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Zusammenfassung

Planare Graphen haben eine mannigfaltige Geschichte deren Anfänge sich
bis in das 18. Jahrhundert zurückverfolgen lassen. Sie bilden eines der
grundlegenden Konzepte der Graphentheorie. In der rechentechnischen
Graphentheorie bietet die Planarität von Graphen signifikante Vorteile in
Hinblick auf den Algorithmenentwurf und viele bahnbrechende algorithmis-
chen Ergebnisse für planare Graphen wurden im Laufe der Zeit entdeckt.
Formal gesehen ist ein Graph entweder planar oder nicht(-planar). Jedoch
existiert eine vielfältige Menge von etablierten Maßen um zu messen wie weit
ein Graph davon entfernt ist, planar zu sein.

In der vorliegenden Arbeit beschäftigen wir uns mit der Evaluation und
Verbesserung von Algorithmen, die diese Maße der Nicht-Planarität berech-
nen. Insbesondere betrachten wir (1) das Problem einen planaren Teilgraphen
mit maximaler Kantenanzahl zu finden, (2) das Problem einen Graphen
auf einer Oberfläche mit möglichst kleinem Genus einzubetten und (3) das
Problem einen Graphen mit möglichst wenig Kantenkreuzungen zu zeichnen.
All diese Probleme sind klassische Fragen des Graphenzeichnens und jew-
eils NP-schwer. Dennoch gibt es teilweise jahrzehntelange Forschung über
exakte Algorithmen zur Berechnung dieser Maße. Wir präsentieren neue
Modelle, basierend auf mathematischer Programmierung und verschiede-
nen Charakterisierungen von Planarität, um große planare Teilgraphen und
Einbettungen mit kleinem Genus zu finden. Die Quintessenz unserer erfol-
greichsten Modelle ist es auch die Beziehung zwischen Einbettungen und
ihrem dualen Graph angemessen genau zu beschreiben. Basierend auf diesen
Modellen entwerfen wir neue Algorihmen die um Größenordnungen schneller
als der aktuelle Stand der Technik sind. Wir untermauern diese Beobach-
tungen durch umfassende experimentelle Studien und zeigen außerdem die
theoretischen Vorteile unserer neuen Modelle auf.

Neben exakten Algorithmen betrachten wir auch Heuristiken und approx-
imative Verfahren um große planare Teilgraphen zu berechnen. Im Bereich
der Kreuzungszahlen präsentieren wir eine automatische Beweisextraktion,
ein neues Härteresultat in Bezug auf das Einfügen einzelner Kanten sowie
die Lösung der verbleibenden Fälle einer Vermutung über den Zusammen-
hang zwischen hohem Knotengrad und minimalen Hindernissen für niedrige
Kreuzungszahl.



Abstract

Planar graphs have a rich history that dates back to the 18th Century. They
form one of the core concepts of graph theory. In computational graph theory,
they offer broad advantages to algorithm design and many groundbreaking
results are based on them. Formally, a given graph is either planar or
non-planar. However, there exists a diverse set of established measures to
estimate how far away from being planar any given graph is.

In this thesis, we aim at evaluating and improving algorithms to compute
these measures of non-planarity. Particularly, we study (1) the problem
of finding a maximum planar subgraph, i.e., a planar subgraph with the
least number of edges removed; (2) the problem of embedding a graph on
a lowest possible genus surface; and finally (3) the problem of drawing a
graph such that there are as few edge crossings as possible. These problems
constitute classical questions studied in graph drawing and each of them is
NP-hard. Still, exact (exponential time) algorithms for them are of high
interest and have been subject to study for decades. We propose novel
mathematical programming models, based on different planarity criteria,
to compute maximum planar subgraphs and low-genus embeddings. The
key aspect of our most successful new models is that they carefully describe
also the relation between embedded (sub-)graphs and their duals. Based on
these models, we design algorithms that beat the respective state-of-the-art
by orders of magnitude. We back these claims by extensive computational
studies and rigorously show the theoretical advantages of our new models.

Besides exact algorithms, we consider heuristic and approximate ap-
proaches to the maximum planar subgraph problem. Furthermore, in the
realm of crossing numbers, we present an automated proof extraction to
easily verify the crossing number of any given graph; a new hardness result
for a subproblem that arises, e.g., when enumerating simple drawings; and
resolve a conjecture regarding high node degree in minimal obstructions for
low crossing number.
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Chapter 1

Introduction

Cycle (graph theory). A closed walk in
a graph that contains no repeated nodes.
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• Markus Chimani, Ivo Hedtke, and Tilo Wiedera. “Exact Algorithms
for the Maximum Planar Subgraph Problem: New Models and Experi-
ments.” In: ACM Journal of Experimental Algorithmics 24.1 (2019).
doi: 10.1145/3320344. A preliminary version appeared in [CHW16].

• Markus Chimani and Tilo Wiedera. “Stronger ILPs for the Graph
Genus Problem.” In: Proceedings of the 27th Annual European Sympo-
sium on Algorithms (ESA 2019), Munich/Garching, Germany. Vol. 144.
LIPIcs. 2019, pp. 30:1–30:15. doi: 10.4230/LIPIcs.ESA.2019.30

• Drago Bokal, Zdeněk Dvořák, Petr Hliněný, Jesús Leaños, Bojan Mohar,
and Tilo Wiedera. “Bounded Degree Conjecture Holds Precisely for
c-Crossing-Critical Graphs with c ≤ 12.” In: Proceedings of the 35th
International Symposium on Computational Geometry (SoCG 2019),
Portland, Oregon, USA. vol. 129. LIPIcs. 2019, pp. 14:1–14:15. doi:
10.4230/LIPIcs.SoCG.2019.14

• Alan Arroyo, Fabian Klute, Irene Parada, Raimund Seidel, Birgit
Vogtenhuber, and Tilo Wiedera. “Inserting one edge into a simple
drawing is hard.” In: Proceedings of the 46th International Workshop
on Graph-Theoretic Concepts in Computer Science (WG 2020), Leeds,
West Yorkshire, Great Britain. LNCS. to appear. Springer, 2020

1.1 Basic Notation

Let us begin by defining the basic notation that we are going to use throughout
this thesis. For a number k ∈ N, we denote the set {1, 2, ..., k} by [k] and
the set {0} ∪ [k] by JkK. Given a set X, we refer to the set that contains all
subsets of cardinality k of X as X{k} and to the set of all permutations with
length k of elements from X as X(k). We may write X ⊎ Y instead of X ∪ Y
to indicate that the set X is disjoint from the set Y . A partition of X is a
set P of classes (or partition sets), such that

⨄︁
p∈P p = X.

1.2 Complexity Theory

Here, we give a brief overview of those core aspects of algorithmic complexity
theory that we are going to use throughout this thesis. Consider a finite set
Σ that we call the alphabet. We refer to finite sequences of elements of Σ as
words. The set of all words is denoted by Σ∗. Formally, a decision problem
is a (usually infinite) set P ⊆ Σ∗ of words. For such a prescribed set P,

https://doi.org/10.1145/3320344
https://doi.org/10.4230/LIPIcs.ESA.2019.30
https://doi.org/10.4230/LIPIcs.SoCG.2019.14


1.2. COMPLEXITY THEORY 3

Table 1.1: Overview of common identifiers.

G,H graph

n number of nodes

m number of edges

u, v, w node

a, e, f arc / edge

p path / walk

c closed walk / cycle

U, V,W set of nodes

A,E, F set of arcs or edges

w(·) (integral) weight of edges

D drawing

Π embedding

skew skewness

gen genus

cr crossing number

ϕ girth

x, y, z variable in ILP or PBS

OPT (HEU ) optimal (resp. heuristic) solution value

α, β, γ approximation factors
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the respective problem is then to decide for any given word w, i.e., problem
instance, whether w ∈ P . We are typically interested in the resource demand
for any such decision and its dependence on the length of w. Commonly
considered resources are time and space.

Complexity class P contains exactly those decision problems that are
solvable in deterministic polynomial time, i.e., problems that admit a polyno-
mial function f : N→ N such that solving the respective problem for a word
of length n takes at most f(n) steps of a deterministic algorithm. Complexity
class NP, on the other hand, contains exactly the decision problems that are
solvable in non-deterministic polynomial time. Equivalently, NP is the set
of problems where for each word w ∈ P a witness w′, i.e., another word w′

exists, such that we can verify in deterministic polynomial time that w ∈ P
by inspecting w′.

The above definitions are obviously incomplete as we did not formally
establish the meaning of (non-)determinism nor what exactly constitutes
a step in a deterministic algorithm. However, these considerations would
stray too far from the actual scope of this thesis and we refer the interested
reader to [HS11] for a detailed presentation of the topic. Still, to give some
intuition on the topic, we may think of deterministic algorithms as algorithms
that can be executed by ordinary real-world computers while omitting any
memory limitations. The atomic steps of such algorithms are operations that
take constant time on a given machine and we may think of them as central
processing unit (CPU) instructions. From now on, we will only consider
deterministic algorithms.

Clearly, P ⊆ NP. One of the central open questions in computational
complexity is, whether P is in fact the same as NP. Essentially, the question
is whether all problems in NP can be solved in polynomial time. There are
many problems in NP where all known algorithms for these problems require
an exponential number of steps. Let us recapitulate the well-established
concept of reductions that offers a way to distinguish these problems from
those known to be in P.

A reduction from a decision problem A to another decision problem B
is a function f : Σ∗ → Σ∗ such that w ∈ A ⇐⇒ f(w) ∈ B. Assuming that
evaluating the function requires only polynomially many steps and problem B
is solvable in polynomial time as well, we obtain a polynomial time algorithm
for problem A, i.e., problem B is at least as hard to solve as problem A.
Given a problem B, we say that B is NP-hard if for each problem A in
NP there is a reduction from A to B in polynomial time. Evidently, this
property is transitive and allows us to characterize the hardest problems in
NP, thus delimiting them from the ones that we know to be contained in P.
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Optimization problems are different from decision problems in that they
ask to maximize (or minimize) a quantity for a given word. However, both
problem types are strongly related, as one may turn any optimization problem
into a decision problem by asking whether a prescribed value can be achieved
(and encoding this question in the word). As such, we may also classify
optimization problems as NP-hard if they have a respective decision problem
that is NP-hard.

Besides solving optimization problems exactly, one often aims to quickly
find a solution that is provably close to the optimal solution value. Such
algorithms are called approximations. An α-approximation or an approxima-
tion algorithm with ratio (or factor) α achieves a solution whose value HEU
is close to the optimal value OPT in the following sense: For maximization
problems, we have HEU /OPT ≥ α. Conversely, for minimization problems,
we have HEU /OPT ≤ α.

Besides the complexity classes P and NP there are many more and
hardness for these classes can be defined in similar ways. In this thesis we
will, for example, consider the class MaxSNP that contains all optimization
problems that allow constant-factor approximations in polynomial time. The
hardest problems w.r.t. this class, i.e., the MaxSNP-hard problems, each
have a constant bound ̸= 1 that limits the achievable approximation ratio.

While problems are formally defined on words, from now on, we are going
to consider graphs instead of words. They can be en- and decoded as words
in linear time and offer a far more intuitive understanding of the problems
at hand.

1.3 Graph Theory

Let us define the essential terms that graph theory is based upon. We aim
to respect the terminology and definitions of Diestel’s standard textbook on
this topic and refer the interested reader to the book if she should desire a
broader introduction [Die12].

Definition 1.3.1 (Simple Undirected Graph). Given a finite set V , a simple
undirected graph G = (V,E) on V is a 2-tuple, consisting of the set V and
an irreflexive, symmetric binary relation E ⊆ V {2} on it. The elements of V
are called the nodes or vertices of G. Elements of E are referred to as edges.

For a given graph G we denote its node (edge) set by V (G) (resp. E(G)).
Edges are cardinality-2 subsets of the node set. If there is no ambiguity,
we may abbreviate edge {v, w} as vw or—equivalently—as wv. A node v
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is called adjacent to another node w if vw ∈ E, in this case, v is referred
to as a neighbor of w. Analogously, an edge e is said to be adjacent to
another edge f if they share a common node, i.e., e ∩ f ̸= ∅. For a node
v and an edge e, such that v ∈ e, we say that v is incident to e, and vice
versa. A pair of non-adjacent nodes (or edges) is called independent. Given a
node v, we denote its neighbors by N(v). Similarly, its set of incident edges
is referred to as δ(v) and we generalize this notion to arbitrary subsets of
the node set: For W ⊆ V (G), let δ(W ) := {e ∈ E(G) : |e ∩W | = 1}, this is
also referred to as the W -induced cut. The degree deg(v) (occasionally, also
referred to as valency) of a node v is simply its number |δ(v)| of incident
edges. A node v with deg(v) = 0 (deg(v) = 1) is called an isolated node
(leaf, respectively). Typically, we will denote the number |V (G)| of nodes by
n and the number |E(G)| of edges by m. A graph on n nodes is a graph of
order n.

Two graphs G,G′ are called isomorphic to each other if there exists a
bijection, f : V (G)→ V (G′), such that {u, v} ∈ E(G) ⇐⇒ {f(u), f(v)} ∈
E(G′). We will usually consider isomorphic graphs as the same graph,
specifying only the cardinality of V (G) while disregarding the exact nature
of its elements.

We say that a graph G is complete if E(G) = V (G){2}, i.e., there is no
graph of the same order that contains more edges. The complete graph
on n nodes is denoted as Kn, if it is part of a larger graph (subgraph, see
below) it is also called an n-clique. If there exists a subset W ⊆ V (G)
such that δ(W ) = E(G), we say that G is bipartite, i.e., each of its edges
connects a node of W to a node not in W . A graph G that satisfies
E(G) = {vw : v ∈ V (G) \W ∧ w ∈ W} is bipartite and has the maximum
number of edges among all bipartite graphs of that order. As such, it is
referred to as a complete bipartite graph (albeit not being complete). For
n1 := |W | and n2 := |V (G) \W |, we denote the respective complete bipartite
graph by Kn1,n2 . A graph where each node has the same degree d is called
a d-regular graph. If the graph is 3-regular, it is also referred to as a cubic
graph.

Subgraphs and Walks. Given a graph G, we may consider another
graph H that is contained in G, i.e., V (H) ⊆ V (G) and E(H) ⊆ E(G). In
this case, we say that H is a subgraph of G. For a node subset W ⊆ V (G) we
call the graph (W, {e ∈ E(G) : e ⊆W}), the W -induced subgraph of G and
refer to it by G[W ]. It contains exactly those edges of G that are only incident
with W . Given an edge subset F ⊆ E(G), the F -induced subgraph G[F ]



1.3. GRAPH THEORY 7

of G is defined as (
⋃︁

e∈F e, F ). Analogously, it contains exactly those nodes
of G that are incident with an edge in F . We say that a subgraph H of
G is spanning, if V (H) = V (G). When considering multiple graphs on a
common node set, we may write δH(v) (NH(v)) to indicate that we refer to
δ(v) (N(v), respectively) w.r.t. graph H.

A walk p = (e1, e2, ..., ek) is a sequence of edges, such that for all i ∈ [k−1]
we have |ei ∩ ei+1| = 1 and for all i ∈ [k − 2] we have ei ∩ ei+1 ̸= ei+1 ∩ ei+2.
A walk that is a k-tuple is a walk of length k, or a k-walk. For k ≥ 2, we
refer to the single node of e1 \ e2 as the start and to the single node ek \ ek−1

as the end of p. Both nodes are called the endpoints of p. For k = 1, the
endpoints are the nodes incident with the only edge. A walk with start u
and end v, is a walk from u to v, or a u-v-walk. A walk that starts and ends
at the same node, is a cyclic or closed walk. In the degenerate case that
k = 0, we say that p is the empty walk and may call it a (cyclic) v-v-walk
for any node v. If the edges of a walk p are pairwise different, we say that
p is internally edge-disjoint. Similarly, if ei ∩ ej = ∅ for all i, j ∈ [k] where
|i − j| > 1 the walk is called an internally node-disjoint walk, a simple
walk, or—even shorter—a path. Whenever convenient, we may consider any
walk p = (e1, e2, ..., ek) in a graph G as the respective subgraph G[

⋃︁
e∈[k] ek]

of G (instead of p being a sequence).

Given two nodes u, v and a number t ∈ N, we refer to a collection of t
internally disjoint u-v-paths, each of length two, as a u-v-bundle of thickness t,
or Btu,v in short. Given a bundle Btu,v, we denote its t inner nodes of degree
two, i.e., V (Btu,v) \ {u, v}, by I(Btu,v).

Connectivity and Cycles. We say that a pair v, w ∈ V (G) of nodes is
connected (w.r.t. a graph G) if there is a v-w-path (in G). A graph G is
connected if every pair of its nodes is connected. Otherwise, we say that G
is disconnected. A connected 2-regular graph is called a cycle. Any cycle is
also a cyclic walk and the previous notations for general walks apply. Given
a cycle c, any edge not in E(c) that is adjacent to two nodes of c, is called
a chord of c. A graph that does not contain any cycles is referred to as a
forest, or an acyclic graph. A connected forest is called a tree. If a shortest
cycle of a graph G has length ϕ, then ϕ is referred to as the girth of G.

Consider a graph G and a partition W1,W2, ...,Wk of its node set such
that any two nodes u, v are connected if and only if they are in the same
partition set, i.e., for each pair u, v of nodes, there is an i ∈ [k] with
{u, v} ⊆Wi if and only if G contains a u-v-path. Then, G1, G2, ..., Gk where
Gi := G[Wi] are called the (connected) components of G. More generally, we
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may define ℓ-connected graphs (ℓ-edge-connected graphs) as those that stay
connected when removing at most ℓ − 1 nodes (edges, respectively). The
maximal ℓ-connected subgraphs of a graph are its ℓ-connected components,
these more general components are no longer pairwise node-disjoint. In
particular, we will consider the case ℓ = 2, i.e., biconnected components that
are also referred to bicomps and blocks. A block that is a single edge is a
bridge.

Operations on Graphs. Let us introduce some shorthand notations for
modifying a given graph G: The addition of a new node v (new edge e) is
denoted by G � v := (V (G) ⊎ {v}, E(G)) (and G ⊞ e := (V (G), E(G) ⊎ {e}),
respectively). Similarly, we abbreviate the removal of an existing node v ∈
V (G) (edge e ∈ E(G)) by G�v := G[V (G)\{v}] (and G⊟e := (V (G), E(G)\
{e}), respectively). Consider an edge vw ∈ E(G). Then, the operation that
turns G into G � v′ ⊞ vv′ ⊞ v′w ⊟ vw is called an edge split of edge vw. It
transforms vw into a 2-path and introduces a new node v′. If a graph can
be obtained by a sequence of edge splits from G, it is called a subdivision of
G. An edge contraction of an edge vw identifies its incident nodes, i.e., it
transforms G into the new graph (V (G) \ {w}, {e ∈ E(G) : w ̸∈ e} ∪ {uv :
u ∈ N(w)\{v}}. A graph that is obtained by a sequence of edge contractions
and edge deletions from G, is referred to as a minor of G. Consider two
graphs G,G′ that may have some nodes in common. We denote the union
or join of these graphs by G ⊔G′ := (V (G) ∪ V (G′), E(G) ∪ E(G′)).

Directed Graphs. A common generalization of undirected graphs is to
consider directed edges, usually called arcs. This is equivalent to dropping
the requirement for symmetry on the graph’s binary relation:

Definition 1.3.2 (Simple Directed Graph). Given a finite set V , a simple
directed graph G = (V,A) on V is a 2-tuple, consisting of the set V and an
irreflexive, binary relation A ⊆ V 2 on it. The elements of V are called the
nodes or vertices of G. Elements of A are referred to as arcs.

We straightforwardly use the same notation as for undirected graphs
that we amend as follows: Given a directed graph G we refer to its arc
set as A(G). Given an arc a = vw, i.e., an directed edge from v to w, we
denote its undirected counterpart {v, w} by e(a) and its reversal wv as rev(a).
Given a node-subset W , we refer to its incoming (outgoing) arcs as δ−(W )
(δ+(W ), respectively). Here, we may omit curly braces when referring to
node-sets of cardinality 1. Given two node-subsets W,W ′ and a set A of
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arcs, we refer to the set of all arcs in A that go from W to W ′ as W ×A W ′.
Consider a directed graph G and the undirected graph G′ := (V (G), E),
where E := {e(a) | a ∈ A(G)}. We say that G′ is the shadow of G. If
|E(G′)| = |A(G)|, G is an orientation of G′.

Multigraphs. In some cases, e.g., for dual graphs (defined in the next
section) we need to consider graphs where there is more than one (undirected)
edge between a pair of nodes. We say that such edges are parallel to each
other. Formally, this concept does not fit our definition of graphs but it is
easily defined by replacing the set of edges/arcs by a multiset. Similarly, we
may consider graphs with self-loops, i.e., edges/arcs that are incident with
exactly one node (twice). Considering our previous definition of graphs, this
is achieved by dropping the requirement of irreflexivity. We refer to these
graphs with self-loops and/or parallel edges as multigraphs and aim to use
the same notation for them as for simple graphs (while being extra careful to
avoid ambiguity). Given an undirected graph G, we may consider a directed
graph H with 2|E(G)| = |A(H)| and such that for each edge {u, v} of G
both arcs uv and vu are contained in A(H). In this case, A is called the
bidirected graph of G.

1.4 Planarity

Graphs are typically visualized by lines (representing edges) and points
(representing nodes). Intuitively, planar graphs are those graphs that can be
drawn on the plane without any edges intersecting each other. Apart from
their merits for visual representation, these graphs play an important role
in algorithmic complexity and are a corner stone of graph theory. Despite
this seemingly simple notion of planarity, we need some rigorous definitions
to obtain a formal description of planar graphs. To this end, we follow the
terminology of the excellent textbook by Mohar and Thomassen [MT01] on
embedded graphs.

Definition 1.4.1 (Surface). A surface S is a compact, connected, 2-dimensional
manifold. The genus of S is the maximum number of non-intersecting closed
Jordan curves on S whose removal does not render S disconnected.

Typically, we will consider orientable surfaces and often in its simplest
form, i.e., the Euclidean plane R2 or—almost equivalently—the (surface S2
of a) sphere.
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(a) planar on R2 (b) non-planar on S2 (c) planar on the torus

Figure 1.1: Different drawings of the same graph. Dotted lines run on those
parts of the surface (gray) that are not facing the reader.

Definition 1.4.2 (Drawing). A drawing of a graph G on a surface S is a
bijection fV from V (G) to a set of points on S, and another bijection fE from
E(G) to a set of Jordan arcs on S, such that for each edge vw ∈ E(G), the
boundary points of fE(vw) are the points fV (v) and fV (w) and the interior
of fE(vw) is disjoint from fV

(︁
V (G)

)︁
.

If the intersection of each pair of Jordan arcs contains at most one point,
we say that the drawing is simple. Intuitively, a drawing is a visualization of
a graph where edges are not allowed to pass through nodes. See Fig. 1.1 for
an example of different (simple) drawings of the same graph.

Definition 1.4.3 (Planar Drawing/Embedding). A drawing is planar if and
only if its arcs’ interiors are pairwise disjoint. This is also referred to as an
embedding.

Definition 1.4.4 (Planar Graph). A graph is planar if and only if it admits
an embedding on the plane R2 (or—equivalently—on the sphere S2).

Arguably, this definition is a bit awkward as it requires several concepts
that are rather close to the actual process of physically drawing a graph. On
the other hand, it obviously grasps the intuitive notion of planarity. We will
later see more abstract and combinatorial characterizations of planar graphs.

Usually, we are not concerned with all possible drawings of a given graph.
Instead, we divide the set of drawings into equivalence classes, where drawings
are represented by their rotation systems:

Definition 1.4.5 (Rotation System). Any drawing of a graph on an ori-
entable surface, induces a (clockwise) cyclic order of incident edges around
each of its nodes. This set of cyclic orders, or rotations, forms a rotation
system.
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As one can imagine, rotation systems allow much simpler representations
of drawings—a handy fact when designing algorithms. Still, rotation systems
usually suffice to capture all relevant properties of their drawing (or rather
drawings). To give some intuition on the nature of rotation systems, consider
the following fact that we do not prove here: A homeomorphic transformation
of a drawing maintains its rotation system (up to mirroring) [MT01]. In
particular, each planar drawing is—up to homeomorphic transformation—
fully specified by its respective rotation system. See Fig. 1.2a for an example
of a planar drawing and its rotation system.

Definition 1.4.6 (Face). Consider an embedding Π of a graph on a surface S
and let J denote its set of Jordan arcs. By the Jordan Curve Theorem [MT01,
Section 2.1] and its generalization, we obtain the following: Removing J
from S partitions the previously connected surface into a set of connected
surfaces. These new surfaces are called the faces of Π.

Observe that the border of each face corresponds to a closed walk in the
graph. Similar to our previous definitions, if an edge e (node v) is part of the
border of a face f , then f is incident with e (v, respectively) and vice-versa.
If a (planar) graph G has an embedding in the plane such that there is a face
that is incident with each node of G, then G is referred to as an outerplanar
graph.

Already in 1758, Euler found a formula to characterize topological spaces
that gives rise to a surprising relation on embedded graphs:

Theorem 1.4.7 (Euler’s Formula). Consider an embedding Π of a graph G
on an orientable surface S of genus gen. We denote the number of faces of Π
by f . It holds that |V (G)|− |E(G)|+ f ≥ 2− gen and the relation is satisfied
with equality if Π is a genus-minimal embedding of its rotation system.

The consideration of embeddings provides a surprising duality between
any embedded graph and its respectively embedded “dual”. To formally
define this, we require the previous concept of multigraphs.

Definition 1.4.8 (Dual Graph). Given an embedding Π of a (primal)
graph G, the dual graph G′ of Π is a multigraph that has the faces of Π as
its nodes and there is a bijection from E(G) to E(G′) such that each primal
edge e ∈ E(G) corresponds to a dual edge ∈ E(G′) connecting the face on the
left of e with that on the right of e.

See Fig. 1.2b for an example of a planar drawing and its dual.
Given any embedding, it is straightforward to obtain an embedding of

its dual graph on the same surface: Place each dual node on its primal



12 CHAPTER 1. INTRODUCTION

0
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4 5 6

(a) A rotation system (red) of a pla-
nar drawing in the plane. Here, the
rotation at node 1 is ⟨4, 5, 2, 0⟩ which
is equivalent to ⟨5, 2, 0, 4⟩, ⟨2, 0, 4, 5⟩,
and ⟨0, 4, 5, 2⟩ by cyclicity. On the
other hand, node 3 has degree only
two and hence admits exactly one
cyclic rotation, independent of the
drawing.

0

1 2 3

4 5 6

a

b c

d

e

(b) The dual graph (blue). It contains
parallel edges ce and a self-loop at node e.
Note that the dual is again planar and
each crossing occurs between a dual (blue)
edge and its primal (black) counterpart.
Conversely, the dual of the dual graph
(blue) is the primal graph (black).

Figure 1.2: Rotation system (a) and dual graph (b) of the same planar
drawing.

connected surface and for each dual edge, cross its corresponding primal
Jordan arc. The rotation system of this new embedding directly corresponds
to the cyclic order of edges along each primal face’s boundary.

Despite the previous definition of planar graphs that appears quite
intuitive, one may hope for a more combinatorial perspective on the matter.
The first such characterization of planar graphs was achieved by Kuratowski
in 1930:

Definition 1.4.9 (Kuratowski Subdivision). Any subdivision K of the K5

or the K3,3 is called a Kuratowski subdivision. Those nodes that each have
degree at least 3 in K are the Kuratowski nodes of K.

Theorem 1.4.10 (Kuratowski’s Theorem [Kur30]). A graph is planar if
and only if it does not contain a Kuratowski subdivision as a subgraph.

Shortly after, Wagner obtained a similar result that employs a similar
but slightly different idea.

Theorem 1.4.11 (Wagner’s Theorem [Wag37]). A graph is planar if and
only if neither contains the K3,3 nor the K5 as a minor.
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In contrast to Kuratowski, Wagner uses the concept of graph minors. It
later turned out that this newly coined concept gives rise to fundamental
and deep results in graph theory. Particularly, embeddability on any given
orientable or non-orientable surfaces with fixed genus is characterized by
the appearance of (at least one of) a finite set of forbidden minors [RS90].
In fact, for each surface S, there is a polynomial time algorithm that tests
embeddability on S [RS04; RS95]. In fact, there is a linear time algorithm
for orientable surfaces [Moh99]

1.5 Measures of Non-Planarity

Many algorithmic problems that currently require a staggering amount of
time to be solved in general, can be solved faster when restricted to planar
graphs. To name a prominent example, the planar separator theorem asserts
that for any planar graph G of order n, there is a set W ⊆ V (G) of O(√n)
nodes such that each component of G[V \W ] has at most 2n/3 nodes [LT80],
essentially providing an operation to recursively split suitable problems on
planar graphs into smaller (nearly) independent ones. This result gave rise to
a broad set of divide and conquer algorithms, including a linear time algorithm
for single source shortest path with non-negative edge weight. In fact, the
same algorithm can also be used to compute, in linear time, a maximum
s-t-flow if s and t are incident to a common face [Hen+97]. It is long known
that planar graph isomorphism is polynomial-time solvable [HT71]. There
are constant-factor approximations for maximum independent set [Bak94],
traveling salesperson [Kle08], and even a PTAS for Steiner tree [BKK07] on
planar graphs. The latter two problems also allow exact subexponential time
algorithms [MPP18]. It is evident that one may consider planar graphs to
be—in some sense—better than their general counterparts as they allow for
faster algorithms (and, evidently, nicer representations).

On the other hand, even non-planar graphs are not uniformly bad w.r.t.
these considerations: there are non-planar graphs that allow good visual-
izations and even broad classes of non-planar graphs where many problems
can be solved faster than for the general case. Often, these graphs exhibit
similar properties as planar ones. The probably richest such class contains
the graphs of bounded genus (defined later, cf. Section 1.5.4) and exploring
its algorithmic properties is a vivid research field that spawned many results.
Graph genus plays a key role for the complexity of certain problems, in
particular w.r.t. polynomial-time approximation scheme (PTAS) and fixed
parameter tractability (FPT) [Che+07]. Algorithms tailored to achieve faster
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running time on planar graphs can often be adapted to the bounded genus
setting. For example, a bounded graph genus leads to: linear-time graph
isomorphism testing [Che94]; FPT running time for dominating set [EFF04];
subexponential FPT running time for many bidimensional problems, in-
cluding vertex cover and variants of dominating set [DHT06]; a quasi-PTAS
for capacitated vehicle routing [BKS17]; stronger preprocessing for several
Steiner problems [MPP18]; and many more. Other measures of non-planarity
are often lower bounded by the genus, and similar results for these (more
restrictive) measures are rather scarce: Typically, the algorithm for bounded
genus cannot be improved there. To name a few exceptions, on graphs
with bounded skewness (also defined later, cf. Section 1.5.1) for example,
there is a polynomial time algorithm for weighted maximum cut [Chi+20],
a maximum flow algorithm that achieves the same running time as for
the planar case [HW07], and an approximation algorithm for the crossing
number [CH17].

It appears natural to ask “how far away from being planar” a given non-
planar graph is. To answer this question, many measures have been proposed
over the years and indeed there is no general measure suited for every task but
the choice heavily depends on the application in mind. There are, however,
some measures that are well established, each with a rich history of results.
We will introduce and discuss the measures skewness (and maximum planar
subgraph), vertex deletion number (and maximum planar induced subgraph),
splitting number, genus, crossing number, thickness, and coarseness. We
present this set of measures as most of its elements are thoroughly studied
(albeit many open question still remain) and sufficiently diverse: Most other
measures of non-planarity are—in one way or another—derived from them.
In fact, most of these measures have several variations that have also been
studied intensively. A very prominent example is the abundance of crossing
number variants [Sch18].

For some measures we will also define an edge-weighted variant since
standard preprocessing routines transform large unweighted graphs to smaller
weighted ones [CG09].
In contrast to a survey from 2001 by Liebers [Lie01], we focus only on
algorithmic results and highlight some recent advances. Particularly, we are
going to omit any results on bounds or even exact formulae on specific graph
classes. For example, such results are often obtained for complete (bipartite)
graphs.

Apart from their merits for visualizations and faster computations, mea-
sures of non-planarity are also of immediate practical interest. For example,
already in 1976 the problem of determining the (weighted) skewness of a
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graph was considered to be a core difficulty in designing efficient industrial
facility layouts [FGG85; FR76]. Modern chip design, i.e., very large-scale
integration (VLSI), requires to print huge integrated circuits. Since these
circuits are printed on a plane surface (the die) only planar circuits can
be printed directly and non-planar ones require a way to circumvent short
circuits. This can, for example, be achieved by replacing each crossing with
a new wire (crossing number), replacing entire edges (skewness), printing
the circuit on multiple, interconnected dies (thickness), or adding new wires
between certain nodes (splitting number).

1.5.1 Skewness and Maximum Planar Subgraph

When considering the skewness, we are measuring non-planarity by the
number of obstructing edges. More precisely, skewness is defined as follows:

Definition 1.5.1 (Skewness). The skewness skew(G) of a graph G is the
minimum cardinality of an edge set F whose removal turns G into a planar
graph, i.e., G[E(G) \ F ] is planar (we say that removing F planarizes G).
Given a weight function w on the edges, we define skew(G) as min

∑︁
e∈F w(e)

such that removing F planarizes G.

Occasionally, skewness is also referred to as edge deletion number (bor-
rowing from the term “vertex deletion number”, to be defined below). The
respective decision problem is also known as non-planar deletion. A subgraph
that achieves this value is called a maximum planar subgraph. In contrast, a
maximal planar subgraph of a graph G is one that does not admit adding
any new edges from G while maintaining planarity.

The problem of determining skew is known to beNP-hard [LG79; WAN83;
Yan78] and was mentioned already in the classical textbook by Garey and
Johnson [GJ79]. In fact, a straightforward reduction from Hamiltonian
cycle (HC) exists [CHW16]. The problem remains NP-hard even for cubic
(and hence also K5-subdivision free) graphs [FFM01].

Both, skewness as well as maximum planar subgraph (MPS) areMaxSNP-
hard [Căl+98]. It was later shown that the latter problem remains MaxSNP-
hard on cubic graphs [FFM04]. A constant factor 4/9-approximation al-
gorithm for maximum planar subgraph exists [Căl+98]. The algorithm is
based on certain, almost acyclic graphs, called cacti. Surprisingly, as of
today, and despite various attempts [CHW16; Cim95a; CS17; Por08], no
better approximation algorithm has been identified and no constant factor
approximation of skewness is known.
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The first—and to date (except for our new results herein) only—non-
trivial, exact algorithm is based on integer linear programs (ILPs) as well
as Kuratowski’s famous characterization of planarity. It was presented a
quarter of a century ago by Mutzel [Mut94]. We will later build upon this
result to design practically faster algorithms for skewness, cf. Section 2.5

1.5.2 Vertex Deletion Number andMaximum Planar Induced
Subgraph

Instead of removing edges, we may also remove nodes from a graph to obtain
a smaller but planar graph:

Definition 1.5.2 (Vertex Deletion Number). The vertex deletion num-
ber vdel(G) of a graph G is the minimum cardinality of a node subset
W ⊆ V such that G[V \W ] is planar.

The problem of deciding the vertex deletion number is also referred to as
the k-apex problem and non-planar vertex deletion. A graph that achieves this
value is called a maximum induced planar subgraph. By an L-reduction (i.e.,
a special form of approximation-preserving reduction) from skewness, vertex
deletion number is MaxSNP-hard on cubic graphs [Far+06]. The inverse
measure that maximizes the order over all planar induced subgraphs, i.e.,
maximum induced planar subgraph (MIPS), does not allow a constant-factor
approximation, unless P=NP, by an approximation preserving reduction
from independent set [Far+06]. For graphs with bounded maximum degree ∆,
however, approximation algorithms do exist, e.g., a 3/4-approximation on
cubic graphs and a 3/(∆ + 5/3) on general such graphs [Far+04; MF07].
In fact, there always is a large MIPS if the average degree is bounded and
respective approximations are easily derived [BEZ15; EF01; EF08]. Even
an exact algorithm that achieves a surprisingly low theoretical running time
was found [FTV11]. Generally, the problem appears closely related to the
maximum independent set (MIS) problem. Since for each number k, the class
of graphs with vertex deletion number k is closed under minor operations,
it follows by deep results of Robertson and Seymour that the problem is in
FPT w.r.t. its natural parameterization [RS04; RS95].

It was later shown that there also is a practically feasible FPT-algorithm
that achieves quadratic running time for fixed vertex deletion number [MS12].

Since each planar graph on n nodes contains an independent set with car-
dinality at least 2n/9 [Alb76], and each independent set is planar, MIPS and
MIS behave similarly w.r.t. approximation: Any α-approximation for MIS im-
plies a 2/9 ·α-approximation for MIPS and, conversely, any β-approximation
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for MIPS implies a 2/9 · β-approximation for MIS. This, e.g., shows that
MIPS is constant-factor approximable on graphs of bounded genus [GHT84].

1.5.3 Splitting Number

Instead of removing an obstructing node, we may also split it into multiple
nodes, each with a smaller neighborhood.

Consider the following operation: Pick two nodes u, v in a graph and
identify them. Clearly, this operation may turn a planar graph into a
non-planar one, e.g., we may iteratively turn a matching, consisting of 10
independent edges, into a K5. The splitting number considers the inverse
of this operation: A split operation s on a given graph G replaces a node w
by two new nodes u, v such that N(u) ⊎ N(v) = N(w). We denote the graph
resulting from the application of s to G by s(G).

Definition 1.5.3 (Splitting Number). The splitting number vsplit(G) of
a graph G is the minimum length k of a sequence (s1, ..., sk) of split opera-
tions si, such that sk

(︁
...s2(s1(G))

)︁
is planar.

From the inverse perspective, we may also define the splitting number
of G as the minimum number of node identifications over all planar graphs G′

where we start with G′ and produce G by iteratively identifying two nodes
each.

Determining the splitting number is NP-hard by a reduction from 3-
SAT [FFM01]. In fact, the problem is MaxSNP-hard already on cubic
graphs [FFM04]. As of today, no constant factor approximation for splitting
number is known.

1.5.4 Genus

Instead of modifying the graph until it becomes planar, we may also consider
a broader class of drawings. Here, we consider embeddings on surfaces of
higher genera.

Definition 1.5.4 (Genus). The (orientable) genus gen(G) of a graph G is
the smallest number k such that G can be embedded on an orientable surface
of genus k.

Considering the relative popularity of this problem, its NP-hardness
was established relatively late in 1989 [Tho89]. Shortly after, Thomassen
published an algorithm that computes the genus of a restricted class of graphs
in polynomial time [Tho90] (graphs that have so-called LEW-embeddings).
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Once again, by seminal results of Robertson and Seymour (just as for
vertex deletion number) the problem is FPT w.r.t. its natural parameter-
ization [RS04; RS90; RS95]. However, their proposed algorithm is doubly
exponential in gen(G) and already for toroidal graphs it is highly infeasible
in practice. The algorithm is based around the observation that for each
fixed genus, there is a finite list of forbidden minors. It then suffices to
test whether any such forbidden minor is present in G to decide whether G
can be embedded in a given surface. Already for toroidal graphs, this list
contains tens of thousands graphs. Mohar was the first to write down an
explicit and constructive proof of such an algorithm and the respective series
of papers spans more than a hundred pages [Moh99]. The algorithm was
later simplified and extended to graphs of bounded treewidth [KMR08]. It
remains open to find a practically feasible FPT algorithm [MK11]. Indeed,
there is little algorithmic progress for this measure. This is particularly
true w.r.t. practical algorithms: The first (non-trivial) general exact algo-
rithm was described recently and is only able to solve toroidal instances in
practice [Bey+16]. While some graph classes allow approximations of genus
(or closely related measures), general such algorithms are not known [CS18;
KS15; MNS17]. In fact, not even good heuristics for the genus are known. We
will present new and faster algorithms for computing the genera of general
graphs in Chapter 3 [CW19].

A similar notion for non-orientable surfaces, i.e., the non-orientable genus,
and combinations of these measures, e.g., the Euler genus, have also been
studied.

1.5.5 Crossing Number

Another way of generalizing the considered drawings is obtained by drawings
in the plane that are not planar, in the sense that edges are allowed to cross
each other. This is arguably the most natural way to draw a non-planar
graph as the graph is visualized very similarly to planar ones and—as opposed
to genus—we are accustomed to drawing on a plane surface, e.g., a simple
sheet of paper.

Definition 1.5.5 (Crossing Number). The crossing number of a simple
drawing D is the number of edge pairs that intersect each other. The crossing
number cr(G) of a graph G is the minimum crossing number over all simple
drawings of G in R2.

Crossing numbers have an extremely rich history since their initiation over
70 years ago. This is witnessed, for example, by Vrt’o’s excellent bibliography
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of over 700 publications as well as Schaefer’s great book and online survey
that list about 50 different crossing number variants [Sch13; Sch18; Vrt14].

Deciding the crossing number of general graphs is NP-hard [GJ79] and
remains so even for highly restricted classes, such as cubic or near-planar
graphs [CM13; Hli06]. The latter are those graphs that can be turned planar
by removing a single edge. A PTAS is not possible unless P=NP and
it remains open whether constant-factor polynomial time approximation
algorithms do exist [Cab13]. On the positive side, the problem allows
practically strong heuristics and restricted approximations [CG12; CH17;
CHN19; GM03]. It is in FPT w.r.t. its natural parameterization and
even w.r.t. skewness [KR07]. However, the respective algorithms are highly
infeasible in practice. Particularly, the former algorithm’s running time is
doubly exponential in cr(G).

The only known exact practical algorithms are based on ILPs [Buc+08;
CMB08]. Unfortunately, both underlying models are too large to be solved
directly. Instead, they require intricate implementations that use highly
sophisticated column generation techniques to obtain a practically feasible
algorithm [CGM10; Chi08; CMB08].

1.5.6 Thickness

We may also consider partitioning the edge set of a non-planar graph G to
obtain several planar graphs whose union is G.

Definition 1.5.6 (Thickness). The thickness thick(G) of a graph G is the
minimum cardinality k of a partition E1, E2, ..., Ek of its edge set such that
G[Ei] is planar for each i ∈ 1, ..., k.

Thickness was first studied by Tutte in 1963 [Tut63] and proven to be
NP-hard 20 years later [Man83]. While this problem received significant
attention from a mathematical perspective [MOS98; MP12], much less has
been achieved w.r.t. algorithms. On the positive side, there is a straight-
forward 3-approximation by arboricity, i.e., the minimum number of trees
that G can be partitioned into [GW92]. Despite some effort, no better way of
approximation has been found [KY03]. However, several heuristic approaches
were studied over the years [Cim95b; KR02; MPV01; Por05].

1.5.7 Coarseness

Coarseness is a rather different measure in that it aims to maximize a
quantity of non-planar structures. Still, this measure is a positive integer
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that is minimal, i.e., zero, if and only if the respective graph is planar. It
originated during a flawed description of thickness by Erdős who made an
inadvertent mistake and thus accidentally coined the concept of coarseness
[Har69].

Definition 1.5.7 (Coarseness). The coarseness coarse(G) of a graph G is
the maximum number of edge-disjoint Kuratowski subdivisions contained
in G.

Unfortunately, this measure did not receive much scientific attention. Simi-
larly to thickness, algorithmic results are scarce.

Hardness. To our best knowledge—albeit relatively simple to see—the
NP-hardness of the coarseness problem was never established in literature.
As such, we provide a formal proof for it. To this end, we use an established
problem that considers the existence of disjoint paths.

Definition 1.5.8 (edge-disjoint paths problem). Given a graph G, and a
set of node-pairs F ⊆ V {2}, the problem of deciding whether a set P of
pairwise edge-disjoint paths in G exists such that for each {u, v} ∈ F there
exists a path with endpoints u and v in P , is called the edge-disjoint paths
problem (EDP).

EDP remains NP-hard when restricted to planar graphs [MP93; Vyg95].
Surprisingly, the problem turned out NP-hard already for series-parallel
graphs although it admits polynomial time algorithms on outerplanar graphs [NVZ01].

Theorem 1.5.9. Computing coarseness is NP-hard.

Proof. We perform a reduction from planar EDP. Let (G,P ) denote an
instance of this problem. We construct G′ in the following manner: Starting
with G, for each pair {u, v} ∈ F , we create a new K−

3,3, i.e., a K3,3 where we

deleted one edge. Let u′ and v′ denote the nodes of degree 2 in this K−
3,3.

Finally, we add the edges uu′ and vv′. We will refer to these two edges as
the cut-edges of {u, v}.

We now claim that coarse(G′) ≥ |F | if and only if (G,F ) is a yes-instance.

⇐= Assume there exists a solution of (G,F ). For each pair of F , its solution-
path together with its cut-edges and K−

3,3 forms a K3,3-subdivision.
These subdivisions are edge-disjoint by construction of G′.

=⇒ We observe that removing one cut-edge of each node-pair of F pla-
narizes G′: Its biconnected components are either subgraphs of G,
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single edges, or K−
3,3s, all of which are planar. Hence, each Kuratowski-

subdivision ofG′ requires at least one such edge (and we have coarse(G) ≤
|F |).
Recall that the proper nodes of a Kuratowski subdivision K are those
with degree > 2 in K. Since each K−

3,3 is attached by a 2-cut to two
nodes u and v of G (by its cut-edges, see construction above), it follows
that at most one path of one Kuratowski-subdivision K crosses this cut
and all its proper nodes either lie in V (G) or in the K−

3,3. In both cases,
we find a path in K ∩ E(G) with endpoints u, v. If follows that there
exist coarse(G) edge-disjoint paths in G, joining each pair in F .

It was later shown that the maximization variant of EDP, i.e., finding a
maximum cardinality subset of F such that each pair in F is assigned an
edge-disjoint path, is MaxSNP-hard on trees of rings [Erl01]. A tree of rings
is obtained by starting with a cycle and iteratively adding new (disjoint)
cycles by identification of a node in the existing structure with a node in
the new cycle. Unfortunately, although trees of rings are planar, we cannot
directly use this to conclude MaxSNP-hardness of the graph coarseness
problem since the construction in the above proof is not approximation
preserving.

1.6 Integer Linear Programming

Here, we briefly discuss a particularly successful general approach for solving
(NP-hard) problems. We will use it as a central toolbox to obtain fast
algorithms for different measures of non-planarity. For a more in-depth
discussion of the topic we refer the interested reader to [Sch99].

A linear program (LP) consists of a cost vector c ∈ Qd together with
a set of linear inequalities, called constraints, that define a polyhedron P
in Rd. This set of linear inequalities is typically represented by a rational
k×d-matrix A and a vector b ∈ Qk, where the polyhedron consists of the
points x ∈ Rd that satisfy Ax ≤ b. It is well known that given A, b, and
c as the input, we can determine in polynomial time a point x ∈ P that
maximizes the objective function c⊺x. Assuming P ̸=NP, this is no longer
true when restricting x to have integral components; the so-modified program
is an integer linear program (ILP) and we refer to the respective optimization
problem as the ILP problem. Conversely, the LP relaxation of an ILP is
obtained by dropping the integrality constraints on the components of x.
The optimal value of an LP relaxation is a dual bound on the ILP’s objective;
e.g., an upper bound for maximization problems.
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A reduction from a general problem to the ILP problem is an ILP model
(or simply, model). As there are several ways to model a given problem
as an ILP, one aims for models that can be efficiently computed and yield
small dimensions as well as strong dual bounds, to achieve good practical
performance. This is crucial, as ILP solvers are based on a branch-and-
bound (B&B) scheme that relies on iteratively solving LP relaxations to
obtain dual bounds on the ILP’s objective. When a model contains too many
constraints, it is often sufficient to use only a reasonably sized constraint
subset to achieve provably optimal solutions. This allows us to add constraints
during the solving process, which is called separation. We say that model A
is at least as strong as model B, if for all instances, the LP relaxation’s value
of model A is no further from the ILP optimum than that of B. If there also
exists an instance for which A’s LP relaxation yields a tighter bound than
that of B, then A is stronger than B.

Note that the scope of this thesis is not to evaluate the different strategies
to solve general ILPs quickly. Instead, and among other considerations, we
will gauge the theoretical and practical fitness of different ILP models for
the same problems. To this end, we assume some established theoretical
facts on the solving process and use state-of-the-art implementations of the
fastest solvers for our practical evaluations.

Pseudo-Boolean Satisfiability. Apart from solving ILPs, we will also
use pseudo-Boolean satisfiability (PBS) to model our problems such that
they can be solved by existing software. In contrast to the former, the
solution methods stem from algorithms for the Boolean satisfiability (SAT)
problem and state-of-the-art solvers mostly rely on systematic backtracking
that is either conflict-driven or based on a look-ahead approach [ZM02].
As SAT solvers are extremely fast and widely used, e.g., in the verification
of hard- and software and VLSI, one may hope to achieve fast algorithms
using this approach [VWM15]. However, SAT solvers cannot directly model
optimization objectives and adding them as hard constraints (i.e., clauses)
is usually infeasible in practice because of their size. PBS solvers, on the
other hand, try to circumvent this drawback by employing techniques that
are specifically tailored to constraints that consider cardinalities [RM09].
Unfortunately, compared to ILPs, it is less clear what constitutes a good
model in the realm of PBS solving and we hence merely aim for small PBS
models with few cardinality constraints.
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1.7 Experiments and Algorithm Engineering

In this thesis, we also want to judge algorithms from a practical perspec-
tive. Practical evaluations of algorithms are important for several reasons.
First, as complexity theory heavily abstracts from real-world computers, and
often—also depending on the machine model—disregards implementation
details, we potentially achieve more realistic predictions for running time and
space demand on typical real-world instances. The same can be said w.r.t.
pathological instances that may never occur in practice: The general theoret-
ical considerations may simply be too broad to be of relevance here. In fact,
already the constants that are disregarded by the usual asymptotic notation
of resource demand may have a tremendous impact in practice. Second,
pratical observations may well be used to reveal promising new directions
for theoretical analysis, e.g., when studying the dependence on certain graph
parameters or observing an unexpected approximation guarantee on a broad
set of benchmark instances. Third, practical experiments do not inherently
require deep theoretical considerations and are in some sense cheaper to
obtain. This is of particular interest when engineering an algorithm, i.e.,
tuning the algorithm’s performance in a controlled feedback-loop where one
alternates between algorithm design, theoretical analysis (possibly a shallow
one), thoughtful implementation, and practical evaluation. Finally, obtaining
an implementation of a highly intricate algorithm serves as a proof of concept,
witnessing that the algorithm’s theoretical presentation is sufficiently detailed
to actually understand and implement it. In fact, there are cases where
theoretical errors where only discovered by attempting to implement an
allegedly correct (albeit highly complex) algorithm; cf., e.g., planarity testing
by Auslander and Parter [Gol63] as well as decomposition into triconnected
components by Hopcroft and Tarjan [GM00].

Among many other success stories, algorithm engineering lead to stagger-
ing improvements for planarity testing, and FPT-algorithms for computing
minor-closed graph measures, despite both fields essentially being exhausted
from the point of classical complexity theory. See [Bar+10], particularly
Chapter 6 by Chimani and Klein, for a broad introduction to algorithm
engineering.

Later, we will present several successful applications of algorithm engi-
neering where we perform preliminary benchmarks to tune our algorithms
by changing their parameterizations and subroutines before finally obtaining
a competitive practical algorithm. For example, in Sections 2.4 and 2.5 we
are going to
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• construct new ILP models for the MPS problem (→ algorithm design);

• show their correctness and consider the strength of their LP relaxations
(→ theoretical analysis);

• choose suitable subroutines, e.g., for the separation of large constraint
classes and use sophisticated existing implementations of graph frame-
works and ILP solvers (→ implementation); and

• perform an extensive computational study on large sets of appropri-
ate and relevant artificial as well as real-world graphs (→ practical
evaluation).

1.7.1 Instance Sets

When practically evaluating algorithms for measuring the non-planarity
of a graph, we always use the following two benchmark sets that are well
established and widely used within the graph drawing community: On the
one hand, we use the set North that contains 423 real-world non-planar
graphs (5114 in total). This set was collected by Stephen C. North during his
work at AT&T Bell Labs where he ran a mail service that accepted directed
graphs and answered each such request with a drawing of the respective
graph [Nor95]. On the other hand, we use the set Rome that contains 9249
non-planar graphs (11528 in total). The latter set was generated from a set of
112 real-world graphs stemming from the visualization of software engineering
and database applications. See [Di +97] for details on the sophisticated
generation procedure.

Depending on the scope of the computational evaluation and the run-
ning time of the considered algorithms, we may also use a feasible subset
of the set SteinLib that was originally designed to compare solvers for
problems related to Steiner trees. It contains several subsets, each corre-
sponding to a group of either particularly hard or realistic, i.e., real-world
instances [KMV00]. In addition, we will often consider a set Regular
of 380 random regular graphs. Such graphs are known to be expander
graphs with high probability, i.e., they are highly connected albeit being
relatively sparse. We speculate that these graphs constitute particularly
hard instances for measuring non-planarity. To generate this set, we used an
algorithm by Steger and Wormald [SW99] that is implemented as part of
the OGDF [Chi+13]. For most experiments, we use a standardized set of
20 such graphs with number n of nodes and node degree ∆ for each feasible
parameterization (n,∆) ∈ {10, 20, 30, 50, 100} × {4, 6, 10, 20, 40}.
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Finally, we will also use sets that are tailored to evaluate the specific
algorithms at hand. For example, we may use much larger instances when
comparing heuristics instead of exact algorithms. We will not summarize
these supplemental sets here, but present them in the respective upcoming
sections.
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Chapter 2

Skewness and Maximum
Planar Subgraphs

Cycle (transportation). A pedal-
powered vehicle, such as a unicycle, bi-
cycle, or tricycle, or a motorized vehicle
that has either two or three wheels.

In this chapter, we consider the non-planarity measure skewness and its
inverse, i.e., maximum planar subgraph. We begin by comparing various
heuristics in Section 2.2 w.r.t. implementation effort, running time, and
solution quality. In a second step, in Section 2.3, we turn our attention to
approximation algorithms and point out obstacles that arise in several natural
greedy approximation approaches. Finally, we consider exact algorithms
that are based on ILP and SAT. More precisely, in Section 2.4, we study
different characterizations of planarity and their merits for designing new
ILP models. On the other hand, in Section 2.5, we improve the fastest such
model by considering small cycles in the input. The latter constitutes a novel
approach that results in surprisingly strong models and has applications for
other non-planarity measures as well.

2.1 ILP Model by Mutzel

The following ILP is due to Mutzel [Mut94]. It constitutes the first exact
algorithm for solving the MPS problem. Even though it was proposed more
than a quarter of a century ago, it leads to surprisingly fast algorithms (cf.
Section 2.4) and still is an integral part of the fastest known algorithms

27
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for computing a graph’s skewness (see Section 2.5). Jünger and Mutzel
showed that both constraint classes below form facets of the planar subgraph
polytope [JM96]. Given an input graph G, possibly with non-uniform edge-
weight w (otherwise, we assume w = 1 in the following), we use solution
variables se ∈ {0, 1} for all e ∈ E(G) that are 1 if and only if edge e is
deleted, i.e., not in the planar subgraph. (In [Mut94], equivalent variables
xe = 1 − se are used.) The objective minimizes the number of removed
edges—thus maximizes the planar subgraph—and is given by

min
∑︁

e∈E(G)w(e) se.

Its optimal value directly determines skew(G). For a given subset F ⊆
E(G) of edges, we define s(F ) :=

∑︁
e∈F se as a shorthand. Recall that by

Kuratowski’s theorem (cf. Section 1.4), a graph is planar if and only if it
neither contains a subdivision of a K5 nor one of a K3,3. Hence, it suffices to
ask for any member of the (exponentially large) set K(G) of all Kuratowski
subdivisions that at least one of its edges is deleted:

s
(︁
E(K)

)︁
≥ 1 ∀K ∈ K(G). (2.1)

Clearly, constraints (2.1) are too many to be used explicitly in its entirety.
Instead, in practice, we usually identify a sufficient subset of constraints via a
(heuristic) separation procedure: we round the fractional solution and obtain
a graph that can be tested for planarity. If it is non-planar, we extract a
Kuratowski subdivision. This method does neither guarantee to always find
a violated constraint if there is any, nor that the identified subdivision in
fact corresponds to a violated Kuratowski constraint. Still, since it has these
guarantees on integral solutions, it suffices to obtain an exact algorithm.

In addition to the above, we can always use Euler’s bound on the number
of edges in planar (bipartite) graphs:

s
(︁
E(G)

)︁
≥ |E(G)| − (3n− 6) + (n− 2)1G is bipartite. (2.2)

Over the years, the practical performance of this approach was improved
by strong preprocessing [CG09], finding multiple Kuratowski subdivision in
linear time [CMS07], and strong primal heuristics. The latter are presented
in the following section.

2.2 Heuristics

This section is based on [CKW16]. Here, we consider heuristics to tackle the
MPS problem. While solving MPS is NP-hard, there are diverse polynomial-
time approaches to compute a large or maximal planar subgraph, ranging
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from very trivial to sophisticated. By Euler’s formula we know that already
a spanning tree gives a (1/3)-approximation for MPS. Hence, all reasonable
algorithms achieve this ratio. Only the cactus algorithms (see below) are
known to exhibit better ratios. We will also consider an exact MPS algorithm
based on ILPs.

All algorithms considered in this section are known (mostly for quite
some time, in fact), and are theory-wise well understood both in terms of
worst case solution quality and running time. To our knowledge, however,
they have never been practically compared. We are in particular interested
in the following quality measures, and their interplay:

– What is the practical difference in terms of running time?
– What is the practical difference in solution quality?
– What is the implementation effort of the various approaches?

Overall, understanding these different quality measures as a multi-criteria
setting, we can argue for each of the considered algorithms that it is Pareto-
optimal. We are in particular interested in studying a somewhat “blurred”
notion of Pareto-optimality: We want to investigate, e.g., in which situa-
tions the additional sophistication of algorithms gives “significant enough”
improvements. Clearly, there is a systematic weakness, as it may be highly
application-dependent what one considers “significant enough”. We hence
cannot universally answer this question, but aim to give a guideline with
which one can come to her own conclusions.

Also the measure of “implementation complexity” is surprisingly hard
to concisely define, and even in the field of software-engineering there is no
prevailing notion; “lines of code” are, for example, very unrelated to the
intricacies of algorithm implementation. We will hence only argue in terms of
direct comparisons between pairs of algorithms, based on our experience when
implementing them. This measure is still intrinsically subjective (although
we feel that the situation is quite clear in most cases), and opinions may
vary depending on the implementor’s knowledge, experience, etc. We discuss
these issues when they become relevant.

As we will see in the next section, there are certain building blocks
all algorithms require, e.g., a graph data structure and (except for C and
D, see below) an efficient planarity test. When discussing implementation
complexity, it seems safe to assume that a programmer will already start
off with some kind of graph library for her basic data structure needs.1 In
the context of the ILP-based approach, we assume that the programmer

1Many freely available graph libraries contain linear-time planarity tests. They usually
lack sophisticated algorithms for finding large planar subgraphs.
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uses one of the various freely available (or commercial) frameworks. Writing
a competitive branch-and-cut framework from ground up would require a
staggering amount of knowledge, experience, time, and finesse. The ILP
method is simply not an option if the programmer may not use a preexisting
framework.

In the following section, we discuss our considered algorithms and their
implementation complexity. In Section 2.2.2, we present our experimental
study. We first consider the pure problem of obtaining a large planar
subgraph. Thereafter, we investigate the algorithm choices when solving
MPS as a subproblem in a typical graph drawing setting—the planarization
heuristic.

2.2.1 Algorithms

Näıve Approach (Nı̈). The algorithmically simplest way to find a max-
imal planar subgraph is to start with the empty graph and to insert each
edge (in random order) unless the planarity test fails. Given an O(n) time
planarity test (we use the algorithm by Boyer and Myrvold [Joh04], which is
also supposed to be among the practically fastest), this approach requires
O(nm) overall time.2

In our study, we consider a trivial multi-start variant that picks the best
solution after several runs of the algorithm, each with a different randomized
order. The obvious benefit of this approach is the fact that it is trivial to
understand and implement—once one has any planarity test as a black box.

Augmented Planarity Test (BM, BM+). Planarity tests can be modified
to allow the construction of large planar subgraphs. We will briefly sketch
these modifications in the context of the above mentioned O(n) planarity
test by Boyer and Myrvold [Joh04]: In the original test, we start with a
depth first search (DFS) tree and build the original graph bottom-up; we
incrementally add a vertex together with its DFS edges to its children and
the backedges from its decendents. The test fails if at least one backedge
cannot be embedded.

We can obtain a large (though in general not maximal) planar subgraph by
ignoring whether some backedges have not been embedded, and continuing
with the algorithm (BM). If we require maximality, we can use Nı̈ as a
prostprocessing to grow the obtained graph further (BM+). While this voids

2We could speed-up the process in practice by starting with a spanning tree plus three
edges. However, there are instances where the initial inclusion of a spanning tree prohibits
the optimal solution and restricts one to approximation ratios ≤ 2/3 (cf. Section 2.3).
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the linear running time, it will be faster than the pure näıve approach.
Given an implementation of the planarity testing algorithm, the required
modifications are relatively simple per se—however, they are potentially hard
to get right as the implementor needs to understand side effects within the
complex planarity testing implementation.

Alternatively, Hsu [Hsu05] showed how to overcome the lack of maximality
directly within the planarity testing algorithm [SH99] (which is essentially
equivalent to [Joh04]), retaining linear running time. While this approach
is the most promising in terms of running time, it would require the most
demanding implementation of all approaches discussed here (including the
next paragraph)—it means to implement a full planarity testing algorithm
plus intricate additional procedures. We know of no implementation of this
algorithm.

Cactus Algorithms (C, C+, D, D+). The only non-trivial approximation
ratios are achieved by cactus-based algorithms [Căl+98; CS17]. Thereby,
we start with the disconnected vertices of G. To obtain a ratio of 7/18 (C),
cf. [Căl+98], we iteratively add triangles connecting formerly disconnected
components. This process leaves a forest F of tree-like structures made out
of triangles—cactusses. Finally, we make F connected by adding arbitrary
edges of E between disconnected components. Since this subgraph will not
be maximal in general, we can use Nı̈ to grow it further (C+). Recently,
cf. [CS17], the ratio was improved to 13/33 (D) by adding a new initial phase:
we iteratively add diamonds (i.e., subgraphs that by addition of one edge
would become a K4), where—just as before—all vertices of each subgraph
belong to pairwise different components. Naturally, we may also use this
stronger approximation in combination with Nı̈ to grow it further (D+).

From the implementation point of view, these algorithms are quite trivial
and—unless one requires maximality—do not even involve any planarity
testing. While a bit more complex than the näıve approach, they do not
require modifications to complex and and potentially hard-to-understand
planarity testing code like BM.

For the best approximation ratio of 4/9 one seeks not a maximal but
a maximum cactus forest. However, this approach is of mostly theoretical
interest as it requires non-trivial polynomial time matroid algorithms.

ILP Approach (ILP). Finally, we use the ILP by Mutzel, presented in
Section 2.1, to solve MPS exactly in reasonable (but formally non-polynomial)
time, see [JM96]. Its separation of Kuratowski constraints in fact constitutes
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the central implementation effort. Typical planarity testing algorithms
initially only answer yes or no. In the latter case, however, all known
linear-time algorithms can be extended to extract a witness of non-planarity
in the form of a Kuratowski subdivision in O(n) time. If the available
implementation does not support this additional query, it can be simulated
using O(n) calls to the planarity testing algorithm, by incrementally removing
edges whenever the graph stays non-planar after the removal. Both methods
result in a straightforward implementation (assuming some familiarity with
ILP frameworks), but an additional tuning step to decide, e.g., on rounding
thresholds, is necessary. The overall complexity is probably somewhere
in-between C, D, and BM. In our study, we use the effective extraction scheme
described in [CMS07] which gives several Kuratowski subdivions via a single
call. We propose, however, to use this feature only if it is already available
in the library: its implementation effort would otherwise be comparable to a
full planarity test, and in particular for harder instances its benefit is not
significant.

2.2.2 Experiments

For an exploratory study we conduct experiments on several benchmark
sets. We summarize the results as follows. Observe the inversion between
F1 and F2.

F1. D+ yields the best solutions. The solutions of C+ are only marginally
worse. Choosing a “well-growable” initial subgraph—in our case a good
cactus—is practically important. The better solution of BM is a weak
starting point for BM+; even Nı̈ gives clearly better solutions.

F2. BM gives even better solutions than D and the latter already gives slightly
better solutions than C. All three algorithms are the by far fastest
approaches. Thus, if running time is more crucial than maximality, we
suggest to use BM.

F3. ILP only works for small graphs. Expander graphs (they are sparse
but well-connected) seem to be among the hardest instances for the
approach.

F4. Larger planar subgraphs lead to fewer crossings for the planarization
method. However, this is much less pronounced with modern insertion
methods.
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Setup & Instances. All considered algorithms are implemented in C++
(g++ 8.3.0, 64bit, -O3) as part of OGDF [Chi+13], the ILP is solved via
CPLEX 12.6. We use an Intel Xeon Gold 6134 CPU, 3.20GHz running
Debian 10; algorithms use single physical cores, with a memory limit of 4GB
per process.

Of the real-world benchmark sets presented in Section 1.7.1, we use
North, Rome, and 586 graphs from SteinLib. In our plots, we group
instances according to their number of nodes, rounded to the nearest multiple
of 10; for Rome we only consider graphs with at least 25 nodes. Addition-
ally, we consider two artificial sets: Regular, generated as presented in
Section 1.7.1 (20 graphs for each combination of number of nodes and node
degree ∆ ∈ {4, 6, 10, 20, 40}) but with a higher number n of nodes, chosen
as n ∈ {102, 103, 104}. Secondly, we use a set BaAl of scale-free graphs that
was generated following a well known model by Barabási and Albert [OMa+].
We use the same parameterization in terms of instances per number of nodes
and edges as for Regular.

Our results confirm the need for heuristic approaches, as ILP solves less
than 25% of the larger graphs of the (comparably simple) Rome set within
10 minutes. Even deploying strong preprocessing [CG09] (+PP) and doubling
the computation time does not help significantly, cf. Fig. 2.1d. Already
graphs on 30 nodes with density 3, generated like Regular, cannot be
solved within 48 hours (→F3).

We measure solution quality by the density (edges per vertices) of the
computed planar subgraph. See Section 2.2.2 and Tables 2.1 and 2.2 for an
overview of our results. Independently of the benchmark set, D+ achieves the
best solutions, closely followed by C+, cf. Table 2.1 and Figs. 2.1a and 2.1b
(→F1). We know instances where Nı̈ is only a (1/3)-approximation whereas
the worst ratio known for BM+ is 2/3 (cf. Section 2.3). Surprisingly, Nı̈ yields
distinctly better solutions than BM+ in practice (→F1).

On SteinLib, BaAl, and Regular, the algorithms C, D, and BM behave
relatively similar w.r.t. solution quality. For Rome and North, however, BM
yields solutions that are 20–30% better, respectively (→F2). This discrepancy
seems to be due to the fact that the found subgraphs are generally very
sparse for both algorithms on BaAl and Regular (average density of 1.1
and 1.2, respectively, for the largest graphs).

All three algorithms that do not iteratively test planarity, i.e., C, D, and
BM are extremely (and similarly) fast; cf. Table 2.2 and Fig. 2.1c (→F2).
For their counterparts C+, D+, and BM+, the Nı̈-postprocessing dominates the
running time: Nı̈ is worst, followed by C+, D+, and BM+ in that order—a larger
initial solution leads to fewer tries for growing. Nonetheless, we observe
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that the (weaker) solutions of C and D allow for significantly more successful
growing steps than BM (→F1). The fact that D (D+) is barely able to achieve
any solutions better than C (C+, respectively) on Rome may be explained
by the low number of diamond subgraphs in this set of instances. However,
even over all sets, the largest difference in solution quality between these two
algorithms can be observed on SteinLib R where C achieves only 90.35% of
D and C+ only 96.15% of D+ (cf. Table 2.1). In theory, the approximation
ratio of C is 98.72% of that of D. However, it is still open whether the analysis
of the latter is tight and we may see this as a hint towards an even better
ratio of D.

Finally, we investigate the importance of the subgraph selection for the
planarization method, cf. Figs. 2.1e and 2.1f. For the simplest insertion
algorithms (iterative edge insertions, fixed embedding, no postprocessing,
[BTT84]), a strong subgraph method (C+ or D+) is important; C and D lead
to very bad solutions. For state-of-the-art insertion routines (simultaneous
edge insertions, variable embedding, strong postprocessing, [CG12; CH16])
the subgraph selection is less important; even C and D become feasible.

Note that the obtained running times slightly differ from the ones
in [CKW16], this is mostly due to an updated version of the OGDF and tuned
implementations, most prominently noticeable for the now faster Nı̈. How-
ever, also the hardware that we used for our experiments was replaced. On
the positive side, and as expected, our qualitative assessments from [CKW16]
remain entirely valid.

It is clear from our experiments that there is a need for good heuristics
or faster exact algorithms as the state-of-the-art exact algorithm is not even
able to solve half of the comparably simple Rome set. In the next section, we
turn our attention to better approximations. Later, cf. Sections 2.4 and 2.5,
we also investigate faster exact algorithms.

2.3 Approximation of MPS and its Limits

In this section, we investigate ways of achieving better approximations
for MPS and highlight some key obstacles. It is based on [CHW16]. Let
us begin by revisiting a well known fact: Already by Euler’s formula (cf.
Section 1.4), every spanning subgraph constitutes a (1/3)-approximation of
MPS. Unfortunately, the same does not work for skewness and indeed no
approximation for it is known. We observe that the above ratio for MPS is
tight:
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Table 2.1: Average density of obtained solutions in percent, relative to
column-wise best algorithm. The set S (= constrained sparse) consists of
PUC and SP. The set R of 1R and 2R. Number k for BaAl and Regular
denotes the subset that consists of all such graphs on 10k nodes.

SteinLib BaAl Regular

B-E I* S R 2 3 4 2 3 4

Nı̈ 91.24 97.40 100 84.62 96.42 92.27 90.57 89.66 89.39 97.25

BM 84.67 84.90 71.86 60.00 74.18 62.98 64.78 80.46 83.33 94.50

BM+ 89.05 89.06 87.94 69.23 86.85 73.48 71.70 87.36 87.88 96.33

C 82.48 66.67 57.29 57.69 59.62 67.40 73.58 71.84 86.36 94.50

C+ 98.54 99.48 99.50 96.15 100 98.90 98.74 97.70 98.48 100

D 85.40 70.83 59.30 63.85 64.32 71.27 77.36 76.44 88.64 94.50

D+ 100 100 99.50 100 99.06 100 100 100 100 100

Table 2.2: Running time of tested algorithms in seconds. The same notation
as for Table 2.1 applies.

SteinLib BaAl Regular

B-E I* S R 2 3 4 2 3 4

Nı̈ 9.84 6.31 8.57 1.04 0.02 2.48 216.73 0.02 1.56 218.74

BM 0.03 0.04 0.02 0.04 0.00 0.01 0.48 0.00 0.01 1.03

BM+ 10.69 9.56 9.98 1.12 0.02 2.94 192.58 0.02 1.46 221.50

C 0.02 0.03 0.01 0.03 0.00 0.01 0.70 0.00 0.00 0.21

C+ 14.34 8.84 9.60 1.07 0.02 3.25 192.42 0.02 1.67 181.39

D 0.03 0.03 0.01 0.03 0.00 0.01 2.23 0.00 0.01 0.31

D+ 15.97 8.90 9.61 1.20 0.02 3.34 188.24 0.02 1.73 180.00
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(over graphs solved by ILP),
C, D = 0.76[0.64, 0.85]

0

5

10

15

20

25
#
in
st
an

ce
s
(×

10
0)

40 60 80 100
0

1

2

3

# nodes

ru
n
ti
m
e
[m

s]

Nı̈

BM+

C+

D+

(c) Rome, running time,
BM, C, D ≈ 0

0

5

10

15

20

#
in
st
an

ce
s
(×

10
0)

40 60 80 100
0

0.25

0.5

0.75

1

# nodes

su
cc
es
s-
ra
te

ILP, 10min

ILP+PP, 10min

ILP+PP, 20min

(d) Rome, success-rate of ILP
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(e) Rome, simple planarization,
C, D = 102[61, 173]
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Figure 2.1: Running time and solution quality. Algorithms whose values are
unsuitable for a plot are omitted; we list their average[min,max] over all clusters.
The solution qualities of C and D, as well as C+ and D+, are too close to see any
differences in the plots We hence omit D and D+ from some plots.
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Figure 2.2: Maximal planar subgraph of G for ℓ = 6 in Observation 2.3.1
and two edges that may be added to make it 3-connected (dashed blue). A
large set of edges whose removal yields a small maximal planar subgraph is
dotted red.

Observation 2.3.1. A maximal planar subgraph of a given graph G yields
an approximation ratio of at most 1/3 for the MPS problem on G.

Proof. Consider the complete graph K5 on 5 nodes. We construct G by
replacing a single edge vu by Bℓv,u, and adding a Hamiltonian path P =

p1, ..., pℓ for the nodes I(Bℓv,u). Let S := E(K5)\{vu}∪{vpk | k odd}∪{pku |
k even}. S is a maximal planar subgraph of G since adding any edge yields
a K5 subdivision (cf. Fig. 2.2). An MPS H can be obtained by removing any
one edge outside of Bℓv,u from G. The approximation ratio is thus at most
limℓ→∞ |S|/|E(H)| = 1/3.

A standard preprocessing technique, the non-planar core (NPC), may
be used to reduce the above graph G to a weighted K5, thereby preventing
a ratio of less than 2/3. However, we may amend G to prevent any such
preprocessing. This is, for example, achieved simply by making the instance
3-connected by addition of two new edges, each connecting one of the top or
bottom center nodes with its closest internal one in the drawing (see dashed
edges in Fig. 2.2).

2.3.1 Algorithms Inspired by Planarity Tests

First, we focus on DFS- and breadth first search (BFS)-based algorithms, pro-
viding hardness results and bounds for families of approximation algorithms.
We denote the problem of finding a maximum planar subgraph that contains
a given DFS (or BFS)-tree by MPS-DFS (or MPS-BFS, respectively). In
particular, any known algorithm based on a planarity test in fact solves
MPS-DFS heuristically.
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A k-book is a collection of k half-planes (pages) that share a common
boundary (spine). A k-book embedding is an embedding of a graph into a
k-book such that the vertices are placed on the spine, every edge is drawn
on a single page, and no two edges cross each other. Consider a circle with
straight-line chords C. A circle graph is the intersection graph of the latter:
C are its nodes, two nodes are adjacent if and only if their chords cross.
The overlap graph is the graph where each chord is an edge, and the chords’
end nodes are connected by a Hamiltonian cycle according to the original
drawing. For a given circle graph G = (V,E) and c, k ∈ N, the problem
of finding a subset V ′ ⊆ V , such that |V ′| ≥ k and G[V ′] is c-colorable is
the c-Colorable Induced Subgraph problem for Circle Graphs (c-CIG). It is
NP-hard for c ≥ 2 [CL91]. Clearly, any solution for c-CIG corresponds to a
c-book embedding of the respective overlap graph; the circle corresponds to
the spine and each color class is embedded in its own page.

Theorem 2.3.2. MPS-DFS is NP-hard. In particular, for each function f
that assigns each graph a start node for its DFS, there exists an (infinite)
family G of tuples, each consisting of a graph G and a DFS-tree on G that
satisfies f, such that MPS-DFS remains NP-hard on G.
Proof. We perform a reduction from 2-CIG to MPS-DFS. Let (G, k) be an
instance for 2-CIG and C = (W,F ) be the corresponding overlap graph. Let
n := |W |, m := |F |, and π : [n]→W denote the cyclic order of W induced by
C. Let Bi := Bmπi,πi+1

denote a πi-πi+1-bundle of thickness m and B′
i := Bi ∪

{πiπi+1}. We construct the input graphD := (
⋃︁

i∈[n] V (Bi), F∪EB) for MPS-

DFS, with EB :=
⋃︁

i∈[n]E(B′
i); see Fig. 2.3. The set T := {πiπi+1, uπi+1 |

0 ≤ i < n−1, u ∈ Ii}∪{uπn−1 | u ∈ In−1}, where Ii := I(Bi), is a DFS-tree
of D.3 We show that the 2-CIG instance (G, k) has a solution if and only if
D has a planar subgraph of size ξ := k + n(2m+ 1) that contains T .

(If) Assume there is a planar embedded subgraph S of D that contains T
and has ξ edges. D contains m+ n(2m+ 1) edges. Removing more than m
edges from D yields a graph with less than ξ edges. Thus, there are at least
m+ 1 edges from each B′

i in S. Consequently, for each pair of nodes πi, πi+1

there is a path within B′
i connecting them. Hence we have a cycle through

π0, π1, ..., πn−1, π0, splitting E(S) \ EB, the edge set of S corresponding to
chords, into an inside and an outside partition. Since S is planar, this induces
a 2-book embedding of those edges. Thus, we have a solution of 2-CIG on
(G, k) as |E(S)| − |EB| = k.

3We start at π0 with π0π1. Next, we pick all edges of B0 that are incident to π1 since
the I(B0)-vertices lead only to π0 (visited). We iterate this until we arrive at πn−2πn−1.
Finally, we pick all edges connecting πn−1 with I(Bn−2) and I(Bn−1).
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Figure 2.3: Constructions for the proof of Theorem 2.3.2. The circle graph G
on the left with the respective overlap graph in the middle and a schematic
depiction of the input graph D for MPS-DFS with ordering π0 = a1, π1 =
b1, ... on the right (bundles sketched in gray).

(Only If) Assume there is a solution for 2-CIG on (G, k). This corresponds
to a 2-book embedding of a subgraph C ′ := (W,E′) of C, where the vertices
W are placed on the spine according to π, and |E′| ≥ k. Adding EB to C ′

yields a planar graph. Note that T ⊆ EB and C ′ contains |EB|+ k ≥ ξ edges.

Note that the proof works independently of the DFS start node since π
is cyclic and π0 can be chosen arbitrarily.

We will see that any algorithm adding edges to an arbitrary DFS-tree
has an approximation ratio of at most 2/3. However, the second part of the
theorem above shows that we cannot simply iterate over all possible start
nodes to find a tractable MPS-DFS instance and use this to approximate
MPS.

Theorem 2.3.3. An optimal solution to MPS-DFS yields an approximation
ratio of at most 2/3 for the corresponding MPS problem.

Proof. Given a number p ≥ 4, consider the following graph G := (V, S ∪
{ẽ}∪T ) with V := {u1, ..., up, v1, ..., vp}, and S :=

⋃︁p−1
i=1 {uiui+1, vivi+1}. The

edges in S form two disjoint paths, both of length p− 1. Let T be an edge
set that triangulates G[S]. Note that this is possible (cf. Fig. 2.4) in a way
such that

∀e ∈ T : e = uivj ∧ |i− j| ≤ 2. (2.3)

Finally, we define ẽ := upv1. Observe that |T | = 4p − 4 and P := S ∪ {ẽ}
forms a Hamiltonian path. Assume that the DFS on G returns P . We prove
that any planar subgraph H of G that contains P can have at most half of
the edges of T .

Any such graph can be constructed by successively inserting edges of T
into G[P ]. After each step the there are at least two faces f1, f2 that have
exactly one edge of T on their boundary: Initially, adding the first edge to
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u1 v1u2 v2u3 v3u4 v4

ẽ

Figure 2.4: Drawing of the graph G with p = 4 in the proof of Theorem 2.3.3.
Edges of S are dotted red. The edge ẽ is dashed blue.

G[P ] yields two such faces. If the next edge is embedded neither in f1 nor in
f2 the invariant holds. Otherwise, the edge is embedded in, say, f1. Then f1
is split into two faces, one of which becomes the new f1. For each edge t ∈ T ,
P ∪ {t} has a cycle of length at least p− 2, which follows from eq. (2.3) by
construction of P . We conclude that H has two faces of degree at least p− 2,
and at least 2p− 10 edges are missing for H to be a triangulation.

The edges E(G) \ {ẽ} form an MPS. It follows that MPS-DFS approxi-
mates MPS by a ratio of at most limp→∞(|P |+|T |−(2p−10))

/︁
|E(G)\{ẽ}| =

2/3.

The result above shows that the approximation ratio of DFS-based
algorithms is bounded from above by 2/3. We wonder if this is caused by
the special structure of DFS-trees or if this can be extended, for example, to
BFS-based algorithms:

Theorem 2.3.4. MPS-BFS is NP-hard. In particular, for each function f
that assigns each graph a start node for its BFS, there exists an (infinite)
family G of tuples, each consisting of a graph G and a BFS-tree on G that
satisfies f, such that MPS-BFS remains NP-hard on G.

Proof. We give a reduction from HC to MPS-BFS. Let G = (V,E) be
an instance for HC, n := |V |, m := |E|, let s denote a new node, and
Bv := Bm+1

v,s for each v ∈ V . We construct an input graph G′ := (V ′, E′) for
MPS-BFS, where V ′ := {r}∪V ∪VB, VB :=

⋃︁
v∈V V (Bv), E

′ := Er ∪E ∪EB,
Er := {rv | v ∈ V }, and EB :=

⋃︁
v∈V E(Bv), cf. Fig. 2.5(a). G′ contains

2 + n(m+ 2) nodes and m+ n(2m+ 3) edges. Choose u ∈ V and p̃ ∈ I(Bu)
arbitrarily. We define T := {p̃s} ∪ E(G′[V ′ \ {s}]) \ E, a BFS-tree of G′.4

4Starting at r (level 0) includes all edges of Er. E cannot be taken since all of V lies
on level 1. Each node v ∈ V is connected to all of I(Bv), which lie on level 2. Only s
remains, which is connected to p̃—the first investigated node on level 2.
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Bv ∀v ∈ V

(a) Schematic drawing of G′ in the proof
of Theorem 2.3.4.

r

s

Bm+1
r,v ∀v ∈ V

V and E

Bm+1
v,s ∀v ∈ V

(b) Schematic drawing of G′ in the proof
of Theorem 2.3.7.

Figure 2.5: Similar constructions for the proofs of Theorems 2.3.4 and 2.3.7,
both examples for |V (G)| = 6. Bold edges depict bundles of m+ 1 parallel
2-paths. Any optimal solution removes only edges from E (red).

We show that G has a HC if and only if G′ has a planar subgraph of size
ξ := n(2m+ 4) that contains T .

(If) Given a planar subgraph H of G′ with ξ edges that contains T , there
are at most m− 1 edges of G′ not in H since |E′| −m < ξ. Thus, for each
bundle at least one 2-path is part of H. It follows that there can be at most n
edges of E in H since H is planar. Consequently, |E(H)| ≤ k−m+|E′| where
k := |E ∩E(H)| ≤ n. Assuming k < n leads to |E(H)| < ξ, a contradiction.
By planarity of H we observe that H[V ] forms a Hamiltonian cycle in G.

(Only if) Given a Hamiltonian cycle C on G. We construct a planar
subgraph H := G′[T ∪ C ∪ EB] that contains T (by construction) and has
ξ edges. Note that adding C to T yields a planar graph since H[{r} ∪ V ]
forms a wheel graph. Likewise, adding EB preserves planarity since G′[EB]
is planar and contains a face with all nodes of V that allows an arbitrary
ordering of those nodes.

Finally, we show the independence of the start node. From the above
input graph G′, we construct G′′ by replacing each edge rv ∈ Er with Bm+1

r,v

(cf. Fig. 2.5(b)), and replacing each edge of E with a path containing five new
edges where each of the four new nodes is also connected to r by a new edge.
Note that we can reach all nodes of V in at most four BFS-levels, independent
of the start node. Consequently, none of the 5-paths that correspond to
edges in E can be fully contained in the resulting BFS-tree. We conclude
that any BFS-tree constructed in the above way allows a reduction from HC
to MPS-BFS.

As for DFS-trees, we also have that any algorithm adding edges to an
arbitrary BFS-tree has an approximation ratio of at most 2/3:
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Figure 2.6: Arising K3,3-subdivisions after adding two triangles to the BFS-
tree in the proof of Theorem 2.3.5. One triangle is dotted, the other is
dashed.

Theorem 2.3.5. An optimal solution to MPS-BFS yields an approximation
ratio of at most 2/3 for the corresponding MPS problem.

Proof. Let G = (V,E) denote a triangulated graph that allows a 3-coloring
ϕ : V → [3] of the nodes, for example an even cycle C with two new nodes
adjacent to all of C. We define the input graph G′ := ({s, s0, s1, s2}∪V,E∪T )
for MPS-BFS with T := {ssi | i ∈ [3]} ∪ {sϕ(v)v | v ∈ V }. T is a BFS-tree
rooted at s. By construction, every triangle in G′ requires 3 nodes of V of
different color. We can add at most one triangle to T , as a K3,3-subdivision
would arise otherwise, see Fig. 2.6. Hence, the number of triangular faces
in any planar subgraph H of G′ that contains T is bounded by a constant,
independent of |V |. Thus, the upper bound on the approximation ratio
converges from above to 2/3 for large |V |.

Since any DFS or BFS-tree is also a spanning tree, we have:

Corollary 2.3.6. It is NP-hard to find a maximum planar subgraph that
contains a given spanning tree. Likewise, an optimal solution to this problem
approximates MPS with at most 2/3.

2.3.2 MPS is NP-hard: A Simple Proof

Inspired by our proof that MPS-BFS is NP-hard, we can give a shorter
proof for the hardness of MPS itself. Liu and Geldmacher [LG79] gave a
2-step-reduction of Vertex Cover (VC) to a HC restricted to triangle-free
graphs and from that to MPS. We give a direct simple reduction from general
HC to MPS.

Theorem 2.3.7. MPS is NP-hard.
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Algorithm 1: Cactus Algorithm

Input: connected simple graph G = (V,E)
1 edge set S1 := ∅
2 while ∃ triangle T ⊆ E whose nodes are in 3 different components of

(V, S1) do
3 S1 := S1 ∪ T

4 S2 := S1

5 while ∃ edge e ∈ E whose nodes are disconnected in (V, S2) do
6 S2 := S2 ∪ {e}
7 return S2

Proof. Let G = (V,E) be an instance for HC, n := |V |, and m := |E|. We
construct an input graph G′ for MPS by adding two nodes r, s and the
edge set EB :=

⋃︁
v∈V (Bm+1

r,v ∪ Bm+1
v,s ) (cf. Fig. 2.5(b)). Note that G′ contains

2 + n(2m + 3) nodes and m + 4n(m + 1) edges. We show that G has a
Hamiltonian cycle if and only if G′ has a planar subgraph of size ξ := |EB|+n.

(If) Given a planar subgraph H of G′ with ξ edges. There are at most
m− 1 edges of G′ not in H since |E(G′)| −m < ξ. Thus, for each bundle in
EB at least one 2-path is part of H. It follows that there can be at most n
edges of E in H as H is planar. Consequently, |E(H)| ≤ k −m+ |E(G′)|
where k ≤ n equals the number of edges of E in H. Assuming k < n leads
to |E(H)| < ξ, a contradiction. By planarity of H we observe that H[V ]
forms a Hamiltonian cycle in G.

(Only if) Given a Hamiltonian cycle C on G. The graph H := G′[C ∪EB]
has ξ edges and is planar.

Consider an MPS instance G = (V,E). We can construct G′ by replacing
every edge in E with a path of length k := ⌈p/3⌉. Now all cycles in G′ contain
at least p nodes, and OPT(G′) = OPT(G) + (k − 1)|E|. We conclude:

Corollary 2.3.8. MPS remains NP-hard for graphs with any given girth.

2.3.3 Algorithms Inspired by Cactus Structures

The (greedy) Cactus Algorithm, see Alg. 1, for MPS was developed by
Călinescu et al. [Căl+98] and first constructs a cactus subgraph S1 consisting
of triangles joined at single nodes. The resulting structure S2 achieves a
tight approximation ratio of 7/18. When the first phase of the algorithm is
replaced to find a cactus structure of maximum cardinality (which requires
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Figure 2.7: Constructions in the proof of Theorem 2.3.9.

the use of a graphic matroid parity subalgorithm), the approximation ratio
can be improved to 4/9. One may either search for an algorithm with a
better approximation guarantee or for an algorithm with an approximation
ratio better than 7/18 that requires only simple operations (in contrast to
the matroid-based algorithm), possibly again based on a greedy scheme. Po-
ranen proposed two algorithms that greedily select triangles and conjectured
approximation ratios of at least 4/9 [Por08]. However, both conjectures
were refuted by Fernandes et al. [FC07, Sect. 56.6]. We show that related,
more general classes of algorithms are not suited to achieve the desired
approximation guarantee or have an approximation ratio of at most 1/2.

It is fairly natural to ask for a more sophisticated yet easily implementable
greedy selection of the triangles to build a cactus. We first investigate
algorithms that greedily select either edges or triangles in an “intuitively
smart” manner. Given a graph G and a subgraph G′ ⊆ G, we say that an
edge e ∈ E(G) is forbidden in G′ if and only if G′+e is non-planar. Similarly,
we call an edge set F ⊆ E(G) forbidden if and only if there is a forbidden
edge f ∈ F .

The algorithm that iteratively picks an edge (or triangle) that minimizes
the number of resulting forbidden edges (or triangles), is called Greedy Edge
Selection (GES) (or Greedy Triangle Selection (GTS), respectively).

Theorem 2.3.9. GES has a tight approximation ratio of 1/3.

Proof. Let p ≥ 4. Define Hp := (V,EH) with V := {viℓ | ℓ ∈ [p], i ∈ [3]} and
EH := {viℓvi+1

ℓ | 0 ≤ ℓ ≤ p − 1, i ∈ [3]} ∪ {viℓ−1v
i
ℓ | 1 ≤ ℓ ≤ p − 1, i ∈ [3]} ∪

{viℓvi+1
ℓ−1 | 1 ≤ ℓ ≤ p− 1, i ∈ [3]}, cf. Fig. 2.7(a). We define Λ(viℓ) := ℓ as the
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level of viℓ. Note that Hp is a triangulation and 4-colorable with the coloring
ϕ(viℓ) := (3ℓ+ i) mod 4. For any color c ∈ [4], let Vc := {v ∈ V | ϕ(v) = c} be
the c-colored node partition induced by ϕ. We denote the increasing order
of Vc according to Λ by πc. For each of the four colors we define the (new)
path Pc := {πc

iπ
c
i+1 | 1 ≤ i < |Vc|}. The lowest and highest level node of a

path Pc is denoted by sc and tc, respectively. We obtain the graph Xp on
the nodes V by adding {t0s1, s1t2, t2s3, s3t0, s0t3, t1s2} to the paths Pc, cf.
Fig. 2.7(b).

Consider the graph G := Hp ∪Xp (over the common node set V ) as our
input. The triangulation Hp is an MPS of G. The graph Xp is outerplanar.
Thus, we can add any single edge planarly toXp, andXp can arise during GES
since none of its edges was forbidding any other edges. By showing that we
can only add a constant number of edges to Xp while preserving planarity we
bound the approximation ratio by limp→∞(|E(Xp)|+const)/(|E(Hp)|) = 1/3.

We can ignore all edges incident to nodes {sc, tc | c ∈ [4]}: this is a
constant number of edges since we have bounded degree (independent of
p). Given two colors x, y, there are at most two faces in any embedding
of Xp that have Px and Py on their boundary. Traversing any such face
will visit the nodes along both paths in the same order (either sx → tx
and sy → ty; or tx → sx and ty → sy). Let Exy ⊆ (Vx × Vy) ∩ EH be an
arbitrary set of independent edges whose endpoints are non-adjacent in Xp.
The orderings πx and πy induce two orderings of Exy. By construction of
Hp we have |Λ(v)− Λ(w)| ≤ 1 for all vw ∈ EH . Hence, we observe that the
above two orderings of Exy are in fact identical. It follows that we can insert
at most one edge of Exy into each of the at most two suitable faces of Xp, cf.
Fig. 2.7(c). The number of color pairs is constant. Thus, for any color pair
(x, y) and suitable face f , the insertable edges E′

xy ⊆ (Vx × Vy) ∩ EH need
to be either adjacent, or incident to adjacent nodes. Since G has bounded
degree, we can only add a constant number of edges to Xp.

Theorem 2.3.10. Any algorithm that selects the edges picked by GTS has
an approximation ratio of at most 7/18.

Proof. Let G be the graph of the proof of Theorem 2.3.9 for an arbitrary
but fixed p ≥ 5, and np := |V (G)| = 3p. Again, we speak of the paths Pc

for the colors c ∈ [4], and the outerplanar subgraph Xp of G. Our initial
argument is based on the same principle as before. Coarsely speaking we
replace the edges of the paths Pc by new triangles, preserve outerplanarity,
and extend Hp by a similar structure on the newly inserted nodes:

Let D be a copy of Hp−1 where we delete the node v2p−2. Note that
D is triangulated with the exception of one face of degree 5. As in the
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Figure 2.8: Construction in the proof of Theorem 2.3.10.

proof above, this graph is 4-colorable which induces the node partitions
Dc := Vc(D) for c ∈ [4]. D can be seen as a copy of Hp where one node
of each color (v0p−1, v

1
p−1, v

2
p−1, v

2
p−2) is removed. We keep the notation of

the ordering of nodes Vc in Xp by πc and denote the analogous ordering
of the nodes in the newly introduced partitions Dc by σc. Let X ′

p :=
(V (Xp) ∪ V (D) ∪ {a, b}, E(Xp) ∪ E△ ∪ {s1s3, s0a, at3, t1b, bs2}) with E△ :=
{πc

iσ
c
i , σ

c
iπ

c
i+1 | c ∈ [4], πc

iπ
c
i+1 ∈ Pc}, see Fig. 2.8. I.e. E△ consists of a

level-monotone Hamiltonian path for each color class.

Let G′ := (V (X ′
p), E(X ′

p) ∪ E(Hp) ∪ E(D)). The graph J := Hp ∪D is
a planar subgraph of G′. Every edge in X ′

p is part of a triangle and the
graph remains outerplanar. Thus, we can add any single triangle planarly
to X ′

p, and X ′
p could arise during GTS on G′. Analogous to the proof for

Theorem 2.3.9, we can only add a constant number of edges to X ′
p while

preserving planarity.

Let FJ denote the set of triangular faces in J . We obtain the graph G′′

from G′ by inserting new nodes vf of degree 3 for all f ∈ FJ , connecting vf
with the nodes on the boundary of f . Let L := {vf | f ∈ FJ} denote the
newly inserted nodes and EL the incident edges. Considering G′′ as the input
for GTS, similar to above, the number of edges that we can add to X ′

p while
preserving planarity is bounded by |L|+ const: Any edge in EL is part of a
2-path u1-w-u2, where ui ∈ V (G′), ϕ(u1) ̸= ϕ(u2), and w ∈ L. On the other
hand, J ∪ (L,EL) remains planar. We conclude that the approximation ratio
is at most

lim
p→∞

|E(X ′
p)|+ |L|+ const

|E(J)|+ |EL|
= lim

p→∞

(3np + const) + (4np + const) + const

(6np + const) + (12np + const)
.
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Algorithm 2: Dense Subgraph Selection (DSS)

Input: parameter k ∈ N≥3, connected simple graph G = (V,E)
1 edge set S := ∅
2 while S is not maximal planar do
3 Find a planar subgraph Q with up to k nodes W such that
4 (i) S[W ] ⫋ E(Q),
5 (ii) S ∪ E(Q) is planar,
6 (iii) Q has max. density among all subgraphs that satisfy (i–ii),

and
7 (iv) possibly further restrictions (see text).
8 S := S ∪ E(Q)

9 return S

Corollary 2.3.11. Any algorithm that first selects an arbitrary (possibly
maximal) set of triangles has an approximation ratio of at most 7/18.

Observe that this bound matches the one of Alg. 1 [Căl+98]. Similar
to any DFS- and BFS-based algorithms, it remains NP-hard to determine
a maximum set of edges that can be added planarly to a selected set of
triangles. We will show a more general result in Theorem 2.3.12.

We investigate the selection of dense subgraphs, which is a natural
generalization of triangle-based algorithms such as GTS. Given an edge set
S and a node set W , we define S[W ] as the edges of S that connect nodes of
W . Let the density of a graph (V,E) be defined as |E|/|V |, the edges per
node.

We denote Algorithm 2 by DSS. In its most general form (DSS-U) we
do not pose any further restrictions (iv) on the selection of dense subgraphs:
they may overlap arbitrarily. A restricted version of this algorithm, called
DSS-D, requires the subgraphs Q in the loop to be node disjoint to the
current structure S. Similarly, we denote by DSS-C the algorithm with
the restriction that the nodes of Q are pairwise disconnected in the current
structure S.

Theorem 2.3.12. Consider any MPS instance G. It remains NP-hard to
find a maximum planar subgraph of G under either the restriction that it
contains (a) the solution S of DSS-D, or the restriction that it contains (b)
the solution S of DSS-C, respectively.

Proof. (a) Given an arbitrary triangle-free graph G = (V,E), we construct
G′ by adding k − 1 nodes Vv for each v ∈ V , such that Gv := G′[{v} ∪ Vv]
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is triangulated. Let S :=
⋃︁

v∈V E(Gv). Note that each Gv is a graph on k
nodes with maximal density and that any other subgraph of G′ has strictly
lower density. Consequently, the algorithm selects each Gv to S. Thus, any
subgraph H ′ of G′ that contains S corresponds to a subgraph H of G with
|E(H ′)| = |E(H)|+ n(3k − 6). MPS is NP-hard on triangle-free graphs, see
Corollary 2.3.8.

(b) Consider a graph G together with a spanning tree T . We know from
Corollary 2.3.6 that it is NP-hard to find a maximum set of edges that
can be added planarly to T . Replacing each edge of T with a triangulated
subgraph on k nodes in G yields an instance where Alg. 2 can select exactly
the structures corresponding to T . Thus, finding a maximum set of edges
that can be added to the selected structure remains NP-hard, independent
of k.

Note that Theorem 2.3.12 for DSS-C and k = 3 is the above claimed
hardness result for algorithms based on triangle selection.

Theorem 2.3.13. For any fixed k ≥ 3, DSS-U has an approximation ratio
of at most 1/2. For any fixed k ≥ 7 any variant of DSS that poses arbitrary
restrictions (iv) on the cut of Q with S has an approximation ratio of at
most 1/2.

Proof. First assume that k ≥ 7. Let F := {f0, ..., f3} denote the set of
faces of a K4, δi the set of nodes incident to face fi and κ := k − 7. We
define F ′ := F \ {f0} and {b, t, u0} =: δ0. We construct G = (V,E) with
V := V (K4) ∪ {wi | fi ∈ F ′} ∪ {ui+1 | i ∈ [κ]}, E := E(K4) ∪ EW ∪ EU ,
EW := {wiv | fi ∈ F ′, v ∈ δi}, and EU :=

⋃︁κ
i=1{bui, uit, uiui−1}. Note that

G is triangulated, planar, and contains exactly k nodes. Furthermore, we
cannot connect any nodes wi, wj , i ̸= j, while preserving planarity. We
define the input graph G′ as (V ∪ L,E ∪ EL), where L := {s1, ..., sℓ} and
EL :=

⋃︁
i∈[ℓ]{siw1, siw2, siw3} (cf. Fig. 2.9), for some ℓ ≥ 7.

The algorithm may pick a graph Q that is the entire triangulated sub-
graph G in its first iteration, since G contains exactly k nodes. Thus, nodes
in L can only be added with a single edge and we thus pick at most 1/3
of EL. On the other hand, a planar subgraph H ⊆ G can be obtained by
picking every edge in E except for the edge of K4 incident to f1 and f2.
Then, each node in L can be connected with w1 and w2 (picking 2/3 of
EL), giving H ′ ⊆ G′. We conclude that the approximation ratio is at most
limℓ→∞(|Q|+ ℓ)/|H ′| = limℓ→∞(|E|+ ℓ)/(|E| − 1 + 2ℓ) = 1/2.

For k < 7 we construct the graph G as for k = 7 where DSS-U may still
return a subgraph containing G, independent of k and ℓ.
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w1

w2

w3

t

u0

b

Figure 2.9: Schematic drawing of the input graph for ℓ = 6 and k = 4 in
the proof of Theorem 2.3.13. The K4 subgraph is highlighted by bold edges
(blue). Dotted edges (red) are not included in H2.

We conclude that better approximations of MPS seem difficult to ob-
tain and intuitively promising directions, such as DFS-based algorithms,
inherently present us with new but similar challenges.

We hence want to investigate exact algorithms for MPS more closely and
start by considering models based on other planarity criteria in the next
section.

2.4 ILP Models by Planarity Criteria

In this section, we focus on exact algorithms for solving MPS. It is based
on [CHW19]. Our aim is to develop new models that can be solved quickly
by state-of-the-art PBS or ILP solvers. As such, each of the algorithms that
we consider in this section is either based on PBS- or ILP-solving. To this
end, we consider other established criteria for planarity that do not rely on
Kuratowski subdivisions.

All models are presented as ILPs. Since their PBS counterparts directly
map to the ILPs where clauses naturally correspond to constraints, we do
not explicitly list the PBS formulations. We highlight optional constraints
that we include in the hope to help quickly finding strong dual bounds with
the symbol ⋆.

For our first model, that is the basis of our comparison, we use the
traditional ILP by Mutzel, with optional (⋆) Euler constraints (2.2), that we
presented in Section 2.1. Recall that this means we use solution variables se ∈
{0, 1} for each e ∈ E(G) that are 1 if and only if edge e is removed, i.e., not
in the planar subgraph. We tune its implementation as follows.



50 CHAPTER 2. SKEWNESS AND MPS

Algorithm engineering & preliminary benchmarks of known model.
Using an ILP solver, we separate on LP-solutions by rounding the computed
fractional values, thus obtaining a graph H ⊂ G and extracting Kuratowski
subdivisions from H. Our experiments indicate that rounding down values
that are smaller than 0.99 (and 0.9 in a second round), yields locally optimal
(w.r.t. the algorithm’s parameter space) results. For each LP-solution s̃, we
extract up to 250 Kuratowski subdivisions in linear time. We use a heap
to collect 50 most violated (w.r.t. s̃) constraints from the extracted ones
and add them to the ILP. For the PBS solver, we iteratively search for
satisfying variable assignments and check each for planarity, adding up to 50
lazy Kuratowski constraints each.

Common basis. For each new model below, we start with the above
program by Mutzel but omit the Kuratowski constraints (2.1).

2.4.1 Facial Walks

Recall that for any connected planar graph, there is an embedding Π, rep-
resented by a cyclic order of edges around the nodes that corresponds to a
planar drawing of the graph. The regions bounded by the edges are the faces
of Π (cf. Definitions 1.4.3, 1.4.5 and 1.4.6). The facial walk model is based on
an idea developed in [Bey+16] to compute the genus of a graph; it constitutes
the only known model for the latter problem and simulates the face tracing
algorithm that proceeds as follows on a given embedding Π: Starting at a
node v, we traverse an edge vw and continue with the succeeding edge at
w (w.r.t. the rotation at w in Π). This is iterated until we again arrive at
vw, closing the traced face’s boundary. By repeating this operation until all
edges are traversed exactly once in both directions, we establish all faces of Π.
We simulate this algorithm by introducing variables that map each arc to its
face. This allows us to employ Euler’s polyhedron formula (1.4.7), relating
the number of faces in any planar drawing of a graph in the plane with the
number of nodes as well as the number of edges. Overall, this establishes
the planarity of the subgraph.

Let f̄ be an upper bound on the number of attainable faces. In our
experiments, we set f̄ := min{2n−4,m−n+1}. The first bound reflects the
number of faces in a triangulation, whereas the second one follows directly
from Euler’s formula (1.4.7) under the assumption that the input is non-
planar, i.e., at least one edge has to be removed. Let A denote the bidirected
counterpart of the undirected edges E, i.e., for each undirected edge uv ∈ E,
the set A contains two directed arcs uv and vu. We add the following binary
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variables:

• xi ∀i ∈ [f̄ ] Has value 1 if and only if face i exists.

• cia ∀a ∈ A, i ∈ [f̄ ] Has value 1 if and only if arc a bounds
face i: traversing i in clockwise order visits
e(a) in the orientation of a.

• pvu,w ∀v ∈ V, u, w ∈ N(v) Has value 1 if and only if w is the direct
successor of u in the cyclic order around v.

To improve comprehensibility, we define the following short-hand notations:

pv(U ×W ) :=
∑︁

u∈U
∑︁

w∈W pvu,w, x(I) :=
∑︁

i∈I xi,

s̄v(W ) := deg(v)−∑︁
w∈W svw, cI(J) :=

∑︁
i∈I

∑︁
j∈J c

i
j .

We then complete the facial walk model by the constraints below:

n+ x([f̄ ]) = 2 +
∑︁

e∈E se (2.4a)

xi = 1 ∀i ∈ [3] ⋆ (2.4b)

xi ≥ xi+1 ∀i ∈ [f̄ − 1] ⋆ (2.4c)

xi ≤ c{i}(A)/3 ∀i ∈ [f̄ ] (2.4d)

cia ≤ xi ∀a ∈ A, i ∈ [f̄ ] (2.4e)

c[f̄ ](a) = 1− se(a) ∀a ∈ A (2.4f)

c{i}(δ−(v)) = c{i}(δ+(v)) ∀i ∈ [f̄ ], v ∈ V (2.4g)

civw ≥ ciuv + pvu,w − 1 ∀i ∈ [f̄ ], v ∈ V, u, w ∈ N(v) (2.4h)

ciuv ≥ civw + pvu,w − 1 ∀i ∈ [f̄ ], v ∈ V, u, w ∈ N(v) (2.4i)

pv(u×N(v)) = 1− svu ∀vu ∈ A (2.4j)

pv(N(v)× w) = 1− svw ∀vw ∈ A (2.4k)

pv(U ×N(v)\U) ≥ s̄v({u, ũ})− 1
∀v ∈ V,∅ ̸= U ⊊ N(v),

u ∈ U, ũ ∈ N(v) \ U (2.4l)

Inequality (2.4a) ensures that the number of nodes, faces, and edges satisfy
Euler’s polyhedron formula. Constraints (2.4d) account for the fact that
each face needs at least three arcs. Conversely, for any arc to be assigned
to a face, the face needs to exists (→2.4e). For any arc whose edge is in
the planar subgraph there must exist exactly one face that contains the arc
(→2.4f). Constraints (2.4g) ensure that the number of inbound arcs equals
the number of outbound arcs at a fixed node in a fixed face. By adding
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constraints (2.4h,2.4i), we make sure to respect the successor-variables. Con-
straints (2.4j,2.4k) ensure there are successor variables selected for any edge
that is in the solution. The exponentially large set of cut constraints (2.4l)
prohibits multiple cycles in the successor relation. Optionally, we can force
the use of at least the first 3 faces (→2.4b), otherwise the solution is out-
erplanar and thus not maximal; and we can use faces in order of their
indices (→2.4c) to break symmetries.

Special variables/constraints for degree-3 nodes. Consider any degree-
3 node v with neighbors uv0, u

v
1, u

v
2. If all its incident edges are in the solution,

we have two possible cyclic orders. Otherwise, the cyclic order is even unique.
Thus, instead of introducing six successor-variables pv... and constraints (2.4h–
2.4l), we can use a single binary variable pv, and straightforwardly simplified
constraints, for all i ∈ [f̄ ], j ∈ [3], and all degree-3 nodes v:

civuv
j+1
≥ ciuv

j v
+ (pv−1)− svuv

j+1

civuv
j+2
≥ ciuv

j v
+ (pv−1)− svuv

j+2
+ (svuv

j+1
−1)

ciuv
j v
≥ civuv

j+1
+ (pv−1)− suv

j v

ciuv
j v
≥ civuv

j+2
+ (pv−1)− suv

j v
+ (svuv

j+1
−1)

civuv
j
≥ ciuv

j+1v
− pv − svuv

j

civuv
j
≥ ciuv

j+2v
− pv − svuv

j
+ (svuv

j+1
−1)

ciuv
j+1v
≥ civuv

j
− pv − suv

j+1v

ciuv
j+2v
≥ civuv

j
− pv − svuv

j+2
+ (svuv

j+1
−1)

It can be easily (although tediously) verified by a case analysis that the above
inequalities cover every possible configuration of neighbors, where we might
assume that there is at least one neighbor since every maximal solution must
be connected.

Algorithm engineering & preliminary benchmarks. In our experi-
ments, the special degree-3 node model did not solve more instances but
resulted in a marginal reduction (0.8%) of running time; so we use it. The
PBS variant on the other hand suffers from the special degree-3 model,
solving 9.38% less instances. An ILP variant where we eliminate the solution
variables se (directly using the containment variables cia instead) solved
3.29% less instances. We refrain from testing polynomially sized models
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(betweenness- and index-based instead of constraints (2.4h–2.4l)) as our exact
genus experiments suggest this does not pay off [Bey+16].

2.4.2 Schnyder Orders

A partially ordered set (poset) is a pair P = (S,≺) where ≺ is a strict partial
order (transitive, irreflexive, binary relation) over the elements of S. Every
poset has a realizer, i.e., a set R of total orders (transitive, antisymmetric,
total, binary relation) on S whose intersection is ≺ [Szp30]. This means that
x ≺ y if and only if x <i y for all <i ∈ R. The Dushnik-Miller dimension
dimP of P is the minimum cardinality over all realizers of P [DM41]. We
associate a poset PG = (V ∪ E,≺G) to G such that x ≺G y if and only if
y = {v, w} ∈ E and x ∈ y. The dimension of G is defined as the Dushnik-
Miller dimension of PG.

Theorem 2.4.1 (Schnyder’s Theorem, 4.1 and 6.2 of [Sch89]). A graph is
planar if and only if its dimension is at most three.

In fact, a graph with dimension 1 (2) is an isolated node (path, re-
spectively). Therefore, we propose a model to check for dimension three.
Fortunately, Schnyder provides another, related and favorable, characteriza-
tion:

Lemma 2.4.2 (Lemma 2.1 of [Sch89]). A graph G = (V,E) has dimension
at most d if and only if there exists a set of total orders <1, ..., <d on V such
that the intersection of <1, ..., <d is empty; and for each edge {x, y} ∈ E and
each node z /∈ {x, y} of G, there is at least one order <i such that x <i z
and y <i z.

To use this criterion, we add (additionally to se) the following binary vari-
ables:

• tiu,v ∀i ∈ [3], ∀u, v ∈ V : u ̸= v Has value 1 if and only if u <i v.

• aie,v ∀i ∈ [3], e ∈ E, v ∈ V e Can have value 1 only if u <i v ∀u ∈ e.

We are now able to complete the Schnyder orders ILP by adding:

se +
∑︁2

i=0 a
i
e,v ≥ 1 ∀e ∈ E, v ∈ V e (2.5a)

aie,v ≤ tiu,v ∀i ∈ [3], e ∈ E, u ∈ e, v ∈ V e (2.5b)∑︁2
i=0 t

i
u,v ≤ 2 ∀u, v ∈ V : u ̸= v ⋆ (2.5c)

tiu,v + tiv,w − 1 ≤ tiu,w ∀i ∈ [3],p.d. u, v, w ∈ V (2.5d)

tiu,v + tiv,u = 1 ∀i ∈ [3], u, v ∈ V : u ̸= v (2.5e)
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Constraints (2.5a) ensure that for any edge in the solution the Schnyder-
property for any non-incident node is satisfied by at least one of the three
orders. By inequalities (2.5b), we make sure that the second requirement
of the Schnyder-property is respected. Transitivity of the total orders is
obtained by (2.5d). Finally, we require totality by adding (2.5e).

As Schnyder states [Sch89], we may omit the intersection criterion (2.5c)
as this is satisfied by any non-trivial solution. Note that for any two adjacent
edges uv, vw in the solution and any i ∈ [3], we cannot have aiuv,w = aivw,u = 1,
since the orders induced by the a-variables are conflicting. Hence, we might
pick a single triangle T = {e1, e2, e3} in the input graph and assign realizing
orders to each edge; thereby vi denotes the node incident to both of T \ {ei}:∑︁

j∈[3]\{i} a
j
ei,vi = 0 ∀i ∈ [3] ⋆ (2.5f)

Analogously, we might apply the same symmetry breaking constraint to two
adjacent edges if the graph is triangle-free. (Then e3 /∈ E, we let i ∈ [2] but
retain the subscript at the sum.)

Algorithm engineering & preliminary benchmarks. For the ILP
solver, we tested omitting the symmetry breaking constraints (2.5f) (9.12%
less solved instances), omitting intersection constraints (2.5c) (0.85% less),
manually separating the transitivity constraints (which does not change the
overall number of solved instances but increases running time by 4.00%),
and using Theorem 2.4.1—the partial order on (V ∪E)—instead (leading to
a related but different model that we do not describe here), where we solve
39.89% fewer instances.

Using the PBS solver, we obtain similar results for omitting symmetry
breaking constraints (9.37% less) and for omitting intersection constraints
(0.79% less). In contrast to above, using lazy transitivity constraints leads to
5.24% fewer solved instances. We did not investigate a PBS variant based on
Theorem 2.4.1 as the ILP performance was already strikingly underwhelming.
We did consider a variant where we use betweenness variables [Cap+11]
to describe each of the three total orders. This allows us to omit the a-
variables, but it did not yield satisfactory running time already on rather
trivial instances.

2.4.3 Left-Right Edge Coloring

A Trémaux tree T is a rooted tree in a graph H such that for any cotree edge
{u, v} ∈ ET

H := E(H) \ E(T ), we can traverse the nodes of the tree-path
between u and v, such that the levels of the nodes (i.e., their distances in T
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to the root) are strictly increasing, see [Tar95]. Any DFS-tree, rooted at the
start node, is a Trémaux tree. For any edge e we refer to the node closer
to the root of T as

◦
e and the other one as

•
e (this is unique by the Trémaux

property). Any Trémaux tree T defines a partial order on the nodes: for
each edge e ∈ E(T ) we set

◦
e ≺ •

e, the partial order is obtained by extending
this relationship to its transitive hull.

Definition 2.4.3 (T -alike and T -opposite relations). We denote the meet,
i.e., the closest common ancestor, of two nodes u, v in ≺ by u ∧ v. De
Fraysseix and Rosenstiehl [FR85] define binary relations between cotree edges
as follows:

P1. For any α, β, γ ∈ ET
H such that

◦
γ ≺ ◦

α ⪯
◦
β ≺ •

α ∧
•
β ∧ •

γ ≺ •
α ∧

•
β, α and

β are T -alike.

P2. For any α, β, γ ∈ ET
H such that

◦
γ ≺ ◦

α ≺
◦
β ≺ •

α ∧
•
β ∧ •

γ ≺
•
β ∧ •

γ, α and
β are T -opposite.

P3. For any α, β, γ, δ ∈ ET
H such that

◦
γ =

◦
δ ≺ ◦

α =
◦
β ≺ •

α∧
•
β ≺ •

α∧ •
γ, and

•
α ∧

•
β ≺

•
β ∧ •

γ, α and β are T -opposite.

Theorem 2.4.4 (Section 2 of [FR85]). A connected graph H with a Trémaux
tree T is planar if and only if there exists a partition of ET

H into two classes,
such that any two edges which are T -alike (T -opposite) belong to the same
class (different classes, respectively).

Using this characterization, we design a model that describes a Trémaux
tree with a feasible bicoloring of cotree edges for any connected, planar
subgraph. We introduce the following set of binary variables, additionally to
se for all e ∈ E:

• td ∀d ∈ A Has value 1 if and only if arc d is in the Trémaux
tree T .

• ℓuv ∀u, v ∈ V Has value 1 if and only if node u lies on the path
from the root to v in T . Always true for u = v
and whenever u is the root of T . Models the partial
Trémaux ordering u ≺ v ⇐⇒ ℓuv = 1.

• re ∀e ∈ E Has value 1 if and only if edge e is colored red (other-
wise, re = 0 and e is colored blue).

Given an arc a, we may directly write ra when referring to re(a).
First, we establish a Trémaux tree. It has n− 1 edges (→2.6a), chosen

from the planar subgraph (→2.6b). Its edges seed the partial order on the
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nodes (→2.6c). To make sure the order described by the ℓ-variables is exactly
the transitive hull of the tree, we need that nodes with the same parent in
the tree are not comparable (→2.6d). Whenever two nodes u, v are smaller
than a third one, u must be comparable to v (→2.6e). Constraints (2.6f),
(2.6h), and (2.6g) model transitivity, reflexity, and antisymmetry, respectively.
Finally, the Trémaux tree property—any edge of the planar solution being
incident with two comparable nodes—is enforced by constraints (2.6i). Note
that the t-variables will always describe a tree, i.e., there are no cycles as
this would conflict with the induced partial order by (2.6c,2.6f,2.6g).∑︁

d∈A td = |V | − 1 (2.6a)

se(d) + td ≤ 1 ∀d ∈ A (2.6b)

td ≤ ℓd ∀d ∈ A (2.6c)

ℓvw + ℓwv + tuv + tuw ≤ 2 ∀u ∈ V, {uv, uw} ∈ A{2} (2.6d)

1 + ℓuv + ℓvu ≥ ℓuw + ℓvw ∀(u, v, w) ∈ V (3) (2.6e)

ℓuv + ℓvw ≤ ℓuw + 1 ∀(u, v, w) ∈ V (3) (2.6f)

ℓuv + ℓvu ≤ 1 ∀{u, v} ∈ V {2} (2.6g)

ℓvv = 1 ∀v ∈ V (2.6h)

se + ℓ•e + ℓ◦e ≥ 1 ∀e ∈ E (2.6i)

Aiming at cutting off some symmetrical solutions, we may demand that tree
edges and deleted edges are colored blue:

t◦e•e + t•e◦e + re ≤ 1 ∀e ∈ E ⋆ (2.6j)

re + se ≤ 1 ∀e ∈ E ⋆ (2.6k)

We may also enforce a unique Trémaux tree for each given assignment of
s-variables: pick an arbitrary root node r ∈ V , set its incoming arcs to 0 and
those of every other node to 1 (→2.6l,2.6m). Let <π denote a fixed non-cyclic
order on the adjacency entries for each node. We may demand that the first
feasible edge in this order is always picked for the tree, thus obtaining a
distinct feasible DFS-tree for each assignment of s-variables (→2.6n).∑︁

wr∈A twv = 0 ⋆ (2.6l)∑︁
wv∈A twv = 1 ∀v ∈ V \ {r} ⋆ (2.6m)

tuw + ℓwv − suv ≤ 1 ∀uv <π uw ∈ A ⋆ (2.6n)

We now establish a feasible bicoloring of the cotree edges. For readability, let
Ru,v

α,β,γ := C{α,β,γ}+ℓ◦γ ◦
α+ℓuv−2, where CF :=

∑︁
d∈F

(︁
ℓd−se(d)−td−trev(d)−1

)︁
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for any F ⊆ A.

P 1
α,β(γ, u, v) := Ru,v

α,β,γ + ℓ◦
α

◦
β
+ ℓ ◦

βu
+ ℓu•

γ − ℓv•
γ + ℓv •

α + ℓ
v
•
β
− 5,

P 2
α,β(γ, u, v) := Ru,v

α,β,γ + ℓ◦
α

◦
β
+ ℓ ◦

βu
+ ℓu•

α − ℓv •
α + ℓ

v
•
β
+ ℓv•

γ − 5,

P 3
α,β(γ, δ, u, v, w) := Ru,v

α,β,γ + C{δ} + ℓ◦
αu + ℓuv + ℓuw + ℓu•

α + ℓ
u

•
β

+ ℓv •
α − ℓ

v
•
β
+ ℓv•

γ − ℓ
v
•
δ
− ℓw •

α + ℓ
w

•
β
− ℓw•

γ + ℓ
w

•
δ
− 9.

We model coloring restrictions of type P1 (T -alike), P2 (T -opposite by
one other cotree edge), and P3 (T -opposite by two other cotree edges) by
constraints (2.6o–2.6q), respectively:

rα − rβ ≥ P 1
α,β(γ, u, v)

rβ − rα ≥ P 1
α,β(γ, u, v)

∀α, β, γ ∈ A of p.d. edges,

u ̸= v ∈ V :
◦
γ ̸= ◦

α ∧
◦
β ̸= u

(2.6o)

rα + rβ ≥ 1 + P 2
α,β(γ, u, v)

rα + rβ ≤ 1− P 2
α,β(γ, u, v)

∀α, β, γ ∈ A of p.d. edges,

u ̸= v ∈ V :
◦
γ ̸= ◦

α ̸=
◦
β ̸= u

(2.6p)

rα + rβ ≥ 1 + P 3
α,β(γ, δ, u, v, w)

rα + rβ ≤ 1− P 3
α,β(γ, δ, u, v, w)

∀α, β, γ, δ ∈ A of p.d. edges

u, v, w ∈ V : v ̸= w and
◦
α =

◦
β ∧ ◦

γ =
◦
δ ∧ ◦

γ ̸= ◦
α ̸= u

(2.6q)

To comprehend the latter three constraint classes (2.6o–2.6q), one first
needs to understand that for any F ⊆ A we have −CF ∈ N by definition
(for any feasible variable assignment) and CF = 0 if and only if each arc of
F is a cotree edge of the subgraph induced by the s-variables and directed
from the smaller to the larger node. Following this pattern, we define the
terms P 1

α,β(γ, u, v), P
2
α,β(γ, u, v), P

3
α,β(γ, δ, u, v, w) each equal to 0 if and only

if we have a configuration of type P1, P2, or P3, respectively, and smaller
than or equal to −1 otherwise. Using these terms we can enforce T -alike-
and T -oppositeness for any pair α, β as given by constraints (2.6o–2.6q);
see Fig. 2.10 for the selection of nodes u, v, and w.

DFS-based branching rule. Apart from a traditional automatic selection
of branching variables by the ILP solver, we consider a more specialized
scheme. Given a node in the B&B tree, we traverse the locally non-deleted
edges of G (i.e., the edges that have a local upper bound of 1) in their unique
DFS order until we find an edge e that is not yet chosen to be in the DFS-tree
(i.e., the lower bound of the respective arc variable is not 1). We spawn
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Figure 2.10: Schematics of configurations inducing T -alike and T -opposite
relations with ranges to pick nodes u, v, w from, such that constraints (2.6o–
2.6q) are tight. Nodes at the bottom are (closest to) the root. Tree paths
are straight (cotree edges are curved), partially dotted lines. Subgraphs of
arbitrary structure (possibly just a single node) are shaded in gray.

two new B&B subproblems, where e either is deleted or in the DFS-tree,
respectively. While we lose the potential benefit of always branching on a
strongly fractional value, we can fix two instead of just one free variable in
both new B&B branches.

Algorithm engineering & preliminary benchmarks. Since we cannot
hope to explicitly write down all coloring constraints (2.6o–2.6q), we separate
on integral ILP solutions and use lazy, i.e., iteratively added, constraints
in the PBS variant. We use a simple O(|V (G)|4) routine that identifies
all violated bicoloring constraints for any integral variable assignment: We
iterate over all triples (for type P1 and P2), and all quadruples (for type
P3) of cotree edges. For any such triple (resp. quadruple) we test in O(1)
whether the induced constraints are violated. By adding the trivial Euler
bound, we may assume that |E(H)| ∈ O(|V (G)|). Note that w.l.o.g. we may
start the search at edge γ and restrict it to α, β, δ ∈ {σ ∈ ET

H |
◦
σ ⪰ ◦

γ} and
take required adjacencies into account. Also, we may terminate the routine
after identifying a large set of violated constraints.

We evaluated ILP variants where we omitted the symmetry breaking
constraints (2.6l–2.6n) (49.91% less solved instances), use our custom branch
rule while limiting its application to B&B-depth at most 6 (13.22% more) as
well as without this limit (32.40% more), and increased the limit of added
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constraints per LP run from the default of 100 to 1000 (0.93% more).

Using the PBS solver, we obtain similar results when omitting symmetry
breaking constraints (65.74% less). Furthermore, we investigated a separation
routine based on directed cuts5 to cut off infeasible t-variable assignments;
this does not seem to be beneficial.

2.4.4 Experimental Evaluation

Setup. All our programs are implemented in C++, compiled with GCC
6.3.0, and use the OGDF (version based on snapshot 2017-07-23) [Chi+13].
We use SCIP 4.0.1 for solving ILPs with CPLEX 12.7.1 as the underlying LP
solver [Gle+18]. For PBS-based algorithms, we utilize Clasp 3.3.3 [Geb+11].
Each MPS-computation uses a single physical core of a Xeon Gold 6134 CPU
(3.2 GHz) with a memory speed of 2666 MHz. We apply a time limit of
20 minutes and a memory limit of 8 GB per computation. Our instances
and results, giving running time and skewness (if solved), are available for
download at http://tcs.uos.de/research/mps.

Instances and configurations. As presented in Section 1.7.1, we use the
real-world instance sets North, Rome, and a subset of SteinLib. From
SteinLib, we use test-sets B, WRP3, and WRP4, limited to graphs on at most
200 nodes. We also ran benchmarks on sets I080 and PUC but no algorithm
was able to solve any such graph. Hence, we omit the respective sets from the
experimental comparison. In addition, we useRegular. In [Por08] a set of 46
graphs is considered to evaluate the performance of MPS heuristics. From this
set, we use the six graphs cimi-g1 to cimi-g6 that were initially collected by
Cimikowski [Cim95a]. These graphs have practical relevance or originate from
other publications. The latter three (cimi-g4–cimi-g6) stem from [JTS89],
[Kan92], and [TDB88], respectively. We also tried solving other graphs
from the set presented in [Por08] but succeeded only on graphs that allow
triangulations (i.e., when obtaining trivially optimal solutions). Furthermore,
we generated (see Algorithm 3) a set of 600 random graphs that have bounded
skewness: we generated 50 graphs for each parameterization (|V (G)|, d, b) ∈
{50, 70}× {1.25, 1.50}× {5, 10, 15}, where d denotes the density of a random
planar graph and b is the number of random edges added to this graph
(hence an upper bound on the skewness). We denote this set of instances by
SkewBound.

For formulations that allow multiple configurations, we determined the

5Our constraints take the form
∑︁

w∈W,v∈V \W twv ≥ 1 for all W with {r} ⊆ W ⊊ V.

http://tcs.uos.de/research/mps
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ALGORITHM 3: Generates a random graph with bounded skewness.

Input: desired number of nodes n, density d, and bound b on skewness
1 G← K1

2 while |V (G)| < n do
// generate a random tree on n nodes

3 v ← node of G, chosen uniformly at random
4 w ← new node
5 G← G+ w + vw

6 L← empty queue
7 L.enqueue(outer face of G)
8 while |E(G)|/|V (G)| < d do

// add new edges while maintaining planarity

9 f ← L.dequeue()
10 e← edge ̸∈ E(G) that splits f , chosen uniformly at random
11 G← G+ e
12 F ← set of faces incident with e in G
13 foreach g ∈ F do
14 L.enqueue(g) unless g is a triangle

15 foreach i ∈ {1, ..., b} do
// add new edges to make G (possibly) non-planar

16 e← edge ̸∈ E(G), chosen uniformly at random
17 G← G+ e

18 reject G if it is planar
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Table 2.3: Percental ratios of solved instances. The Kuratowski ILP domi-
nates all other algorithms.

Rome North SteinLib Regular SkewBound

# instances 8249 423 31 380 600

ILP Algorithms

Kuratowski 85.70 73.75 67.74 34.74 99.67

Facial Walks 17.82 29.78 12.90 6.58 16.50

Schnyder Orders 21.69 48.22 12.90 13.68 21.00

L.-R. Coloring 36.64 60.75 12.90 19.74 35.83

PBS Algorithms

Kuratowski 77.43 69.73 48.39 15.79 89.83

Facial Walks 15.21 30.02 6.45 1.05 5.00

Schnyder Orders 46.24 61.93 22.58 10.53 21.00

L.-R. Coloring 65.07 66.43 32.26 15.26 74.83

most promising one in a preliminary benchmark on a set of 1 224 graphs
from North and Rome, as already mentioned above. This fixed subset of
instances was sampled by partitioning the instances into buckets based on
the number of nodes and choosing a fixed number of graphs from each bucket
with uniform probability. For parameters where we had a non-binary choice
(e.g., heap size in ILP separation) we rely mostly on the values identified in
[Hed17].

Our algorithms use strong primal heuristics, whose common foundation is
a maximal planar subgraph algorithm based on the simpler cactus algorithm
by Călinescu et al., with approximation ratio 7/18, that was identified to be
among the practically best heuristics, cf. Section 2.2.

Results. Table 2.3 summarizes the ratios of solved instances. Evidently,
the Kuratowski ILP dominates all implementations. To our surprise, the
rather intricate left-right edge coloring model constitutes the most successful
one among the new variants. The facial walk model falls behind all other
formulations. A similar picture is obtained from a more detailed look at the
success rates (cf. Figs. 2.12 and 2.13).

In Table 2.4 we see that the instance set from [Cim95a] is not hard: Its
skewness is at most 4 and all PBS -based models but Facial Walks solve
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Figure 2.11: Skewness of random generated instance set SkewBound.

Table 2.4: Obtained dual bounds on MPS for graphs by Cimikowski. We omit
the prefix “cimi-” from each instance’s name (e.g., g1 instead of cimi-g1).
The variant PBS Facial Walks did not provide any dual bounds.

g1 g2 g3 g4 g5 g6

# nodes 10 60 28 10 45 43

skewness 2 1 2 2 3 4

edges in MPS 19 165 73 20 82 59

ILP Algorithms

Kuratowski 19 165 73 20 82 59

Facial Walks 20 165 74 21 83 62

Schnyder Orders 19 165 74 20 82 62

L.-R. Coloring 19 166 75 20 83 63

PBS Algorithms

Kuratowski 19 165 73 20 82 59

Schnyder Orders 19 165 73 20 82 59

L.-R. Coloring 19 165 73 20 82 59
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Table 2.5: Percental ratio of solved SteinLib instances. The most successful
algorithms are marked in bold.

SteinLib subset B WRP3 WRP4

# instances 18 8 5

ILP Algorithms

Kuratowski 50 88 100

Facial Walks 17 0 20

Schnyder Orders 17 0 20

L.-R. Coloring 17 0 20

PBS Algorithms

Kuratowski 50 38 60

Facial Walks 6 0 20

Schnyder Orders 28 13 20

L.-R. Coloring 39 13 40

Table 2.6: Number of solved instances among Regular (20 graphs for each
parameterization).

# nodes 10 20 30 50 100

node degree 4 6 4 6 10 4–10 20 4–20 40 4–40

ILP Algorithms

Kuratowski 20 20 20 0 20 0 20 0 20 0

Facial Walks 8 17 0 0 0 0 0 0 0 0

Schnyder Orders 20 18 0 0 11 0 0 0 3 0

L.-R. Coloring 20 20 0 0 20 0 12 0 3 0

PBS Algorithms

Kuratowski 20 20 20 0 0 0 0 0 0 0

Facial Walks 4 0 0 0 0 0 0 0 0 0

Schnyder Orders 20 20 0 0 0 0 0 0 0 0

L.-R. Coloring 20 20 18 0 0 0 0 0 0 0
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Figure 2.12: Success rate and running time on Rome graphs.
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Figure 2.13: Success rate and running time on North graphs.
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Figure 2.14: Comparison of ILP primal and dual bounds on Rome graphs.
Reddish colors correspond to many instances represented by the same dot.
Single instances are blue. Absolute gap refers to dual bound minus primal
bound.
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Figure 2.15: Comparison of ILP primal and dual bounds on North graphs.
Reddish colors correspond to many instances represented by the same dot.
Single instances are blue. Absolute gap refers to dual bound minus primal
bound.
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Table 2.7: Number of solved instances among the random bounded graphs
(50 graphs for each parameterization).

# nodes 50 70

density 1.25 1.5 1.25 1.5

upper bound 5 10 15 5 10 15 5 10 15 5 10 15

ILP Algorithms

Kuratowski 50 50 50 50 50 49 50 50 50 50 50 49

Facial Walks 36 8 0 13 0 0 27 4 0 11 0 0

Schnyder Orders 44 13 0 22 0 0 31 5 0 11 0 0

L.-R. Coloring 50 34 2 41 3 0 48 17 0 20 0 0

PBS Algorithms

Kuratowski 50 46 38 49 50 41 49 46 46 50 50 24

Facial Walks 16 0 0 1 0 0 9 1 0 2 0 0

Schnyder Orders 50 43 17 49 39 8 49 41 9 48 23 0

L.-R. Coloring 50 45 37 47 49 10 48 46 29 50 35 0

each graph to optimality. This highlights the weak performance of the
Facial Walks approach, independently of the used solver. On the contrary,
a large performance gap between the two solving methods can be observed
for the left-right coloring approach. Table 2.5 confirms the strength of the
Kuratowski approach within each subset of the SteinLib. Table 2.6 lists
the number of solved instances among all parameterizations of expander
graphs. It indicates that all expanders that were solved by one of the new
algorithms were also solved by the respective Kuratowski variant. One
also observes that more edges do not necessarily lead to harder instances:
The Kuratowski model often solves only dense enough instances, typically
allowing solutions that are close to a triangulation. Similarly, Table 2.7
shows the number of solved instances among the parameterizations of the
random skewness-bounded graphs. Once again, the Kuratowski ILP not only
dominates all other implementations but is also able to solve all but two
graphs. We observe that the upper bound given by the number of potentially
non-planar edge insertion steps is often rather loose, cf. Fig. 2.11.

In Fig. 2.12a (Fig. 2.12b), we show the relative number of solved instances
among the Rome graphs over the nodes in the input (resp. number of edges
in the non-planar core), clustered to the nearest multiple of five. As expected,



2.4. ILP MODELS BY PLANARITY CRITERIA 69

the more edges there are in the core, the harder the instance is in practice.
This is particularly clear on the Rome graphs and becomes a little distorted
on the North graphs, see Figs. 2.13a and 2.13b, that include some instances
where we have to delete very few edges to obtain a (near) triangulation with
an (almost) trivial upper bound. Figs. 2.12d and 2.13d show the number of
solved instances over our total running time. The running time is represented
logarithmically. Again, the Kuratowski ILP is the clear winner and solves
more instances than any other variant at any point in time. While the
number of solved instances for all algorithms is already very substantial
after the first milliseconds and only very slowly increases over the course of
20 minutes, we can see that some algorithms gain more than others from
an increase in running time. Surprisingly, the Schnyder orders ILP seems
to benefit only on the considerably harder North graphs from increasing
the running time. In most cases, particularly on the Rome and North
instances, the PBS variants are stronger than their ILP counterparts, with
a clear exception for the Kuratowski model. We assume that this effect
is due to the weakness of the respective LP relaxations, which fail to give
strong enough bounds. Thus, the much faster enumeration strategies of
PBS solvers win, not spending time on comparably futile LP computations.
Finally, Figs. 2.12c and 2.13c relate upper bounds on the skewness with the
number of solved instances. We can see that there is little success on graphs
with a skewness larger than 12, on both the Rome and North set. The
same holds, although not as clear cut, for the other instance sets. Figs. 2.14
and 2.15 show a large gap for many instances when using the ILP approach.
Evidently, only the Kuratowski ILP reaches a gap below 20 on all Rome
graphs. This is in stark contrast to all other ILPs where we obtain gaps that
are twice as large. For example, the topmost outlier grafo8882.100.lgr
with gap 37 for Facial Walks and L.-R. Coloring and gap 36 for Schnyder
Orders, has a gap of only 18 in the Kuratowski model. Interestingly, although
the L.-R. Coloring model is able to optimally solve many Rome and North
graphs, there are no instances that result in a gap of exactly one in either of
the two instance sets, we have no good explanation for this behavior. We
further observe that even for the supposedly simple Rome graphs, there are
instances that do not seem to be solvable by the strongest choice, i.e., the
Kuratowski model. Considering the large gaps that can be observed, even a
generous relaxation of the running time limit is likely not sufficient to solve
these graphs with the suggested models.
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Conclusion. The main goal in this section was to investigate novel ways
of approaching the MPS problem, after over two decades of no progress w.r.t.
exact models. We succeeded in the sense that we showed that there are
indeed viable alternatives. However, we also showed experimentally that
a modern implementation of the old Kuratowski formulation remains the
strongest option to solve MPS in practice. Although negative, this is an
interesting observation.

We should keep in mind that the thereby required efficient separation
builds upon years of algorithmic development [CMS07; Joh04], and it is the
only ILP where we currently know how to (heuristically) separate on fractional
solutions. Equipped with similar tools, i.e., a sensible rounding scheme and a
linear-time separation routine (e.g., a modified left-right planarity test), the
left-right edge coloring formulation might yield very competitive performance.
This, in fact, may be a reasonable target for future research.

For the genus problem, a facial walk model similar to our MPS formulation
is the only known feasible approach. However, we clearly see that it is not
favorable for MPS as we have stronger and more direct options at our
disposal. The facial walk model optimizes over all possible embeddings
(there are exponentially many already for a fixed subgraph) of all planar
subgraphs, which might help explain its underwhelming performance. The
Schnyder orders model does not perform very well in practice despite its very
elegant characterization. This might be due to the fact that in contrast to
the left-right edge coloring, we search for three feasible orders on the planar
subgraph instead of just one (the partial order corresponding to the Trémaux
tree). To solve the Schnyder orders model efficiently, a fast solver for linear
ordering problems seems to be required. The Schnyder and left-right edge
coloring PBS formulations usually beat their ILP counterparts, indicating
that their LP relaxations are rather weak. As expected, the expander graphs
constitute a particularly hard class of instances and may be a good starting
point for tuning and extending our algorithms.

Finally, the strong performance of the Kuratowski model (in particular
the ILP variant) is a clear indication that it deserves more attention in the
future. In fact, just recently initial progress was made towards a stronger
model founded on the Kuratowski approach [CW18]. In the upcoming section,
we turn our attention towards this novel Kuratowski-based approach.
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2.5 Stronger ILP Models Based on Small Cycles

Here, we want to discuss potential improvements to the state-of-the-art
Kuratowski-based model by Mutzel. To this end, we will investigate several
new constraint classes that consider small cycles in the graph.

We use the ILP model by Mutzel as the basis of our extensions (see
Section 2.1). As such, we denote it, without any of the below extensions, by
‘ε-model’. Let us present new constraints for this planar subgraph polytope
(or a lifted version thereof). All but the first class of new constraints require
the introduction of new variables based on cycles, leading to the cycle model.
For each constraint class we first give some motivation and intuition for
its feasibility, before discussing its technical details. We then describe—
provided the class is large—separation routines that quickly identify violated
constraints, and usually show that it strengthens our ILP model.

Such proofs of strength always proceed in the following manner: First, we
describe an integrally edge-weighted graph that is used as input. Note that
(integral) edge-weights are naturally obtained by contracting bundles in the
input and other preprocessing techniques. We restrict ourselves to instances
that cannot be reduced by standard techniques [CG09]. Next, we give an
LP-feasible solution with objective value OBJ for the model that does not
use the new constraints. In particular, we also show that the solution satisfies
all traditional Kuratowski constraints (2.1). Finally, we show that there is
no LP-feasible solution with objective value OBJ when using (a subset of)
the new constraints.

Generalized Euler Constraints. We know from [JM96] that the inequal-
ity |E(G)| ≤ 2|V (G)| − 4 is facet-defining for complete biconnected graphs.
We are interested in a class of similar constraints for dense subgraphs with
large girth ϕ. The following lemma is folklore:

Lemma 2.5.1. A planar graph G satisfies

|E(G)| ≤
(︁
|V (G)| − 2

)︁
ϕ(G)/

(︁
ϕ(G)− 2

)︁
.

Proof. Let n := |V (G)|, m := |E(G)|, and π denote an embedding of G. For
any face of π we require at least ϕ(G) half-edges. Thus, the number f of
faces in π is bounded by f ≤ 2m/ϕ(G). Using Euler’s formula, we obtain
n−m+ (2m/ϕ(G)) ≤ 2, the claimed results follows when solving for m.

We thus derive a feasible generalized Euler constraint for any subgraph



72 CHAPTER 2. SKEWNESS AND MPS

(a) Edges of the maximum match-
ing M in G′ are dashed.

F

(b) The K3,4-subgraph (dashed edges
are removed from K3,3,1).

Figure 2.16: The input K3,3,1 for showing the strength of the generalized
Euler constraints.

H ⊆ G:

|E(H)| − s
(︁
E(H)

)︁
≤

(︁
|V (H)| − 2

)︁
ϕ(H)/

(︁
ϕ(H)− 2

)︁
∀H ⊆ G (2.7)

We note that this bound can sometimes be improved: for constraints (2.7)
to be satisfied with equality it is necessary that V (H) ≡ 2 (mod ϕ(H)− 2) if
ϕ(H) is odd and V (H) ≡ 2

(︁
mod (ϕ(H)−2)/2

)︁
otherwise [FST18]. However,

we did not implement this in our algorithms.

Lemma 2.5.2. The generalized Euler constraints (2.7) strengthen the ε-
model.

Proof. Let G denote the K3,3,1, i.e., the complete bipartite graph with three
nodes in each partition plus a new node that is connected to each of the
other six nodes (see Fig. 2.16).

Consider the ε-model on G. We show the fact for OBJ = 3/2. Since
ϕ(G) = 3, the traditional Euler constraint only gives an upper bound of 15 on
the number of edges in the planar subgraph, but |E(G)| = 15. Let v denote
the node in the cardinality-1 partition and M denote a perfect matching in
G′ := G− v. For any cardinality-2 subset S ⊂M , the graph G− S is planar
(see Fig. 2.16a). Hence, we satisfy all Kuratowski constraints by setting
se = 1/2 for all e ∈M . It follows that an LP-value of 3/2 is feasible without
the generalized Euler constraints.

Consider an edge cut F in K3,3,1 that partitions the nodes V (G′) such
that E(G′) is fully contained in F , and places v in either of the two partitions.
F induces aK3,4-subgraphH with ϕ(H) = 4 (see Fig. 2.16b). The generalized
Euler constraint on H is s(E(H)) ≥ 2, hence improving the dual bound.



2.5. STRONGER ILP MODELS BASED ON SMALL CYCLES 73

We separate constraints (2.7) heuristically by seeking dense, high-girth
subgraphs using two different methods. First, using the current fractional
solution, we assign weight 1− se to each edge e and approximate a maximum
cut [MU05, Section 6.3], obtaining a girth-4 subgraph. If (after postprocessing,
see below) this does not yield a violated constraint, we try a second method:
We set a target girth µ and iteratively add edges in ascending order of their
LP-value to an initially empty graph, while updating the shortest paths
between all node pairs. Upon adding an edge e, we check whether e would
create a cycle of length less than µ, in which case we discard e instead. We
may repeat this process for different values of µ. After each of the above
attempts, we apply a postprocessing: Let H denote a girth-µ subgraph. The
contribution of a node v ∈ V (H) is defined by |δH(v)|−∑︁e∈δH(v) se−µ/(µ−2).
We iteratively remove nodes with negative contribution from H. In particular,
this will remove all degree-1 nodes.

2.5.1 Cycle Model

We now want to bound the number of edges in the planar subgraph by the
number of its small faces. Even though compelling from a theoretical stand-
point, it is infeasible to generate all potential faces of all planar subgraphs
of a given graph (already for bounded length). However, we know that
traversing the border of any face of a connected subgraph H traverses at
least one cycle unless H is a tree. We will relate the number of small faces in
any planar subgraph of a graph G to the number of small cycles in G. One
may also view this as a way to further generalize Euler constraints: many—in
particular sparse—graphs have low girth only due to very few cycles of small
length.

We may assume any (maximal) primal solution to be connected and non-
outerplanar as it could be trivially improved otherwise. Also observe that
we cannot require faces to uniquely map to cycles in general. Consider for
example a cycle graph (two faces with the same cycle) or a non-biconnected
graph (each cut-node occurs twice in at least one face; cycles contain nodes at
most once) Note that there are biconnected graphs that have no biconnected
MPS.

Lemma 2.5.3. For every connected, planar but non-outerplanar subgraph H
of G, there exists an embedding of H such that we can assign a unique cycle α
to every face f where all edges of α occur on the boundary of f .

Proof. Let H ⊂ G be as defined in the claim. There exists some biconnected
component B⋆ of H that is neither a cycle nor an edge since H is not
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outerplanar. Choose an embedding of H and pick some face of B⋆ as the
outer one. For every biconnected component B that is not just an edge, we
iterate over the inner faces of B. Each inner face f of B directly corresponds
to a cycle as a biconnected graph contains neither cut-nodes nor bridges.
(Observe that an inner face of B might in fact be much larger in H since we
ignore other components nested in this face.) Ultimately, we assign the cycle
induced by the outer face in H to the (last remaining) outer face. Since B⋆

is not a cycle we do not assign any cycle twice.

We denote the number of faces whose degree satisfies some property P
by fP .

Lemma 2.5.4. Given a connected, planar graph H on n nodes and m edges,
for each embedding of H with exactly f=d faces of degree d ∈ {3, 4, ..., 2m},
we have

m = 3n− 6−∑︁2m
d=3(d− 3)f=d. (2.8)

Proof. Every face in any embedding of H has degree at least 3 and at most
2m. For every face f of degree d we can add d − 3 edges that split f into
d− 2 triangles without violating planarity. After performing this operation
for each face, we obtain a planar triangulated graph, i.e., a graph that has
exactly 3n− 6 edges.

Let Cd(G) denote all cycles of length d in G. We set D ≥ 3 to the
maximum cycle length that we want to investigate; this parameter will
control the number of additionally generated variables. Let C≤D(G) denote
the set of cycles with length at most D. For every cycle α ∈ C≤D(G) we
generate a variable cα ∈ {0, 1}.6 We force such a variable to 0 if any edge of
the respective cycle is removed and allow at most two cycles per edge in the
MPS: ∑︁

α∈C≤D(G) : e∈E(α) cα ≤ 2 (1− se) ∀e ∈ E(G) (2.9)

Note that constraints (2.9) resemble the requirement for each edge to appear
in at most two faces (subject to Lemma 2.5.3). We discuss its correctness
below. Let c(d) :=

∑︁
α∈Cd(G) cα.

6Intuitively, we want cα = 1 if and only if α is (part of) a face, see below for details. In
terms of correctness, we need not but can actively force these variables to be binary, cf.
Section 2.5.3.
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Lemma 2.5.5. For every connected, planar but non-outerplanar subgraph H
of G, there exists an embedding π of H and a feasible assignment w.r.t. (2.9)
of cycle variables such that for each d ≤ D the number f=d of faces with
degree d in π is bounded from above by

f≤d ≤
∑︁d

k=3 c(k), or equivalently f=d ≤
∑︁d

k=3 c(k)− f<d.

Proof. We assign cycle variables following the proof of Lemma 2.5.3. Hence,
there is a unique cycle variable assigned to each face such that the length of
the cycle is at most the degree of its face. The variable assignment is feasible
since we pick only edges contained in H and pick at most two cycles incident
with any such edge.

Theorem 2.5.6. For any maximum planar subgraph of a graph G on n
nodes and m edges there exists a feasible variable assignment that satisfies
(2.9) and the cycle constraint

(D − 1)
(︁
m− s(E(G))

)︁
≤ (D + 1)(n− 2) +

∑︁D
d=3(D + 1− d)c(d). (2.10)

Proof. Starting with (2.8) on any connected, planar subgraph of G that has
m− s(E(G)) edges, we relax the equality by using the same coefficient for
all faces of large degree as in

m− s(E(G)) ≤ 3n− 6−∑︁D
d=3(d− 3)f=d − (D − 2)f>D.

By replacing f>D in Euler’s formula, (f>D + f≤D) + n−
(︁
m− s(E(G))

)︁
= 2,

we obtain

(D − 1)
(︁
m− s(E(G))

)︁
≤ (D + 1)(n− 2) +

∑︁D
d=3(D + 1− d)f=d. (2.11)

The claimed cycle constraint is finally obtained by applying Lemma 2.5.5 to
iteratively replace f=D′ for D′ = D,D − 1, ..., 4, 3 by the upper bound (note
that f<3 = 0), as sketched below for the (generalized, iteratively re-appearing)
rightmost summand of (2.11):∑︁D′

d=3(D
′ + 1− d)f=d ≤

∑︁D′−1
d=3

(︁
(D′ − 1) + 1− d

)︁
f=d +

∑︁D′
d=3 c(d)

Relaxations and D-Hierarchy

We now turn our attention to LP-relaxations of the cycle model. We show
that there is a hierarchy of gradually stronger LPs induced by the maximum
cycle length D. Let the cycle model CMD consist of the ε-model, the
cycle variables for cycle lengths up to D, and the corresponding constraints
(2.9),(2.10). If D = 2 were allowed, CM2 would be exactly the ε-model.
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Lemma 2.5.7. For any solution to the relaxation of CMD, it holds that∑︁D
d=3(d− 2)c(d) ≤ 2n− 4.

Proof. Assume the contrary, i.e.,
∑︁D

d=3(d− 2)c(d) > 2n− 4. It follows that∑︁D
d=3 dc(d) > 2n−4+2

∑︁D
d=3 c(d) and hencem−s(E(G)) > n−2+∑︁D

d=3 c(d)
by the sum of constraints (2.9). Plugging this bound on the number of edges
into the cycle constraint (2.10), we obtain

∑︁D
d=3(d − 2)c(d) < 2n − 4, a

contradiction.

It is not immediately clear, that decreasing the maximum cycle length
maintains LP-feasibility, as some variables are removed and the cycle con-
straint is replaced. By employing Lemma 2.5.7, we can show the following
fact.

Lemma 2.5.8. Model CMD+1 is at least as strong as CMD.

Proof. Let A := (s̄, c̄) denote a feasible variable assignment for CMD+1. By
eliminating cycle variables of length D + 1 from A we obtain a feasible
variable assignment for CMD with the same objective value: as we do not
change the value of s̄, we respect all Kuratowski constraints. The sum of
cycle variables for each edge does not increase, thus, constraints (2.9) are
respected as well. It remains to show that the cycle constraint is satisfied
which is obtained in the following way, starting with the trivial identity:∑︁D

d=3D(D + 1− d)c(d) =
∑︁D

d=3D(D + 1− d)c(d)

We apply Lemma 2.5.7 for D + 1.

2n− 4 +
∑︁D

d=3D(D + 1− d)c(d) ≥∑︁D+1
d=3 (D − 1)(D + 2− d)c(d)

Adding (D2 +D)(n− 2) to both sides and afterwards dividing by D(D − 1)
gives the right-hand sides of equation (2.15), divided by factor D − 1 (resp.
D). (︂

(D + 1)(n− 2) +
∑︁D

d=3(D + 1− d)c(d)
)︂
· (D − 1)−1

≥
(︂
(D + 2)(n− 2) +

∑︁D+1
d=3 (D + 2− d)c(d)

)︂
·D−1

The upper bound on the number of edges due to D is no less than that due
to D + 1.

Lemma 2.5.9. Model CMD+1 is stronger than CMD.



2.5. STRONGER ILP MODELS BASED ON SMALL CYCLES 77

Proof. Consider the complete graph Kk on k ≥ 5 nodes. Pick any number
µ ≥ D + 1. We subdivide every edge of Kk using ξ := ⌊µ/3⌋ additional
nodes. The resulting graph Kµ

k has girth at least µ, i.e., it has no cycles of
length ≤ D. We observe that skew(Kµ

n) = skew(Kk) = k(k − 1)/2− 3k + 6,
independent of µ. We show that increasing the maximum cycle length from
D to D + 1 cuts off all previously optimal LP solution.

Since Kµ
k has girth µ there can be at most (|V (Kµ

k )| − 2)µ/(µ − 2)
edges in any planar subgraph. As there are no cycle variables, the cycle
constraint (2.10) approaches this value from above for increasing D. Any
feasible solution that tightly satisfies the cycle constraint is an optimal
one. The Kuratowski constraints (2.1) on the other hand are already sat-
isfied by deleting each edge partially with se = 1/(9ξ) ∀e ∈ E(Kµ

n), since
each subdivision requires at least 9ξ edges, still allowing LP-solutions with
value k(k − 1)/18.

Overall, increasing the maximum cycle length strengthens our LP re-
laxations (leading to fewer LP-computations), but this comes at the cost
of increasing the variable space (leading to slower LP-computations). It is
imperative to find a good trade-off between these two.

2.5.2 Strengthening the Cycle Model

We now extend the cycle model further by introducing new constraint classes.
Only the first such extension requires yet additional variables.

Pseudo-Tree Extension. Observe that degree-1 nodes in the solution
deteriorate the cycle constraint’s bound: given a face f that contains a degree-
1 node, we can set the variable of a cycle with length at most deg(f)− 2 to 1.
We introduce new variables tv ∈ {0, 1} for all v ∈ V (G) and tvw ∈ {0, 1} for
all v, w ∈ V (G) with {v, w} ∈ E(G). They label nodes and directed edges
(arcs) as pseudo-trees: any node with at most one unlabeled neighbor (in
particular any degree-1 node) is to be labeled. This can be achieved by:

tvw + twv + s{v,w} ≤ 1 ∀{v, w} ∈ E (2.12)∑︁
w∈N(v) tvw ≥ tv ∀v ∈ V (G) (2.13)

tv + degG(v)−
∑︁

w∈N(v) twv −
∑︁

w∈N(v) svw ≥ 2 ∀v ∈ V (G) (2.14)

Constraints (2.12) allow at most one tree-arc for any edge and none for
deleted edges. We force tree nodes to propagate along one outgoing arc by
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w1 w2 w3

v1

v2

w1

v1

K8

Figure 2.17: Input for proving the strength of the pseudo-tree model. Expen-
sive edges are bold. Removing the dashed edges allows to keep all expensive
ones.

constraints (2.13). Finally, constraints (2.14) label degree-1-nodes and nodes
where all (but one) neighbor is labeled. Now, we may subtract

∑︁
v∈V (G) tv

nodes (and the same number of edges) from (2.10) to obtain a stronger
bound:

Corollary 2.5.10. The extended cycle constraint, given below, is feasible.

(D − 1)
(︁
m− s(E(G))

)︁
≤

(D + 1)(n− 2)− 2
∑︁

v∈V (G) tv

+
∑︁D

d=3(D + 1− d)c(d)
(2.15)

Alternatively, we may use a less sophisticated approach that does not
model propagation but labels only degree-1-nodes. In this case, it suffices
to add variables tv ∈ {0, 1}, ∀v ∈ V (G), and constraints (2.14), assuming∑︁

w∈N(v) twv = 0.

Lemma 2.5.11. The pseudo-tree extension, i.e., constraints (2.12)–(2.15)
together with the t-variables, strengthens CM3. This already holds for the
approach without propagation.

Proof. Consider the following input G: start with two K5’s that we each
delete an arbitrary edge from and join them by identifying two degree-3
nodes with each other. We call the resulting node w2. The new graph has
exactly 3 nodes W := {w1, w2, w3} of degree not 4. We denote its edge-set
by E5. We add the nodes v1, v2 and connect both to all nodes of W . Let X
denote a set of 6 new nodes: we complete a K8-subgraph on X ∪ {w1, v1}
and denote its edges by E8. Finally, we assign weight w to the edges: fix a
(large) constant M ∈ N; all edges of E5 have weight M , all other edges have
weight 1. See Fig. 2.17 for a schematic depiction of G.
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Consider CM3 on G. We show the fact for OBJ = 7. We observe that all
Kuratowski constraints are satisfied by the following s-variable assignment:
se = 0 for all e ∈ E5 ∪ {v2w1}, sv1w2 = sv1w3 = 17/18, sv2w2 = sv2w3 = 1,
and se = 1/9 otherwise. This gives an objective value of 7, independent of M .
For this objective, the cycle constraint (2.10) is satisfied if c(3) ≥ 28 which
is obtained by setting cα = 1 for 12 triangles α in E5 (corresponding to an
actual embedding of the two joined K5-subgraphs) and cα = 8/27 for all

(︁
8
3

)︁
triangles α in E8 without violating constraints (2.9). Note that deg(v2) = 1
in the solution.

Consider either variant of the pseudo-tree model (2.12)–(2.15) and assume
that the objective value would remain feasible. We observe that for any two
edges e, f ∈ δG(v2), the graph G[E5] ⊞ e ⊞ f is not planar. For any 6 nodes
in V (G[E8]) we obtain a K3,3-subdivision. Summing over the respective
Kuratowski constraints, it follows that s(E8) ≥ |E8|/9. Note that no edge in
E(G) \ (E5 ∪E8) is part of a triangle. Let c(F ) denote the sum of triangles
that use edges of F ⊆ E(G). By the extended cycle constraint (2.15) we have
c(3) ≥ 28 + 2tv2 . Since c(3) ≤ c(E5) + c(E8) ≤ 2/3

(︁
|E5|+ |E8| − s(E8)

)︁
≤

2/3
(︁
18 + 28 − 28/9

)︁
= 772/27, we obtain tv2 ≤ 8/27. Constraints (2.14)

imply that s
(︁
δG(v2)

)︁
≤ tv2 + 1 = 35/27. Hence, there exists a pair of

edges e, f ∈ δG(v2) such that se+sf ≤ 35/27·2/3 = 70/81 and s(E5) ≥ 11/81
follows. By choosing M > (7 · 81)/11 we obtain a contradiction.

All following constraint classes deal with excluding combinations of cycles
and paths that either induce non-planarity, or result in cycle-variables not
assignable to any face in the planar subgraph (Lemma 2.5.5). They are
independent of but compatible with the pseudo-tree extension.

Cycle-Edge Constraints. Considering constraints (2.9) on feasible (inte-
gral) solutions, a cycle cannot be picked if any of its edges is deleted. W.r.t.
fractional solutions we can hence additionally require

se + cα ≤ 1 ∀α ∈ C≤D, e ∈ E(α). (2.16)

Although there are onlyO(D|C≤D|) such constraints, preliminary benchmarks
showed that adding all of them does not pay off. Instead, we straightforwardly
separate them by iterating over the edges of each cycle that has a non-zero
variable.

Lemma 2.5.12. The cycle-edge constraints (2.16) strengthen CM3.

Proof. Consider the K7, and pick three nodes v1, v2, v3 ∈ V (K7). We add
the new nodes w1, w2 ̸∈ V (K7) and new edges w1w2, v1w1, v2w2, v3w1, v3w2
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v1v2

v3

w1w2
Q

T

Figure 2.18: Input for proving strength of cycle-edge constraints. The
solid edges induce a planar subgraph and show that the same skewness is
maintained when inserting w1, w2 into the K7. Quadrangle Q is shaded and
the set T of triangles is hatched. All edges incident with exactly one triangle
are drawn in bold.

to obtain G, see Fig. 2.18. Note that the edges I := w1w2, v1w1, v2w2 are
incident with exactly one triangle (each with a different one, let T denote
the set of the three triangles) and a common quadrangle Q = v1w1w2v2. We
observe that skew(G) = skew(K7) = 6.

Consider CM3 on G. We show the fact for OBJ = 5. We choose se = 1/8
for all edges e ̸∈ E(Q) and set sv1w1 = sv2w2 = 1/2, sv1v2 = sw1w2 = 5/8.
Without constraints (2.16), this allows us to set c(3) = 14 (each edge not
in E(Q) being incident with two triangles α, β whose cycle variables are 1 and
3/4, respectively), satisfying the cycle constraints. It is straightforward to
verify the existence of this cycle variable assignment (but manually tedious).
Clearly, this bound is no better than the trivial Euler constraint on G.

However, when adding the cycle-edge constraints (2.16), this solution
becomes infeasible: for example sv1w1 = 1/2 but cv1w1v3 ≥ 3/4. We will
show that the objective is larger than 5 by contradiction: To obtain an
objective value of 5, we require c(3) ≥ 14. Let E7 denote the edges in
the K7-subgraph of G, Ē7 := E(G) \ E7, and x := s(E7). Recall that
s(E(G)) ≥ 5 by Euler and hence s(Ē7) ≥ 5− x. Let c(F ) denote the sum of
triangles where each triangle is weighted by its number of edges in F ⊆ E(G)
divided by 3. Already by summing up constraints (2.9) over all edges of
E7 we have c(E7) ≤ 2/3

(︁
|E7| − x

)︁
= 14 − 2x/3 and hence c(Ē7) ≥ 2x/3.

Note that c(Ē7) =
∑︁

α∈T cα. For each α ∈ T with cα > 0, we require a
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certain number of edges in Ē7 not to be deleted. More precisely, we may
assume the largest two cycle variables of T to be incident with 4 different
edges of Ē7 while the smallest one adds just a single edge of Ē7 that is not
used in the other two cycles. Assuming the new constraints to be satisfied
on I, we obtain s(Ē7) ≤ |Ē7| − c(Ē7)(2/3 · 2 + 1/3). Since K7 contains a
Kuratowski subdivision, it follows that x > 0 and we have the contradiction
5− x ≤ s(Ē7) ≤ 5− 10/9x.

Two-Cycles-Path Constraints. Given two cycles α and β, we denote
their set of inner nodes by ν(α, β) := {v ∈ V (α)∩V (β) | δα(v) = δβ(v)}. Let
σ(α, β) denote the set of non-empty paths that connect ν(α, β) to V (α ⊔ β)
without using any edge in E(α ⊔ β).

Lemma 2.5.13. The two-cycles-path constraints, given below, are feasible.

s
(︁
E(p)

)︁
≥ cα + cβ − 1 ∀α, β ∈ C≤D; p ∈ σ(α, β) (2.17)

Proof. Assume an embedding π of α⊔ β where each of α, β corresponds to a
face in π. By inserting p into π, we either split face α or face β. Hence, even
in a supergraph of α ⊔ β ⊔ p two such faces cannot exist. Otherwise, if no
such π exists, we have 1 ≥ cα + cβ.

Lemma 2.5.14. The two-cycles-path constraints (2.17) strengthen CM4.

Proof. We construct our input G in the following manner, see Fig. 2.19a:
Consider the K3 and replace each of the three edges by a new K2,3 such that
its end nodes become two nodes of the cardinality-3 node partition of K2,3.
Let v1, v2, v3 denote the nodes of the cardinality-3 partitions that are not
identified with any of V (K3). We add a new node w and the edges wv2, wv3.
Finally, we add six new nodes X and a K8-subgraph on X ∪ {w, v1}. Let E8

denote the edge set of this K8-subgraph. Note that w is not incident with
any quadrangle outside of E8 and all triangles of G are contained in E8.

Consider CM4 on G. We show the fact for OBJ = 6. First, note that
the graph G − E8 becomes planar when removing any edge incident with
w. In fact, all Kuratowski constraints are satisfied by setting se = 1/9 for
all e ∈ E8 and swv2 = swv3 = 1. Let F := E(G) \

(︁
E8 ∪ δG(w)

)︁
. To obtain

an LP-feasible c-variable assignment, we additionally set se = 4/81 for all
edges e ∈ F , set cα = 8/27 for all triangles α in E8, and set cα = 77/81
for all 9 quadrangles α in F . It is easy to see that constraints (2.9) and
(2.10) are satisfied. Hence, an objective value of 6 is feasible unless the new
constraints are added.
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K8

(a) The input G with a schematic
depiction of the K8-subgraph. The
subgraph G[V (G) \ X] without the
dashed edges (red) is planar.

v1

v2v3

x

v1

y

(b) Example of a two-cycles-path constraint:
if no bold edge (blue) is deleted, the shaded
and the (overlapping) hatched quadrangle
cannot both occur as part of a face (here,
only the hatched one does).

Figure 2.19: Graphs for proving strength of two-cycles-path constraints.

We now show that this is no longer the case when adding the new two-
cycles-path constraints (2.17). Assume otherwise, i.e., s(E(G)) ≤ 6. We
denote the sum over all variables of quadrangles in F that are not incident
with any vi (i ∈ {1, 2, 3}) by cout. Similarly, we denote the sum over all
variables of quadrangles in F that are incident with some vi (i ∈ {1, 2, 3}), by
cin and the sum over all remaining quadrangle variables (each fully contained
in E8) by c8(4). The Kuratowski constraints on E8 imply s(E8) ≥ |E8|/9
and it follows from constraints (2.9) that 3/2 ·c(3)+4/2 ·c8(4) ≤ |E8|−s(E8).
Hence, c(3) + c8(4) ≤ 448/27. The cycle constraint (2.10) implies 41 ≤
2c(3) + c(4).

Let us apply the new constraints: For any i ∈ {1, 2, 3}, pick node vi
and one of its (two) incident quadrangles Qi that we denote by αin ∈ Qi.
There is a unique quadrangle αout not incident with vi but with two vi’s F -
neighbors. Let x ∈ V (αin) ∩ V (αout) denote the unique node with δαin(x) =
δαout(x), i.e., the inner node of αin with αout. We denote the single node
contained in V (αout) \ V (αin) by y. We observe that any x-y-path p in
G− E8 − E(αout) forms a two-cycle-path constraint with αout and αin, see
Fig. 2.19b. Summing over all such constraints (there are exactly 16 paths
for two fixed cycles), we obtain 2s(F ) ≥ 2cout + cin − 6. By constraints (2.9),
we have cout + cin ≤ 9− s(F )/2, an upper bound on s(F ). Combining both,
we obtain 30 ≥ 6cout + 5cin and hence cout + cin ≤ 6. We finally achieve
41 ≤ 2c(3)+c(4) ≤ 2

(︁
448/27−c8(4)

)︁
+c8(4)+cout+cin ≤ 2 ·448/27+6 < 40,
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a contradiction.

To identify violated two-cycles-path constraints, we consider each edge
e. We collect the set C(e) = {α ∈ C≤D | e ∈ E(α) ∧ cα > 0}, and check,
for each pair α, β ∈ C(e), whether its sum of LP-values is > 1. If so, we
compute the set of inner nodes ν := ν(α, β) and cache the result for future
lookup. If ν ≠ ∅, we iteratively compute shortest paths following either
of two patterns: the combined approach searches for shortest paths from
ν to V (α ⊔ β) \ ν, whereas the separate one searches for paths from v to
V (α ⊔ β) \ {v}, separately for each v ∈ ν. Note that the latter variant will
always identify a violated constraint, if one exists, whereas the former ignores
paths connecting two inner nodes. After identifying a new path p, an edge
in E(p) with maximal LP-value is discarded and the search at v starts anew.

We point out that there is a natural generalization of this constraint class
by using k instead of only 2 cycles. If the k cycles fully enclose a common
node v (just like two cycles enclosing their inner nodes), any other path from
v to the same block is forbidden.

Cycle-Two-Paths Constraints. We say that two paths p1, p2 are con-
flicting w.r.t. a cycle α if and only if they each start and end at nodes of V (α)
but are otherwise disjoint from α and from one another, and p2 connects the
components of α[V (α) \ V (p1)], cf. Fig. 2.20.

Lemma 2.5.15. The cycle-two-paths constraints, given below, are feasible.

s
(︁
E(p1 ⊔ p2)

)︁
≥ cα ∀α ∈ C≤D,∀ conflicting paths p1, p2 w.r.t. α (2.18)

Proof. Given an embedding π of α, we cannot insert both paths p1, p2 into
the same face of π. Hence, we must split both faces in π. Consequently,
no embedding of any supergraph of α ⊔ p1 ⊔ p2 exists, where there is a face
incident with all of α.

While this constraint class may be stronger than the two-cycles-path
constraints, we did not implement it: its separation is complex as we ask for
two paths depending on each other.

Kuratowski-Cycle Constraints. Starting with a Kuratowski constraint,
we can replace parts of its edges by cycles that contain them.

Lemma 2.5.16. The Kuratowski-cycle constraints, given below, are feasible.

s
(︁
E(K) \ ∪α∈CE(α)

)︁
≥ 1− |C|+∑︁

α∈C cα ∀K ∈ K(G), C ⊆ C≤D (2.19)
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p1p2

α

(a) Paths of a cycle that are not conflict-
ing.

p1p2

α

(b) Conflicting paths of a cycle.

Figure 2.20: Different configurations of disjoint paths p1, p2 (red) w.r.t.
cycle α (blue). Potentially present subdivision nodes along the cycle and
paths are omitted in the pictures. In case (b), cycle α may not appear as
part of a face unless at least one path is partially removed.

Proof. If C = ∅, we simply obtain a Kuratowski constraint. Assuming
integrality and C ̸= ∅, the right-hand side is 1 if all cycles in C are picked
and ≤ 0 otherwise. In the former case, the edges of C, together with the
remaining edges of K that are not contained in C contain a Kuratowski
subdivision, and we need to remove an edge.

Lemma 2.5.17. The Kuratowski-cycle constraints (2.19) strengthen CM4.

Proof. Let G denote the circulant graph on 16 nodes with jumps 1, 2, and 8
(see Fig. 2.21a).

Consider CM4 onG. We show the fact for OBJ = 14/3. Assume the nodes
of G to be labeled as v0, v1, ..., v15, corresponding to jumps 1. Let Ei ⊆ E(G)
denote the edges corresponding to jumps i. We observe that every Kuratowski
subdivision needs at least two edges of E8 as (V (G), E1 ∪E2 ∪ {e}) is planar
for all e ∈ E8 (see Fig. 2.21a). It follows that every Kuratowski constraint
is satisfied by se = 1/2 for all e ∈ E8. Without the new constraints, an LP-
value of 14/3 is obtainable by se = 1/2 for all e ∈ E8 ∪ {sv1v3}, sv5v7 = 1/6,
and se = 0 otherwise; and by picking all 16 triangles and four disjoint
quadrangles R, consisting of two edges of E2 \{v1v3, v5v7} and E8 each, with
cycle variable value 1.

The solution is cut-off by the new Kuratowski-cycle constraints (2.19):
intuitively, we may pick a quadrangle of R instead of two edges of E8 to
obtain a violated Kuratowski-cycle constraint although the sum of any two
such edges being 1 prevents any traditional Kuratowski constraints to be
violated.
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(a) Input: circulant graph
with jumps 1 (solid
straight), 2 (solid bent),
and 8 (dashed): adding
any single edge of E8 to
G[E1 ∪E2] maintains in a
planar graph.

(b) This subgraph con-
tains a K3,3-subdivision
and consists of eight tri-
angles (hatched) and a 2-
8-quadrangle (shaded).

(c) K3,3-subdivision that
consists of 12 edges of
E1, one edge of E8 and
a disjoint 2-8-quadrangle
(shaded).

Figure 2.21: Graphs for showing the strength of Kuratowski-cycle constraints.

We now show that s(E(G)) > 14/3 when adding a certain set of
Kuratowski-cycle constraints. An i-j-quadrangle is a quadrangle that uses
edges of Ei and Ej . Let qij denote the sum over c-variables correspond-
ing to i-j-quadrangles. Observe that c(4) = q12 + q18 + q28, since there
are no other quadrangles in G. The cycle constraint (2.10) implies that
3s(E(G))+2c(3)+q12+q18+q28 ≥ 50. By summing over all constraints (2.9)
that correspond to edges of E1, we obtain c(3) + q12 + q18 + s(E1) ≤ 16.
Similarly, using E8 instead of E1, we have q18 + q28 + s(E8) ≤ 8.

We describe three types of Kuratowski-cycle constraints (2.19) in G. Let
W denote the nodes of G that have an odd index. We observe that G[W ] is a
Möbius ladder: it consists of exactly four 2-8-quadrangles and is non-planar.
The same construction works for even node indices. We obtain q ≤ 6 by
summing over both constraints. Consider a single 2-8-quadrangle α: the
indices of all nodes in α have identical parity p. The graph that consists of α
and the 8 triangles that use edges of E2 incident with nodes of parity not p, is
non-planar, see Fig. 2.21b. Summing over all corresponding Kuratowski-cycle
constraints, we obtain 64 ≥ 4c(3) + q28. Once again, consider a single 2-8-
quadrangle α: there are exactly two nodes u, v ̸∈ V (α) each incident with two
nodes of V (α). Pick any f ∈ E8 ∩E(α) such that f ∩{u, v} = ∅. The graph
α⊔G[f∪{e ∈ E1 | e∩{u, v} = ∅}] is non-planar, see Fig. 2.21c. It consists of
a 2-8-quadrangle, another edge of E8, and 12 edges of E1. Summing over all
corresponding Kuratowski-cycle constraints, we have 6s(E1) + s(E8) ≥ q28.
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By the above, we obtain a system of linear inequalities on six non-negative
variables:

s(E1) + s(E2) + s(E8) ≤ 14/3

3s(E1) + 3s(E2) + 3s(E8) + 2c(3) + q12 + q18 + q28 ≥ 50

c(3) + q12 + q18 + s(E1) ≤ 16

q18 + q28 + s(E8) ≤ 8

q ≤ 6

4c(3) + q28 ≤ 64

6s(E1) + s(E8) ≥ q28

It is straightforward (although manually tedious) to check that this system
has no solution.

For separation, we identify a Kuratowski subdivision K as for (2.1). We
collect the set S of cycles with LP-value > 0 incident with K. For each cycle
in S, we compute its gain, i.e., the increase in violation (or decrease in slack)
when adding that cycle to C. As long as there are cycles with positive gain,
we continue adding a cycle of S with maximal gain to C.

Cycle-Clique Constraints. Two cyclic orders π, π̄ on a set X are con-
flicting if and only if π ̸= π̄ and π ̸= reverse(π̄). The restriction of π to
Y ⊆ X is denoted by πY . A cycle α induces a unique cyclic order on its
nodes V (α) (up to reversal). Given two cycles α, β, let πα, πβ be correspond-
ing cyclic orders, and let W := V (α) ∩ V (β) be the common nodes. We say
that α and β are conflicting if and only if πW

α and πW
β are conflicting.

Lemma 2.5.18. The cycle-clique constraints, given below, are feasible.∑︁
α∈C cα ≤ 1 ∀C ⊆ C≤D s.t. all cycles in C are pairwise conflicting

(2.20)

Proof. Consider any pair of conflicting cycles α, β ∈ C with πα, πβ, and W
defined as above. Since cyclic orders on three elements are unique up to
reversal, we have |W | ≥ 4. By transitivity there exists a set of exactly four
common nodes X ⊆W , such that πX

α and πX
β are conflicting. The graph on

X where we add an edge vw if and only if v is adjacent to w in πX
α or πX

β is
the K4. Since the K4 is not outerplanar, there can neither be a face in K4

traversing all of X nor such a face in α ⊔ β.
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We create the conflict graph HC that contains a node for every cycle
with LP-value > 0, cache the conflict information for each pair of cycles, and
add constraints for maximal cliques in HC . In a less sophisticated variant,
we only add constraints for “cliques” of size two.

2.5.3 Experiments

All algorithms are implemented in C++, compiled with GCC 6.3.0, and use
the OGDF (snapshot 2017-07-23) [Chi+13]. We use SCIP 4.0.1 for solving
ILPs with CPLEX 12.7.1 as the underlying LP solver [Gle+18]. Each MPS-
computation uses a single physical core of a Xeon Gold 6134 CPU (3.2 GHz)
with a memory speed of 2666 MHz. We employ a time limit of 20 minutes
and a memory limit of 8 GB per computation. Our instances and results,
giving running time and skewness (if solved), are available for download at
http://tcs.uos.de/research/mps.

Instances and Algorithms. Analogously to our previous studies, and as
announced in Section 1.7.1, we consider the three real-world sets North,
Rome, and a subset of SteinLib, as well as the artificial set Regular. For
tuning of ε (e.g., heap size in separation) we rely on the values identified
in [Hed17]. We use the notation specified in Table 2.8 to denote algorithmic
choices. Note that instead of providing D explicitly, we specify a minimum
number r′ of cycle variables to be generated. We increment D while there
are less than r′ many.

Results. Table 2.9 shows the success rates (percentage of instances solved
to proven optimality) and average running time per instance of our algorith-
mic variants. For non-solved instances we assume the maximum running
time of 20 minutes—average running times are thus comparable only for
algorithms that achieve roughly equal success rates. We group the variants
by the number of used extensions and highlight variants that dominate their
group in bold. The latter informs our choice of which variants to consider in
the next group.

The separation of generalized Euler constraints is clearly beneficial only
on the North graphs, but even there its improvements are marginal when
compared to the cycle-based approach. The latter works very well in practice,
for all instance sets. In particular (cf. Fig. 2.22), on Rome it allows us
for the first time to compute the skewness of all instances. Using variant
c10 t0 i w0, we are able to solve all but grafo10958.98.lgr within the 20
minute time frame; this last instance required 103 minutes. North still
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Table 2.8: Notation to encode algorithmic variants.

ε Do not use any extensions but the basic Kuratowski algo-
rithm [Mut94].

e Separate generalized Euler constraints (2.7).

c{r} Add cycle constraints (2.9), (2.10), and variables with the mini-
mal value for D such that there are variables for at least 100r
cycles.

t{0|1} Use the pseudo-tree extension (2.12)–(2.15) with (=t1) or with-
out (=t0) propagation.

i Enforce integrality of variables for cycles and pseudo-trees.

s Separate cycle-edge constraints (2.16).

w{0|1} Separate two-cycles-path constraints (2.17) using combined
(=w0) or separate (=w1) approach. Also enables separation on
cycle-clique constraints (2.20) for 2-cliques.

k Separate Kuratowski-cycle constraints (2.19).

q Separate cycle-clique constraints (2.20).
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Table 2.9: Overview of performance for algorithmic variants: success rate
in percent of solved instances and average running time in seconds. Fastest
and most successful variants are highlighted in bold within each block.

Rome North Regular SteinLib

succ. time succ. time succ. time succ. time

ε 85.71 198.42 73.76 325.31 34.74 800.38 9.52 1 085.94

e 85.56 199.41 77.78 273.29 35.00 803.91 9.52 1 085.93

c5 98.91 21.60 84.40 201.42 53.95 567.52 31.43 859.40

c10 99.14 18.10 84.63 195.35 54.47 562.81 32.38 853.57

c20 99.14 19.58 83.92 197.86 55.00 573.82 31.43 861.47

c10 i 99.89 5.52 88.89 156.99 56.58 538.81 31.43 841.88

c10 s 99.79 6.66 88.42 165.54 58.68 515.13 35.24 821.00

c10 t0 99.95 3.36 92.43 112.82 57.37 535.46 37.14 789.26

c10 t1 99.92 3.74 93.14 111.94 56.32 539.04 37.14 785.89

c10 w0 99.79 7.07 87.23 165.36 55.53 549.94 31.43 837.52

c10 w1 99.82 6.63 86.52 179.48 55.00 553.38 31.43 833.81

c10 k 99.77 7.26 86.52 178.34 55.26 552.83 33.33 828.81

c10 q 99.73 7.51 85.82 185.84 55.53 550.55 31.43 841.77

c10 t0 i 99.95 3.22 93.14 109.61 57.37 529.93 38.10 782.72

c10 t0 s 99.98 3.08 93.62 95.46 58.95 509.01 39.05 760.70

c10 t0 w0 99.98 2.75 92.43 112.77 57.37 537.61 36.19 808.58

c10 t0 w1 99.98 2.92 92.20 109.37 57.11 537.76 37.14 780.83

c10 t0 k 99.92 3.57 92.67 104.55 56.84 535.97 38.10 785.46

c10 t0 q 99.95 3.58 92.67 109.71 57.37 538.19 37.14 789.05

c10 t1 i 99.96 3.32 92.91 106.39 57.11 533.51 37.14 788.52

c10 t1 s 99.98 2.75 92.43 112.77 58.68 537.61 37.14 808.58

c10 t1 w0 99.98 3.04 92.20 114.28 56.84 537.97 38.10 786.93

c10 t1 w1 99.98 3.19 91.96 113.03 56.84 540.39 37.14 783.09

c10 t1 k 99.92 3.65 92.20 112.61 56.84 538.91 37.14 784.30

c10 t1 q 99.92 3.86 93.14 113.89 56.05 540.23 37.14 788.07

c10 t0 i s 99.94 3.27 92.91 103.17 58.95 506.63 40.00 761.47

c10 t0 s w0 99.98 2.43 93.85 91.66 58.68 508.28 39.05 763.08

c10 t0 s w1 99.98 2.29 92.91 101.17 58.68 507.99 39.05 756.31

c10 t0 s k 99.96 3.03 93.38 98.06 58.68 504.54 39.05 765.08

c10 t0 s q 99.93 3.22 93.62 95.59 58.42 510.38 38.10 763.64

c10 t0 i w0 99.99 2.89 92.67 105.16 57.11 529.95 38.10 798.26

c10 t0 i s w0 99.96 2.72 94.33 93.99 59.47 502.30 39.05 754.46
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Table 2.10: Relative improvement over ε for selected algorithmic variants.
We give the the success rate over the instances unsolved by ε in percent, and
the average running time ratio over the commonly solved instances.

Rome North Regular SteinLib

new speed new speed new speed new speed

c10 93.98 66.80 42.34 21.45 30.24 13.96 25.26 11.79

c10 t0 i w0 99.92 60.85 72.07 28.59 34.27 12.68 31.58 6.79

c10 t0 i s w0 99.75 59.58 78.38 34.03 37.90 23.21 32.63 5.42

Table 2.11: Average number of cycle variables and average values for maxi-
mum cycle length D.

Rome North Regular SteinLib

D # var D # var D # var D # var

c5 9.51 627 7.34 689 5.43 2 075 5.80 881

c10 10.51 1 168 8.01 1 213 5.73 2 816 6.64 3 658

c20 11.51 2 175 8.55 2 048 6.47 7 774 7.09 4 785
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contains instances too hard to solve exactly (even when increasing running
time to a few days and memory to 32GB). Nonetheless, we now solve 3/4 of
the previously unsolved North graphs within our strict limits. The second
group of variants in Table 2.9 demonstrates that all of our extensions of the
cycle model, in particular the pseudo-tree approach, improve upon success
rate and running time on all instance sets when applied to c10. As shown in
the lower sections of the table, this does not always apply when comparing
models that simultaneously use multiple extensions.

Table 2.10 details the relative improvement for each of the three most
promising algorithm configurations over the state-of-the-art ε-model. We
provide the success rate for the instances not solved by ε and give the average
relative speed-up (i.e., the running time of ε divided by that of variant X )
over the instances solved by both ε and X. This common set is exactly
those solved by ε, except for a single ε-solved North-instance not solved by
c10. On Rome, the pure cycle model c10 without any further extensions
achieves the best speed-up; for the seemingly harder other instance sets, more
sophisticated variants are worthwhile. Fig. 2.22 underlines that the success
rate of the algorithms is strongly correlated to the instance’s skewness.

Table 2.11 lists the average number of generated cycle variables and
the respective average values for D. We mention that instances with high
D values typically generate few cycle variables, close to the lower bound.
However, there is a large deviation in the number of generated cycle variables
in any fixed instance set: some graphs contain less than the requested number
of cycles whereas others already contain roughly 10 000 triangles.

Conclusion. For over two decades, the strongest ILP model for MPS
has not been improved. In this section we presented novel variables and
constraints, based on cycles, to extend this model to finally obtain both
a theoretically stronger model, as well as a more efficient algorithm in
practice. We proved that there is a hierarchy of ever stronger LP-relaxations,
induced by the maximal considered cycle length, and a rich set of further
strengthening cycle-based constraint classes. For the first time, we are able
to compute the skewness of the entire set Rome, solve 94% of the North
graphs (compared to 74% by the ε-model), and solve 40% instead of only
10% of our SteinLib instances. Our extensions also help for the notoriously
hard expander graphs (Regular).

Several of our proofs show the new constraint class’s strength w.r.t. a
low-D cycle model. We conjecture that most classes remain strengthening
for high D, but to prove this, one has to find and argue infinite families of
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(a) Solved Rome graphs by skewness. Algorithm c10 t0 i w0 solves all but a single
graph that has skewness 22 within 20 minutes.
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(b) Solved North graphs by best upper bound on skewness.

Figure 2.22: Detailed success rates for selected algorithmic variants.
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graphs with the LP-properties of our currently hand-crafted proof graphs.
Furthermore, it is natural to ask if and which of the new constraint classes
form facets in the (lifted) planar subgraph polytope.

A problem inherent to our approach arises on inputs of non-homogeneous
density: G may have too dense subgraphs to raise D sufficiently, even when
every planar subgraph of G contains large regions consisting of high-degree
faces. Is there a practical way to generalize the cycle-based approach using
an independent maximum cycle length for each edge?
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Chapter 3

Genus

Cycle (music). The set of pitch classes
resulting from repeatedly applying the
same interval class to the starting pitch
class.

In this chapter, we will derive stronger ILP models for the graph genus
problem that allow us to compute the genera of general graphs. Similarly
to skewness, cf. Section 2.5, we are going to consider small cycles and their
natural generalization, i.e., closed walks, in the input.

The first ILP and PBS models were published just recently [Bey+16],
and we will use the respective ILP model as the basis for our algorithms as
well as the baseline for our practical evaluation.

Just like the known model, ours will simulate the face tracing algo-
rithm. As such, both models share a common foundation that we borrow
from [Bey+16]. For the sake of completeness, we repeat its definition below:
We use variables xi that are 1 if and only if face i exists, and variables
xai that are 1 if and only if arc a participates in the boundary of face i.
Let f̄ be an upper bound on the number of faces. We use the shorthands
x(I, A) :=

∑︁
i∈I,a∈A xai and x(A) := x([f̄ ], A); thereby, we may omit curly

braces when providing sets of cardinality one. Consider the following (by

95
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itself insufficient!) model (3.1a–3.1e) that we call ILPBase.

max
∑︁f̄

i=1 xi (3.1a)

s.t. 3xi ≤ x(i, A) ∀i ∈ [f̄ ] (3.1b)

x(a) = 1 ∀a ∈ A (3.1c)

x(i, δ−(v)) = x(i, δ+(v)) ∀i ∈ [f̄ ], v ∈ V (3.1d)

xi, x
a
i ∈ {0, 1} ∀i ∈ [f̄ ], a ∈ A (3.1e)

Following [Bey+16], ILPBase ensures that the faces form a partition of the
arc set such that each cell consists of at least three arcs and is a collection of
closed walks.

It remains to ensure that the faces are consistent with some rotation
scheme of the edges around the nodes. In [Bey+16], this is achieved via
predecessor variables, and we denote the model by ILPPre in the following.
It uses ILPBase and additionally (3.2a–3.2d). The idea is to establish a cyclic
order of the incident edges of each node by a cut-based sub-ILP known from
the traveling salesman problem. The cyclic rotation around each node v is
encoded by variables pvu,w that are 1 if and only if arc uv directly precedes
arc vw when tracing the respective face.

xvwi ≥ xuvi + pvu,w − 1

xuvi ≥ xvwi + pvu,w − 1
∀i ∈ [f̄ ], v ∈ V, u, w ∈ N(v) : u̸=w (3.2a)

∑︁
u∈N(v):

u̸=w

pvw,u = 1∑︁
u∈N(v):

u̸=w

pvu,w = 1
∀v ∈ V, w ∈ N(v) (3.2b)

∑︁
u∈W,w∈N(v)\W pvu,w ≥ 1 ∀v ∈ V, W ⊊ N(v) : ∅ ̸= W (3.2c)

pvu,w ∈ {0, 1} ∀v ∈ V, u, w ∈ N(v) : u ̸= w (3.2d)

Constraints (3.2a) ensure that if an arc uv is contained in a given face i and
uv is succeeded by vw, then vw must be contained in the same face and
vice versa. Each arc requires exactly one direct predecessor and successor
as modeled by constraints (3.2b). Finally, the rotation around v induced by
pv... must consist of exactly one cycle. This is modeled by the (exponentially
many) subtour elimination (or cut) constraints (3.2c), as known from the
standard ILP for the traveling salesman problem.
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3.1 Realizability Model

In contrast to the explicit modeling of an embedding in ILPPre, we estab-
lish the existence of an embedding implicitly. Our realizability constraints
(see (3.3) later) require only the variables of ILPBase. We first need some
auxiliary concepts. A graph G = (V,A) is loopy if it is directed, connected,
each node has at least one incoming arc, and for each arc uv ∈ A it holds
that K(uv) := G[{s : sv ∈ A} ∪ {t : ut ∈ A}] is a complete bipartite graph
Kk,k for some k ∈ N such that each arc is directed from the cell of u to that
of v w.r.t. the bipartition.

Lemma 3.1.1. Loopy graphs are Hamiltonian, i.e., they contain a cycle
traversing all nodes.

Proof. We first show that any loopy graph allows a cycle cover of pairwise
node-disjoint cycles. Assume it does not, consider a collection C of pairwise
node-disjoint cycles covering as many nodes as possible, and let v be an
uncovered node. By loopiness, there exists a bipartition that induces two
cells, an arc uv, and K(uv) has a node w (possibly u = w) in the cell of
u, such that w is not contained in any cycle of C: for any ℓ nodes of one
cell in a cycle c ∈ C, c also contains ℓ nodes of the other cell. As there are
only finitely many nodes, we find a new cycle by iterating our argument, i.e.,
traversing the cycle’s arcs in reverse order, thus increasing our cycle cover; a
contradiction.

Now, let C be a node-disjoint cycle cover. For a cycle c ∈ C, an arc a
connecting V (c) with V \ V (c) exists by connectivity. Hence, K(a) contains
an arc uv of c and another arc wx of a different cycle c′ ∈ C. We join c with
c′ to a single cycle by replacing uv,wx with ux,wv. Iterating this yields the
claim.

Theorem 3.1.2. A graph G allows an embedding Π with at least ξ faces if
and only if there exists a partition P of A(G), such that

(a) P consists of at least ξ cells;

(b) every cell of P is a set of pairwise node-disjoint closed walks; and

(c) for all subsets X ⊆ P , nodes v ∈ V (G), and non-empty subsets W ⊊
N(v), we have {wv, vw : w ∈W} ≠ ⋃︁

x∈X{a ∈ x : v incident to a}.

Before giving the formal proof, let us provide some intuition on prop-
erty (c): It models that the rotation around each node v is consistent. While
in ILPPre constraints (3.2a–3.2d) model the rotation explicitly, property (c)
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ensures the existence of a feasible rotation by preventing subcycles. In the
rotation around v, any two subsequent arcs must share an edge or a face.
Hence, there cannot exist a proper subset W of v’s neighbors, such that
exactly the arcs between v and W belong to a subset X of faces. As shown
below this is also sufficient.

Proof (of Theorem 3.1.2). Let us establish both directions of the equivalence:

(=⇒) Let Π denote the considered embedding with at least ξ faces. We
obtain P by creating a cell for each face f of Π: it contains exactly
the arcs traversed by f . This satisfies (a) and (b). Assume that (c)
is not satisfied, i.e., there exist X, v,W (following the above selection
rules) such that {wv, vw : w ∈ W} = ⋃︁

x∈X{a ∈ x : v incident to a}.
Since W is a proper subset of N(v), X cannot span all faces incident
with v. We choose any face contained (not contained) in X and denote
it by f (resp. g). Since Π is an embedding, there exists a sub-sequence
of edges incident with v that corresponds to a dual path from f to g.
But according to (c), all edges incident with X join two faces in X.

(⇐=) Assume, on the other hand, that a partition P exists such that (a)–(c)
are satisfied. We find an embedding Π by forming a face from each
component of each cell of P . We establish feasible rotations around
each node v in the following way: Let Dv be a directed graph with
nodes N(v) such that uw ∈ A(Dv) if and only if uv and vw are in the
same cell of P (i.e., the arcs could be traversed in that order when
tracing the face corresponding to v’s component of the cell). A feasible
rotation around v corresponds to a Hamiltonian cycle in Dv. We
show that Dv is loopy, and hence Hamiltonian by Lemma 3.1.1: By
construction of Dv, K(a) is a Kk,k for some k ∈ N, for each a ∈ A(Dv).
By property (b), all nodes of Dv have at least one incoming arc. For
disconnected Dv, let W denote the nodes of a single component of
Dv, and X the cells that induce A(Dv[W ]). Then X, v,W contradict
property (c).

The above theorem shows that it suffices to optimize over all partitions
of arcs into faces. Given a feasible partition (w.r.t. Theorem 3.1.2), a corre-
sponding embedding is easily determined in polynomial time following our
proof. We can now establish our new model ILPReal, which extends ILPBase

with constraints (3.3). While the former already establishes properties (a)
and (b), the latter models property (c): the connectivity of the “local dual
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graph” Dv around each primal node. Here, index set I corresponds to set X
from Theorem 3.1.2.

x
(︁
I, v ×A (N(v) \W )

)︁
≥ 1 + x(I, v ×A W )− 2|W |

∀v ∈ V, I ⊆ [f̄ ],W ⊊ N(v) : W ̸= ∅
(3.3)

Separation. Clearly, it is impractical to add all exponentially many con-
straints (3.3) when solving ILPReal. We use a heuristic separation routine to
identify a relevant subset of these constraints. For each LP-feasible solution
encountered during the solving process, we proceed as follows: For each
node v, we check if all variables xia of its incident arcs a are integral. If this
holds but the corresponding Dv is disconnected, we found a new violation
of (3.3).

3.2 Small Faces

The following approach is inspired by the cycle model for the maximum
planar subgraph problem [CW18] that we presented in Section 2.5.1. There,
a mapping between small faces and short cycles was used to (only) strengthen
the LP-relaxation of another, by itself sufficient, model. Thus, it was possible
to mostly disregard longer cycles. In the genus setting we have to be more
careful: On the one hand, we need to consider a far wider range of drawings
as we embed on surfaces of higher genera. On the other hand, we have to
directly adapt the core model itself; to continue to have a sufficient model,
we need to precisely encode all, even very large, faces. We will model “short”
faces by new binary y-variables, one for each specific feasible set of arcs. We
continue to use the x-variables for generic, i.e., “large” faces. On sparse
graphs, this yields a reduction of x-variables, as we may drastically decrease
the upper bound on the number of generic faces. Both models, ILPPre and
ILPReal, can be extended in this way.

Let Cσ denote the maximal set of closed walks such that each walk’s
length satisfies property σ. Note that—in contrast to the cycle model for
skewness—we consider all closed walks here, not just cycles. Expanding on
ILPBase, we parameterize our new model ILPD

Base by some D ≥ 2 and obtain
(3.4a–3.4g) below. We introduce a new decision variable yc for each c ∈ C≤D

that is 1 if and only if the respective closed walk c is the boundary of a
face in the embedding. Let y(a) :=

∑︁
c∈C≤D:a∈c yc and f̄>d denote any upper
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bound on the number of faces with length greater than d.

max
∑︁f̄>D

i=1 xi +
∑︁

c∈C≤D
yc (3.4a)

s.t. (D + 1)xi ≤ x(i, A) ∀i ∈ [f̄>D] (3.4b)

x(a) + y(a) = 1 ∀a ∈ A (3.4c)

x(i, δ−(v)) = x(i, δ+(v)) ∀i ∈ [f̄>D], v ∈ V (3.4d)∑︁f̄>D

i=1 xi +
∑︁

c∈C≤D:|c|>d yc ≤ f̄>d ∀d ∈ {2, ..., D} (3.4e)

xi ∈ {0, 1}, xai ∈ {0, 1} ∀i ∈ [f̄>D], a ∈ A (3.4f)

yc ∈ {0, 1} ∀c ∈ C≤D (3.4g)

Each arc is contained either in one of the generic faces that each form a
set of closed walks (as for ILPBase), or in a closed walk c with dedicated
variable yc, see constraints (3.4c). Generic faces are large, as required by
constraints (3.4b). Constraints (3.4d) are essentially (3.1d). Albeit not
required for integral solutions, constraints (3.4e) enforce the previously
implicit upper bound on the total number of faces and bound the number of
gradually smaller faces.

Predecessor Model. To obtain ILPD
Pre, we add equations (3.2a–3.2d)

to ILPD
Base, i.e., the same set as for the transition from ILPBase to ILPPre.

Additionally, we require∑︁
c∈C≤D:uv,vw∈c yc ≥ pvu,w − x([f̄ ], uv) ∀v ∈ V, u, w ∈ N(v). (3.5)

Similar to (3.2a), this ensures that if an arc uv is contained in a face modeled
by a y-variable, the succeeding arc vw has to be contained in the same face.

Realizability Model. We obtain ILPD
Real by starting with ILPD

Base and
adding the following constraints to realize property (c) of Theorem 3.1.2.

x(I, Av
W ) ≥ 1 + x(I, Av

W ) +
∑︁

c∈C≤D:c∩Av
W=∅ |c ∩Av

W |yc − 2|W |
∀v ∈ V, I ⊆ [f̄ ],W ⊊ N(v) : W ̸= ∅,

where Av
W := v ×A W, Av

W := v ×A (N(v) \W )

(3.6)

They ensure there is no subset W of arcs at a common node v that is fully
assigned to a set (consisting of I and a subset of C≤D) of face variables that
do not have an arc outside of W .
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D-Hierarchy: Strength of LP-Relaxations. Clearly, ILPBase = ILP2
Base.

The value of f̄ has a strong influence on the dual bounds obtained by LP-
relaxations. Hence, we describe how to determine f̄ and f̄>D on general
graphs. Let n := |V (G)| and m := |E(G)|. Let fUB(a, b) := min{a, b −
1a−b=1 mod 2}, f̄ := fUB(m − n, ⌊2m/3⌋), f̄>2 := f̄ , and finally f̄>d :=
min{f̄>d−1, ⌊2m/(d + 1)⌋} for d > 2. The validity of these bounds follows
directly from Euler’s formula (assuming that the graph G is non-planar).
We are not aware of any better, general, dual bounds. In the following
comparison of LP-relaxations we always assume the above bounds.

Lemma 3.2.1. For every graph G, the LP-relaxation of ILPBase has objective
value f̄ .

Proof. The domains (3.1e) establish f̄ as an upper bound. Set x̃ia = 1/f̄ and
x̃i = 1 for all i ∈ f̄, a ∈ A. Clearly, x̃ is an LP-feasible solution and achieves
the claimed objective.

Lemma 3.2.2. For every graph G, ILPD
Base admits an LP-feasible solution

with objective value f̄>D. If G contains no closed walk of length at most D,
this value is optimal.

Proof. The first claim follows from the LP-feasible solution x̃ai = 1/f̄>D and
x̃i = 1 for all i ∈ f̄>D, a ∈ A, and ỹ = 0. When C≤D is empty, there are no y
variables and the domains (3.4f) bound the objective from above, yielding
the second claim.

Lemma 3.2.3. Model ILPD+1
Base is at least as strong as ILPD

Base for any D ≥ 2.

Proof. Observe that ILPD+1
Base generally contains more y- but fewer x-variables

than ILPD
Base. Consider an LP-feasible solution (x̂, ŷ) for ILPD+1

Base . We
derive an LP-feasible solution (x̃, ỹ) for ILPD

Base that achieves no smaller
objective value. For notational simplicity, let x̂i = x̂ai := 0 for all i > f>D+1

and β :=
∑︁

c∈C=D+1
ŷc. For β = 0, already (x̂, ŷ), when interpreted for

ILPD
Base, is LP-feasible. Assume β > 0. Let α := f̄>D −

∑︁f̄>D+1

i=1 x̂i and
βa :=

∑︁
c∈C=D+1:a∈c ŷc ∀a ∈ A. From α < β it would follow that f̄>D <∑︁

i=1 f̄>D+1x̂i + β, a direct contradiction of constraint (3.4e) for d = D in
ILPD+1

Base . Thus, α ≥ β. We define (x̃, ỹ) by x̃i := x̂i+(1− x̂i)β/α,∀i ∈ [f̄>D];
x̃ai := x̂ai + (x̃i − x̂i)βa/β,∀i ∈ [f̄>D], a ∈ A; and ỹc := ŷc,∀c ∈ C≤D. The
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objective value (3.4a) for (x̃, ỹ) in ILPD
Base is∑︁f̄>D

i=1 x̃i +
∑︁

c∈C≤D
ỹc =

∑︁f̄>D

i=1

(︁
x̂i + (1− x̂i)β/α

)︁
+

∑︁
c∈C≤D

ŷc

(by xi = 0 ∀i > f̄D+1)
=

∑︁f̄>D+1

i=1 x̂i + β/α ·
(︁
f̄>D −

∑︁f̄>D+1

i=1 x̂i
)︁
+
∑︁

c∈C≤D
ŷc

(by def. of α, β) =
∑︁f̄>D+1

i=1 x̂i +
∑︁

c∈C≤D+1
ŷc,

i.e., equal to that of (x̂, ŷ) in ILPD+1
Base . Assuming constraint (3.4b) to be

violated, we obtain (D+1)x̃i > (D+1)(x̃i−x̂i)+
∑︁

a∈A x̂ai , since
∑︁

a∈A βa/β =
D + 1. This implies (D + 1)x̂i >

∑︁
a∈A x̂ai , a violation of constraint (3.4b)

already by (x̂, ŷ). Let us show the feasibility of (x̃, ỹ) w.r.t. constraints (3.4c)
by expanding their left-hand side.

x̃(a) + ỹ(a) =
∑︁f>D

i=1

(︁
x̂ai + (1− x̂i)βa/α

)︁
+
∑︁

c∈C≤D:a∈c ŷc

(by def. of α) =
∑︁f̄>D+1

i=1 x̂ai + βa +
∑︁

c∈C≤D:a∈c ŷc

(by def. of βa) =
∑︁f̄>D+1

i=1 x̂ai +
∑︁

c∈C≤D+1:a∈c ŷc (by feasibility of (3.4c) in (x̂, ŷ)) = 1

Since C=D+1 contains only closed walks, we have
∑︁

u∈N(v)(βuv − βvu) = 0 for
all nodes v. Constraints (3.4d) hold, as we see by expanding their left-hand
side: ∑︁

vu∈A x̃vui =
∑︁

vu∈A x̂vui + (x̃i − x̂i)/β ·
∑︁

vu∈A βvu

(by (3.4d) in ILPD+1
Base and the above) =

∑︁
uv∈A x̂uvi + (x̃i − x̂i)/β ·

∑︁
uv∈A βuv

=
∑︁

uv∈A x̃uvi

Constraints (3.4e) maintain their slack, as the first term increases by
∑︁f̄>D

i=1 (x̃i−
x̂i) = β while the second decreases by β. Clearly, x̃i ≥ x̂i and x̃ai ≥ x̂ai . By
α ≥ β we have x̃i ≤ 1. By (3.4c) we have x̂ai + βa ≤ 1. Thus, x̃ai > 1 would
imply x̃i − x̂i > β. Clearly, we keep 0 ≤ ỹc ≤ 1.

Theorem 3.2.4. Model ILPD+1
Base is stronger than ILPD

Base for any D ≥ 2.

Proof. Restricting ourselves to dense graphs of girth greater than D + 1,
the claim immediately follows from Lemmas 3.2.1 to 3.2.3. An example of
such graphs are the complete graphs on D nodes, where we subdivide each
edge D times. They have girth 3(D + 1) and are dense enough such that
the respective bounds differ: f>D > f>D+1. We note that there are also
dense graphs with high girth that do not allow any general preprocessing
techniques.
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3.3 Additional Tuning

Here we describe various “add-ons” to the above models. We begin with
a set of supplemental constraints that may be applied to several of these
models. Let us discuss them in alphabetical order.

Arc-Face. We may require the below trivial constraints explicitly.

xi ≥ xai ∀a ∈ A, i ∈ [f̄ ] (3.7)

Branching Rule. To facilitate the fast generation of strong primal bounds,
we may initially restrict the solution space to explicitly modeled faces, e.g.,
by branching on ∑︁

i∈f̄>D
xi

?
= 0. (3.8)

deg 3-Model. There are only two possible rotations around any degree-3
node v. In ILPPre, this can be modeled by a single binary variable for v
and alternative constraints, partially replacing (3.2a–3.2d), as discussed
in [Bey+16]. The same holds for ILPD

Pre, and we use this presumed improve-
ment in our benchmarks.

For a node v with deg(v) = 3, let uj ∈ {u0, u1, u2} denote its jth
neighbor. Here, operations on j are to be understood modulo 3. The only
possible rotations (up to cyclic shifts) at v are u0u1u2 (if pv = 1) and u0u2u1
(otherwise).

x
vuk+1

i ≥ xukv
i + pv − 1 ∀i ∈ [f̄ ], v ∈ V : deg(v) = 3, k ∈ J2K (3.9a)

xukv
i ≥ x

vuk+1

i + pv − 1 ∀i ∈ [f̄ ], v ∈ V : deg(v) = 3, k ∈ J2K (3.9b)

xvuk
i ≥ x

uk+1v
i − pv ∀i ∈ [f̄ ], v ∈ V : deg(v) = 3, k ∈ J2K (3.9c)

x
uk+1v
i ≥ xvuk

i − pv ∀i ∈ [f̄ ], v ∈ V : deg(v) = 3, k ∈ J2K (3.9d)

Long Faces. In several cases we can establish lower bounds on the length
of faces modeled by the x-variables. Let s(v, w) denote the lengtthh of the
shortest path between nodes v and w.

Lemma 3.3.1. For any two arcs uv,wx that traverse a common face f ,
we have

s(v, w) + s(x, u) + 2 ≤ |f |.

Proof. Tracing any such face f yields a path from v to w that neither contains
arc uv (it may contain arc vu) nor arc vx. Similarly, an arc-disjoint path
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from x to u must exist in f . The total length of these paths is lower bounded
by s(v, w) + s(x, u).

Lemma 3.3.2. Any face with a singular edge contains at least eight arcs
and this is tight.

Proof. Let uv denote the edge that is traversed in both directions when
tracing face f . If tracing f would additionally yield a path from u to v that
does not contain uv, the tracing would similarly yield a path from v to u
that does not contain vu. This contradicts the assumption since f would
contain two oppositely directed, closed walks that form two separate faces.
Hence, there exist two arc-disjoint closed walks on the boundary of f , one
for each node u, v. Since there are no leaves, i.e., nodes of degree 1, in a
biconnected graph, any subcycle in a face requires at least three arcs and
the claim follows. Considering a genus-1 embedding of the K4 we can see
that it indeed contains such a face of length eight.

Lemma 3.3.3. Any face with a singular node contains at least six arcs and
this is tight.

Proof. If the face f also traverses an edge twice, the bound follows from
Lemma 3.3.2. Otherwise, the doubly traversed node has at least four arcs in
f , belonging to pairwise different edges, and hence four incident nodes. A
closed walk on this K1,4 requires at least two additional arcs and the claimed
bound follows. A face of length six can be observed in a genus-1 embedding
of the following graph: Take two copies of the K5, remove one edge each,
join the graphs by identifying two deg-3 nodes, and add a new edge between
the remaining two deg-3 nodes.

Let ℓuv,wx := max{s(v, w) + s(x, u) + 2, 6 · 1k=3, 8 · 1k=2} with k :=
|{u, v, w, x}|. Lemmas 3.3.1 and 3.3.3 yield the following constraints. When
using them in our benchmarks, we separate them.

ℓuv,wx(x
uv
i + xwx

i − 1) ≤ x(i, A) ∀i ∈ [f̄>D], uv, wx ∈ A : uv ̸= wx (3.10)

Objective Parity. All above ILPs maximize the number f of faces and
deduce γ via Euler’s formula n+ f −m = 2− 2γ. Thus, the parity of f is
fixed. This gives room for improved bounding and cutting by the ILP solver.
Using a new variable z ∈ N we may demand

(m− n mod 2) + 2z =
∑︁f̄>D

i=1 fi +
∑︁

c∈C≤D
yc. (3.11)
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Symmetry Breaking. For ILPPre, it was observed in [Bey+16] that sym-
metry breaking does not seem to pay off. However, ILPPre only solves genus-1
instances in practice (see below). Symmetry breaking may hinder heuristics
from identifying trivially optimal solutions, but may be beneficial for harder
instances. The approach in [Bey+16] enforces that face i has at most as
many arcs as face i+ 1. However, there are typically many faces with the
same length in a low-genus embedding. We consider breaking symmetries by
restricting the set of faces that may contain a given arc. Let ≺ denote an
arbitrary but fixed order on the arc set A.

y(a) + x({1, ..., ℓ}, a) ≥ 1− x(ℓ, {a′ ∈ A : a′ ≺ a}) ∀ℓ ∈ [f̄ ], a ∈ A (3.12)

These constraints ensure that any arc is contained either in an explicitly
modeled closed walk or in the lowest-indexed face that it can be placed into.
For ILPPre and ILPReal, i.e., when there are no explicitly modeled closed
walks, we simply set y(a) = 0.

3.4 Experiments

All algorithms are implemented in C++, compiled with gcc 6.3.0, and use
the OGDF (snapshot 2018-03-28) [Chi+13]. We use SCIP 6.0.0 [Gle+18]
for solving ILPs, with CPLEX 12.8.0 as the underlying LP solver. Each
computation uses a single physical core of a Xeon Gold 6134 CPU (3.2 GHz)
with a memory speed of 2666 MHz. We employ a time limit of 10 min-
utes and a memory limit of 8 GB per computation. All instances and
results, giving running time and genus (if solved), are available for download
at http://tcs.uos.de/research/min-genus. In our experiments, we in-
crease the parameter D—separately on each graph—until we obtain at least
1000 y-variables. As they are not required for integral solutions, we omit
constraints (3.4e) by default.

Instance Sets. We consider the two established real-world sets North
and Rome as well as a set of (artificial) Regular graphs. See Section 1.7.1
for general details on their size, relevance, and methods used for generation.

Discussion of SAT-based algorithms. In [Bey+16], the SAT-based
approach was faster than the ILP-based one. However, we do not need to
directly compare with it.

Both previous approaches solve only planar and toroidal instances in
practice, i.e., those with genus at most one. Since the respective dual bound
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is trivially given by planarity testing (and enforced in all previous models),
the running time difference can be attributed to the SAT-solver quickly
finding a satisfying solution. In contrast, standard primal heuristics of ILP-
solvers are weaker, and the comparably time-consuming LP-relaxations are
rarely profitable. However, w.r.t. success-rate, SAT is only marginally in the
lead, if at all: on the Rome graphs, the ILP and SAT solve 2595 and 2667
instances, respectively. For North, “the success-rates of both approaches
are [...] comparable” [Bey+16].

Since we can neither employ separation nor LP-relaxations in the setting
of SAT-solvers, there also is no immediate way of using our strengthening
results for SAT-based algorithms. We will see that the new ILP variants
clearly dominate the SAT-based variant; e.g., we solve up to 6797 Rome
instances.

Results. The experiments confirm that our new model is not only the-
oretically stronger but also better in practice: Using ILPD

Real, we are now
able to solve 82% instead of just 28% of the Rome graphs, cf. Table 3.1.
Depending on the instance set, we achieve an average speed-up of factor 82
to 248. In [Bey+16], only graphs with genus 1 (and not all of them) could be
solved. Surprisingly, and in contrast to the observations made in [Bey+16],
the deg 3-model does not perform better than the respective base variant:
SCIP’s built-in preprocessing reduces the variable space to essentially the
same dimension as obtained when manually applying the deg 3-model (while
possibly retaining some additional information that helps in the solving
process). Also somewhat to our surprise, none of the add-ons (3.8–3.12) pay
off reliably.

Taking a closer look at the number of solved instances (Fig. 3.1 and Ta-
ble 3.2), we see that—on average—ILPD

Real is superior to all other variants
for any graph size. We now solve real-world instances with non-trivial dual
bounds, i.e., when the genus is larger than 1, e.g., we have solved an instance
with genus 7 from Rome and even a one with genus 21 from North. We
see very clearly, in particular on Rome, that we may order the models as
ILPPre, ILPReal, ILP

D
Pre, ILP

D
Real by increasing success rate. This means

that, independent on whether we apply the small-faces model extension or
not, the realizability model is more successful than the predecessor model.
The most progress, however, is achieved by activating the small-faces model
extension ILPD

Base. As the shapes of the success-rate curves demonstrate,
it benefits both underlying models roughly equally. In particular, we see
that even ILPReal, like ILPPre, can only solve genus 1 instances (cf. also
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(a) Solved Rome graphs by number of nodes.
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(b) Solved North graphs by number of nodes.

Figure 3.1: Detailed success-rates of algorithms on established benchmark
sets. We provide the relative number of solved instances over the number
of nodes, clustered to the nearest multiple of 10. The gray bars denote the
number of instances in each cluster.
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Table 3.1: Average success-rate s and running time t on each instance set.
Considering the running time, we restrict the instances to those solved by
all variants. Of the graphs solved by ILPPre, all variants solved at least 94%
(Rome), 99% (North), and 100% (Regular). Particularly, algorithms
based on ILPD

Base always solved all of the instances solved by ILPPre.

Rome North Regular

s [%] t [s] s [%] t [s] s [%] t [s]

ILPPre 27.79 190.23 45.86 139.09 5.26 58.29

ILPPre + deg 3 27.94 186.31 47.52 111.50 5.26 58.53

ILPReal 31.85 70.57 50.83 25.44 5.53 11.33

ILPD
Pre 73.08 2.92 67.14 12.21 17.37 2.24

ILPD
Pre + deg 3 68.09 3.86 65.01 12.47 17.37 2.25

ILPD
Real 81.65 0.91 73.52 7.26 23.95 0.95

ILPD
Real with add-ons

branch rule (3.8) 76.41 0.86 73.05 7.29 21.05 0.80

all symmetries (3.12) 81.56 0.91 73.52 7.27 23.95 0.95

sepa. symmetries (3.12) 81.59 0.91 73.76 7.26 23.95 0.94

sepa. long faces (3.10) 81.16 0.95 72.81 7.27 22.89 0.81

all #faces cons. (3.4e) 81.57 0.75 74.00 6.79 23.68 0.86

sepa. #faces cons. (3.4e) 81.60 1.13 74.00 7.02 23.95 1.05

parity model (3.11) 82.33 1.25 73.29 1.11 22.89 1.68

all arc-face cons. (3.7) 75.43 0.98 71.39 7.35 18.95 0.71

sepa. arc-face cons. (3.7) 81.71 1.48 73.76 7.28 23.42 0.76

(3.11), sepa. (3.4e,3.7) 82.40 1.37 74.00 1.20 22.63 1.65

(3.8,3.11), sepa. (3.4e,3.7) 78.07 1.19 75.65 1.18 21.58 1.62



3.4. EXPERIMENTS 109

0 10 20 30
0
1
2

primal

d
u
al

(a) ILPPre

0 10 20 30
0
1
2

primal

d
u
al

(b) ILPReal

0 10 20 30
0

5

10

primal

d
u
al

(c) ILPD
Pre

0 10 20 30
0

5

10

primal
d
u
al

(d) ILPD
Real

Figure 3.2: Final primal vs. dual bounds on the genus, generated by algo-
rithmic variants on Rome (without any add-ons). Color and size indicate
the number of instances with the respective bounds. We note that these
bounds do not apply to the values of the formal objective value, i.e., the
number of attained faces, but to the genus, which allows a more sensible
comparison. Note that without the small faces extension, neither ILPPre nor
ILPReal obtains lower bounds > 1 (i.e., only trivial ones).
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Figure 3.3: Average values of relaxed ILPD
Base on the solved Rome graphs,

depending on the maximum length D of explicitly modeled cycles and the
genus of the graph. Note that we only solved one instance with genus 7 on
Rome.
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Table 3.2: Number of solved instances in the Regular set for selected
variants without add-ons.

# nodes 10 20 30 ≥ 50

node degree 4 6 4 6 10 4 6-20 4–40

ILPPre 20 0 0 0 0 0 0 0

ILPReal 20 1 0 0 0 0 0 0

ILPD
Pre 20 20 20 0 0 6 0 0

ILPD
Real 20 20 20 18 0 13 0 0

Fig. 3.2 which shows the final bounds of our core variants on Rome). This
is in accordance with Lemma 3.2.1, i.e., that the LP-relaxation of ILPBase

always yields value f̄ . Nonetheless, the success-rates 46% and 51% on North
for ILPPre and ILPReal, respectively, demonstrate that ILPPre is far from
solving all toroidal instances. More complex instances require the small-faces
extension ILPD

Base. This is also reflected by the root relaxations of ILPD
Base

for different values of D, cf. Fig. 3.3. Consistent with theory, increasing the
minimum length D leads to stronger LP-relaxations also in practice, but
may drastically increase the number of variables. Interestingly, generating
only triangles, i.e., D = 3, yields only a very slight increase on the average
dual bound compared to ILPBase on Rome, possibly caused by the graphs’
sparsity.

Genera in Graph Theory. Our new approach allows us to confirm results
from literature, all with non-trivial dual bounds: In 2015, the circulants of
genus at most 2 were characterized [CG15]. Thereby, the authors need to
show that 12 specific graphs have genus at least 3. For these arguments
alone, they require about nine pages, supplemented by several hours of
computation. Using ILPD

Real, we are able to confirm these results (and
compute the respective genera) in a matter of seconds without employing
any graph-specific theory. Before, using ILPPre, the arguably hardest case
C11(1, 2, 4) required 180 hours [Bey+16]. In 2005, a full paper was dedicated
to showing that the Gray graph has genus 7 [MPW05]. Our tool confirms
this result within 42 hours. Similarly, we confirm a result from 1989 [BRS89]
in 250 seconds: the group that is the semi-direct product of Z9 with Z3 has
genus 4 (the genus of group Γ is the smallest genus of a Caley graph of Γ).
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Conclusion. We have presented novel ILP models for the graph genus
problem, proved their theoretical strength, the existence of a hierarchy of
ever stronger LP-relaxations, and positively evaluated them in practice, e.g.,
by solving 82% instead of the previous 28% of the Rome instances. We
are now able to solve real-world instances with genera up to 21. This is in
stark contrast to the previous models that—on the same set of instances—
succeeded only on toroidal graphs.

It remains open whether even stronger models can be found by a more
careful examination of the face structure. What additional properties of the
embedding may be modeled? Is it possible to better exploit singular nodes
or edges, particularly when they are adjacent? Further, we expect that our
algorithms would benefit from strong primal heuristics but we are not aware
of any general such algorithms. Currently, optimal dual bounds are often
identified long before an optimal solution is found.

Algorithm by G. Brinkmann. Just recently, a new and purely combi-
natorial algorithm by Gunnar Brinkmann emerged (implemented in pure
C). His implementation is able to beat the performance of our fastest ILP
model on most instances [Bri20]. The algorithm is based around a B&B
procedure that iteratively embeds all edges (each in every possible way). One
core aspect of this procedure is to identify edges that cannot be embedded
without increasing the genus of the surface.

It remains open whether an amalgamation of both ideas may be used to
design even faster algorithms.
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Chapter 4

Crossing Number

Cycle (history). A possibly repeating
interval of space or time in which one set
of events or phenomena is completed.

In this chapter, we consider the notoriously hard crossing number problem.
As opposed to the previous problems, we do not directly consider stronger
or practically better suited ILP models. In fact, it seems surprisingly hard
to apply the cycle models (that we successfully used for skewness and
genus) in the context of crossing number ILPs: They require binary decision
variables that each represent a potential short face in the resulting embedding.
However, in the context of crossing number, short faces are not just cycles
(or closed walks) in the graph. For example, there may be a triangular face
whose boundary consists of three edge segments and three crossings without
any nodes. As such, it seems impractical to model all potential short faces.
Instead, in Section 4.1, we improve upon the strongest algorithms for general
crossing number in a different direction by proposing an ILP-based proof
system that automatically verifies the complex computations required to
solve the state-of-the-art models. Its primary benefit is to automatically offer
an easily verifiable proof for the crossing number of any (reasonably large)
given graph which we will use in the following section. While discussing
the well-known underlying ILP model, we will also introduce a new and
simpler column generation scheme. Secondly, in Section 4.2, we study the
minimal obstructions for low crossing number. More precisely, we consider a
conjecture regarding nodes of arbitrarily high degree in such obstructions and
sharpen its restricted validity by a constructive proof. Clearly, being able to
quickly identify (some of) these obstructions immediately yields separation

113
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procedures for potentially stronger ILP constraints. Finally, in Section 4.3,
we briefly explore the complexity of adding an edge to a simple drawing
which is, for example, of interest when experimentally exploring the—still
widely open—crossing number of the complete graph.

4.1 Proof System

A typical corner stone of (integral) mathematical programming formulations
for combinatorial optimization problems is that solving the formulation
constitutes a proof for the optimality of the obtained solution. While this is
true in theory, it is not clear, per se, that this actually transfers into practice,
as many factors may influence or invalidate the program’s outcome: the
probably most prominent ones are hidden bugs in the software or numerical
instabilities. E.g., [App+09] discusses the problems and challenges of proving
the correct computation of an optimal TSP tour for one specific instance;
we are interested in a system to deduce proofs automatically, without any
human interaction.

Hence, while there exist many successful formulations, e.g., as ILPs, to
many important graph-theoretic (optimization) problems, successful com-
putations are generally not considered to be proofs accepted by the graph
theory community.

We aim at bridging this gap for the well-known crossing number problem,
which is arguably one of the most prominent and notorious problems in
topological graph theory. We propose a system to extract a simply verifiable
proof from a successful ILP computation, which can be accepted by graph
theorists: It is shielded against ill-effects based on the software realization of
the mathematical model. To understand the proof, the graph theorist does
not have to have a deeper understanding of mathematical programming nor
the required implementations; she only has to understand the mathematical
model (and possibly a simple proof verification program, designed to be
readable and checkable by non-experts).

When describing the proof system, we will also pinpoint the generally
necessary differences in the formulation-, algorithm-, and software-design
between the typical goal of obtaining a strong and fast solver and the goal of
obtaining a system for easily understandable proofs. Crossing number formu-
lations are particularly interesting in that respect, as their implementations
need to combine a diverse set of different tools (branch-and-cut-and-prize
with exact and heuristic constraint separation, column generation with non-
standard bounding schemes, intricate heuristics for primal bounds, etc.) to
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obtain a system that can solve realistically-sized instances. This inevitably
leads to a software too complex to directly check against all possible bugs. As
such, even though we focus on the crossing number problem, our system may
serve as a showcase of how to obtain trustworthy mathematical programming
based proof systems for graph-theoretic problems whose formulations do not
allow easily checkable implementations.

We recall that the only known practical method to obtain the cross-
ing number of a given graph is based in integer linear programs [Buc+08;
CGM10; CMB08], based on two different modeling ideas to be described
below. However, the models contain both too many variables and too many
constraints to be solved directly via off-the-shelf techniques, and require a lot
of (bug-prone) implementation effort. Even if implemented correctly, solving
such ILPs can be error-prone due to numerical instabilities. This constitutes
a problem for graph theorists, interested in utilizing the computed crossing
number in a proof.

Basics. When considering the crossing number of a graph, it is well-known
that it suffices to consider simple (also called good) drawings: no edge crosses
itself; adjacent edges do not cross; each pair of edges crosses at most once;
and no three edges cross in a common point. Considering such an optimal
drawing of G, we can obtain a planarization of G, which is the graph arising
from G when replacing each crossing with a new dummy vertex of degree 4.
We may speak of a partial planarization if we substitute only certain crossings
via new vertices such that the obtained graph possibly remains non-planar.

4.1.1 Known ILP Models

All known ILP models have a common core idea; they differ in how to
handle the arising realizability problem, described below. We will only
describe the formulation on a level necessary to comprehend the proof system
(and the design decisions that lead to it). For a more detailed and formal
description see the individual publications [Buc+08; CGM10; CMB08] or
the full compilation in [Chi08].

Let G = (V,E) denote the given simple and undirected graph for which
to compute cr(G), and let CP :=

{︁
{e, f} ⊆ E : e ∩ f = ∅

}︁
be the set of

edge pairs that potentially cross in a simple drawing of G. Consider a binary
variable xc for each c ∈ CP that is 1 if and only if the edge pair crosses. This
gives the objective function

min
∑︁

{e,f}∈CP w(e) · w(f) · x{e,f} (4.1)
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where w(e) denotes the (integral) weight of edge e. For usual (i.e., unweighted)
graphs we have w(e) = 1 for all e ∈ E. In our implementation, we first
preprocess G to obtain a smaller but integrally-weighted graph with the
same crossing number [CG09].

To guarantee feasible solutions, we may be tempted to introduce the
following Kuratowski constraints. Let K ⊆ E be an edge subset forming a
Kuratowski subdivision; we want to ensure that each such K gives rise to
at least one crossing. We say that a crossing c ∈ (K{2} ∩ CP) is planarizing
if the graph obtained from K by realizing c via a dummy vertex is planar.
Clearly, a crossing is planarizing if and only if the crossing edges do not
belong to adjacent (or identical) Kuratowski paths. Let CP(K) be the set of
planarizing crossings for K ⊆ E. We may use the following constraints:∑︁

c∈CP(K) xc ≥ 1 ∀ Kuratowski subdivisions K in G.

While the above constraints form facets of the crossing number poly-
tope [Chi11], they do not suffice to guarantee feasibility: On the one hand,
we also have to consider Kuratowski subdivisions that only appear in partial
planarizations due to dummy vertices. On the other hand, even those do
not suffice: Let R ⊆ CP be edge pairs that are supposed to cross. The
realizability problem is to decide whether there exists a drawing of G such
that only the edge pairs R cross. Interestingly, even this seemingly simpler
problem is still NP-hard for general graphs [Kra91]. Hence, our simple set
of x-variables cannot suffice to describe the crossing number polytope. The
key problem is that when two edges, say f and g, both cross an edge e, the
order of these two crossings along e is of central importance and cannot be
deduced in polynomial time (unless P=NP).

There are two approaches to tackle this problem. Both lead to a variable
increase that, although polynomial, makes the models intractable in practice
unless a dynamic column generation scheme is used. Assume in the following
that we assign an arbitrary but fixed direction to each edge.

Subdivision-based exact crossing minimization (SECM). Let G[ℓ]

be the graph obtained from G by splitting each edge into a chain of ℓ ∈ N+

edges (henceforth called segments). Instead of directly using the above
model on G, we consider G[ℓ] instead. We observe that the corresponding
set CP [ℓ] will not need to contain edge pairs (segment pairs, in fact) where
both segments belong to the same original edge in G (the underlying G does
not require self-crossings).

On G[ℓ], we search for the smallest number of crossings under the restric-
tion that each segment is involved in at most one crossing. This restriction is
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trivial to ensure via linear constraints (see later for details). The so-restricted
crossing number is often called the simple crossing number, even though it is
still NP-hard to decide. There can be at most χ := min{cr(G), |E|−1} cross-
ings on an edge in the optimal drawing of G. Hence, we may use any upper
bound on χ as ℓ to ensure that the optimal solution to the restricted crossing
number problem on G[ℓ] induces an optimal solution for the usual crossing
number on G. Since there are instances where an edge e needs to be crossed
by Ω(|E|) many other edges in the optimal solution, our transformation may
increase the number of variables Θ(|E|2)-fold.

The benefit of considering the simple crossing number is that the real-
izability problem becomes linear time solvable. We say a subset R ⊂ CP [ℓ]

is simple if each segment occurs at most once over all segment pairs in R
(i.e., it is a potential solution to the simple crossing number). For such an
R, its corresponding (partial) planarization P (R)—obtained by substituting
the crossings R in G with dummy vertices—is hence unique. We have R
realizable if and only if P (R) is planar.

Finally, we can ensure feasible solutions using more general Kuratowski-
constraints. Let K(R) be the set of all Kuratowski subdivisions in P (R).
Each subdivision is specified by its edge set. Clearly, if the crossings R are
part of the solution, each Kuratowski subdivision in K(R) will require at
least one crossing. We have:∑︁

c∈CP(K) xc ≥ 1−∑︁
c∈R(1− xc) ∀ simple R ⊆ CP,K ∈ K(R) (4.2)

In order to prove a lower bound of the crossing number, it suffices to
understand that the constraints in the above model need to hold for any
feasible solution. We do not need to argue about sufficiency (see also property
⟨2⟩ below).

Ordering-based exact crossing minimization (OECM). The alter-
native formulation [CMB08] introduces linear ordering variables to resolve
the order of crossings along each edge without subdividing the input graph.
This has some advantages regarding performance, e.g., since every Kura-
towski constraint in this model can cover more than just one specific partial
planarization. Technically, these linear orderings are modeled using Θ(|E|3)
additional variables that are linked to the crossing variables using several con-
straint classes. Overall, it has to be observed that the OECM model, while
offering superior performance, is much harder to understand and requires
even more technically intricate column generation schemes, book-keeping,
and subalgorithms, compared to SECM.
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4.1.2 Design of Proof System

Without a proof system, one would need to check the ILP algorithms for
correctness. All SECM and OECM implementations known to the authors
are intertwined with the Open Graph Drawing Framework (OGDF) [Chi+13]
and heavily utilize ABACUS [JT00]; they are all written in C++. The core
of both algorithms roughly spans across 8,000 Lines of Code (LOC) while
the OGDF amounts to a total of about 170,000 LOC. Already the main
code paths of the research code are hard to comprehend without intricate
knowledge of the algorithms. Furthermore, the programs use sophisticated
column generation routines, requiring complex book-keeping and special
constraint liftings to prevent a decrease of the lower bound when adding
variables. Tracking variables and constraints over an entire algorithm is
disproportionately harder than simply verifying each B&B leaf. Furthermore,
there are several possibilities for hidden bugs due to numerical instabilities
that may arise without any means of detection, or hidden buffer overruns
when generating atypically many variables or constraints in one pass.

All these facts make a formal verification of the main algorithms in-
tractable in practice. For comparison, our proof system proposes a verifi-
cation procedure (written in Java) of less than 1,000 LOC (including rich
documentation and comments), with a virtually complete test coverage.

In our context, a proof consists of three parts:

– a mathematical model (in our case the ILP formulation),
– a witness of the dual bound, and
– a primal solution, matching the above dual bound.

The first is independent of the specific instance but needs to be understood
only once for a specific problem domain (crossing number, in our case). The
latter two are instance-dependent. We want to make the proof as easily
digestible by pure graph theorists as possible. To understand the proof it
must be sufficient to understand the following:

⟨1⟩ Solution. One needs to be able to check the feasibility of a primal
solution and evaluate its objective value. In our case, one needs to be
able to recognize a feasible planarization of G, and to count the number
of dummy vertices.

⟨2⟩ Feasibility of the mathematical model. It is only necessary to understand
that all described constraints of the formulation are feasible; one need not
concern oneself with understanding why the model is sufficient. Generally,
it should be understood that any optimal fractional solution w.r.t. a
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subset of the constraints gives a feasible dual bound (in our case: lower
bound).

⟨3⟩ Witness format. The information contained in the witness that is required
to verify the dual bound.

⟨4⟩ Verification procedure. The steps required to verify the dual bound
claimed by the witness.

An ILP-based proof system should consist of two major components: the
proof generation and the verification procedure. The arbitrarily complex
proof generation produces a witness for the optimality of the primal solution.
This witness contains all information required to create relaxed integer linear
programs, i.e., LPs, for several subcases (the leaves in the B&B tree), all
of which yield the dual bound. B&B leaves naturally resemble an easily
verifiable case distinction, as used ubiquitously in graph-theoretic proofs.

The verification of the witness could theoretically be done by hand. It
follows from the nature of NP-complete problems that (unless P=NP) there
cannot be a really “simple” proof for the dual bound in general. If we want
a simple-to-check witness for the dual bound (which is, most importantly,
checkable in polynomial time w.r.t. its size), we have to live with the fact that
the witness’ size can grow exponentially with the size of G. In most cases,
this sheer size will require us to introduce an—algorithmically very simple—
computer-based verification procedure. Most importantly, the verification
procedure only needs to check that the subcases described in the witness
form LPs that are subsets of the underlying mathematical model. It requires
no knowledge about the generation of constraints, variables, or branches.

We can summarize the general design goals for an ILP-based proof system:

G1. Simplicity of model. There should be few classes of constraints and
variables. Comprehensibility outweighs performance as long as the proof
procedure is still “fast enough”.

G2. Column generation. Column generation should only be used if ultimately
required. The variable subsets need to be as simple as possible.

G3. LP-solver flexibility/provability. The LP-solver used during verification
should be easily interchangeable or self-proving.

G4. Few Branches. Superfluous branching decisions should be eliminated
from the witness to keep it small. This can, e.g., be achieved by starting
the extraction with a supposedly optimal primal bound, see below.
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G5. Human-readability. One should be able to investigate certain aspects of
the proof by hand. To achieve this, we may allow redundancy as long
as conflicts are detected easily by the verifier.

G6. Standalone verification. The verifier must not share any resources (most
importantly code fragments) with the extraction procedure. The witness
and the primal solution constitute the sole interchange of information
between generation and verification.

G7. Coding standards. Adhering to well-established coding standards when
implementing the verifier increases readability. Likewise, an established
programming language should be used. The verification procedure
should be described in detail such that one might re-implement it easily.

Although the OECM formulation offers better performance than SECM
in practice, goal G1 lets us favor the comparably much easier to understand
SECM formulation. It also allows us to sacrifice more constraints classes to
adhere to G1. Concerning G2, both formulations require complex column
generation schemes to be feasible in practice. However, as we will describe
below, SECM allows us to propose a new column generation scheme that
is considerably simpler than any of the previously published ones for either
of the two formulations, while increasing the running time and number of
variables only mildly.

Algorithm 4 gives an outline of the proof generation. In order to obtain
a small proof (G4), we solve the crossing number problem twice: First, we
use the fastest OECM variant together with strong upper bound heuristics
to obtain the presumably optimal solution. This procedure can be seen as a
black box, as we are only interested in the fact that the solution gives an upper
bound—we can check the feasibility of the primal solution straightforwardly.
If our proof generation succeeds, this is the solution that is used as part of
the overall proof. Now having this primal bound, we can start our modified
SECM formulation (see below for details) without any primal heuristics
and ask for a solution strictly better (at least one crossing less) than the
obtained upper bound. From this second ILP run, we can extract all required
information for each B&B leaf, to reconstruct each linear program that yields
a lower bound on the number of crossings restricted to the solution space
spanned by the branch. In general, the set of variables and constraints differ
for any two leaves.

We observe that if OECM falsely returned a solution that is not optimal
(e.g., due to a hidden bug), we may already detect this now as SECM’s dual
bound does not match our upper bound.
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Algorithm 4: Proof generation

Input: graph G // we are interested in cr(G)

// claim optimal planarization P with objective value c̄
1 P, c̄← OECM(G)

2 verify(P ) // ensure the solution P is feasible

// generate a witness W for the lower bound, i.e.,

// prove that c̄− 1 is infeasible to achieve

3 W ← modified-SECM(G, c̄)

4 verify(W ) // use standalone verifier to confirm W

5 print P and W // output the proof

4.1.3 Modified-SECM

There are two known column generation schemes for SECM [CGM10]. The
algebraic pricing, based on the standard Dantzig-Wolfe decomposition theory,
performs relatively weak and uses a quite unstructured variable subset. The
more efficient combinatorial column generation scheme (denoted as sparse
column generation in the following) can decide upon the addition of variables
in a purely combinatorial fashion, and requires the fewest active variables
in general. However, the required variable subset structure (and hence
the reasoning for its sufficiency) is too complicated to easily describe and
comprehend for the purpose of a graph-theoretic proof. We hence propose a
new column generation scheme—called homogeneous in the following—by
means of describing an SECM variant that is slightly modified compared to
the model described above.

Instead of a simple number, let ℓ : E → N be a mapping describing the
expansion status of G, i.e., we consider each edge e ∈ E of G to be subdivided
into ℓ(e) segments. We define our ILP using the resulting graph Gℓ. For
notational simplicity, let e1, e2, ..., eℓ(e) denote the segments of an original

edge e ∈ E. As before, the new graph induces a set of segment pairs CPℓ

that may cross in an optimal solution. We explicitly allow (and expect)
values ℓ(e) to be smaller than the upper bound of crossings over e. To this
end, we allow at most one crossing over each segment except for the first
segment of each edge: it may be crossed an arbitrary number of times. In
general, this could lead to problems with testing realizability. However, this
is of no concern to us, as we only require that our model is feasible, i.e., it



122 CHAPTER 4. CROSSING NUMBER

allows to describe an optimal solution (see ⟨2⟩). This is trivially the case in
this setting (already when ℓ(e) = 1 for all e ∈ E).

Symmetric solutions increase our set of subcases in the proof, often
drastically: To counter this, we can require w.l.o.g. that the crossings over an
original edge may be aligned in such a way that there is only a crossing on a
segment if there also is a crossing on the previous one, cf. (4.3) and (4.4).
The first segment is typically not part of this alignment scheme, as it allows
multiple crossings. However, observe that given an upper bound c̄ on cr(G),
any edge e = {u, v} ∈ E may be crossed at most ue := min{c̄, |E| + 1 −
deg(u)−deg(v)} times in the optimum solution. If an edge is fully expanded,
i.e., ℓ(e) = ue, we do allow at most one crossing also over the first segment;
to avoid symmetries we may further assume to have less crossings on the
first than on the last segment (4.5). The following constraints establish these
segment properties. They, together with the objective function (4.1) and
the Kuratowski constraints (4.2) (both applied to the set CPℓ), form our full
mathematical model.∑︁

c∈CPℓ:e2∈c xc ≤ 1 ∀e ∈ E (4.3)∑︁
c∈CPℓ:ei∈c xc ≤

∑︁
c∈CPℓ:ei−1∈c xc ∀e ∈ E, 3 ≤ i ≤ ℓ(e) (4.4)∑︁

{e1,f}∈CPℓ x{e1,f} ≤
∑︁

{eℓ(e),f}∈CPℓ x{eℓ(e),f} ∀e ∈ E : ℓ(e) = ue (4.5)

Remark (Irrelevant to understanding the proof). As in SECM, Ku-
ratowski constraints are separated via a procedure based on testing a rounded
solution S for planarity. An effective column generation similar to [Buc+08]
is achieved by starting with a unit vector ℓ and incrementing ℓ(e) whenever
there are at least 2 crossings on e1 in S (i.e., the realization problem cannot
be solved uniquely).

4.1.4 Verification Procedure

Finally, we can focus on the actual verification steps necessary to prove the
lower bound obtained by the above Modified-SECM model. Algorithm 5
gives an overview.

Branch Coverage. We need to make sure that the entire solution space
is covered (cf. line 1 of Algorithm 5). Therefore, we consider the variable
fixings in all subcases. Since we only branch on single variables, we iteratively
merge two subcases that differ by the assignment of a single variable, giving
a more general subcase without this variable being fixed at all. In a valid
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Algorithm 5: Proof verification

Input: graph G, subcases L (=B&B leaves), and
claimed lower bound b ∈ N+

1 assert allBranchesAreCovered(L)
2 foreach ν ∈ L do
3 ℓ← expansion status at ν
4 K ← set of Kuratowski subdivisions observed at ν
5 foreach C ∈ K do
6 assert isKuratowski(Gℓ, C)

7 P ← generateLinearProgram(G,K)
8 assert lpsolve(P ) > b− 1

proof, this procedure must end with a single subcase, which does not have
any variable fixings at all.

The following pseudo-code shows how to algorithmically verify that the
subcases span the whole solution space. Here, we consider each subcase ν
to be a set of tuples from CPℓ × {0, 1}, i.e., a set of segment pairs that are
specified to either cross (1) or not (0). Segment pairs not listed in ν are free
to do either. Let △ denote the symmetric difference.

Algorithm 6: Coverage verification

Input: subcases L (see text)
1 while ∃µ, ν ∈ L with ∃c ∈ CPℓ : µ△ ν = {(c, 0), (c, 1)} do
2 L← {µ ∩ ν} ∪ L \ {µ, ν}
3 assert L = {∅}

Kuratowski Constraints. For each subcase (cf. line 2 of Algorithm 5),
we need to check that only feasible constraints are considered. A Kuratowski
constraint for a subgraph K that is not a Kuratowski subdivision would
be an error. It would enforce a crossing that may not be necessary in the
optimal solution. For each subcase, our witness explicitly stores each used
Kuratowski subgraph K, together with the required crossings (R) that need
to exist for K to arise1. More specifically, K is stored by means of Kuratowski
paths pK1 , ..., pKk . This storage pattern allows for a simpler verification (see

1While constraints could be stored without explicitly stating R, this would decrease
the readability of the proof and the verification procedure, cf. G5.
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below) than a general Kuratowski verification routine as, e.g., described
in [NRM14].

To verify that K is really a Kuratowski subdivision (cf. line 6 of Al-
gorithm 5), we first check whether each pKi is in fact a valid path (only
exploiting crossings of R, if any). Then, we check that all paths are pair-
wise internally disjoint (i.e., they are disjoint except for possibly common
start/end vertices). Finally, the set of nodes that constitute the start or
end of all Kuratowski paths is collected. The size of this set (5, 6) and
the number of Kuratowski paths (10, 9) is verified according to the type
of the subdivision (K5, K3,3, respectively). The structural verification of a
K5 subdivision simply checks whether all 5 nodes are directly connected to
one another via Kuratowski paths. For a K3,3, we perform a two-coloring
(interpreting the paths as edges); each of the 6 nodes must be connected to
exactly 3 distinct nodes of the opposite color.

Lower Bound. Finally, we need to verify the lower bound for each subcase.
We can trivially generate a linear program (no integrality constraints) accord-
ing to our model (cf. lines 7–8 of Algorithm 5). From the expansion status ℓ
we can construct CPℓ, the objective function (4.1) and the segment-oriented
constraints (4.3) to (4.5). For each (already verified) Kuratowski subdivision
considered in the subcase, we generate the corresponding constraint (4.2).

By writing this LP in a standard file, we can use any LP-solver (or
multiple, to gain confidence) to verify that the LP’s solution value is strictly
larger than c̄−1. For a more formal proof, we may check the basis of the final
tableau/the dual solution to verify the lower bound and/or use self-proving
LP solvers [App+07; Dhi+03].

4.1.5 Practice and Experiments

Web-Service. Already prior to our proof system, we offered a (free) web-
service to compute the crossing number of an uploaded graph (see http:

//crossings.uos.de). Over the last years, it has been used as a tool by
several research groups worldwide, to help validate or falsify crossing number
conjectures and ideas. We collected the thereby uploaded instances. However,
the web-service would (formally) only give a primal solution, together with
the assertion that this should be the optimum. Now, we relaunched the
web-service to also hand out the formal proof. The user can download the
stand-alone Java verification program, check it, and use it to verify her proof
independently.

http://crossings.uos.de
http://crossings.uos.de
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Experimental Evaluation. To determine the applicability of the proof
system, we tested the algorithms on three benchmark sets: the 1277 North
graphs, the 3110 non-trivial Rome graphs, and 145 non-planar graphs,
(http://crossings.uos.de/instances) collected by our crossing number
web-service. See Section 1.7.1 for details on the former two sets.

All experiments were conducted using an Intel Xeon E5-2430 v2, 2.50
GHz with 192 GB RAM running on Debian 8. We compiled with g++ 4.9.0
(64bit, -O3), used CPLEX 12.6.0 as the backend LP-solver, and applied a
time-limit of 60 minutes for each computation. All algorithms except the
verifier are implemented as part of the OGDF (using ABACUS as the ILP-
framework). We compare the sparse to the newly introduced homogeneous
column generation scheme, to understand the running time costs of the
simpler but supposedly weaker column generation scheme. For both schemes
we consider the cases whether we start with a tight upper bound (the
optimum) or not; the former is the setting that we typically use within our
proof system. Fig. 4.1 summarizes the results. While tight homogeneous
requires more time than tight sparse on larger instances, it is still faster
than sparse without a tight upper bound. On all instances with crossing
number at most 22, homogeneous is at most 5 times slower than sparse (for
both upper bound modes, considering only those instances solved by both
schemes). Using the tight upper bound reduces the running time to about
30% on average for homogeneous. Out of all 3393 instances solved by tight
sparse, only 11 could not also be solved by tight homogeneous in time. Thus,
we conclude that the increase in running time due to the simpler column
generation is reasonable in practice. The running time of the verification
procedure is negligibly small.

Conclusion. We considered the problem of bridging the gap between
“provably optimal” solutions obtained via mathematical programming and
the demands on a verifiable formal proof. To this end, we laid out the general
central design goals and steps to turn a mathematical program into a proof
system.

We combined this with a showcase of how to automatically obtain a
verifiable proof for the graph-theoretic crossing number problem, whose
known ILP implementations are far from being formally checkable. To this
end, we also introduced a novel column generation scheme for the problem’s
model, which, while much simpler, is still very effective in practice. The final
proof system is available online for free academic use.

Since the relaunch of this tool roughly five years ago, we collected about

http://crossings.uos.de/instances
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Figure 4.1: Running time of different SECM variants (see text). The tight
variants finished in roughly 10−5 seconds for instances with crossing number 1.

500 unique requests for crossing number computations and most of them
were successfully answered. We will see an immediate application of this tool
in the next section.

4.2 Bounded Degree in Crossing Critical Graphs

In this section, which is based [Bok+19b], we want to consider the minimal
obstructions for low crossing number. Unlike as, e.g., for genus, the class
of graphs with prescribed crossing number at most k ∈ N is not closed
under minor operations. As such, it does not follow that there is a finite
set of forbidden minors for each k and a polynomial-time algorithm to test
whether cr(G) ≤ k for any graph G. One way to algorithmically tackle the
problem is to solve it by means of ILPs (cf. Section 4.1). However, the known
formulations only consider Kuratowski subdivisions (i.e., 1-crossing-critical
graphs, see below) to achieve dual bounds. Finding a subgraph that is
c-crossing-critical, with c > 1, immediately implies a potentially stronger
constraint that may be used in this approach. Clearly, it is also interesting
from a purely theoretical standpoint to understand what exactly makes
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Figure 4.2: User Interface for Retrieving Proofs of Crossing Numbers
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graphs have high crossing number. We thus consider the following definition:

Definition 4.2.1 (Crossing-criticality). A graph G is c-crossing-critical if its
crossing number cr(G) is at least c but removing any of its edges e decreases
it below c, i.e., cr(G ⊟ e) < c for each e ∈ E(G). Conversely, in case of
an (integrally) edge-weighted graph G, instead of the latter condition, we
demand that decreasing the weight on any of G’s edges by one also decreases
its weighted crossing number. Similarly, for general graphs G, an edge is
critical if its removal (unweighted) or a decrease of its weight also decreases
the crossing number of G.

Crossing-critical graphs are subject to mathematical studies since 1984
when Širáň initiated the field by constructing c-crossing-critical graphs
for each value of c [Sir84]. Other researches build upon this result and
broadened the known set of crossing-critical graphs, also showing nonexistence
of such graphs with certain parameters [Bok+16; Bok+19a; Bok10; DHM18;
Hli03; HST12; PR03; RT93]. In the setting of crossing critical graphs, one
usually considers graphs without cut nodes as crossing number is additive
over connected components. For similar reasons of preprocessing (cf. NPC,
presented in [CG09]) a typical (and stronger than the above) restriction is
to allow edge-weights while disregarding graphs that are not 3-connected. In
2003, consistent with all known crossing-critical graphs at that time, Richter
conjectured the existence of a function f : N → N such that each node of
a c-crossing-critical graph has degree at most f(c), i.e., that the maximum
node degree is somehow bounded in the criticality [MNW07]. This conjecture
was later refuted by Dvořák and Mohar [DM10]. However, their proof is
not constructive and as such no example of a high degree c-crossing-critical
graph can be deduced from it.

We recently showed that indeed the conjectured function f does exist
when restricted to small criticality. More precisely, it exists exactly for c at
most 12 [Bok+19b]. In this section, we aim to—constructively—describe, for
each c at least 13, a family of c-crossing-critical graphs that have arbitrarily
high node degree.

4.2.1 13-Crossing-Critical Graphs with Large Degree

Let us define a family of graphs where each graph of this family is 13-crossing-
critical and for each prescribed node degree d ∈ N, there is a member that
has node degree at least d.

Definition 4.2.2. Assume an integer k ≥ 1. Let Cu be a 6-cycle on the
node set {x, u1, u2, u3, u4, u5} with edges xu1, u1u2, u2u3, u3u4, u4u5, u5x of
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Figure 4.3: The graph Gk
13 of Definition 4.2.2, drawn with 13 crossings. The

weighted edges of this graph have their weight written as numeric labels,
and all the unlabeled edges have weight 1. The bowtie part of this graph is
drawn in red and blue (where blue edges are those between ui and vj nodes),
and the wedges are drawn in black. Only the (k − 1)-th and kth wedges are
detailed, while the remaining wedges 1, ..., k − 2 analogously span the gray
shaded area. Dotted lines show possible alternate routings of the edge v1u4
(each such routing preserves the optimal number of 13 crossings).
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weight 7, 5, 4, 4, 4, 1 in this order. Analogously, let Cv be a 6-cycle on the node
set {x, v1, v2, v3, v4, v5} isomorphic to Cu in this order of nodes (and with
the same edge weight). The graph B is obtained by (Cu ⊔Cv)⊞u2v3 ⊞u3v2 ⊞
u1v4 ⊞ u4v1 where the former (latter) two new edges are assigned weight 1
(weight 2, respectively). Note that V (Cu) ∩ V (Cv) = {x}, i.e., graph B has
11 nodes and the two cycles meet exactly at x.

For i ∈ [k], let Di denote the graph on the node set {x,wi
1, w

i
2, w

i
3, w

i
4}

with the edges xwi
1, xw

i
4, w

i
1w

i
4, w

i
2w

i
3, each of weight 1 and the edges wi

1w
i
2

and wi
3w

i
4, both of weight 2. From the union B⊔

(︁⨆︁
i∈[k]Di

)︁
, again identifying

both nodes x in each operation, we obtain the graph Gk
13 by identifying u5

with w1
2 and wk

3 with v5 as well as wi
3 with wi+1

2 for each i ∈ [k − 1].

Our construction is illustrated in Figure 4.3. We remark that cr(G1
13) ≤

12, and for this reason we will assume k ≥ 2 whenever referring to Gk
13. For

future reference, we will call B the bowtie of Gk
13, and Di the ith wedge

of Gk
13.

Observation 4.2.3. We have the following facts:

1. The graph Gk
13 is 3-connected and non-planar.

2. The degree of node x in Gk
13 is 2k + 16.

3. There exists an automorphism of Gk
13 exchanging ui with vi for i ∈ [5].

It remains to prove that each Gk
13 is 13-crossing-critical. To this end, it

suffices to show two claims; fist, that cr(Gk
13) ≥ 13 holds, and second, that

for every edge e of Gk
13, we have cr(Gk

13 ⊟ e) ≤ 12.

Lemma 4.2.4. We have cr(G2
13) = cr(G3

13) = 13.

Proof. Figure 4.3 shows a drawing of Gk
13 with 13 crossings. For the—

arguably more interesting—lower bounds, we use the aforementioned crossing
number proof system, cf. Section 4.1. The respective computational results
can be viewed at http://crossings.uos.de/job/PZPmFDmDEKsgxLpftZmlXw
(k = 2) as well as http://crossings.uos.de/job/EDsMIoyqrgonXEeD0plqdg
(k = 3). Since the proof system uses indices to label nodes, we provide a
mapping from the proof files to our naming scheme: Node x is labeled 0.
Cycle Cu uses nodes 0, 1, 2, 3, 4, 10. Cycle Cv uses nodes 0, 5, 6, 7, 8, and 14
for k = 2 (resp. 17 for k = 3). We remark that the proof file for k = 3 is par-
ticularly large, it spans 2150 cases with 717 Kuratowski constraints per case
on average. For k = 2, there are just 1300 cases with about 180 constraints
each.

http://crossings.uos.de/job/PZPmFDmDEKsgxLpftZmlXw
http://crossings.uos.de/job/EDsMIoyqrgonXEeD0plqdg
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Now that the base cases are established, let us consider arbitrary values
for k.

Lemma 4.2.5. For every k ≥ 2, it holds that cr(Gk
13) = 13.

Proof. As for k ∈ {2, 3}, we still have cr(Gk
13) ≤ 13 by Fig. 4.3. For the lower

bound, we perform an induction on k, where the base cases, i.e., k ∈ {2, 3},
are proved in Lemma 4.2.4. Hence, we may assume that k ≥ 4.

Consider a drawing of Gk
13 with c := cr(Gk

13) crossings. Let i ∈ [k − 1],
and recall that wi

3 = wi+1
2 . We now distinguish three cases based on the

rotation around nodes wi
3 (the orientation is not important here and we

consider any sequence of incident edges equal to its inverse). To this end,
recall that no pair of adjacent edges crosses in an crossing-minimal drawing.
As such, we may sensibly speak about the rotation systems of drawings that
involve crossings (although they are not planar). When referring to the
cyclic order around a node v, one may also think about this as restricting
the drawing to a sufficiently small area around v that contains no crossings.

1. There exists an i ∈ [k − 1], such that the edges incident to wi
3 = wi+1

2 ,
have the cyclic order wi

3w
i
4, wi

3w
i+1
1 , wi

3w
i+1
3 , wi

3w
i
2. See Fig. 4.4a,

where this cyclic order is anti-clockwise. In this case, we draw a new
edge wi

1w
i+1
4 along the path (wi

1, w
i
4, w

i
3, w

i+1
1 , wi+1

4 ), and another new
edge wi

2w
i+1
3 along the path (wi

2, w
i
3, w

i+1
3 ) and assign weight 1 to both

new edges. Then, we remove the nodes wi
4, w

i
3, w

i+1
1 and their incident

edges from the drawing. The new drawing depicts a graph that is
isomorphic to Gk−1

13 —the ith and (i+ 1)-th wedge have been replaced
by just one new wedge.

Moreover, thanks to our assumption, we avoid crossings between
wi
1w

i+1
4 and wi

2w
i+1
3 in the considered area around the former wi

3.
Therefore, every crossing of the new drawing (including possible cross-
ings of each of the new edges wi

1w
i+1
4 and wi

2w
i+1
3 among themselves

or with other edges) existed already in the original drawing of Gk
13,

and hence cr(Gk−1
13 ) ≤ c. However, cr(Gk−1

13 ) ≥ 13 by the induction
assumption, and it follows that c ≥ 13 holds true in this case.

2. The same proof as above works if the cyclic order around wi
3 is wi

3w
i
4,

wi
3w

i+1
1 , wi

3w
i
2, w

i
3w

i+1
3 .

3. Otherwise, for each i ∈ [k − 1], the edges incident to wi
3 = wi+1

2 have
the cyclic order wi

3w
i
4, w

i
3w

i+1
3 , wi

3w
i+1
1 , wi

3w
i
2. See Fig. 4.4b. We will

use this assumption only for i ∈ [2] as follows.
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(a) We “shrink” two wedges into one by drawing new edges wi
1w

i+1
4 (green) and

wi
2w

i+1
3 (blue) along the depicted paths.
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2(w1
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(b) We likewise “shrink” three wedges into one by drawing the depicted new edges
w1

1w
3
4 and w1

2w
3
3 (this picture does not specify how w2

1 and w2
4 connect to x since it

is not important for us).

Figure 4.4: Two cases of the induction step in the proof of Lemma 4.2.5.
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(b)

Figure 4.5: Two drawings of the graph Gk
13, having (a) 14 and (b) 16 crossings.

These drawings are used to argue criticality of some of the bowtie (red) edges
of Gk

13. The gray areas span the crossing-free wedges of Gk
13 which are not

detailed in the pictures, similarly as in Fig. 4.3.

We draw a new edge w1
1w

3
4 along the path (w1

1, w
1
4, w

1
3, w

2
3, w

3
1, w

3
4),

and another new edge w1
2w

3
3 along the path (w1

2, w
1
3, w

2
1, w

2
4, w

2
3, w

3
3)

and assign weight 1 to both new edges. Then, we remove the nodes
w1
4, w

1
3, w

2
1, w

2
4, w

2
3, w

3
1 and their incident edges from the drawing. The

new drawing represents a graph which is now isomorphic to Gk−2
13 —the

first, second, and third wedge have been replaced with just one new
wedge.

As in the previous case, we can avoid crossings between w1
1w

3
4 and

w1
2w

3
3 in the considered area around the former w1

3 and w2
3. Therefore,

analogously, cr(Gk−2
13 ) ≤ c. However, k − 2 ≥ 2 and cr(Gk−2

13 ) ≥ 13 by
assumption, and hence c ≥ 13 holds true also in this case.

This concludes our induction on k.

Lemma 4.2.6. For each number k ∈ N and edge e ∈ E(Gk
13), we have

cr(Gk
13 ⊟ e) ≤ 12.
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Proof. On a high level, our proof strategy is to provide a collection of
drawings of Gk

13 such that for each edge of Gk
13 there is a drawing, where

the removal of that edge yields a drawing with less than 13 crossings. Note
that for edges with weight more than one, we will decrease its weight by one
instead of removing it entirely.

We observe that already Fig. 4.3, which we used to illustrate the construc-
tion of Gk

13, proves the claim for e ∈ {u1v4, u2v3, u3v2, u4v1} (the blue edges
in Fig. 4.3); whenever any single one of these edges is removed/decreased,
we save at least one crossing. In fact, Fig. 4.3 also proves the claim for
e ∈ {xv5, v4v5} (see the dotted routings of the edge v1u4 in Fig. 4.3), and
hence also for e ∈ {xu5, u4u5} by symmetry (cf. Observation 4.2.3).

To proceed with the remaining edges of the bowtie graph (the red edges
in Fig. 4.3), we resort to non-optimal drawings, i.e., drawings that have
more than 13 crossings. However, for each relevant edge e, these non-
optimal drawings will still provide a drawing of Gk

13 ⊟ e with at most 12
crossings. Let us first consider the drawing obtained from the one of Fig. 4.3
by “flipping” the right-hand part of the picture along the line through
x and u5, see Fig. 4.5a. In this drawing (with 14 crossings), the only
crossings occur between edge xu1 (weight 7) and the edges wk

1w
k
4 , w

k
2v5.

By a slight shift of the latter two edges, we obtain another drawing with
only 14 crossing between the edges u1u2 (weight 5), u1v4 (weight 2) and again
the edges wk

1w
k
4 , w

k
2v5. Decreasing the weight of xu1 (respectively, of u1u2)

drops the crossing number down to 12. Second, there is a drawing with 16
crossing that occur only between the edges v2v3 and u3u4 (both of weight 4);
see Fig. 4.5b. Decreasing v2v3 or u3u4 again drops the crossing number down
to at most 12. Consequently, our claim holds for e ∈ {xu1, u1u2, v2v3, u3u4}
and—by symmetry—for e ∈ {xv1, v1v2, u2u3, v3v4}.

We are left with the last and perhaps most interesting cases where the
considered edge e is an edge in the ith wedge Di. Imagine we “disconnect” Di

by temporarily removing nodes wi
1 and wi

4 and the edge wi
2w

i
3, and then twist

the bowtie graph B together with the adjacent strips of wedges
⨆︁

j∈[i−1]Dj

and
⨆︁

j∈[k−i]Di+j , removing all crossings. Upon reintroducing the nodes and
edges of Di, we may obtain the drawing of Fig. 4.6a with 13 crossings that
are only between the edges xwi

1, w
i
2w

i
3, w

i
1w

i
4 and the six blue bowtie edges.

For each edge e ∈ {xwi
1, w

i
2w

i
3, w

i
1w

i
4}, its removal from Gk

13 thus decreases
the crossing number to at most 12. Lastly, we may move node wi

1 to obtain
another drawing, see Fig. 4.6b. The latter drawing has 18 crossings between
the edges wi

1w
i
2, w

i
2w

i
3 and the six blue bowtie edges. Again, removing one

edge of wi
1w

i
2 thus drops the crossing number down to 12. By symmetry, the

claim is thus proved also for each i ∈ [k] and edge e ∈ E(Di).



4.2. BOUNDED DEGREE IN CROSSING CRITICAL GRAPHS 135

444444444444444444444444444444444

444444444444444444444444444444444

444444444444444444444444444444444

555555555555555555555555555555555

777777777777777777777777777777777

777777777777777777777777777777777

555555555555555555555555555555555

444444444444444444444444444444444

444444444444444444444444444444444

444444444444444444444444444444444

222222222222222222222222222222222

222222222222222222222222222222222
222222222222222222222222222222222

222222222222222222222222222222222

xu5 v5

wi
2

wi
1

wi
3

wi
4

··
·

··
·

(a)

444444444444444444444444444444444

444444444444444444444444444444444

444444444444444444444444444444444

555555555555555555555555555555555

777777777777777777777777777777777

777777777777777777777777777777777

555555555555555555555555555555555

444444444444444444444444444444444

444444444444444444444444444444444

444444444444444444444444444444444

222222222222222222222222222222222

222222222222222222222222222222222

222222222222222222222222222222222

222222222222222222222222222222222

xu5 v5

wi
2

wi
3

wi
4

wi
1

··
·

··
·

(b)

Figure 4.6: Two drawings of the graph Gk
13, having 13 (a) and 18 (b) crossings.

These drawings are used to argue criticality of edges of the ith wedge. The
gray areas span the crossing-free wedges of Gk

13 which are not detailed in the
pictures, similarly as in Fig. 4.5.

From the above considerations on Gk
13, we are now able to conclude the

following.

Theorem 4.2.7. For every positive integer d ∈ N, there exists a 3-connected
(edge-weighted) 13-crossing-critical graph, with maximum degree at least d.

4.2.2 Arbitrary Criticality and Many Large-Degree Nodes

In the previous section, we have constructed an infinite family Gk
13 of 13-

crossing-critical graphs with unbounded maximum degree. Next, we want to
study the following two natural questions.

(a) Do similar c-crossing-critical families exist for each c > 13? (Recall that
the maximum node degree in c-crossing-critical graphs is upper bounded
for c < 13.)

(b) Are there c-crossing-critical graphs with more than one node of high
degree? (In Gk

13, only node x has arbitrarily high degree.)

Let us address these questions with some extended constructions based on the
previously presented ideas. Clearly, regarding question (a), for each c, d ∈ N
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Figure 4.7: Before (a) and after (b) a 4-to-3 expansion is applied at node s.
The yellow circle represents a crossing-free area that we may assume around
each node. Figure (c) depicts the same graph as (b) but shows a different
drawing.

with c ≥ 14, we may obtain a c-crossing-critical graph with maximum degree
greater than d simply by constructing the union of Gk

13 with (c− 13)-many
disjoint copies of K3,3. Similarly, regarding question (b), we may consider the
union of t disjoint copies of Gk

13 to obtain a 13t-crossing-critical graph with
t nodes of arbitrarily high degree. However, we are interested in 3-connected
graphs, i.e., in those graphs that cannot trivially be partitioned into smaller
such graphs, and both of the above constructions result in disconnected ones.

Definition 4.2.8. Let G be an edge-weighted graph and s ∈ V (G) a node
incident exactly with two edges st1 and st2 of weight 4, and one edge st3 of
weight 1. The following operation is called a 4-to-3 expansion at s: Remove
node s with its incident edges from G, and add three new nodes s1, s2, s3, two
new edges t1s

1, t2s
2, each of weight 4; one new edge s1s2 of weight 3, and

three edges t3s
3, s1s3, s2s3, each of weight 1. See Fig. 4.7 for an illustration

of this operation.
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We define Hk
13 as the graph that is constructed from Gk

13 by applying a
4-to-3 expansion to each of the two nodes v3 and u3. (cf. Figure 4.3).

Construction Hk
13 will allow us to use the well-established operation zip

product to join multiple such graphs and hence to obtain many nodes of high
degree while still maintaining 3-connectivity and crossing-criticality.

Lemma 4.2.9. Consider a 13-crossing-critical graph G and a node s ∈ V (G)
of degree 3 that has two incident edges of weight 4 and one of weight 1. The
graph G′ that is obtained by a 4-to-3 expansion of G at s is also 13-crossing-
critical.

Proof. First, we will show that for each edge e ∈ E(G′) we have cr(G′⊟ e) ≤
12, i.e., the crossing number of G′ drops below 13 when decreasing the weight
of edge e by one. If also e ∈ E(G), i.e., if e is an original edge of G, then we
consider a drawing D of G ⊟ e with at most 12 crossings. Such a drawing D
exists since G is 13-crossing-critical.

Clearly, we may perform the 4-to-3 expansion in a small crossing-free area
around s in D without introducing any additional crossings (cf. Figs. 4.7a
and 4.7b). Hence, it only remains to consider each edge e that is incident to
a node in S := {s1, s2, s3}.

For edges that have exactly one incident node in S, i.e., edges tis
i (i ∈ [3]),

we proceed as for the previous case, but start with a drawing of G ⊟ tis.
Finally, for edges that have both endpoints in S, say s1s2 or s1s3, we

once again perform a 4-to-3 expansion, this time starting with a drawing
of G ⊟ t1s. By placing s1 close to t1 and routing s1s2 and s1s3 in parallel
along the previous path of t1s, we again obtain a drawing of G′ ⊟ e for each
e ∈ {s1s2, s1s3} (cf. Figs. 4.7a and 4.7c). The case e = s2s3 is symmetric
(using original t2s).

Second, we show that c = cr(G′) ≥ 13. We consider an optimal drawing
D of G′ with c crossings. By a folklore argument, we may assume the new
triangle T := G′[S] to be drawn without crossings.

We define a as the sum of weights of crossing edges over each edge in T .
Similarly, for each i ∈ [2], let bi denote the sum of weights of edges crossing
sis3.

If b1 + b2 ≤ a, we modify D by rerouting s1s2 along the path ⟨s1, s3, s2⟩.
We may draw along the left- or right-hand side of this path. From this new
drawing D1 we derive a drawing of G with c crossings by placing s at the
position of s3 and routing t1s along the path ⟨t1, s1, s3⟩, t2s along ⟨t2, s2, s3⟩,
and t3s along t3s3. Since G has crossing number 13, we have c ≥ 13 or
b1 + b2 > a.
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Consequently, we assume b1 + b2 ≥ a + 1. If b2 ≥ a (and b1 ≥ a is a
symmetric case), we modify D by rerouting the path ⟨s1, s3, s2⟩ along the
edge s1s2, and prolong the edge s3t3 along s3s1. This results in a drawing D2

with at most c− (b1 + b2)+ a+ b1 ≤ c− b2 + a ≤ c crossings. Then, as in the
previous, we turn D2 into a drawing of G with (again) at most c crossings,
and so c ≥ 13 holds, too. It remains to consider the case that b1, b2 ≤ a− 1.
Together with b1 + b2 ≥ a+ 1 we get that a ≥ 3, and hence the number of
crossings in D is at least 3a+ b1 + b2 ≥ 3a+ a+ 1 ≥ 13, as desired.

We observe that the number 13 of crossings in Lemma 4.2.9 is rather
specific and the claim cannot be easily generalized to other numbers of
crossings. For instance, one can construct a graph of crossing number 14,
such that one of its 4-to-3 expansions has crossing number only 13.

Corollary 4.2.10. For every k ≥ 2, the graph Hk
13 is 13-crossing-critical.

By the above considerations and the additivity of c-crossing-criticality
over zip products, we are now in a position to answer our questions about
higher crossing-criticality and the number of nodes with high degree.

Corollary 4.2.11. For every two integers c ≥ 13 and d ≥ 1, there exists a
3-connected c-crossing-critical graph, whose maximum degree is at least d.

Proof of Corollary 4.2.11. We construct a family of such graphs where we

denote the respective members by G(c, d). Let G(13, d) := H
⌊d/2⌋
13 . Note

that G(13, d) contains two nodes of degree 3. For c > 13, we proceed by
induction, assuming that we have already constructed the graph G(c− 1, d)
and it contains a node of degree 3. We construct G(c, d) as a zip product
of G(c− 1, d) and the K3,3. It is c-crossing-critical and it still contains the
same node x of high degree as Hk

13 does. Furthermore, G(c, d) contains a
new node of degree 3 from the K3,3.

Corollary 4.2.12. For any integers c ≥ 13 and i ∈ [⌊c/13⌋], there exists a
3-connected c-crossing-critical graph that has i nodes of degree at least d.

Proof of Corollary 4.2.12. We denote the claimed graph by G(c, d, i). The
proof proceeds in a manner similar to the proof of Corollary 4.2.11. This time

we inductively zip together i copies of the graph H
⌊d/2⌋
13 and (c− 13i)-many

copies of the K3,3. This results in a c-crossing-critical graph with i nodes

(one per each H
⌊d/2⌋
13 -copy) of degree greater than d. Note that we never

“run out” of degree-3 nodes in the construction since each copy of H
⌊d/2⌋
13 has

two such nodes.
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Conclusion. We have seen that there are indeed graphs with high crossing
criticality and arbitrarily high node degree: the set of minimal obstructions
for low crossing number is even more diverse than previously expected. One
may see this as another hint for the intricacy of the crossing number problem
and as a further obstacle when trying to quickly find large crossing-critical
subgraphs to facilitate the computation of crossing numbers.

4.3 Extending Simple Drawings

In this section that is based on [Arr+20], we study the problem of inserting
a new edge into a drawing.

More precisely, consider a simple drawing D′ of a (simple, undirected)
graph G and the drawing D that is obtained by removing an arbitrary
edge e ∈ E(G) from D′. We say that D′ is a simple extension of D. Recall
that a drawing is simple if adjacent edges do not cross each other and each pair
of edges crosses at most once (cf. Section 1.4). We want to study the following
decision problem that is denoted simple single edge insertion (SSEI): Given a
simple drawing D of a graph G and a pair of non-adjacent nodes u, v ∈ V (G),
does there exist a simple extension of D that contains the edge uv?

A similar but more general problem is studied in [ADP19]. There, the
authors consider an arbitrarily large set of edges, each of which has to be
inserted while maintaining simplicity of the overall drawing. They show that
(1) the problem is NP-hard (assuming the number of edges to be part of the
input), and (2) the problem can be solved in polynomial time if we ask for
the insertion of a single edge uv and {u, v} is a dominating set in the input
graph.

We strengthen the former result in the sense that the problem remains
NP-hard even for the insertion of a single (general) edge. We will provide a
reduction from 3-SAT to SSEI.

Transformed 3-SAT. Since our main reduction neither works with clauses
that contain only positive literals nor with those that contain only negative
ones, we need a small reduction to a transformed 3-SAT (T3-SAT) problem
first:

Observation 4.3.1. The following transformation of a clause with only
positive (negative) literals, preserves the satisfiability of the clause (symbol y
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denotes a new variable and ⊥ is the constant truth value false):

xi∨xj∨xk ⇒
{︄
xk∨y ∨ ⊥ (i)

xi∨xj∨¬y (ii)
¬xi∨¬xj∨¬xk ⇒

{︄
¬xi∨¬xj∨y (iii)

¬xk∨¬y∨⊥ (iv)

4.3.1 Reduction from T3-SAT to SSEI.

To provide some intuition on the reduction from T3-SAT, we summarize our
proof strategy as follows: We construct the drawing of G such that there
exists a small horizontal region, called the corridor (cf. Fig. 4.8b) that the
new edge uv has to be inserted into. Starting on the left side of the corridor,
uv must first pass through a set of variable gadgets, each corresponding to a
variable of the given 3-SAT instance F . For each such gadget, an assignment
of the respective variable can be derived by inspecting the local routing of
uv through the gadget. The remaining corridor contains a clause gadget for
each clause of F . For each clause gadget, uv can pass through the gadget
if and only if the respective clause is satisfied by the variable assignment
induced by the routing through the variable gadgets. Essentially, a crossed
edge in a variable gadget will correspond to a false literal and a crossed edge
in a clause gadget to a satisfying, i.e., true, literal.

Let us begin by describing how to obtain the claimed corridor.

Construction of Corridor. In [Kyn+15, Fig. 11], a simple drawing of
a matching that consists of just 6 edges is presented. We denote this
particular drawing by ⃝� and repeat it (in a slightly homoemorphically
transformed manner) as Fig. 4.8a for the reader’s convenience. To obtain the
base drawing ⃝� ′ that defines our corridor, cf. Fig. 4.8b, we place two new
nodes u, v in the former regions X,Y , respectively; remove the edge b1; and
introduce 4 new bounding edges that each have to be crossed by uv close
to u to reach v.

By the construction of Kynčl et al. it is clear that any edge passing
from X to B1 in ⃝� has to cross the segment s in Fig. 4.8a since otherwise it
would be possible to route a curve from X to Y . We use this fact to place
the 4 new edges that each must be crossed once. They are used to bound
the corridor.

Next, we want to describe our gadgets. Each such gadget resides in a
small vertical strip within the corridor, occupying its full height and without
overlapping with any other gadgets. Later (see paragraph “assembly”), we
will connect our gadgets using the two regions directly above and below the
corridor (each essentially bounded by two red edges).
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X YB1

b1A2

B2

s

(a) The drawing ⃝� . There is no curve from X to Y in a simple extension of ⃝� .
Any curve that enters region B1 from region X must cross segment s (shaded red).

u v

(b) The drawing ⃝� ′ that is derived from ⃝� . Edge b1 (dotted) is removed. The
4 new (red) edges are introduced at the former segment s. Any routing of edge uv
(indicated as blue wiggly curve) in a simple extension of ⃝� ′ passes through the
(shaded blue) corridor since it cannot cross any of the red edges twice.

Figure 4.8: Construction of the corridor (b) from a known drawing (a).
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Constant False Gadgets. The two constant false gadgets, cf. Fig. 4.9a,
each consist of a bundle of edges that each have to be crossed inside the false
gadget and hence cannot be crossed later on in the respective clause gadget.
For the shown orientation, integer k denotes the total number of constant
false literals occurring in clauses of type (iv) F . For the clauses of type (i)
the gadget is vertically flipped and k again denotes the respective number of
occurrences.

Variable Gadgets. For each variable in F , there is a variable gadget,
cf. Fig. 4.9b. It consists of a single center node and two bundles of edges
incident with it and crossing over either border such that the top (bottom)
bundle consists of j (ℓ, respectively) edges. Here, j (ℓ) denotes the number
of positive (negative, respectively) literals of this variable over all clauses.

We note that uv, when passing through a variable gadget, either crosses
all its edges corresponding to positive literals or all its edges corresponding
to negative literals (and either option is locally feasible).

Clause Gadgets. For each clause in F , there is a clause gadget, cf. Fig. 4.9c.
It consists of four edges, three of which each cross the boundary of the corridor
such that each crossing edge corresponds to exactly one literal occurrence
in the clause. Positive literals cross over the top border while negative ones
cross the bottom one. The fourth (horizontal) edge runs between the nodes
incident with the unique two edges that share a common (top or bottom)
crossed border. The only crossing that appears within the gadget is between
the horizontal edge and the single edge crossing the opposite border.

We observe that uv, when passing through a clause gadget, has to cross
at least one edge corresponding to a literal (and for each literal it is locally
feasible to cross only this literal).

Assembly. To construct our instance from F we start with ⃝� ′ and along
the corridor from left to right we first place the two constant false gadgets, one
in each orientation. Next, we place a gadget for each variable x1, x2, · · · , xn.
After placing all variable gadgets, we move along the corridor until we pass
the two red nodes on the corridor’s border. This is crucial as otherwise the
edges connecting variables (and constant false) gadgets with clause gadgets
would not be able to cross the red border twice.

Finally, we place all clause gadgets (in arbitrary order along the corridor).
Fig. 4.10 schematically explains how the variable (and constant false) gadgets
are connected to the clause gadgets: Each non-constant literal occurrence
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(b) Variable gadget. (c) Clause gadget.

Figure 4.9: Different gadgets used in our construction. Labeled lines denote
bundles of edges with the respective cardinality. We will establish the routing
of the edges crossing to the outside of the corridor later.

has a corresponding edge in a clause gadget and one in a variable gadget.
We identify these edges for each literal occurrence without modifying their
routings in the corridor. By placing each literal’s edges on a unique horizontal
line in parallel to the corridor we easily achieve a simple drawing where no
edge has to wrap around the corridor. The only exception from this routing
is ⊥ whose literals occupy two horizontal lines, one above and one below the
corridor.

By the above constructions and conclusions we are now able to state this
section’s primary result:

Theorem 4.3.2. SSEI is NP-hard.

Corollary 4.3.3. SSEI remains NP-hard even when restricted to simple
drawings of matchings.

Proof. Consider any node w with its incident edges in a general simple
drawing D where we want to insert a new edge uv. Note that we may
assume a non-empty crossing-free (circular) region ⃝ around w. We will
modify D to obtain D′ such that its relevant properties are retained but
instead of w, there will be deg(w)-many leaves: This is readily obtained by
(1) placing deg(w)-many new nodes in ⃝, each corresponding to an edge
incident with w; (2) for each such node detaching its corresponding edge
from w and attaching it to the new node instead, meanwhile maintaining the
same routing outside of ⃝; and finally (3) modifying the drawing in ⃝ such
that each pair of newly introduced edges crosses. We provide an example
of this operation in Fig. 4.11. After applying it, all routings of uv remain
the same as in D, except for routings that pass through ⃝ in D′. However,
for each routing r through ⃝ in D′, there is an equivalent routing along
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(segments of) the border of ⃝ that may save some crossings but requires no
additional crossings over r.
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⊥

⊥

x1 x2 xn· · ·

Figure 4.10: Placing the gadgets in the corridor and connecting them. The
nodes of the two constant false gadgets are labeled ⊥. Each variable gadget’s
node is labeled with the respective variable name. Thick black lines denote
bundles of edges while regular ones are edges. Here, we exemplarily exhibit
four clauses (types) in this order from left to right: (x1 ∨ x2 ∨ ⊥), (¬x1 ∨
¬x2 ∨ ⊥), (x1 ∨ x2 ∨ ¬xn), and (¬x1 ∨ ¬x2 ∨ xn). It is easily seen that this
construction maintains the drawing’s simplicity.

w  

Figure 4.11: Transformation to a matching. The yellow region denotes the
crossing-free region ⃝. Note how the vertical order of nodes corresponds to
the anti-clockwise order of edges incident with w.
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Chapter 5

Conclusion and Outlook

Cycle (baseball). A single, a double,
a triple, and a home run hit by the same
player in the same game.

A primary objective of this thesis was to develop better algorithmic
methods for the efficient computation of measures of non-planarity. We have
achieved this goal in the sense that novel faster exact algorithms for maxi-
mum planar subgraph and graph genus were discovered. The mathematical
programming models that these algorithms are based upon are provably
stronger than the state-of-the-art and both algorithms perform orders of
magnitude faster than the previously fastest algorithms.

For MPS, we discovered a particularly rich set of supplemental variables
and constraints, based on small cycles, that are beneficial in both theory
and practice. While there are viable alternatives derived from different
planarity criteria, the known model based on Kuratowski subdivisions that
was first described by Mutzel remains the foundation of the strongest choice
in practice. We showed that—although there are good heuristics—there
still is a need for even better heuristics and faster exact algorithms which is
particularly evident when employing the planarization approach. Regarding
the approximation of MPS, we have systematically identified a large set of
outstanding obstacles to several rather general algorithmic approaches that
each seem highly promising without thorough consideration.

In terms of genus, we discovered a stronger model that uses not just short
cycles—as opposed to the strongest MPS model—but short closed walks
instead. It is relatively similar to our strongest MPS model but requires some
subtle differences: Most prominently, we could not base it on a completely

147
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different model that is already sufficient in itself. Unfortunately, no further
set of optional constraints that reliably improves practical performance could
be identified.

In the realm of crossing numbers, we have revisited a proof extraction and
verification procedure to make computations of crossing numbers transparent
and comprehensible also for pure graph theorists. In addition, we showed that
the set of crossing-critical graphs is surprisingly diverse. It contains graphs
with arbitrarily high node degree that consists of specific planar subgraphs
joined at a center node, its core building blocks are wedges. Finally, we
showed that it is NP-hard to decide whether an edge can be inserted into
a simple drawing while maintaining simplicity of the resulting drawing and
without modifying the given drawing.

Naturally, our discoveries also present us with a new set of questions.

Approximation of MPS. We have seen a diverse set of obstacles that
seem to hinder us from obtaining better approximations for maximum planar
subgraph. Still, there is no hard evidence that an approximation with a ratio
strictly better than 4/9 is not obtainable. Indeed, in the realm of practical
algorithms (in this case: algorithms that do not require matroid subroutines),
a recent result improved the long-standing ratio of 7/18 to 13/33 [CS17]. We
wonder whether this factor can be further improved, possibly by iteratively
considering even larger (outer-)planar subgraphs.

Approximation of Skewness. While it is known that skewness cannot be
approximated within an arbitrarily good constant factor, no approximation
algorithm has been discovered so far. Iteratively searching for Kuratowski
subdivisions and removing them entirely leads to a factor that is bounded
by the size of the Kuratowski subdivisions. Clearly, a difficulty arises when
there are Kuratowski subdivisions of arbitrary size that cannot be eliminated
by efficiently finding and removing smaller bounded ones. We raise the
question whether such an approach could be used to obtain a constant factor
approximation of skewness.

Separation for L.-R. Coloring Model. Among the MPS models that
are not equipped with cycle-based extension, the practical performance of
the left-right edge coloring model, based on the planarity criterion by de
Fraysseix and Rosenstiehl, is second only to that of the model by Mutzel
(using Kuratowski’s characterization of planarity). However, as we already
noted in Section 2.4, a contributing factor to the better performance of the
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Mutzel model may be the far better separation procedure to identify many
violated Kuratowski constraints in linear time. We ask whether the left-right
planarity test can be modified such that a sensible rounding scheme with
the modified test yields a linear-time separation procedure that identifies
violated coloring restrictions with high probability.

Combination of Planarity Criteria. We have seen that the cycle model
in combination with the Mutzel (MPS) and facial-walk (genus) model is
surprisingly strong. For MPS, we studied models based on different planarity
criteria, where each model is based on exactly one criterion. One may regard
the cycle model as an amalgamation of two planarity criteria where we took
a sufficient model for the problem at hand and lifted it to include (parts of)
Whitney’s planarity criterion, i.e. the existence of a corresponding dual. In a
similar fashion we may combine (parts of) many models for MPS and genus.
Can we find even faster models that focus on the most profitable elements
from several criteria?

Fine-Grained Examination of Cycle Space. Another direction for
improving the already very efficient cycle-based models is to consider not
just a single maximum cycle length D but to use different values, each tied
to a different subgraph (or even edge) of the input. We hope that such an
approach can amplify the impact of the cycle model when the graph’s density
is highly non-homogeneous: Denser subgraphs in the input will likely result
in subgraphs with short faces also in a maximum planar (overall) subgraph.
Sparse subgraphs, however, likely require the enumeration of larger face
candidates to solve the cycle model efficiently. It is not immediately clear
how such a model would be designed but it certainly seems to be a worthwhile
research direction.

Facets of New Models. Although we have identified—particularly for
MPS—a large set of supplemental constraints that strengthen the existing
models, it remains unclear if and which of these new constraints form facets
of their respective polytopes. Hence, an even more thorough theoretical
examination of our constraints may be in order. In addition, it would be
interesting to see if and which constraints are dominated by others. For
example, we know the Kuratowski-cycle constraints to strengthen the base
cycle model for MPS. However, it is unclear whether they also strengthen
the cycle model with the pseudo-tree extension (although likely).
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Genus Algorithm by Brinkmann. A surprisingly fast and purely com-
binatorial algorithm for the genus problem was presented recently by Gunnar
Brinkmann [Bri20]. It is based on a B&B scheme that iteratively inserts
edges while carefully bounding the genus w.r.t. this operation. We wonder
whether our models could be employed to cut off large potions of the resulting
B&B tree. Since his branching procedure is incredibly fast, we cannot simply
perform an LP-computation at each B&B-node. Instead, a sensibly accurate
and similarly fast heuristic, to decide whether advanced bounding should be
used, would have to be designed.

Cycle Model for Crossing Numbers. While we undertook some initial
attempts to adapt the cycle model for the computation of crossing numbers
(that we did not report here), it seems surprisingly hard to exploit the cycle
structure to obtain better models for crossing numbers. Still, there are
results that hint towards a similar improvement for crossing numbers. For
example, the well-known crossing lemma that asymptotically bounds the
crossing number of sufficiently dense graphs, can be significantly improved
for dense graphs with high girth [PST00]. We hence wonder whether a similar
improvement for computing crossing numbers exists.
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