.6.Let |K| = ∞ and M be a matroid and J= J(M) be its Orlik-Solomon
ideal.

(i) If M = Um,n− f ⊕U f , f for some f≥ 0, then

βi(J) =

(
n− f −1+ i

m+ i

)(
m+ i −1

i

)
.

(ii) If M = U1,n1 ⊕·· ·⊕U1,nk ⊕U f , f for some k, f ≥ 0, n= f +∑k
i=1ni , then

βi(J) =

(
n− f −k+ i

i +1

)
.

PROOF. Reducing modulo a regular sequence does not change the Betti numbers by
Proposition 4.1.9 so the Betti numbers ofm

m give the Betti numbers ofJm,n.
(i) The Betti numbers ofJ are the same as the Betti numbers of them-th power of the

maximal ideal in the exterior algebraE onn− f −1 variables:

β E
i (J) = β E

i (mm) =

(
n− f −1+ i

m+ i

)(
m+ i −1

i

)
.

(ii) In this caseJ reduces to the maximal ideal in the exterior algebra onn− f − k
variables because for each componentU1,ni one reduces modulo one variable as in Remark
6.2.4. �

Remark 6.3.7. (a) It would be interesting to characterise the matroids whose Orlik-
Solomon ideals are componentwise linear. Of course the matroids from Theorem 6.3.4
are, and these are all such ideals that are generated in one degree. We give a necessary
condition for a matroid to have a componentwise linear Orlik-Solomon ideal. By Corol-
lary 5.3.8 the regularity of the ideal is then the maximal degree of its generators. On the
other hand, Corollary 6.3.1 shows that the regularity of theOrlik-Solomon algebra is the
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rank of the matroid minus its number of connected components. Therefore a matroidM
whose Orlik-Solomon ideal is componentwise linear must have a subsetC ′ of its circuits
such thatJ(M) = (∂eC : C∈ C ′) and

rank(M)−#connected components ofM +1 = max{|C|−1 :C∈ C
′}.

So if M is connected, then the rank must equal max{|C|−1 :C∈ C ′}. This is not always
satisfied, e.g., the ideal of the matroid on[5] with circuits 123,345,1245 has a generating
system induced by the first two circuits. Also, this is not a sufficient condition. The(93)2
matroid (see [14, Example 4.6]) has rank 3 and is connected. Using Macaulay 2 [26], we
compute that its Orlik-Solomon idealJ is minimally generated by the∂eC with

C∈ {278,179,467,368,269,458,359,134,125,5789,4789}.

Hence, it satisfies the above condition, but it is not componentwise linear, becauseJ〈2〉
does not have a linear resolution.

(b) Another interesting question is for which matroids the Orlik-Solomon ideal has
linear quotients. If the ideal is generated in one degree, then by Theorem 5.4.3 these are
exactly the ones with a linear projective resolution, determined in Theorem 6.3.4. LetM
be a simple matroid without singleton components whose Orlik-Solomon ideal has linear
quotients w.r.t. a generating system consisting of elements of the type∂eC for circuitsC
of M. ThenM must be connected: Suppose the firstm generatorsC1, . . . ,Cm belong to
one component, and the(m+1)-th belongs to another. Then the ideal

(∂eC1, . . . ,∂eCm) : ∂eCm+1

must be generated by linear forms. A similar way of argumentation as in the proof of
Theorem 6.3.3 shows that this is not possible. The regularity of the ideal is the same as
in (a), by Theorem 5.4.3. Hence, also the condition rank(M) = max{|C|−1 : C ∈ C ′}
for a generating setC ′ must be satisfied. Again this is not sufficient; the(93)2 matroid
does not have linear quotients w.r.t. the above generating system (or any permutation of
it), because otherwise it would be componentwise linear by Theorem 5.4.5. The matroid
on [5] with the circuits 1234,2345,1245,135 has linear quotients w.r.t. this generating set.
Note that it is not minimal.

(c) To prove that the Orlik-Solomon algebra has a linear injective resolution, one uses
that the initial ideal of the Orlik-Solomon ideal is the faceideal of a shellable complex, the
complexΓ whose faces are the nbc-sets. By Theorem 5.4.10 the face ringof this complex
has pure decomposable quotients w.r.t. a decomposition induced by the shelling. So one
could wonder if the same is true for the Orlik-Solomon algebra itself. But the answer is
negative, at least for the so induced decomposition: Consider the matroidAG(3,2)′ (see,
e.g., [49]), whose circuits are

1234,1256,1278,1357,1368,1458,1467,2358,2367,2468,3456,3478,5678

and

12457,23457,24567,24578.
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Let T1, . . . ,T22 be the lexicographically ordered nbc-bases ofAG(3,2)′. The decomposi-
tion of J that corresponds to the canonical generating set of in(J) = JΓ is given by

J =
22⋂

i=1

Ji,

whereJi is defined as follows (cf. [14]): Let Ti = { j1, . . . , j l}, l = rankAG(3,2)′ = 4 with
j1 < .. . < j l . ThenJi is generated by the linear formsex−ejk such thatk is maximal with
x∈ cl{ j l , . . . , jk}, x 6∈ Ti . With Macaulay 2 [26] we compute that the fifth quotient is not
isomorphic to a principal pure decomposable ideal. The firstfive nbc-bases are

T1 = 1235, T2 = 1236, T3 = 1237, T4 = 1238, T5 = 1245,

and the corresponding ideals are

J1 = (e8−e2,e7−e1,e6−e1,e4−e1), J2 = (e7−e2,e8−e1,e5−e1,e4−e1),

J3 = (e6−e2,e8−e1,e5−e1,e4−e1), J4 = (e5−e2,e7−e1,e6−e1,e4−e1),

J5 = (e8−e1,e7−e1,e6−e1,e3−e1).

The annihilator of the fifth quotient is the ideal

annE

4⋂

i=1

Ji
/ 5⋂

i=1

Ji = (e8−e1,e7−e1,e6−e1,e3−e1,∂e458,∂e248),

which is not generated by linear forms. Hence,
⋂4

i=1Ji
/⋂5

i=1Ji is not isomorphic to a
principal pure decomposable ideal.

Open problem 6.3.8.
(i) Is there a characterisation of the matroids whose Orlik-Solomon ideal is com-

ponentwise linear?
(ii) Is there a characterisation of the matroids whose Orlik-Solomon ideal has linear

quotients?

6.4. Strongly decomposable Orlik-Solomon ideals

In this section we analyse which Orlik-Solomon ideals are strongly decomposable.
In abuse of notation we will also call the matroids strongly decomposable whose Orlik-
Solomon ideals are so. Therefore throughout this section let J be the Orlik-Solomon ideal
of a matroid.

Recall from Section 5.5 thatJ is called strongly (pure) decomposable if it has a system
of pure decomposable generatorsf1, . . . , ft such that the annihilators annE fi = (v : v∈Vi)
satisfy the conditionVi ∩ (V1+ . . .+V̂i + . . .+Vt) = {0} for everyi = 1, . . . , t.

One generating system ofJ is the set{∂eC : C is a circuit}. But this is not necessarily
minimal. Often it is enough to consider only a subset of the set of circuits of the matroid.
The annihilator of∂eC is generated by the elementsei −ej with i, j ∈ C. Therefore ev-
ery Orlik-Solomon ideal is pure decomposable. Thus for being strongly decomposable
J should have a generating system whose circuits do not intersect “too much”. Obvi-
ously if two of the circuits have at least two common elements, thenJ cannot be strongly
decomposable w.r.t. a generating set that contains these two circuits.
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Proposition 6.4.1.J is strongly decomposable w.r.t a generating set of circuits if and
only if the Orlik-Solomon ideals of all of its connected components are.

PROOF. Let T1, . . . ,Tk be the ground sets of the components ofM andJ = (∂eCi, j )
whereCi, j is the j-th circuit of thei-th component (which is part of the generating set).
The vector space corresponding to the annihilator of the(i, j)-th generator isVi, j = 〈ex−
ey : x,y∈Ci, j〉. ThenJ is strongly decomposable if and only if

Vh,l ∩ ∑
i 6=h or (h, j)6=(h,l)

Vi, j = {0}.

Assume thatJ is strongly decomposable. Then

Vh,l ∩∑
j 6=l

Vh, j ⊆Vh,l ∩ ∑
i 6=h or (h, j)6=(h,l)

Vi, j = {0}

for eachh = 1, . . . ,k. Thus the Orlik-Solomon ideal(∂eCh, j ) of the h-th component is
strongly decomposable.

Now suppose that the ideal of each component is strongly decomposable. Notice that
∑ j Vi, j = 〈ex− ey : x,y ∈ Ti〉 for all i = 1, . . . ,k because whenever|C∩C′| ≥ 1 for two
circuitsC,C′, then

〈ex−ey : x,y∈C〉+ 〈ex−ey : x,y∈C′〉 = 〈ex−ey : x,y∈C∪C′〉.

Let v be an element inVh,l ∩∑i 6=h or (h, j)6=(h,l)Vi, j . Then there exist elementsap,bp which
are in the same ground setTip, ip 6= h andcs,ds which are in the same circuitCh, js (in Th)
and coefficientsαp,βs∈ K such that

v = ∑
p

αp(eap −ebp)+∑
s

βs(ecs−eds) ∈Vh,l .

The set of variables occuring in the first sum is disjoint to the set of variables that occur
in the second sum and inVh,l because they lie in different components. Thus the first sum
must be zero. Then

v = ∑
s

βs(ecs−eds) ∈Vh,l ∩∑
j 6=l

Vh, j

whencev= 0 since the ideal of theh-th component is strongly decomposable by assump-
tion. This concludes the proof. �

Therefore it is enough to look at connected matroids. We start by looking at the
number of circuits.

Example 6.4.2.(One circuit) If the matroid has only one circuit thenJ is strongly
decomposable. By the way this is the only case whenJ is generated by one element.

Example 6.4.3.(Two circuits) A connected matroid cannot have exactly two circuits
because of the circuit elimination axiom. Combining Proposition 6.4.1 and Example 6.4.2
one sees that a (disconnected) matroid with exactly two circuits obviously is strongly
decomposable.
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Example 6.4.4. (Three circuits) If a connected matroid has exactly three circuits
C1,C2,C3, then the circuit elimination axiom implies that each circuit is the symmetric
difference of the two others, i.e.,

Ci = (Cj ∪Ck)\ (Cj ∩Ck) for {i, j,k} = {1,2,3},

as follows: First of all we see that the intersection of any two of the circuits is not empty.
Suppose for the contrary thatC1∩C2 = /0 and considerx∈C1. Thenx is not contained in
C2. Everyy∈C2 is not contained inC1, but since the matroid is connected, there must exist
a circuit that contains bothx andy. This must beC3. HenceC2⊆C3, a contradiction. If the
intersection is not empty, then it is immediate thatCi ⊆ (Cj ∪Ck)\ (Cj ∩Ck) by the circuit
elimination axiom. Suppose there exists an elementx∈ (Cj ∪Ck) \ (Cj ∩Ck) andx 6∈Ci ,
sayx∈Cj . This means thatx 6∈Ck. But this is a contradiction toCj ⊆ (Ci ∪Ck)\(Ci ∩Ck).

We distinguish two cases:

(a) The intersectionC1∩C2 contains exactly one element.
(b) The intersectionC1∩C2 contains more than one element.

(a) We show that in this situationJ is strongly decomposable w.r.t. the generating
systemJ = (∂eC1,∂eC2). At first sight, the Orlik-Solomon ideal is generated by all three
circuits, butJ is not strongly decomposable w.r.t. this generating set. One reason for this
is that it is not minimal. It is enough to take the first two circuits, that is,J = (∂eC1,∂eC2).
To prove this, one has to do some computations showing that∂eC3 ∈ (∂eC1,∂eC2). This
is done in Lemma 6.4.5 following this example. SinceVi = 〈ex−ey : x,y∈Ci〉 for i = 1,2
and|C1∩C2| = 1 we conclude thatV1∩V2 = {0}. ThusJ is strongly decomposable.

(b) We show that in this situationJ is not strongly decomposable w.r.t any generating
set. If the intersectionC1∩C2 consists of more than one element, sayx,y∈C1∩C2, then
any generating set containing∂eC1 and∂eC2 cannot be strongly decomposable w.r.t. this
generating set sinceex−ey is a nonzero element in the intersectionV1∩V2. We show thatJ
is also not strongly decomposable w.r.t. every other systemof generators because the num-
ber of variables is not big enough. We can assumen = |C1∪C2| = |C1|+ |C2|− |C1∩C2|
becauseC3 = C1∪C2\C1∩C2 ⊆C1∪C2 and because we can divide out supernumerous
variables (i.e., variables that do not appear in any circuit) and afterwards the ideal would
still be strongly decomposable by Lemma 5.5.10.

It is not always the case that∂eC1 and∂eC2 are a minimal system of generators ofJ
(we do not know exactly when). But they give a lower bound for the number of elements
and degrees of a minimal system of generators. Therefore we look at the ideal generated
by them.

If (∂eC1,∂eC2) has a generating system that satisfies the strongly decomposable prop-
erty, then there exists a coordinate transformation such that this generating set is trans-
formed to monomials with pairwise disjoint support. Thus wewould need at least|C1|−
1+ |C2|−1 variables. If|C1∩C2| > 2, then

n = |C1|+ |C2|− |C1∩C2| < |C1|+ |C2|−2

whence there are not enough variables. If|C1∩C2| = 2, then there are exactly as much
variables as needed. But the Orlik-Solomon algebra of a connected matroid has depth
one by Theorem 6.2.2 so we can divide out one regular element.This operation does
not change the property of being strongly decomposable nor the necessary number of
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variables but diminishes the number of available variablesby one. So there are not enough
also for|C1∩C2| = 2.

For readability we relabel the variables in the following lemma.

Lemma 6.4.5. Let C1 = {1,2, . . . ,s− 1,s}, C2 = {s,s+ 1, . . . ,n− 1,n} and C3 =
{1,2, . . . ,s−1,s+1, . . . ,n−1,n} for some natural numbers s≤ n. Then

∂eC3 = (−1)(n+1)(s+1)∂eC2\{s}∂eC1 +∂eC1\{s}∂eC2.

In particular, the Orlik-Solomon ideal(∂eC1,∂eC2,∂eC3) is generated by∂eC1 and∂eC2.

PROOF. The proof is just a rewriting of the right-hand side of the equation using the
definition of∂ , that is

(−1)(n+1)(s+1)∂eC2\{s}∂eC1 +∂eC1\{s}∂eC2

= (−1)(n+1)(s+1)
n

∑
j=s+1

(−1) j−s−1eC2\{s, j}

s

∑
i=1

(−1)i−1eC1\{i}

+
s−1

∑
i=1

(−1)i−1eC1\{s,i}

n

∑
j=s

(−1) j−seC2\{ j}

=
n

∑
j=s+1

s

∑
i=1

(−1)(n+1)(s+1)+ j+i−seC2\{s, j}eC1\{i}

+
s−1

∑
i=1

n

∑
j=s

(−1) j+i−s−1eC1\{s,i}eC2\{ j}

(∗)
=

n

∑
j=s+1

s

∑
i=1

(−1) j+i−se(C1∪C2)\{s, j ,i} +
s−1

∑
i=1

n

∑
j=s

(−1) j+i−s−1e(C1∪C2)\{s, j ,i}

=
n

∑
j=s+1

s−1

∑
i=1

(
(−1) j+i−s+(−1) j+i−s−1)e(C1∪C2)\{s, j ,i}

+
n

∑
j=s+1

(−1) je(C1∪C2)\{s, j} +
s−1

∑
i=1

(−1)i−1e(C1∪C2)\{s,i}

= 0+∂eC3.

In the step labelled(∗) we usedeC2\{s, j}eC1\{i} = (−1)(|C2|−2)(|C1|−1)e(C1∪C2)\{s, j ,i},
since degeC2\{s, j} = |C2| −2, degeC1\{i} = |C1| −1 andC1 andC2 are ordered. Into the
last step goesC3 = (C1∪C2)\{s}. �

For the uniform matroids, our standard example class, we areable to characterise
completely which of them are strongly decomposable.

Example 6.4.6.Let |K| = ∞. We claim that the uniform matroidUm,n is strongly
decomposable if and only ifm∈ {0,1,n−1,n}.

One possible generating system ofJm,n we know is the set{∂eC : C ⊂ [n], |C| = m+
1,1∈C}. But as 1 is an element of each circuit in this set, it is probably not an appropriate
generating system for our purpose.
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Instead of looking for a better generating system we first construct a necessary condi-
tion. Therefore suppose thatJ has a generating set that satisfy the strongly decomposable
property. Following Proposition 5.5.6 this must be a minimal system of generators. The
number of elements in a minimal system of generators is determined by the zeroth Betti
number which is

(n−1
m

)
by Theorem 6.3.6.

Hence after a change of coordinates the ideal is generated by
(n−1

m

)
monomials of

degreem with pairwise distinct support. Thus the exterior algebra must have at least(n−1
m

)
·mvariables. So our necessary condition is

(
n−1

m

)
·m≤ n.

The cases in which this is true are characterised in the following lemma, whose proof
we postpone to the end of the example.

Lemma 6.4.7.Let m,n be natural numbers with m≤ n. Then
(n−1

m

)
·m≤ n if and only

if m∈ {0,1,n−1,n}.

This result says that the uniform matroidUm,n can only be strongly decomposable if
m∈ {0,1,n−1,n}. One easily finds generating sets in this four cases such thatJm,n is
strongly decomposable w.r.t. these:

(i) If m= 0, thenJ0,n = (1).
(ii) If m= 1, thenJ1,n is generated by linear forms.

(iii) If m= n−1, thenJn−1,n is generated by one element.
(iv) If m= n, thenJn,n = (0).

PROOF OFLEMMA 6.4.7. We consider
(n−1

m

)
·m as a function inm. It is increasing

on [0,⌊n
2⌋]∩N and symmetric to the axism= n−1

2 .
The claim then follows from the observation that

(n−1
m

)
·m≤ n for m= 1,n−1 and(n−1

m

)
·m≥ n for m= 2,n−2. �

6.5. Matroid complexes

There is another quotient ring of the exterior algebra related to matroids. The set of
independent sets of a matroidM is closed under taking subsets and thus a simplicial com-
plex∆M. Therefore one can investigate the face ringK{∆M}. Björner [6, Theorem 7.3.3]
proves that∆M is shellable. SoK{∆M} has pure decomposable quotients (cf. Theorem
5.4.10) and in particular a linear injective resolution, because∆M is pure and hence its
socle lies in one degree.

Theorem 6.5.1.Let |K| = ∞ and M be a matroid with s singleton components. Then

depthE K{∆M} = s.

PROOF. M can be decomposed into a direct sumM = M′ ⊕Us,s such thatM′ is a
matroid without singleton components. Ifi1, . . . , is are the elements of the singleton com-
ponents, thenei1, . . . ,eis is a regular sequence onK{∆M} andK{∆M}/(ei1, . . . ,eis)K{∆M}
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is isomorphic to the face ring of∆M′. Hence we may assume thatM has no singleton com-
ponents. Then we have to show that depthE K{∆M}= 0 which is equivalent tõχ(∆M) 6= 0
by Corollary 5.1.4.

Björner [6, Proposition 7.4.7] proved that

χ̃(∆M) = (−1)r(M)µ̃(M∗)

(observe that he denotes the reduced Euler characteristic by χ(∆)). Herer(M) is the rank
of M andM∗ is its dual matroid, whose bases are the complements of the bases ofM.
Furthermoreµ̃(M∗) the Möbius invariant ofM∗ defined as

µ̃(M∗) =

{
|µL(0̂, 1̂)| if M∗ is loopless,

0 if M∗ has loops,

whereL is the lattice of flats ofM∗. By [51, Theorem 4] the number|µL(0̂, 1̂)| is not zero.
The loops ofM∗ are exactly the singleton components (or coloops) ofM. Since we

have assumed thatM has no singleton components,µ̃(M∗) is not zero and hencẽχ(∆M) 6=
0. �

With the depth the homological invariants complexity and regularity can be computed,
cf. Theorems 4.1.2 and 5.1.6.

Corollary 6.5.2. Let |K| = ∞ and M be a matroid on[n] of rank l with s singleton
components. Then

(i) cxE K{∆M} = n−s.
(ii) regE K{∆M} = l −s.

Proposition 6.5.3.Let |K| = ∞ and M be a matroid. The face ideal J∆M has an m-
linear projective resolution over E if and only if M= Um−1,n−s⊕Us,s.

PROOF. As in the proof of Theorem 6.5.1 we may assume thatM has no singleton
components and thus depthE K{∆M} = 0. Then we have to show thatJ∆M has anm-
linear projective resolution overE if and only if M = Um−1,n. This follows directly from
Corollary 5.1.9 and∆Um−1,n = ∆m−1,n. �

Corollary 6.5.4. Let |K| = ∞ and M be a matroid. The Stanley-Reisner ideal I∆M has
an m-linear free resolution over S if and only if M= Um−1,n−s⊕Us,s.

An easy observation is that any strongly decomposable monomial ideal is the face
ideal of a matroid complex.

Corollary 6.5.5. A monomial ideal J⊂ E is strongly decomposable if and only if
J = J∆M for a matroid M such that every component of M has at most one circuit.

PROOF. If J is strongly decomposable, then it is equal to the face ideal of ∆M, where
the circuits ofM are the sets corresponding to the generators ofJ. Since these sets are
pairwise disjoint by Proposition 5.5.4, they define indeed amatroid, and every component
of this matroid is given by one of these sets.

Conversely letJ = J∆M with M as above. The minimal non-faces of∆M, which corre-
spond to the generators ofJ, are the circuits ofM. They are pairwise disjoint and thusJ
is strongly decomposable by Proposition 5.5.4. �
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6.6. Examples

In this section we study some examples of matroids with smallrank or small number
of elements.

Oxley enumerates in [49, Table 1.1] all non-isomorphic matroids with three or fewer
elements. The only loopless matroids among them are the uniform matroidsU1,1, U1,2,
U2,2, U1,3, U2,3 andU3,3. Their depth, complexity and regularity were already computed
in Example 6.3.2.

Now we turn to matroids defined by central hyperplane arrangements inCl with l ≤ 3.
The arrangement is called central if the common intersection of all hyperplanes is not
empty. A set oft hyperplanes defines an independent set if and only if their intersection
has codimensiont. Thus every two hyperplanes in a central arrangement define an inde-
pendent set and so the matroids defined by central hyperplanearrangements are simple.

In C1 the only central hyperplane arrangement consists of a single point, thus the
underlying matroid isU1,1.

In C2 a central hyperplane arrangement consists ofn lines through the origin. The
underlying matroid isU2,n if n≥ 2 andU1,1 if n = 1.

In C3 central hyperplane arrangement define various matroids. One single hyperplane
defines aU1,1, two hyperplanes aU2,2. Three hyperplanes intersecting in a point give a
U3,3, if their intersection is a line then the underlying matroidis U2,3. More generally
n hyperplanes through a line define the matroidU2,n. Such an arrangement is called a
pencil. For the first time one obtains a matroid that is not uniform with four hyperplanes
taking three hyperplanes intersecting in a line and a fourthin general position, i.e., the
intersection of the fourth with every two others is a point. The underlying matroid has
two components, one containing the first three hyperplanes and one singleton component
for the fourth hyperplane. It is the matroidU2,3⊕U1,1. Such an arrangement is an example
for a near pencil. For simplicity we define the notions of pencil and near pencil in terms
of their underlying matroid.

Definition 6.6.1. A central arrangement ofn≥ 3 hyperplanes is called

(i) a pencil if its underlying matroid isU2,n.
(ii) a near pencilif its underlying matroid isU2,n−1⊕U1,1.

In abuse of notation we also call the matroidU2,n a pencil andU2,n−1⊕U1,1 a near
pencil.

A matroid defined byn hyperplanes inC3 is a simple matroid of rank 3 unless it is not
a pencil which has rank 2. We classify all simple rank 3 matroids by their connectedness.
Then we determine their homological invariants depth, complexity and regularity.

It is well-known that a near pencil is the unique reducible central hyperplane arrange-
ment inC3; we present a homological proof for this fact.

Theorem 6.6.2.Let M be a simple matroid of rank 3. Then M is connected if and
only if it is not a near pencil.

PROOF. Note thatn≥ 3 sinceM has rank 3. IfM = U2,n−1⊕U1,1 is a near pencil, it
has two components ifn > 3 and three components ifn = 3. Thus it is not connected in
any case.
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Suppose thatM hask components withk > 1 and letJ be its Orlik-Solomon ideal. It
is zero if and only if all subsets are independent. Thenr(M) = 3 implies thatM = U3,3 =
U2,2⊕U1,1 is a near pencil. So from now on we assumeJ 6= 0. SinceM is simple,J is
generated in degree≥ 2 and thus regE J ≥ 2. Theorem 6.2.3 and Corollary 6.3.1 imply
that

regE(J) = regE(E/J)+1 = 3−k+1 = 4−k≤ 2.

Thus the regularity ofJ is exactly 2 andk = 2. ThenJ has a 2-linear resolution and we
may apply Theorem 6.3.4 which says thatM = U2,n−i ⊕Ui,i for some 0≤ i ≤ n. We may
assume 2< n− i otherwiseM is U3,3 and has three components. Then 3= r(M) = 2+ i
so i = 1 andM = U2,n−1⊕U1,1 is a near pencil. �

In the following table we have collected the homological invariants of all simple ma-
troids of rank 3 which are given in the preceding Theorem 6.6.2, using [1, Theorem 3.2],
Theorem 6.2.3 and Corollary 6.3.1. It is a generalisation ofProposition 4.6 of Schenck
and Suciu in [54], even including the special casen = 3.

depthE(E/J) cxE(E/J) regE(E/J)
no near pencil 1 n−1 2

near pencil,n > 3 2 n−2 1
near pencil,n = 3 3 0 0

The number of simple rank 3 matroids is, e.g., determined in [16]. If n = 4 there exist
only two simple rank 3 matroids, namelyU3,4 andU2,3⊕U1,1. If n = 5 there exist 4
simple rank 3 matroids,U3,5, U2,4⊕U1,1 and two further which cannot be expressed as
sum of uniform matroids since they must be connected by Theorem 6.6.2. One is the
underlying matroid of an arrangement of five hyperplanes, three intersecting in a line and
two in general position to each other and to the first three hyperplanes. The matroid has
only one circuit with three elements corresponding to the first three hyperplanes and three
circuits with four elements. The arrangement of five hyperplanes defining the second
matroid has twice three hyperplanes intersecting in a line.The matroid has two circuits
with three elements corresponding to these triples, and onecircuit with four elements, not
containing the element in the intersection of the other circuits.

Open problem 6.6.3.Are there more interesting applications to hyperplane arrange-
ments?
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(−)∗, E-dual, 12
(−)∨, K-dual, 12
∆∗, Alexander Dual, 13
∆m,n, 60
core Delta, 60

Alexander dual, 13
αi, j (E/J), generic annihilator numbers, 47
αi, j (v1, . . . ,vn;M), annihilator numbers, 46
annihilator numbers, 46

Bass numbers, 17
βi, j ,r , 49
βi , βi, j , Betti numbers, 16

Cartan
-Betti numbers, 49
cocomplex, 19
cohomology, 19
complex, 19
homology, 19

circuit elimination axiom, 88
complexity, 16
componentwise injective linear, 70
componentwise linear, 67
cxE, complexity, 16

d(M), highest degree inM, 12
depth, 31
depthE M, 31

Euler characteristic, reduced, 13
exterior algebra, 11

face ideal, 13
face ring, 13

generic annihilator numbers, 47
generic initial ideal, 27
gin(J), generic initial ideal, 27

H i(v;M), Cartan cohomology, 19

Hi(v;M), Cartan homology, 19
H̃ i(∆;K), reduced simplicial cohomology, 14
H̃i(∆;K), reduced simplicial homology, 14
H j(M,v), cohomology of the complex(M,v), 12
H(−,M), Hilbert function ofM, 12
H(M,t), Hilbert series ofM, 12

I∆, Stanley-Reisner ideal, 13
ideal

monomial, 11
squarefree stable, 44
stable, 25
strongly stable, 25

initial ideal, 27
injective resolution

linear, 17
minimal, 17

J∆, face ideal, 13
join, 40

K[∆], Stanley-Reisner ring, 13
K{∆}, face ring, 13

linear form, 11
linear quotients, 76
lk∆, link, 14
L(M), 21

(M,v), 12
M , category of f. g. gradedE-modules, 11
µi , µi, j , Bass numbers, 17
M(−a), M shifted in degrees by−a, 12
matroid, 87

β (M), beta-invariant, 89
component of a, 89

monomial, 11

NE, 42
nbc, 88

Orlik-Solomon algebra, 88
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projective resolution, 15
linear, 16
minimal, 15

pure decomposable
element, 38
module, 39
quotients, 80

reduced simplicial cohomology, 14
reduced simplicial homology, 14
regE, (Castelnuovo-Mumford) regularity, 16
regular

element, 31
sequence, 31

regularity, (Castelnuovo-Mumford), 16

simplicial complex, 13
acyclic, 14
Cohen-Macaulay, 14
Gorenstein, 60
sequentially Cohen-Macaulay, 72
shellable, 80
shifted, 29

soc, socle, 12
socle, 12
squarefree module, 41
Stanley-Reisner ideal, 13
Stanley-Reisner ring, 13
strongly pure decomposable, 83

χ̃ , Euler characteristic, reduced, 13
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9. M. Boij and J. Söderberg,Graded Betti numbers of Cohen-Macaulay modules and the multiplicity
conjecture., J. Lond. Math. Soc., II. Ser.78 (2008), no. 1, 85–106.
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Birkhäuser, Basel, 2005.
58. Naoki Terai,Alexander duality theorem and Stanley-Reisner rings., RIMS Kokyuroku1078 (1999),

174–184.
59. N. V. Trung,Reduction exponent and degree bound for the defining equations of graded rings, Proc.

Amer. Math. Soc.101(1987), 229–236.
60. C. A. Weibel,An introduction to homological algebra, Cambridge studies in advanced mathematics,

vol. 38, Cambridge University Press, 1994.
61. D. Welsh,Matroid Theory, Academic Press, London, 1976.
62. K. Yanagawa,Alexander Duality for Stanley-Reisner Rings and Squarefree Nn-Graded Modules, J.

Algebra225(2000), 630–645.
63. T. Zaslavsky,The M̈obius Function and the Characteristic Polynomial, Combinatorial Geometries,

Encyclopedia Math, Appl., vol.29, Cambridge Univ. Press, Cambridge, 1987, pp. 114–138.


