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Zusammenfassung 5

Zusammenfassung

Wie die meisten Erfindungen der Menschheit unterliegen auch Stromnetze einem stetigen

Wandel durch das Voranschreiten der Technologie. Vor allem die vermehrte Einspeisung aus

erneuerbaren Energiesystemen, welche unbeständige Ressourcen wie Wind und Sonnenlicht

verwenden, stellt in den letzten Jahren eine große Veränderung dar. Dadurch weitet sich

die stochastische Leistungsänderung, welche in konventionellen elektrischen Netzwerken nur

von Verbrauchern ausging, auf Erzeuger aus.

Diese Arbeit soll einen Beitrag dazu leisten, die komplexe Dynamik von Stromnetzwerken

unter stochastischer Leistungseinspeisung besser zu verstehen. Damit fügt sie sich in eine

Reihe von Werken ein, die in den letzten Jahren in der Physikergemeinschaft entstanden

sind.

Während es zum Verständnis beiträgt, möglichst einfache, auf das Wesentliche beschränkte,

Systeme zu betrachten, stellt sich naheliegenderweise die Frage, welche Vereinfachungen

gerechtfertigt sind, und welche Details berücksichtigt werden müssen. Nachdem die tech-

nischen Grundlagen erörtert wurden, welche zur Einschätzung eben jener Fragestellung

notwendig sind, werden verschiedene Modellierungsansätze vorgestellt und die Ergebnisse

der verschiedenen Modelle verglichen. Obwohl sich einige Befunde aus einfachen Modellen

auch in der komplexeren Dynamik reproduzieren lassen, stellt sich heraus, dass deutlich

vielfältigere Phänomene zu beobachten sind, wenn Testsysteme mit realistischen Parame-

tern verwendet werden und das Ersatzschaltbild von Synchronmaschinen (Generatoren und

Motoren) effektiv berücksichtigt wird. Dies geschieht mit Hilfe sogenannter interner Kno-

ten, deren Kopplungsstruktur sich grundlegend von der des Übertragungsleitungsnetzwerks

unterscheidet. Dadurch können sich Strukturen als störungsanfällig herausstellen, welche in

anderen Modellen als besonders stabil bewertet wurden.

Mit diesem Wissen soll untersucht werden, welchen Einfluss stochastische Leistungsein-

speisung, insbesondere die von Windkraftanlagen, auf die Spannungsfrequenz hat, welche

eine essentielle Größe in Stromnetzwerken darstellt. Um die Einspeisung von Windener-

gie möglichst realistisch zu modellieren, wird eine Zeitreihe von Windgeschwindigkeiten

verwendet, welche auf einer Forschungsplattform gemessen wurde, die sich in der Nordsee

befindet.

Da die Frequenz in diesem Fall selbst durch einen stochastischen Prozess beschrieben

wird, ist es naheliegend deren Verteilung (Dichtefunktion) zu analysieren. Es wird gezeigt,

dass diese sich aus zwei Teilen zusammensetzt. Einerseits sind kleine Abweichungen von

der Referenzfrequenz (50Hz in Europa) näherungsweise normalverteilt, andererseits sind

große Abweichungen deutlich wahrscheinlicher als es von einer Gaußverteilung zu erwarten

wäre. Ein interessantes Resultat ist, dass die Breite des Gauß’schen Anteils direkt mit

der Stärke der Leistungseinspeisung verbunden ist, während die Ausprägung der Ränder

(
”
Heavy-tailed“ für große Frequenzen) mit der Struktur des Netzwerks zusammenhängt.



6 Zusammenfassung

Zusammenfassend wurde in dieser Arbeit ein Zugang zur Analyse der Netzstabilität un-

ter Einspeisung von stochastischer Leistung entwickelt. Modelle verschiedener Komplexität

wurden dargestellt und verglichen. Dadurch konnten für die Modellierung relevante Aspek-

te aufgezeigt, sowie die Stabilität einzelner Komponenten und Strukturen des Netzwerks

eingeschätzt werden. Eine abschließende Diskussion geht auf offene Fragen ein und erörtert

wichtige Themen für die weitere Forschung.
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Abstract

Like most inventions of humankind, power grids are ever-changing due to the steady devel-

opment of technology. In particular, the increasing power feed-in by renewable energy sys-

tems, relying on erratic resources like wind and solar irradiation, resulted in major changes

in the recent years. One challenging aspect is the presence of fluctuations at generators,

which were limited to consumers solely in the past.

This thesis is meant to be a modest contribution to a better understanding of the complex

dynamics of power grids being subject to stochastic power feed-in. It joins several works

authored by the community of physicists in the recent years.

Considering simple systems, reduced to the essential, may provide a better understanding.

Naturally, the question arises whether such simplifications are justified and which detail may

be of relevance. To assess this very question, different approaches are presented after the

necessary technical basics have been discussed. Some results of the simplified models can

be reproduced by more complex ones. However, it turns out that more diverse phenomena

can be observed when considering test systems with realistic parameters and, in particular,

when the equivalent circuit of synchronous machines (generators and motors) is effectively

taken into account. This is done using so-termed internal nodes whose coupling structure is

fundamentally different from that of the transmission line network. In this way, structures

turn out to be very susceptible to perturbations which were regarded particularly stable in

other models.

With this knowledge, the influence of stochastic power feed-in, in particular that of wind

power plants, on the voltage frequency is investigated. The latter constitutes an essential

quantity in power grids. For a reliable representation of wind power injection, a series of

wind velocities is used, measured on a research platform located in the North Sea.

As the voltage frequency itself is represented by a stochastic process in this case, it is

reasonable to investigate its distribution (probability density function). It is shown that it is

composed by two parts. On one hand, small deviations from the reference frequency (50Hz

in Europe) are approximately normally-distributed. On the other hand, large deviations

are significantly more likely than expected from a Gaussian distribution. An interesting

results is, that the width of the Gaussian part is directly connected with the magnitude of

the power feed-in, while pronounced tails (larger frequency deviations) can be related to

specific network patterns.

In summary, an approach to analyse power grid stability under stochastic power feed-

in has been developed in this thesis. Models of different complexity were presented and

compared. In this way, relevant modelling aspects were revealed and the stability of single

electricity grid components was assessed. Finally, an outlook on open research questions

and further interesting topics is given.



8 Remarks

Remark on notation

In this thesis, the author attempts to keep a coherent notation as described in the following.

A term that is defined in the present sentence, or explained for the first time, is written in

small capitals. Consequently, italic phrases are reserved for emphasising. Also, in the

introductions of each chapter, terms that will be defined within the corresponding chapter

are highlighted in italic.

Different symbols for approximations are used. While the difference between ≈ and ≃ is

rather subtle and assesses the extent of the approximation, the symbol ∼= is used to express

that a value is given to a certain precision which could be refined in principle.

As colour perception is specific to the individual, orange and yellow are used synonymously

throughout this thesis. Hopefully, this will not cause ambiguities.

Remark on the interdisciplinary character

The focus of this work is on the topic of power grids belonging to the discipline of electrical

engineering. However, the analyses and the writing were performed by physicists. Con-

sequently, notations are mostly in accordance with conventions in physics literature. We

hope that this thesis will nevertheless also appeal to electrical engineers.

For example, the consideration of the simplified equivalent circuit for synchronous ma-

chines will be an important topic of Chapter 3. In electrical engineering literature, syn-

chronous machines are often referred to as “constant emf1 behind the transient reactance”

in the classical model while here we will call them constant (internal) voltage sources.

Due to the general investigations of the importance of internal reactances, synchronous

and transient reactances will not be divided sharply throughout most parts of this thesis

and will simply be referred to as internal reactances, see discussions in Section 2.5.3 and

Section 3.2.1.

1Abbreviation for “electromotive force”.
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Frequently used symbols

(alphabetically ordered)

Symbol Meaning Important relations Equations

B Susceptance B = Im(Y ) see Section 2.1.1

D Damping ratio (2.88), (2.92)

G Conductance G = Re(Y ) see Section 2.1.1

H Rotational energy (2.68), (2.87), (2.90)

I Current I = V/Z = V Y (2.3), (2.4)

K Coupling strength Kij = |Vi||Vj ||Yij | see Section 2.5.5

Nx Number of x

P Active power P = Re(S),

P = |V |2|Y | cos(γ)
see Section 2.1.2,

also Section 2.2.2

Q Reactive power Q = Im(S),

Q = |V |2|Y | sin(−γ)
see Section 2.1.2,

also Section 2.2.2

R Resistance R = Re(Z) see Section 2.1.1

S Complex power S = V I∗ = P + iQ see Section 2.1.2,

esp. (2.9),

also Section 2.2.2

V Voltage V = |V | exp(iφ),
V (t) = V exp(iωt)

see Section 2.1.1,

esp. (2.2)

X Reactance X = Im(Z) see Section 2.1.1

Y Admittance Y = 1/Z,

Y = G+ iB = |Y | exp(iγ)
see Section 2.1.1

Z Impedance Z = R+ iX see Section 2.1.1

i Imaginary unit i =
√
−1

t Time

xd Synchronous reactance y(i) = −i/xd see Section 2.5.5

()∗ Complex conjugate

γ Admittance angle γ = angle(Y ) see Section 2.1.1

ζ Transformer phase shift see Section 2.2.4

η Transformer turns ratio see Section 2.2.4

κ Coupling angle κ = γ − π/2 see Section 2.5.5

φ Voltage phase angle φ = angle(V ) see Section 2.2.1

ω Angular frequency
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Abbreviations

(alphabetically ordered)

Abbreviation Meaning First appearance

AC Alternating Current p. 18

BE Basin-Escapable p. 81

DC Direct Current p. 18

DFIG Doubly Fed Induction Generator p. 94

fSM full Synchronous Machine (model) p. 55

gpu generator per-unit (system) p. 35

gSM gathered Synchronous Machine (model) p. 55

IB Infinite Bus p. 61

IC Initial Condition p. 68

IEEE Institute of Electrical and Electronics Engineers p. 16

IM Induction Machine p. 41

LC Limit Cycle p. 68

mmf magnetomotive force p. 44

MPC MATPOWER Case (format) p. 62

NR Newton-Raphson (method) p. 39

PF Power-Flow p. 37

PQ, PQ-bus

or PQ-node

Bus with fixed active power (P) and reactive power

(Q), see Section 2.4.3.

p. 38

pu per-unit (system) p. 20

PV PhotoVoltaic (only in introduction, i.e. Chapter 1) p. 12

PV, PV-bus

or PV-node

Bus with fixed active power (P) and voltage magni-

tude (V), see Section 2.4.3.

p. 38

ref, ref-bus

or ref-node

reference bus, see Section 2.4.3 p. 38

RES Renewable Energy System p. 12

RTS-96 IEEE Reliability Test System - 1996, see

Section 2.6.3

p. 16

SG Synchronous Generator p. 94

SM Synchronous Machine, also SM model, confer Sec-

tion 2.5.4

p. 41



Chapter 1

Introduction

1.1 Motivation

A power grid is a construction to transport energy (in form of electrical energy) from

points of production to points of consumption. The conventional power grid structure is

sketched in Figure 1.1. Since the beginning in the late 19th and early 20th century, power

grids evolved into vast systems which consist of millions of components spreading through

countries or even continents [2, 3]. This development was possible and driven by the fact

that electrical (alternating) current can be transformed to very high-voltage levels (400kV

and more [1–3]) and then be transmitted over large distances with only small losses. As

electricity became available at almost every location, it replaced other energy forms as oil

or coal for lighting, heating, cooking or moving objects like elevators. Also new industrial

branches emerged that essentially rely on electrical energy as, for example, the computer

technology.

The steady and reliable supply by electrical energy has become an essential basis of modern

society as blackouts can have disastrous consequences [4]. For instance, during the blackout

on August 14th, 2003 in eastern US and Canada, metal hardened inside metal fabrication

machines, grocery stores had to discard refrigerated food and water and sewer pumps

stopped working. People were stuck in elevators and had to boil their water after the

blackout due to a risk of contamination between the sewer and water systems. Consequently,

such faults cause multimillion dollar losses and impair civil life.

The above considerations provide evidence that power grid stability is an important topic

that is also very challenging due to its complexity. It is obviously impossible to take every

single element into account individually. Traditionally, a power grid contains a few large

producers which are typically synchronous generators in thermal or hydro power plants,

see Section 2.5.1. These generators are connected directly to the high-voltage transmission

system via transformers. Furthermore, considering consumers as aggregated load at sub-

stations is well established such that power grid modelling is conventionally performed on

the high-voltage transmission level. In this “classical” model [5] power grid analysis can

then be performed on systems consisting of a few up to a few hundreds of nodes, confer

also Section 2.6.

11
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Transmission

extra high and high voltage
meshed network

Local networks

low voltage

very large
customers

Subtransmission

high voltage
weakly connected network

large
customers

Distribution

medium voltage
radial network

medium
customers

small customers
(domestic, commercial, industrial)

tie-lines to
other systems

generation

medium
generation

small
generation

substations,
transformers

Figure 1.1: Power sys-
tem structure [1].

Recently, efforts are made to base the energy production on renewable energy sources

instead of fossil fuels like oil, coal and natural gas, sometimes including nuclear fuel. There

are several reasons for this transition, for example, the limitedness of fossil fuels, the reduc-

tion of greenhouse gas emissions with view to climate change or safety issues concerning the

operation of nuclear power plants (as there have been, at least, two well-known accidents,

namely that in Tschernobyl in 1986 and Fukushima in 2011).

The integration of power plants relying on renewable energy sources1, like wind turbines

and photovoltaic (PV) arrays, is accompanied with structural changes in the power grid

[6]. These changes may complicate stability measures which is caused by several reasons.

First, the dominant part of RES is formed by wind turbines and PV arrays which rely

on the natural sources wind and sun which are only usable in the moment they occur and

cannot be stored as oil or coal. It is also a specific feature of electrical energy that is cannot

be stored in large amounts. Consequently, a major challenge in a power system with a high

percentage (or even 100%) RES share is to balance the demand and the load at any time

instant.

Second, RES exhibit less, or even none, so-termed instantaneous reserve which is inher-

ently present for large synchronous generators due to their rotational energy, confer also

Section 2.5.2 (and Section A.8). Therefore, elaborate concepts are needed to compensate

for this lack.

And third, renewable energy systems are smaller than conventional generators and are

therefore inherently decentralised. Accordingly, there are much more individual components

which have to be controlled and which are far away from each other. In addition, the RES

are often built far from the high-voltage transmission grid and hence have to be connected

to the distribution grid. This, in turn, alters the power-flow which is traditionally directed

hierarchically from the transmission system down to the distribution network and further

1In the following, it is referred to these power plants simply as renewable energy systems or RES.
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to local networks, see Figure 1.1. Power grid elements are, due to their history, not designed

to support power-flows in the opposite direction. The situation is further exacerbated as

also single households are nowadays often consumers and producers (sometimes referred to

as “prosumers”). Accordingly, the demand is more difficult to predict.

Especially, the first and second issue are addressed in this thesis, while the third is subject

of other recent studies as discussed in the next section. In Chapter 4, an approach for

integrating wind power feed-in into the classical framework of transient2 stability analysis

is presented. It is shown how the voltage frequencies at all locations in the investigated

power grids react on the stochastic power feed-in, and which structures are particularly

prone to such a power injection. An outlook on the possibilities for further investigating

the issues mentioned above with the presented approach will be given in Chapter 5.

1.2 Present state of research and connection to this work

The analysis of power grid stability has traditionally been performed by electrical engineers.

Modelling of conventional generators, which are almost exclusively synchronous machines,

leads, on a basic level, to an equation that is commonly referred to as swing equation.

From the mathematical point of view it is, in principle, equivalent to the description of a

driven non-linear pendulum.

In 2008, Filatrella et al. [7] revealed that coupled synchronous machines, described by

the swing equation, lead to equation systems that are similar to those of the so-called

Kuramoto model [8]. The latter describes a population of non-linearly coupled oscilla-

tors and has been studied since 1975 as a basic model for synchronisation processes [8–10].

Examples of such processes are manifold, including synchronisation of firefly blinking, au-

dience applause, neuron activity and many more.

After the bridge between power grid modelling and the Kuramoto model has been built,

the topic of power grid dynamics has raised more and more interest in the community of

researchers studying non-linear dynamics. Due to the energy transition and the correspond-

ing change in power grid structure, mentioned in the motivation (Section 1.1), a number of

questions raised and shall be discussed in this section.

Initially, it is of interest, how stability can be characterised in a dynamical non-linear

system that can have multiple fixed points [11–13] and possibly never reaches one of these

exactly. Beyond the linear stability studies [14–16], concepts called basin stability [17–19]

and survivability [20] were developed, investigating deterministic dynamics. Further, these

methods were supplemented by considering also the synchronisation time, or return time,

after perturbations. This has been performed in connection with this work, see Chapter 3

and [21], and similar also in [22]. Moreover, the grid components’s ability to synchronise

with each other is often analysed itself using either an order parameter [23], which was

already used as a measure for synchronism in the Kuramoto model [9], or similar magnitudes

as the frequency dispersion [24].

2In connection with power grids, transient, or short-term refers to a time window of below one

second up to a few seconds.
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Besides the voltage phase and frequency stability, which give information about the state

of the power grid nodes (buses, loads or generators), confer Section 3.1, also the (over)

loading of transmission lines was investigated. Of particular interest is the understanding

and prevention of so-called cascading failures, where the shut down of one line induces

the overloading of another and so on, leading to a vast grid outage. Although this analy-

sis is traditionally performed on a steady-state level [25–27], there are also studies about

dynamically induced line failures which are not predictable with steady-state approaches

[28].

However, in presence of renewable energy systems, the power grid permanently operates

out of equilibrium due to the erratic nature of RES. It is therefore necessary to introduce

stability measures for the resulting stochastic voltage phase and frequency trajectories. To

this end, histograms of voltage frequencies measured in power grids were analysed [29–32].

The present work contributes to that issue, too, as discussed in Chapter 4 and [33]. To the

best of our knowledge, it is one of the first assessments of grid stability under continuous

stochastic power input for a grid with realistic (engineered) parameters. Another possibility

of stochastic stability assessment is the so-termed exceedance measure that reflects the

percentage of time in which the voltage frequency is in an acceptable range [34, 35].

With all these concepts, a number of problems were approached concerning the altered

grid structure mentioned above, leading to the question, whether a more decentralised grid

has an increased robustness against perturbations. In [23], it was shown that decentralised

grids support self-organised synchronisation, i.e. the critical coupling strength is reduced.

Also the vulnerability to line failures is lower. At the same time, it becomes more prone to

perturbations leading to short-term dynamics with large amplitudes. On the other hand,

in Chapter 4, it is shown that large fluctuating generators do affect the short-term grid

stability more than small ones, giving another hint to the advantage of decentralisation.

In general, one may ask which topological features are beneficial for the grid and which

are not. A remarkable finding is the transferability of the Braess paradox [36, 37], which

was found analysing the traffic flow in street networks, to power grids [14, 38]. Briefly

put, the paradox is that adding a street can lead to a slower traffic flow. And in the case

of power grids, an additional transmission line decreases the grid’s ability to synchronise.

With the aim to reveal grid topologies which strongly influence stability, patterns that occur

in electricity grids were analysed [18, 19, 39]. For instance, Menck et al. [18] found, that

dead ends and “dead trees” negatively affect the grid stability.

However, in that study, as well as in several others [18–20, 22–24, 28, 29, 34, 38–47],

power grids were analysed, using a simplified grid model and homogenised component

attributes according to the motto “as simple as possible, as complicated as necessary”,

which is not a bad thing in itself. Nevertheless, in Chapter 3, it will be shown that some

features of electricity grids which may seem to be a detail, as the so-called internal

reactances, can lead to a significant change in the assessment of weak parts in the grid,

see also [21]. In [34], it is shown that, at least in tree-like distribution grids, considering

the resistances and related losses in transmission lines can lead to different stability results

under fluctuating power input compared to the lossless variant. Furthermore, neglecting
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heterogeneities in node and transmission line properties can lead to overestimations of

grid stability (see Section 3.2.2), and taking heterogeneities into account gives insight into

additional interesting grid patterns that strongly influence the grid stability, as discussed

in Section 3.2.2, Section 3.2.3 and Section 4.2. Montanari et al. [48] found that the optimal

choice of the tripping time strongly depends on heterogeneities in the node parameters.

The tripping time has been defined as the time after a perturbation at which a generator is

disconnected from the grid in order to prevent more severe consequences. Likewise, other

studies considered the impact of modelling aspects on stability evaluations. Especially, the

voltage magnitude dynamics were investigated [29, 42, 49], which are neglected by almost

all of the above mentioned works.

Another issue connected with RES is, that fluctuations of the crucial underlying resources

(wind and solar irradiation) are strongly non-Gaussian. This characteristic is often referred

to as “intermittency” [29, 34, 50]. There is evidence, that these features of fluctuations

carry over to the power feed-in [31, 32, 50]. Accordingly, an essential topic is to develop

techniques that allow a smooth and steady power feed-in. This is particularly important for

wind turbines in order to reduce the mechanical stress acting on the gears and blades. In

this context, several converter-based concepts were developed, see, for instance, [1, 6, 51].

The development of a converter control to maintain immaculate grid operation is still in

progress [52]. It is therefore valuable to integrate converters into the power grid dynamics

modelling in the future.

The volatile nature of renewable energy sources will make storages necessary, at least to

some extent. These storage systems require elaborate controls in order to provide a reliable

backup and improvement of stability. Such control strategies have been investigated in [35].
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1.3 Structure of this thesis

The main topic of this thesis is the modelling of short-term power grid dynamics, addressed

in Chapter 2, and the analysis of power grid stability performed in Chapter 3 and 4. On its

first page, each of these chapters provides a brief overview on the topics addressed therein.

The grid stability assessment is based on the single phase equivalent of high-voltage

transmission grids, where for generators and consumers the classical model for syn-

chronous machines is used. Accordingly, their dynamics is described by the swing equa-

tion. Its derivation, which is not difficult in principle, is the aim of Chapter 2 and performed

in Section 2.5.2. However, several concepts are needed for the interpretation of the occur-

ring quantities. Consequently, an overview of physical quantities, laws and grid components

is provided first (Sections 2.1-2.5.1). For details, see the introduction of Chapter 2. Addi-

tionally, the electricity grids, analysed in this thesis, are presented in Section 2.6.

Power grids are closely connected to the mathematical discipline of graph theory. As

this theory is quite old and already well described by several textbooks, it will not be

discussed in detail here. Readers that are not familiar with it at all, are referred to the very

brief introduction given in Section A.1 and references therein.

In the beginning of Chapter 3, the term stability is defined and it is described how grid

stability can be assessed. Thereafter, in Section 3.2.1, four different models for power

grid dynamics are presented, considering or neglecting the synchronous machine equivalent

circuit, i.e. internal reactances, as well as the heterogeneities in the grid components.

Stability evaluations, obtained by these four models applied to the so-called IEEE Reliability

Test System - 1996 (RTS-96), are compared in Section 3.2.2. This grid was provided by the

Institute of Electrical and Electronics Engineers (IEEE) in [53]. A few more test systems

are analysed in the following Section 3.2.3. The findings are summarised and discussed in

Section 3.3.

Chapter 4 will present an approach to investigate the impact of fluctuating power feed-in,

in particular wind power, into the grid. Thus, the operation principle of wind turbines, the

conversion from wind velocity to power, and a method of integrating wind farms into the

grid are addressed in Section 4.1. As a consequence of the fluctuating power input, voltage

frequencies become stochastic quantities. Their distributions are analysed in Section 4.2.

Finally, a conclusion about the investigations performed and results obtained in this thesis

is given in Chapter 5. Also open research questions are discussed in an outlook. The Ap-

pendix A provides an example calculation of short-term power grid dynamics (Section A.3),

most of the data used, and several short additional sections for explanation of technical de-

tails. The latter are referenced at the corresponding passages in the main text.



Chapter 2

Technical background

The essential techniques necessary to analyse the dynamical behaviour of power grids are
explained in this chapter. Further, it is described which data are required and how they can
be acquired.
In particular, in Section 2.1, the structure and analysis of circuits as well as the corre-

sponding magnitudes voltage, current and resistance, which are connected by Ohm’s law,
are addressed. Differences between direct and alternating current (DC and AC) are pointed
out, laying special focus on the meaning of active and reactive power. These quantities play
a key role in the modelling of electricity grids since power generation and consumption are
the boundary conditions of the power-flow through the grid.
To understand the power-flow problem, which is based on Kirchhoff’s laws, some principles

of power engineering and the corresponding vocabulary is needed. Accordingly, buses (Sec-
tion 2.2.1) are discussed and the power transmission between them (Section 2.2.2) through
branches (Section 2.2.3). The connection of different voltage levels in power grids is mod-
elled by including transformers into the branch modelling as explained in Section 2.2.4.
Due to their relevance in the context of so-called per-unit system, this system is explained
subsequently in Section 2.3.
On that basis, the power-flow equations are derived and methods for their solution are

addressed in Section 2.4. Thereafter, the swing equation is derived (Section 2.5.2), which
is describing the dynamics of power grids consisting primarily of synchronous machines
fundamentally, see Section 2.5.1. Furthermore, modelling aspects as internal nodes (Sec-
tion 2.5.3) and the treatment of loads (Section 2.5.4) are considered. The importance of
internal nodes should not be underestimated as they change the coupling structure of the
grid dramatically and will be also subject of the following chapter.
Finally, the networks, to which the swing equation will be applied in the following chap-

ters, are gathered and described in Section 2.6. All techniques explained in this chapter
are exemplarily applied to one of these grids called “Case 5”. For a better understanding of
the pure theory, the reader is advised to follow these steps and calculations in Section A.3
which are referenced to at the corresponding positions.
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2.1 Basics of electrical engineering

Electrical engineering is a broad engineering discipline considering electrical devices and

systems. In this section, the analysis of electrical circuits in stationary operation is focussed,

whose base is Ohm’s and Kirchhoff’s law. In connection with power grids a particular

discussion of the quantity power is self-evident.

2.1.1 Voltage, current and Ohm’s law

Positive and negative electric charges induce an electromagnetic potential which results in

a force exerted on other charged particles. If a potential difference, commonly known as

voltage V , is applied at two points of a conductor, the intrinsic electrons1 are moving

along the potential difference forming a current I. For a static voltage V (t) = const., it

is referred to as direct current (DC).

The current magnitude can be determined using Ohm’s law

V = RI (V, I,R ∈ R) (2.1)

with the resistance R. The sign of the current describes its direction with respect to the

technical current direction, i.e. as if it would consist of positive charged particles. For a

discussion of sign convention see also Section A.2. For some materials the relation between

V and I is linear, yielding a constant R and they are hence called ohmic materials or, as

electrical components, ohmic resistances. In case of a non-linear relation, Equation (2.1)

is still valid with R being a function of the voltage R(V ). In this thesis, resistances are

assumed to be ohmic.

When the voltage is changing its sign periodically (typically sinusoidally), the current’s

sign is also alternating and is hence called alternating current (AC), confer Fig-

ure 2.1(a), (b) and (e). In power grids, mainly AC voltage is used since it allows to step up

or down the voltage level using transformers, as described in Section 2.2.4.

As being oscillations from the mathematical point of view, the AC voltage and alternating

current can be described by their amplitude |V |, |I| and an (angular) frequency ω = 2π/T

with a possible phase shift γ between them. The AC and corresponding voltage are real

quantities, but it is, however, comfortable to describe oscillations mathematically by com-

plex numbers where the real part is the physically measurable quantity. We therefore write

V (t) = |V |eiωt and I(t) = |I|ei(ωt+γ) (2.2)

for the voltage V (t) and the current I(t) with the imaginary unit i. For the derivations

in this section, the frequency is assumed to be constant in time, whereas the dynamical

behaviour is discussed in Section 2.5.

When voltage is applied to an inductor (also called coil), see Figure 2.1(c), the current

causes the formation of a magnetic field around it, which in turn inhibits the current

leading to a phase shift between current and voltage. This can be seen from the orange

1Due to the focus on power grids, only electron conductance is discussed.
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Figure 2.1: Minimal circuits demonstrating an AC voltage source V (a) with no load, and connected
to (b) an ohmic resistance R, (c) an inductor (coil) L, (d) a capacitor (condenser) C. The cur-
rents IR, IL, and IC forming in (b), (c), and (d), respectively, are indicated by coloured arrows
(in technical direction). (e) The corresponding time dependent AC voltage V and resulting cur-
rent signals IR, IL and IC. Colours of the lines are according to that of the corresponding arrows
above. The coloured dashed lines indicate the phase shifts (illustrative for the maxima) of the
current signals referred to the voltage (black dashed line). The values of the quantities L and C
are normalised to the steady-state voltage frequency ωr as shown in (c) and (d).

curve in Figure 2.1(e). The orange dashed vertical line, emphasizing the current’s maximum

elongation, is shifted T/4 in comparison to the black dashed line indicating the maximum

of the voltage oscillation. In the complex plane, a multiplication with i corresponds to a

phase shift of π/2 (= T/4). Accordingly, phase shifting phenomena can be expressed by a

reactance X, which (together with the resistance) forms the impedance Z = R + iX

allowing to rewrite Ohm’s law as

V = ZI . (V, I, Z ∈ C) (2.3)

The reactance of an inductor is given by X = ωL, where the inductance L depends on

the geometric shape and other properties of the inductor. It is considered as given here.

While such a reactance leads to delayed current with respect to the voltage, a capacitor (also

known as condenser or condensator) has a reactance X = −1/(ωC), with the capacitance

C, causing the current phase leading the voltage phase in steady-state operation. This

behaviour is illustrated by the red curve and red dashed line (in comparison to the black

dashed line) in Figure 2.1(e). Ohmic resistances are still described by Z = R, i.e. their

reactance is zero, X = 0, and thus AC voltages lead to currents oscillating in phase with

the voltage, confer black and green dashed lines in Figure 2.1(e).
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For any Z ̸= 0 the current is calculated by I = V/Z which can also be written as

I = Y V (2.4)

with the admittance Y = 1/Z. In power grid engineering, usually Y is used, since it is

zero for non-connected elements (and Z would basically be infinite). It can be expressed

as Y = G+ iB with the so-called conductance G and the susceptance B. However, in

this context it is more useful to express it as a polar complex number Y = |Y |eiγ directly

yielding the current I(t) = |V ||Y |ei(ωt+γ). Consequently, the phase shift between voltage

and current is the admittance angle γ.

As for the units, the voltage is usually expressed in volt (V). Therefore, the symbol U

is used to prevent confusions like “V = 3V” (the voltage is 3 volt), where the difference

between italic symbol and roman unit is likely to be overlooked. However, in power grid

engineering, the voltage is given in the so-called per-unit system (pu), and we can write

V = 1.05pu without any risk of confusion. In the following, quantities are in general given

in the per-unit system which is discussed in Section 2.3.

The units of resistances and impedances in the SI system is Ohm (Ω). As explained in

the beginning of the next section, currents are typically not used in power grid engineering,

but, for the sake of completeness, the unit of current is Ampere (A).

2.1.2 Active and reactive power

As the name already suggests, power is an ubiquitous and important quantity in power grids.

This is due to several reasons, mainly that power is preserved by (ideal) transformers while

voltage and current are not. Furthermore, the electricity grid is a large system containing

not only electrical but also mechanical components. Generators in power plants are, for

instance, mainly characterised by their power generation due to the mechanical feed from

the steam turbine. Therefore, the tuples power and voltage are used instead of current and

voltage. Commonly, it is refrained to use current and power since in power plants voltages

are strongly connected with the reactive power output as discussed in Section 2.2.2 and

Section 2.5.1. Accordingly, generators are constructed to control the voltage level [1, 54].

Here, the relations between voltage, current, active and reactive power shall be addressed,

whereas the rewriting of balance equations (Kirchhoff’s laws) is discussed later in Sec-

tion 2.4.

The electrical power p(t) flowing in an electrical circuit at any time instant t is the

product of voltage and current

p(t) = Re[V (t)] Re[I(t)] . (2.5)

While this is trivial for DC, it reveals some interesting features for AC.

Initially, the real parts Re[V (t)] = |V | cos(ωt) and Re[I(t)] = |I| cos(ωt+ γ) from Equa-

tion (2.2) are inserted into Equation (2.5). Using the angle sum identities yields

2p(t) = |V ||I| {cos (γ) [1 + cos (2ωt)]− sin (γ) sin (2ωt)} . (2.6)
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Two observations are primarily possible. First, we find a power |V ||I| cos(γ) is transmitted

independent of time t. Second, two orthogonal oscillatory parts with the doubled fre-

quency 2ω occur. For convenience, we can define the quantities active power P and

reactive power Q

P = |V ||I| cos(γ) = |V |2|Y | cos(γ), (2.7)a

Q = −|V ||I| sin(γ) = |V |2|Y | sin(−γ) . (2.7)b

Consequently, Equation (2.6) can be expressed as

2p(t) = P + P cos(2ωt) +Q sin(2ωt) . (2.8)

For a DC voltage (ω = 0), the transmitted power p(t) equals P , where for AC voltage

only P/2 is transmitted in one period. A comparison with Equation (2.7)a reveals that,

due to the fixed admittance values |Y | and γ, the factor |V |2/2 remains. Therefore, usually

the effective voltage amplitude V̂ = |V |/
√
2 is defined [confer Figure 2.2(a)], where

|V | is called peak amplitude and is sometimes referred to as VP. With the redefinition

P = V̂
2|Y | cos(γ) (and Q accordingly) the factor 2 in Equation (2.8) vanishes. In the

following, |V | always refers to the effective voltage amplitude.

When defining the instantaneous reactive power q(t) = Re[V (t)] Im[I∗(t)], we can view

the active power as share of the power created by the current in-phase with the voltage

and reactive power as out-of-phase part. As extreme examples, we can think of an AC

voltage source connected to a resistance (completely in-phase), see Figure 2.2(a), or to a

coil (completely out-of-phase), see Figure 2.2(b).2 An example with both parts is shown in

Figure 2.2(c).

Introducing the complex power

S = V I∗ = P + iQ (2.9)

with its amplitude |S| =
√︁
P 2 +Q2, called apparent power, eases the notation. We can,

for instance, write p(t) = P + |S| cos(2ωt+ γ) or, in general, the instantaneous complex

power as

s(t) = S + S exp(−i2ωt) (2.10)

with p(t) = Re[s(t)] and q(t) = Im[s(t)]. Figure 2.3(a) summarises these findings.

We can conclude that reactive power originates from phase shifts between voltage and

current and corresponds to the power generated by the out-of-phase oscillation part. For

the same amount of active power P transferred, the addition of reactive power Q leads to

a larger power oscillation amplitude. Accordingly, in the presence of Q, the instantaneous

active power p(t) becomes negative for a time window within one period, as illustrated by

the circle crossing the y-axis in Figure 2.3(a). On the other hand, for the same oscillation

amplitude reactive power leads to a smaller transfer of active power within one period.

2This example shows that the statement “reactive power returns to the source in each cycle” does not

mean that the oscillation amplitude is due to the reactive power. Also voltages completely in-phase with

the current as shown in Figure 2.2(a) result in oscillating power. Its amplitude is always the apparent power

as explained in the further discussion.
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Figure 2.2: Illustration of power oscillation (blue lines in bottom graphs) depending on the phase
shift between voltage (red) and current (orange) plotted in the upper graphs. (a) Connecting
a voltage source V only with a resistance R leads to an in-phase oscillation between voltage
and current. This is resulting in a solely active power transmission (S = P ) to the consumer
(resistance R). Also the effective voltage V̂ is illustrated as green line. (b) Connecting a voltage
source V only with an (ideal) inductor L, switch closed at s1, leads to an out-of-phase oscillation of
voltage and current with phase shift |γ| = π/2. As a result, no active power is transmitted and the
power oscillation is due to the reactive power only (S = Q). Since no active power is transmitted,
the switch can be changed to position s2 utilising a capacitor C as voltage source, and yielding
a so-called LC circuit . Neglecting damping effects, voltage, current and corresponding power
will continue oscillating. (c) A circuit with a voltage source V, an inductor L and a resistance
R. In-phase and out-of-phase shares of the current referred to the voltage are existent. Hence,
active power P is transmitted as well as reactive power Q, combining to the oscillation amplitude
|S| =

√︁
P 2 +Q2.
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(a)

}
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(b)

Figure 2.3: (a) Diagram illustrating the relations between the instant complex power s(t), the
complex power S (grey lines), the admittance angle γ, the active and reactive power amplitude,
and P and Q. The dashed double-arrow indicates that negative phase shifts γ < 0 lead to
positive Q and vice versa. (b) Diagram summarising the active and reactive power production
and consumption of different circuit elements. Notice that production is related to negative sign.
Coils (L) consume reactive power while capacitors (C) provide it. Analogously, resistances (R)
consume active power while (in-phase) voltage sources (V ) generate it.

When speaking of “generating” or “providing” reactive power this refers to the ability

to increase the phase shift between voltage and current (consumption vice versa). This is

comparable with the view, that active power generation3 leads to a decrease of the oscillation

mean value, or constant part, and consumption leads to an increase. Notice that this is a

view from consumers (the impedances in the circuit) and therefore production is assigned a

negative sign, confer Section A.2. Altogether, this can be expressed in a diagram as shown

in Figure 2.3(b).

The unit of electrical power is Voltampere (VA) due to its determination S = V I∗. In

the SI system, VA is equal to Watt (W), and there is no distinction VA ≡ W. However, in

electrical engineering, there is a convention which has been established by the International

Electrotechnical Commission (IEC):

� Complex and apparent power is specified in Voltampere VA.

� Active (real) power is specified in Watt W.

� Reactive power is specified in Var which originates from Voltampere reactive.

In this way specifications are unambiguous. For instance, power plants typically generate

electric power in the magnitude of 107VA or higher. Therefore, the prefix mega (M) is often

used and their rating is given in MVA = 106VA. This indicates that the rating (or base)

refers to the complex power output and not the active power, see for instance Table A.14.

3When speaking of (electrical) power generation, it is of course referred to the conversion of mechanical

or chemical energy into electrical energy and for consumption vice versa. Assertions made in this thesis are

in accordance with energy conservation.
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2.1.3 Kirchhoff’s circuit laws

Electric circuits usually consist of more than one mesh. It is therefore useful to derive rules

for networks of electrical components as illustrated in Figure 2.4.

The first law is calledKirchhoff’s current law and states that, for any node (junction)

in an electrical circuit, the sum of currents flowing into that node is equal to the sum of

currents flowing out of that node. Hence, the law is also known as junction rule or

nodal rule. It is mathematically expressed by

N∑︂
k=1

Ik = 0 , (2.11)

with the number of branches N connected to the node. Currents leaving the node are

commonly counted positive, while currents flowing into the node are counted negative.

The second law is called Kirchhoff’s voltage law and states that the directed sum of

voltages around any closed loop is zero. It is therefore also known as loop rule or mesh

rule. It is mathematically expressed as

N∑︂
k=1

Vk = 0 , (2.12)

where N is the number of voltages in the corresponding loop.

Formally, we can apply Equation (2.11) and (2.12) to the circuit shown in Figure 2.4

yielding −I1 + I2 + I3 = 0, V1 + V2 − V0 = 0 and V1 + V3 − V0 = 0. Using Ohm’s law

[Equation (2.3)], an equation system can be derived

V1 = V0 − V2 = V0 −R2I2

V2 = V0 − V1 = V0 −Z1I1

V3 = V0 − V1 = V0 −Z1I1

. (2.13)

Usually, the source voltage V0 as well as the impedances Z1 = R1 + X1, Z2 = R2 and

Z3 = X3 are known, so the system of equations can be solved for the remaining quantities.

This procedure is called circuit analysis. It will be useful in later chapters while for

such a small network it is easier to use knowledge about serial and parallel connections and

insert the equations into each other.

Mesh 1 (loop 1): 

Mesh 2 (loop 2):

3

3

0

3

node (junction)
Figure 2.4: Circuit with two meshes to il-

lustrate Kirchhoff’s laws. The sum of cur-
rents at nodes (junctions) is zero and the
sum of voltages of meshes (loops) is zero,
too. Accordingly, meshes can be analysed
clockwise or counter-clockwise.
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2.2 Elements of the high-voltage transmission grid

An overview of the electricity grid structure has been given in Figure 1.1. Substations

connect the high-voltage transmission and subtransmission grid with power stations and

distribution grids where, as the name suggests, the power is further distributed to the

consumers. These substations are in turn connected among each other by transmission

lines which are also called branches. The power-flow through the whole (transmission)

grid formed by branches and substations is derived in Section 2.4 based on Kirchhoff’s laws.

To understand the parameters and vocabulary, the grid components mentioned above, shall

be analysed in some detail below.

First, so-called buses are addressed, which mathematically correspond to the nodes in

the power-flow analysis. To provide insight into the active and reactive power transmission,

the power transfer between two buses connected by a simplified line is investigated in

Section 2.2.2. Subsequently, branch models with different complexity are discussed and

also the validity of simplifications. Finally, the transmission grid may also exhibit different

(high-) voltage levels. Accordingly, it is described how transformers connecting these voltage

levels can be integrated into the branch modelling.

2.2.1 Buses

In substations, electrical components are connected via so-called busbars which are large

conducting bars, shown in Figure 2.5, usually made of copper or aluminium. Accordingly,

these connection points are often simply referred to as buses. They constitute the nodes in

the mathematical representation of the power-flow problem.

It is possible that one bus is connected to several generators, loads or both, as elucidated

in Table 2.1. If a bus is connected to at least one generator, we call it generator bus and

otherwise load bus or consumer bus. In the power-flow modelling, they are also called

generator and load nodes.

We consider an equivalent circuit of a simple example power grid with three buses con-

nected via branches whereby all of the buses are connected to passive loads (impedances)

and one is also connected to generators as shown in Figure 2.6(a). When imagining the

ground4 as connected, the grid forms two meshes to which Kirchhoff’s laws can be applied

Figure 2.5: The large
metal bars in the up-
per part of the figure
are busbars in a sub-
station. The figure is
taken from [55].

4The term ground refers to a place which can absorb either positive or negative charges and remains

electrically neutral. Since most soils are sufficiently conductive, the literal ground can usually be used as

electrical ground. A sound explanation can be found in [54].
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(a) IEEE RTS-96 Bus Data (3 Areas)

BUS

#

BUS

NAME

BUS

TYPE

MW

LOAD

MVAR

LOAD

. . .

101 Abel 2 108 22 . . .

102 Adams 2 97 20 . . .

103 Adler 1 180 37 . . .

104 Agricola 1 74 15 . . .

105 Aiken 1 71 14 . . .
...

...
...

...
...

(b) Data of Generators at Each Bus

Bus

ID

. . . PG

MW

QG

MVAR

. . .

101 . . . 10 0 . . .

101 . . . 10 0 . . .

101 . . . 76 14.1 . . .

101 . . . 76 14.1 . . .

102 . . . 10 0 . . .
...

...
...

...

Table 2.1: Excerpts of the RTS-96 raw data tables [53] (confer Section 2.6.3) to elucidate the oc-
currence of load and multiple generators at one bus. (a) The beginning of the bus-table indicates
load on bus number 101 (columns MW load and MVar load). (b) Beginning of generator-table
showing several generators at bus with ID 101. Each line corresponds to one generator.

as illustrated in Figure 2.6(b).

Regarding the grid as an interaction of buses, we obtain a graph as can be seen in Fig-

ure 2.6(c) and 2.6(d). In this new graph, the currents I1→2 and I1→3 together add up

to I1 which is a current that can be associated with the node 1. Therefore, such a grid

representation can be described by the rearranged nodal rule which reads

Nb∑︂
k=1

Ij→k = Ij (2.14)

with the number of buses Nb and the currents Ij→k flowing from bus j to bus k as well as

the total current Ij injected into the grid by bus j.

Since voltages are potential differences, two points are needed for a unique definition.

However, we can assign a voltage Vj to every bus which is measured with respect to the

ground.

Consequently, it is possible to define the complex power generation Sj = VjI
∗
j at bus j

according to Equation (2.9). In order to generalize the description of generator and load

buses, Sj can be written as

Sj = S
(g)
j − S

(l)
j (2.15)

with the complex power generation S(g) = P (g) + iQ(g) and load S(l) = P (l) + iQ(l). As

long as operational limits and cost optimisation of single generators are not investigated,

the generation S
(g)
jk of all generators k at bus j can be simply added up to S

(g)
j =

∑︁
k S

(g)
jk .

Although all nodes with P (g) > 0 are generator nodes, they can be net-consumers if

P (g) < P (l) and hence P < 0. The same is valid for the reactive power Q. In fact, a node

can also be generator of P and consumer of Q or vice versa.

In summary, buses gather the generation and consumption of all connected components

and are described by a rearranged nodal rule given by Equation (2.14). Parameters nec-

essary for buses in the power-flow modelling are the complex power S and the voltage
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(a)

 

bus-terminal

ground

generator

 

(b) (c)

 
1

2

3

(d)

Figure 2.6: (a) Example grid consisting of one bus with multiple generators (or voltage sources)
and loads, connected via its bus-terminal to two other bus-terminals with loads (here impedances
ZL2 and ZL3). For the transmission lines, the most simple approximation as impedances (ZTL2 and
ZTL3) is used. (b) The same grid regarded as meshed network. The currents add up to zero at the
junction (bus-terminal). (c) and (d) The grid composed of power-flow nodes representing buses.
The sum of currents at node 1 is now I1→2 + I1→3 = I1. Hence, bus (node) 1 can be regarded as
injecting I1 into the grid. Similar, the currents I2 = −I1→2 and I3 = −I1→3 are ejected from the
grid at buses 2 and 3, respectively.

V = |V |eiφ, divided into its magnitude |V | and its phase φ.5

These data are collected in a bus-table and a generator-table (abbreviated gen-table).

An excerpt of such is shown in Table 2.1; whole tables for the grids RTS-96 and Case 5 are

given in Section A.9 and Section A.3.1 in the Appendix. In Section A.3.1, the magnitudes

and corresponding units in the columns of the tables are also briefly explained. The RTS-96

is topic of Section 2.6.3.

For systems with only one voltage source, as discussed in the previous section, the voltage

phase angle φ is arbitrary. In contrast, it plays a major role for the interaction of the

power grid components. To understand the importance of the voltage phase angle, let

us consider a minimal example of (complex) power transfer between two buses (1 and 2),

connected by a symmetric admittance Y = y12 = y21 in the following section.

5In electrical engineering, it is also common to express “complex voltage amplitudes” V of time dependent

oscillations V (t) = V exp(iωt) as so-called phasors |V |∠φ = V = |V | exp(iφ), where the underlining

expresses that it is a complex number. However, in this thesis, voltages as well as admittance and currents

are always considered as complex quantities and the simple notation V , Y , I or V (t) and I(t) is kept.
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2.2.2 Active and reactive power transmission

Due to energy conservation, it is reasonable that the power Sj , provided or consumed by

one bus j, divides into power transfers Sj→k to buses k, connected to it by transmission

lines as

Sj =
∑︂
k

Sj→k . (2.16)

Together with Sj = VjI
∗
j and the nodal rule given by Equation (2.14) follows

Sj→k = VjI
∗
j→k . (2.17)

Notice that the time-dependent power transfer is sj→k(t) = Sj→k + Sj→ke
−i2ωt, analogous

to Equation (2.10).

We now determine the power transfer of the two-bus example system with usage of Ohm’s

law Ij→k = (Vj − Vk)Yjk [Equation (2.4)]

S1→2 = V1I
∗
1→2 = |V1|2y∗12 − |V1||V2||y12| exp(i[φ1 − φ2 − γ12]) , (2.18)a

S2→1 = V2I
∗
2→1 = |V2|2y∗21 − |V1||V2||y21| exp(i[φ2 − φ1 − γ21]) . (2.18)b

Furthermore, we calculate the (complex) Ohmic loss in the transmission line connecting

buses j and k defined by

Sloss
jk := |Ijk|2Zjk = |Vj − Vk|2Y ∗

jk , (2.19)

where Ijk is the current flowing through the line and Yjk = Z−1
jk is the series admittance of

the line. In this example, we obtain

Sloss
12 = |V1 − V2|2y∗12 =

[︁
|V1|2 + |V2|2 − 2|V1||V2| cos(φ1 − φ2)

]︁
y∗12 . (2.20)

The dependence of the active power transfer Pj→k = Re(Sj→k) on the phase angle differ-

ence φ1−φ2 = ∆φ for a transmission line with realistic parameters for medium-length lines

(a)

 

(b)

 

Figure 2.7: (a) Blue lines show the active power transmission through a transmission line with
total series impedance Z = (0.01 + 0.1i)pu = (5.29 + 52.9i)Ω. The voltage magnitudes at both
nodes are |V | = 1pu = 230kV. The (active) ohmic loss is given by the red line. (b) Reactive
power transmission (blue lines) and ohmic loss (red line) for the same line parameters and node
voltages as in (a). The vertical dashed and solid lines in (a) and (b) show the maximum power
transmission for sending and receiving, respectively.
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is shown by the blue lines in Figure 2.7(a). It can be seen that the blue graphs are approx-

imately sinusoidal. In fact, for a purely reactive transmission line (Y = −i/X; γ = −π/2)
the power transfer is

Pj→k =
|Vj ||Vk|
X

sin(φj − φk) , (2.21)

which is often referred to as “power-angle-equation” in the literature [1, 56]. Although

the maximum power transmission is at ±(φj − φk) − γjk = 0 [i.e. ±(φj − φk) ≈ ±π/2 as

indicated by vertical lines in Figure 2.7(a)], the power grid is usually operated at phase

angle differences close to zero. This is reasonable since it reduces the losses given by

Equation (2.20) which are illustrated as red curves in Figure 2.7(a) and 2.7(b).

An operation at small voltage phase differences ∆φ is particularly important for the reac-

tive power transmission since the reactances of the transmission lines are much larger than

their resistances. The reactances cause large reactive losses, as illustrated by the red line in

Figure 2.7(b). The figure also shows that controlling the reactive power transfer only with

the voltage phase angle difference (and not voltage magnitudes) is very limited and in the

purely reactive case even impossible. The reactive power transfer Qj→k = Im(Sj→k) then

reads

Qj→k =
|Vj |
X

[|Vj | − |Vk| cos(φj − φk)] . (2.22)

Setting |Vj | = |Vk| yields Qj→k +Qk→j = Qloss
jk , i.e. the reactive power flowing into the line

from both ends is only compensating the loss.

Therefore, the reactive power balance is controlled by the voltage magnitudes |V |. Fig-

ure 2.8(a) and 2.8(b) show the active and reactive power transfer for the example two-bus

system with |Vj | = 1.1|Vk|, respectively.
While a voltage magnitude being 10% higher than the nominal value is already at the

limit of practical use, the active power transmission [Figure 2.8(a)] is almost not affected

by this change. Only a zoom, shown in the inset, hints that the voltage magnitude shifts

-0.010 -0.005 0

-0.1

0

0.1

(a)

 

(b)

 

Figure 2.8: (a) Blue lines show the active power transmission through the same line as in Figure 2.7
[total series impedance Z = (0.01 + 0.1i)pu = (5.29 + 52.9i)Ω] for different voltage magnitudes
at both ends. The voltage magnitudes are |V1| = 1.1pu at one end and |V2| = 1pu = 230kV at the
other. The (active) ohmic loss is given by the red line. To indicate the slight shift of the lines close
to the origin (compared to the case of equal voltage magnitudes) a zoom is shown in the inset.
Vertical dashed and solid lines show the maximum power transmission for sending and receiving,
respectively. (b) Reactive power transmission (blue lines) and ohmic loss (red line) for the same
line parameters and node voltages as in (a).
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the transmission a little bit at ∆φ = 0. Furthermore, the maximum transfer is slightly

increased. On the other hand, as shown in Figure 2.8(b), the possible transmission of

reactive power is significantly increased at ∆φ close to zero. Nevertheless, it is still small

compared to the active power transmission. In fact, only small amounts of reactive power

are transported to the consumers.

A consideration of the interaction between voltage drops or increases and reactive power

transmission is, for instance, given in [1].

2.2.3 Branches

The buses of the electricity grid are connected by transmission lines which are called

branches in power grid modelling. In the former sections, they have been simply regarded as

impedances which is meaningful to understand the phenomena in principle. Here, particular

attention is paid to the more detailed circuit representations, the validity of approximations

and the parameters necessary to integrate branches into the modelling.

A useful single-phase equivalent circuit of a transmission line is shown in Figure 2.9(a). In

this representation, the currents and voltages at the terminals (ends) of the transmission line

are regarded as variables while the line parameters are assumed to be uniformly distributed

along the line. Accordingly, the series impedance z = r + ix and the shunt admittance

y = g + ib [confer Figure 2.9(a)] are given per length, typically in Ω/km. To obtain the

current voltage relation of this transmission line model, a differential equation has to be

solved [57].

In practise, the so-called pi-equivalent circuit (or pi-model, also π-model) is often used

which is shown in Figure 2.9(b). Having only the two impedance values, circuit analysis is

much more convenient. Comparing the current voltage relation (i.e. admittance matrices)

of the distributed line with that of the π-equivalent leads to

ZL = ZS
sinh

(︁√
zyl
)︁

√
zyl

and YL = Ysh
tanh

(︁√
zyl
)︁

√
zyl/2

, (2.23)

whereby l is the length of the line, ZS = zl is the total series impedance and Ysh = yl

is the total shunt admittance (for a derivation see [57]).

For transmission lines with lengths between 80 and 200km, we can approximate

...

...

(a) (b)

Figure 2.9: (a) Sketch of the transmission line model with distributed parameters. The lumped
elements illustrate the series impedance (white boxes) and shunt admittance (gray boxes) for
every infinitesimal line part dl. (b) π-equivalent circuit with lumped impedances.
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sinh(x) ≃ x and tanh(x) ≃ x/2 [1] and obtain

ZL = ZS =
1

YS
and YL = Ysh . (2.24)

Let us remark that for lines shorter than 80km the shunt admittance is also often neglected.

Since all transmission lines considered in this work are shorter than 200 km, the approxi-

mation in Equation (2.24) is used, yielding the relation between currents and voltages at

the line terminals (︄
I1

I2

)︄
=

(︄
YS +

1
2Ysh −YS

−YS YS +
1
2Ysh

)︄(︄
V1

V2

)︄
, (2.25)

see also Section A.4.

The components R and X of the series impedance ZS are given in a branch-table, see

for example Table A.3 in the Appendix. Since the shunt conductance Gsh = Re(Ysh) is

usually neglected, only the shunt susceptance Bsh is specified in the branch-table. The

term line charging susceptance BC is also common.

Together with the numbers of the line terminal buses, also given in the table, all parameters

necessary for a basic description of transmission lines are now defined and accessible. If

a line occurs twice in the table, i.e. the terminal nodes are identical, it is assumed that

there are two lines in parallel. Accordingly, the admittances can be added Ytot = Y1 + Y2.

Although from the view of modelling branches are sufficiently discussed, a few physical and

technical aspects shall be briefly addressed.

Each of the components of ZS and Ysh has a physical meaning [1]. The series resistance

R represents the ohmic loss due to “Joule” heating in the lines, while the series reactance

X is connected with the “flux linkage” (forming of magnetic field). Furthermore, the

shunt conductance Gsh originates from the so-called corona loss and the leakage currents on

the insulators. Finally, the line charging susceptance BC is due to the potential difference

between the conductors.

Losses, according to Equation (2.19), only constitute the part that arises from the series

impedance ZS, i.e. the line heating. To account for the shunt admittances or, more specific,

line charging susceptances, the charging losses

QC = −BC

2

(︁
|V1|2 + |V2|2

)︁
(2.26)

have to be considered, confer Section A.3.3.

Reactances are dependant on the frequency f of the AC voltage as, for instance, XS =

iωL = i2πfL. Hence, these values in the tables are given with respect to the reference

frequency ωr. As the grids considered in this thesis represent electricity grids in the US,

the reference frequency is, in general, ωr = 60Hz.

If voltages in the power grid are not equal to the rated values, transformers must be

included into the description. This is done by integrating them into the branch model,

leading to an extended π-model, which is subject in the following section.
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2.2.4 Transformers

A common transformer consists of two coils with different winding numbers N1 and N2.

The ratio between the winding numbers is called turns ratio η = N1/N2 . Due to the

magnetic flux linkage in the coils, the voltages V1 and V2 at both sides of the transformer

exhibit the same ratio V1/V2 = η or V1 = ηV2. To understand the physical origin, see for

example [58].

Power grids operate on several voltage levels which are linked via transformers. To simplify

the description of such a complex system, the pu-system is used, i.e. every voltage is given

as multiple of a base voltage at the corresponding location. The per-unit system is discussed

subsequently in Section 2.3. If all voltages are equal to their base, all values in the pu-system

are equal to one and the transformers can be eliminated from the equivalent circuits.

However, if the transformer’s rated value is not exactly equal to the base voltage or the

transformer changes the ratio due to controlling issues (tap-changing [1]), transformers

must be considered. This deviation from the nominal turns ratio is called off-nominal

transformation ratio, off-nominal turns ratio or simply tap ratio.

A convenient way to account for the off-nominal turns ratio is to replace the elements in

the equivalent circuit by fictitious impedances in such a way that the voltage is changed up

or down as it would be done by the transformer. We consider the equivalent circuit shown

in Figure 2.10 and discuss some fundamental aspects.

Due to the transformer, the circuit becomes asymmetric and therefore, the terminal buses

must be distinguishable. They are called tap-end and Z-end in respect to the nearest

element which is the (tap) transformer and the impedance ZS respectively. Another notation

is from-bus (for tap-end) and to-bus (for Z-end) and accordingly, currents and voltages

are indicated with an f or t (from and to, respectively) [59]. Here, the latter notation is

used to be consistent with the branch-tables.

The transformer itself is assumed to be ideal, i.e. it has no heating losses. For taking

them into account, another shunt admittance can be considered and integrated into the

π-equivalent model, for details see [1]. Mathematically, the ideal transformer multiplies the

voltage with a factor to step it up or down and the current vice versa as

V ′ =
V

η exp(iζ)
and I ′ = I η exp(iζ)∗ = I η exp(−iζ) , (2.27)

T
a
p
-E

n
d

Z
-E

n
d

Figure 2.10: Equivalent circuit of the complete branch model including a transformer with off-
nominal tap-ratio η and possible phase shift ζ. The remaining circuit, between V ′

f and Vt is equal
to the π-equivalent model in Figure 2.9(b), when the shunt admittance is purely reactive YL = BC.
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where η = N/N ′ is the turns ratio of the transformer with N ′ and N the numbers of coil

windings and ζ is the phase shifting angle. In this thesis, no phase shifting transformers

are considered and hence ζ = 0.

Analysing the circuit illustrated in Figure 2.10 in regard of the quantities I ′f , V
′
f , It, Vt

and inserting Equation (2.27) yields(︄
If η exp(−iζ)

It

)︄
=

⎛⎝(︂YS + iBC
2

)︂
−YS

−YS
(︂
YS + iBC

2

)︂⎞⎠(︄Vf/[η exp(iζ)]
Vt

)︄
. (2.28)

For a more detailed derivation see Section A.4. When dividing the upper row by η exp(−iζ)
and the left column by η exp(iζ) we obtain(︄

If

It

)︄
=

(︄(︁
YS + i12BC

)︁
η−2 −YS [η exp (−iζ)]−1

−YS [η exp (iζ)]−1 YS + i12BC

)︄(︄
Vf

Vt

)︄
, (2.29)

describing the relation between the not-stroked currents and voltages in Figure 2.10 by an

extended admittance matrix. Equation (2.29) is simply referred to as branch-model in

the following.

Since the transmission lines are no longer symmetric when including (phase-shifting) trans-

formers, the mathematical graph describing the power grid becomes a directed graph in that

case. For a short discussion of graphs, see Section A.1.
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2.3 Per-unit system (pu)

The idea of the per-unit (pu) system is to provide a normalised set of parameters that are

lying in a comparable order of magnitude. This can, for example, lead to a more efficient

computation and to a simplification of modelling different voltage levels.

Grid per-unit system

For this normalisation we define, as usual, the

� base power Sb (also known as MVA base). Typical values are decimal powers and

we choose Sb = 100MVA throughout this thesis. To clarify whether this refers to

single-phase or three-phase power, the notation S1ϕ and S3ϕ (ϕ for phase) is common,

where here Sb = S1ϕ.

� base voltage Vb. There can be different base voltages in one power grid, one for

each voltage level as the column name “kV base” in the bus-table already indicates.

The RTS-96, for instance, has two voltage levels while the Case 5 grid has only one

as can be seen from the column “kV base” in Table A.11 and Table A.1 respectively.

Confer also Figure 2.22.

To be more specific, it is assumed that this refers to the line to neutral voltage base

(rather than line to line).

� base time tb, which is typically chosen as tb = 1 s in accordance with the SI system.

When using the pu system, all quantities must be expressed in pu. The remaining bases

can be derived from these three principal ones.

For instance, the current and impedance bases are

Ib =
S3ϕ
3Vb

=
Sb
Vb

, (2.30)a

Zb =
Vb
Ib

=
V 2
b

Sb
, (2.30)b

where the factor 3 is due to the three phase power S3ϕ = 3VbIb [1].

(a) (b) (c)

Figure 2.11: Illustration of transformer elimination using the per-unit system. Branch equivalent
circuit when referring the series impedance (a) to the primary side of the transformer, (b) to the
secondary side of the transformer. This representation was used to derive the branch model in
the previous Section 2.2.4. (c) Branch model using the per-unit system. The transformer can be
omitted when operating at nominal turns ratio.
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Accordingly, magnitudes are generally obtained in pu when dividing by the base value

value in pu =
value in SI

pu base value
. (2.31)

For example voltages in pu are given by

Vpu =
V

Vb
. (2.32)

As mentioned above, this eases the modelling of voltage levels. Let us consider the RTS-96

exhibiting the levels Vb1 = 138 kV and Vb2 = 230 kV. The voltages at buses 309 and 312

are

V309 ≃ 1.006pu ≃ 138.828kV and V312 ≃ 1.009pu ≃ 232.07kV . (2.33)

As can be seen, the pu-values can be intuitively compared and need no information about

the voltage level they belong to.

Furthermore, when a transformer is operating at nominal turns ratio η, it can be eliminated

from the (branch) modelling using the pu-system. Therefore, let us consider a transmission

line connecting two buses belonging to different voltage levels. The series impedance of the

line can be either referring to the primary or secondary side, denoted by 1 and 2 as shown

in Figure 2.11(a) and (b) respectively. The impedances are related by Z1 = η2Z2. This is

also true for the impedance bases

Zb1 =
V 2
b1

Sb
=
η2V 2

b2

Sb
= η2Zb2 . (2.34)

Consequently, we obtain

Zpu =
Z1

Zb1
=

η2Z2

η2Zb2
= Zpu , (2.35)

which shows that the per-unit value of the impedance is independent of the side referred

to, and the transformer can be omitted as shown in Figure 2.11(c).

When the impedance values of the grids considered in this thesis are needed in the SI

system, the base Zb2 referring to the secondary side must be used. This is due to the fact,

that for the branch model derivation the representation shown in Figure 2.11(b) was used,

as can be seen comparing it to Figure 2.10.

However, when transformers are operating at off-nominal turns ratio they must be taken

into account and the complete branch model has to be used as described in Section 2.2.4.

Generator per-unit system

The considerations above refer to the power system as a whole. In contrast, values of

generators in power stations may be given with respect to their own base quantities. To

prevent conflicts, we call this system the generator per-unit system (gpu) with power

base Sb,gpu, voltage base Vb,gpu and so on. While the generator power base Sb,gpu is the

rated MVA value of the respective machine, Vb,gpu is typically chosen equal to the rated

value at the generator terminal which is consequently equal to Vb,pu.

Any values u can be transferred between grid and generator systems by

upuub,pu = ugpuub,gpu . (2.36)
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2.4 Power-flow equations

It is a convenient way to describing electrical networks with Kirchhoff’s and Ohm’s law, since

these are linear equations or equation systems and hence exactly solvable. Unfortunately,

power grids are primarily constrained to powers and voltage magnitudes (instead of currents

and voltages). Rewriting the balance equations in terms of powers and voltages leads to

non-linear equation systems and will be subject to this section. In principle, this is done by

combining Ohm’s law, Kirchhoff’s laws and the equation for the complex power S = V I∗.

Depending on the modelling level of the branches, Ohm’s law must be written with different

admittance matrices.

2.4.1 Short transmission line model

For the sake of simplicity, we first consider transmission lines as series impedances only.

Accordingly, the current-voltage relation for such a line, connecting nodes j and k with

admittance yjk, using Ohm’s law reads

Ij→k = yjk(Vj − Vk) . (2.37)

As a reminder, the admittance yjk for not connected nodes is defined as zero. Inserting

Equation (2.37) into
∑︁Nn

k=1 Ij→k = Ij [Equation (2.14)] yields the total current injected into

the grid by node j. Since the addend for j = k is zero, we write

Ij =

Nn∑︂
k=1,k ̸=j

yjk(Vj − Vk) = Vj

Nn∑︂
k=1,k ̸=j

yjk −
Nn∑︂

k=1,k ̸=j

yjkVk . (2.38)

Defining the admittance matrix

Yjk =

⎧⎨⎩−yjk k ̸= j∑︁
m yjm k = j ̸= m

(2.39)

allows to express the total injected current in a matrix equation

I⃗ = YV⃗ . (2.40)

In the following, currents I and voltages V without indices are considered as vectors and

admittances Y as matrices.

In order to rewrite the network equations in terms of power, we can now insert Equa-

tion (2.40) into S = V I∗ [Equation (2.9)] to obtain

S = V Y ∗V ∗ or Sj =
∑︂
k

VjV
∗
k Y

∗
jk =

∑︂
k

|Vj ||Vk||Yjk|ei(φj−φk−γjk) . (2.41)

Due to the definition of currents flowing out of the nodes, we have derived a set of equations

describing the electrical power S(e) := S that is generated at the nodes; power consumption

is assigned a negative sign accordingly. It is reasonable to assume the grid to be in a steady

state if this “generated” electrical power is provided mechanically by power plants at the
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corresponding nodes. We therefore set S(m) !
= S(e) (m for mechanical) and obtain, by

dividing the set of equations into real and imaginary part,

P
(m)
j

!
= P

(e)
j =

∑︂
k

|Vj ||Vk||Yjk| cos(φj − φk − γjk) , (2.42)a

Q
(m)
j

!
= Q

(e)
j =

∑︂
k

|Vj ||Vk||Yjk| sin(φj − φk − γjk) . (2.42)b

This set of equations is called power-flow equations (abbreviated PF-equations).

2.4.2 Medium-length transmission line model

To take the full branch-model into account, the same steps are made after defining an

admittance matrix different from Equation (2.39). We now start with the relation given by

Equation (2.29) instead of Equation (2.37). Since it is a linear equation, the matrix entries

of a single line can be rearranged into the complete admittance matrix.

This can be easily understood when substituting the matrix entries in Equation (2.29) by

Y =

(︄ (︁
YS + i12BC

)︁
1
τ2

−YS [τ exp (−iζ)]−1

−YS [τ exp (iζ)]−1 YS + i12BC

)︄
=

(︄
Yff Yft

Ytf Ytt

)︄
. (2.43)

Let us now consider one node j that is from-node of two transmission lines (indicated by

l1 and l2) connecting it to nodes m1 and m2, respectively. Additionally, it is to-node of a

third line (l3), connecting it to node m3. Its current voltage relation reads

Ij =
(︂
Y l1
ff Vj + Y l1

ft Vm1

)︂
+
(︂
Y l2
ff Vj + Y l2

ft Vm2

)︂
+
(︂
Y l3
tt Vj + Y l3

tf Vm3

)︂
. (2.44)

The brackets are separating the addends originating from different transmission lines for

better readability. It can be observed that each line adds such an expression and hence,

without proof, the general equation is [59]

Ij =
∑︂
l

(︂
Y l
ffVj + Y l

ftVm

)︂
+
∑︂
l′

(︂
Y l′
ttVj + Y l′

tf Vm

)︂
(2.45)

with all transmission lines l running from node j to node m and l′ running from m to j,

respectively.

The admittance matrix then gains a form similar to Equation (2.39) which can be best

seen in Equation (A.7), describing the example grid Case 5 addressed in Section A.3, where

the diagonal elements are sums of the Yff and Ytt and the off-diagonal elements are Yft or

Ytf, depending on the transmission line directions.

For convenient calculations, this procedure can be translated into matrix transformations

as described in the following (confer [59]). Here, the algorithm is presented but not derived

mathematically. For an example see Section A.3.2.

First, the admittance matrix elements Yff, Yft, Ytf and Ytt for every line are calculated

according to Equation (2.43). Then we define the connection matrices Cf and Ct

Ci,j
f =

⎧⎨⎩1 if branch i starts from node j,

0 otherwise.
(2.46)
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And analogously, elements Ci,j
t of Ct are one if branch i runs to node j and zero otherwise.

Note that these matrices have the dimension Nl×Nn with the number of nodes in the grid

Nn and number of lines Nl.

Furthermore, we determine Yf and Yt, which we call from- and to-admittance-matrix,

respectively by

Y i,j
f = Ci,j

f Y i
ff + Ci,j

t Y i
ft , (2.47)a

Y i,j
t = Ci,j

f Y i
tf + Ci,j

t Y i
tt . (2.47)b

In other words, every row of Cf or Ct is multiplied by the admittance of the corresponding

line. This can be written as matrix equation by

Yf = diag(Yff)Cf + diag(Yft)Ct , Yt = diag(Ytf)Cf + diag(Ytt)Ct , (2.48)

where A = diag(v⃗) is the Nl×Nl diagonal matrix with entries Ajj = vj and zero otherwise.

Finally, the complete admittance matrix Y can be calculated from

Y = (Cf)
T Yf + (Ct)

T Yt + Ysh (2.49)

where, for the sake of completeness, Ysh is a diagonal matrix with the possible node shunt

losses to the ground.

2.4.3 Solving the power-flow equations

For a grid containing N nodes, the PF-equations are consisting of 2N equations with

4N variables if admittances Y = |Y | exp(iγ) are considered as given parameters. These

variables are Pj , Qj , |Vj | and φj with j = 1, 2, ..., N . Consequently, 2N of these quantities

must be given to render the equation system solvable. They are selected in the following

way.

The nodes are divided into one reference node (ref-node) also known as slack bus

(node) or swing bus (node), NPV so-called PV-nodes, and NPQ PQ-nodes, with the

following features. At PV-nodes, the active power P and the voltage magnitude |V | are
fixed, at PQ-nodes, active and reactive power P and Q are fixed, and for the ref-node

the voltage (magnitude |V | and phase φ) is given. Table 2.2 summarizes the known and

unknown values.

The type of every node is given in the bus-table, but there is also a rule [1, 54, 57]. Due to

controller settings, generator nodes are PV-nodes and, due to load predictions, consumer

nodes are PQ-nodes. The reference node (slack bus) is an arbitrary chosen (generator)

P Q |V | φ
∑︁

known NPV +NPQ NPQ NPV + 1 1 2(NPV +NPQ + 1) = 2N

unknown 1 NPV + 1 NPQ NPV +NPQ 2(NPV +NPQ + 1) = 2N

Table 2.2: List of numbers of known and unknown values in the PF-equations.
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node. Although it might seem odd to choose one special generator, it is very important

for the calculation due to several reasons [54]. Primarily, the line losses dependent on the

voltage phases, which are not initially known. A power imbalance would occur if all P (g)

are adjusted to the P (l) before the phases are determined. Secondly, the admittance matrix

of a grid including no shunt elements is singular without a reference node. And finally, the

PF-equations depend on phase angle differences only and therefore, one phase angle can

be chosen arbitrary, or, in other words, there is an undetermined phase angle offset for all

nodes if it is not referred to one reference value.

To solve the PF-equations for the remaining 2N variables, in principle, every method

allowing to solve a non-linear system of algebraic equations is possible, but there also exist

methods designed to solve the PF-equations in particular. Examples for general procedures

are Gauss-Seidel and the Newton-Raphson method (NR), whereas the latter one is used

almost exclusively due to progresses in computing power and memory size [1]. An example

for a specialised algorithm is the holomorphic embedding load flow method (HELM) [60].

Newton-Raphson method

The basic idea of this common method is to find the root x⃗ ′ of a non-linear function f(x⃗)

using a linearisation around an initial point x⃗0. The root x⃗1 of the linearised function

(tangent) is used as new initial point of the linearisation. This procedure will be iterated

until the desired accuracy is reached. For details see [61] or similar.

For the PF-problem described by Equation (2.42) the roots of the functions

pj(φ⃗, V⃗ ) = −P (m)
j +

∑︂
k

|Vj ||Vk||Yjk| cos(φj − φk − γjk) , (2.50)a

qj(φ⃗, V⃗ ) = −Q(m)
j +

∑︂
k

|Vj ||Vk||Yjk| sin(φj − φk − γjk) (2.50)b

shall be determined for all nodes j, where V⃗ = (|V1|, ..., |VN |)T refers to the voltage

magnitudes in this section.

Depending on the node type (PV, PQ and ref), the equations are solved differently. Ac-

cordingly, the PF calculation can be divided into two steps. In the first one, an equation

system is solved for the variables φ and |V | of every node PQ- and PV-node. Further on, as

second step, the remaining unknown Q and, for the ref-node, P are obtained by inserting

φ and |V | into the right-hand sides of Equation (2.42). For an example, see Section A.3.3.

We consider the first step. The 2NPQ equations p and q corresponding to the PQ-nodes

and the NPV equations p of the PV-nodes are gathered in an equation system to determine

the NPQ +NPV = N − 1 unknown values of φ and the NPQ unknown values of |V |. This

equation system

f(x⃗) =

(︄
pl(x⃗)

qm(x⃗)

)︄
:=
(︁
pl=1(x⃗), . . . , pl=NPQ+NPV

(x⃗), qm=1(x⃗), . . . , qm=NPQ
(x⃗)
)︁T

(2.51)

with

x⃗ =

(︄
φl

|Vm|

)︄
:= (φl=1, ..., φl=NPQ+NPV

, |Vm=1|, ..., |Vm=NPQ
|)T (2.52)
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is linearised in an initial point x⃗0 = (φl,0, |Vm,0|)T by

f(x⃗) ≃ f(x⃗0) + J(x⃗0) · (x⃗− x⃗0) , (2.53)

where J is the system’s Jacobian Matrix

J(x⃗) =

(︃
∂fi(x⃗)

∂xj

)︃
ij

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂p1
∂φ1

· · · ∂p1
∂φN−1

∂p1
∂V1

· · · ∂p1
∂VNPQ

...
...

...
...

∂pN−1

∂φ1
· · · ∂pN−1

∂φN−1

∂pN−1

∂V1
· · · ∂pN−1

∂VNPQ

∂q1
∂φ1

· · · ∂q1
∂φN−1

∂q1
∂V1

· · · ∂q1
∂VNPQ

...
...

...
...

∂qNPQ

∂φ1
· · ·

∂qNPQ

∂φN−1

∂qNPQ

∂V1
· · ·

∂qNPQ

∂VNPQ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.54)

As for the index-war, a remark is appropriate. The indices l and m run from 1 to N − 1

or 1 to NPQ, respectively. The sequence of the corresponding nodes is not necessarily (and

actually in general not) identical to the sequence given in the bus-tables.

Let us consider the example network Case 5 discussed in Section A.3. It consists of 5

nodes labelled j = 1, 2, 3, 4, 5, whereby j = 2 is a PQ-node, j = 1, 3, 5 are PV-nodes

and j = 4 is the reference node. Accordingly, when keeping this order for j, the indices

l = 1, 2, 3, 4 would correspond to j = 2, 1, 3, 5 when indicating first PQ-nodes, then PV-

nodes and finally the ref-node. In addition,m = 1 corresponds to j = 2. Hence, for instance,

p2 in Equation (2.54) conforms to p1 in Equation (2.50)a. Note that the differentials in

Equation (2.54) are dependent on x⃗ which is not written for better visibility.

In power grid modelling, indexing is an error source in general. For every type of calcu-

lation, a different indexing might be advantageous. For a clarification of indexing in this

thesis, see Section A.5.

Determining the root x⃗1 of the linearised function f(x⃗) in Equation (2.53) yields x⃗1 =

x⃗0 − J−1(x⃗0) · f(x⃗0) . Now, the equation system [Equation (2.51)] can be linearised in the

initial point x⃗1. The root x⃗2 of the new function f(x⃗1) is a better approximation for the

solution of the non-linear equation system in general. Repeating this procedure, we arrive

at the iteration

x⃗n+1 = x⃗n − J−1(x⃗n) · f(x⃗n) , (2.55)

which is performed until the desired accuracy is reached. Note that in practise it is faster

and more accurate to solve the system in Equation (2.53) for its root, instead of calculating

the inverse matrix J−1.

After this iteration, the voltage phase angles φ and magnitudes |V | are known for all nodes.

Now, the second step is to obtain the remaining unknown values Q(m) for the PV-node as

well as Q(m) and P (m) for the reference node. This is simply done by inserting φ⃗ and V⃗

into the right-hand sides of Equation (2.42) for the corresponding nodes j.



Chapter 2. Technical background 41

The whole procedure is already implemented in open source toolboxes like MATPOWER

[62] or Pypsa [63].

Performing this method yields a power grid state for which generation and demand are

balanced for each node and the grid is operating stable. For governance of daily routines,

power-flow calculations are sufficient since the consumption is quite predictable on this

scale.

Usually, severe faults do not occur very often and accordingly, the power-balanced state

can also be regarded as reference state for perturbation analyses as discussed in Chapter 3.

During the time immediately after such perturbations, electricity grid dynamics are more

complex than described by the power-flow equations. The next section addresses a model

that is used for the analysis of short-term dynamics in power grids.

2.5 Power grid dynamics

If the power-flow equations are fulfilled, the power grid is said to be in the steady state.

This means that at each bus j the generated power equals the consumed power including

losses and transmission, S
(g)
j = S

(l)
j +

∑︁
k Sj→k, which leads to voltage phases φ, frequencies

ω and magnitudes |V | being constant in time. In this section, the dynamical behaviour of

voltage phase angles φ(t) and frequencies ω(t) = φ̇(t) is addressed. Such an evolution in

time can occur due to faults or disturbances in the grid as, for instance, imbalances of

generation and load, breakdown of transmission lines or other elements in the grid, or even

as a consequence of trades at the electricity market.

In the steady-state power-flow, it is not important how the power is provided or consumed

by a node, but rather that it remains constant. By contrast, the dynamic behaviour of every

grid element as, for instance, generators, consumers, converters, etc., must be considered

in a different way.

A majority of consumers are induction machines (IM) [1]. The latter also constitute one

possible generator type used in wind turbines [1, 6, 64] which are subject of Section 4.1.1.

Accordingly, the functioning of induction generators (motors) with squirrel cage rotor

is explained to begin with. Moreover, the working principle of the squirrel cage rotor is

necessary to fully understand the operation of synchronous machines.

For generation of electrical energy, synchronous machines (SM) were almost exclusively

used in the past. Due to integration of renewable energy sources and the rapid development

of power electronics in the recent years, there are now various other types of generating

units in the grid [1, 6, 64]. Nevertheless, synchronous machines are still very important for

modern electricity grids and hence, their basic functionality is discussed in some detail.

The operation principle of both machine types (IM and SM) is not only based on electric

but also on magnetic circuits. Readers who are not familiar with magnetic circuits are

advised to first read Section A.6 or further literature as [58]. Furthermore, an understanding

of the qualitative meaning of Maxwell’s equations is advantageous. They are discussed in

common textbooks like [65].
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After the discussion of three-phase machine operation, the swing equation is derived which

is most essential for the following chapters. It describes the dynamic behaviour of three-

phase machines, in particular, that of synchronous machines [1, 5, 57, 64]. In the modelling

of SM dynamics, it is important to distinguish between internal nodes, representing the

generators, and terminal nodes, representing the buses used in power-flow analyses. This

aspect is addressed in Section 2.5.3. Afterwards, in Section 2.5.4, different approaches

used for modelling consumers are presented and the model used here is specified. Finally,

Section 2.5.5 focusses on the parameters which are necessary for an application of the swing

equation. Since some of them are often not accessible, it is emphasised how they can be

determined from the present data outlined in Section 2.6.

2.5.1 Three-phase machines

Induction machine

The construction of an induction machine, or sometimes asynchronous machine, is illus-

trated in Figure 2.12. It consists of a stator and a rotor which are both built from laminated

iron to reduce the eddy currents in axial (z-) direction. Field winding pairs are located in

the stator while conducting bars, usually made of copper or aluminum, are embedded in

the rotor surface. Due to its appearance, the latter is called squirrel cage rotor when the

conductors are short-circuited (forming a “cage”). In the following, the function of the

squirrel cage-rotor machine is discussed.

When symmetrical three-phase voltage (with 120 degree phase shift) is applied to the

stator windings, a rotating magnetic field (or magnetic induction) B of constant magnitude

forms inside the machine. Depending on the relative velocity between this stator field

and the rotor rotation, the machine acts as generator or motor. This behaviour can be

understood by unfolding the cage (ϕ coordinate) into a plane as illustrated by the beige

lattice in Figure 2.13.

In motor operation, the magnetic field rotation is faster than that of the rotor. Hence,

the rotor’s relative velocity points in the opposite direction, confer Figure 2.13(a). When

considering the relative motion of the conductors, the temporal change of the magnetic

Figure 2.12: Illustration of an induction (or asynchronous) machine with squirrel cage rotor.
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Stator magnetic field B

..

. ....

FL

Relative velocity (Motor)

electrical
eddy field net current

(a)
Stator magnetic field B

..

. . .

FL

Relative velocity (Generator)

(b)

Figure 2.13: Operation principle of an asynchronous machine acting as (a) motor and (b) generator.
The bottom arrows show the velocity of the rotor conducting bars (beige) relative to the rotational
speed of the stator magnetic induction B (upper blue arrows). The change of magnetic induction
with time −∂B/∂t, illustrated in the conductor’s centre by black circles with crosses and dots,
leads to a formation of electrical eddy fields (small red arrows). The net current, indicated by
black arrows, causes a Lorentz force F⃗ L (small blue arrow), accelerating the motor or decelerating
the generator in the direction of the absolute rotational motion. For the sake of illustration, the
impedance of the conducting bars (beige) is considered as purely resistive.

field (its time derivation) can be analysed to obtain the direction of the forming electrical

eddy fields according to Faraday’s and Lenz’s law. These eddy fields are shown as small

red arrows in Figure 2.13 where their line thickness is proportional to the intensity. The

resulting current I causes a Lorentz force FL which points in the direction of the magnetic

field movement. Accordingly, a torque acts on the rotor which reduces its relative speed,

and consequently accelerates the rotor, when not compensated by a load connected to the

motor.

In generator operation, the rotor’s rotation is faster than that of the magnetic field in the

stator and its relative velocity points in the same direction as B, confer Figure 2.13(b).

Using the same considerations as for the motor operation, the induced current direction

and the corresponding Lorentz force FL is obtained. It points in the opposite direction

of the magnetic field rotation. The corresponding torque acting on the rotor decelerates

it, unless it is compensated by another energy source like, for instance, a (wind) turbine.

According to Lenz’s law, the magnetic field caused by the induced current amplifies the

stator magnetic field and accordingly, active power is fed into the grid.

To operate as generator or motor, the rotor’s speed ω must be different to that of the

stator magnetic field ωr. This is why the machine is also called asynchronous machine. The

relative speed difference is commonly known as slip s which can be expressed as

s =
ω − ωr

ωr
. (2.56)

To calculate characteristics of induction machines, the so-called Steinmetz equivalent circuit

(also termed IEEE recommended equivalent circuit) is used which is shown in Figure 2.14.
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Figure 2.14: Steinmetz equivalent circuit for
an induction machine operating at slip s

with turns ratio η between stator and ro-
tor windings. Quantities with index 1 cor-
respond to the stator and those with index
2 to the rotor. Terminal voltage and cur-
rent are labelled V (t) and I(t), respectively.
The magnetising reactance is termed Xm.

Another interesting feature of induction machines is, that they can not be operated alone,

except they exhibit special modifications. Instead, the stator must be supplied by the grid

(or another voltage source) to provide a rotating magnetic field which is necessary for the

induction process. This effect is accounted for by the magnetizing reactance Xm in

the equivalent circuit, confer also Figure 2.14. Accordingly, the induction machine is a

consumer of reactive power, irrespective of acting as motor or generator.

In contrast, the active and reactive power output of synchronous machines can be both

controlled, rendering them useful adaptable generators.

Synchronous machine

The construction of a two-pole synchronous machine is sketched in Figure 2.15. Strictly

speaking, an internal pole round-rotor machine is shown. The round rotor’s symmetry al-

lows high rotational speeds and, as generator, it is usually operated at 1500 rpm or 3000 rpm

(four-pole or two-pole machine at 50Hz grid frequency). Therefore, this construction type

is commonly called turbo generator. For reasons of clarity and comprehensibility, the

discussion of synchronous machines is restricted to round-rotor generators. An overview of

different machine types can be found in [1, 58] or similar works.

The stator of synchronous machines is identical to that of induction machines and consists

of a laminated iron core containing the stator windings. Since the rotor rotates with the

same speed as the stator magnetic field most of the time, no eddy currents occur, and

therefore, it is usually build from solid steel [1]. Excitation windings are embedded into the

rotor which generate a constant magnetic field when DC voltage is applied to them.

The magnetic flux Φex, generated by the excitation windings, passes the air-gap and is

hence also termed air-gap flux. It is mainly confined to the stator iron core forming

a closed loop as illustrated in Figure 2.15 and Figure 2.16(a). Related to the air-gap

flux, induced by the excitation current, a magnetomotive force (mmf) Fex can be defined,

determining the machine’s so-called direct axis or abbreviated d-axis. Perpendicular, the

q-axis (quadrature axis) is defined, forming the dq-coordinate system of the rotor. The

coordinate system of the stator is aligned with the A-winding coloured red in Figure 2.16(a)

and (b). These coordinate systems are connected by the dq transformation which is also

known as “Park transformation” [1, 5, 57, 58]. Notice that the stator system is stationary

and the dq-system rotates with the rotor.
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Figure 2.15: Illustration of a two-pole round-rotor synchronous machine. The magnetic poles are
indicated by N and S for north and south pole respectively.

With the rotor motion, Φex passes the stator windings sinusoidally and accordingly induces

a three-phase AC voltage. The latter is often denoted by E or E for “electromotive force” in

the engineering literature [1, 57, 58]. However, to be consistent with the generator terminal

voltage V
(t)
g , we denote it by V (i) = |V (i)| exp

(︁
iφ(i)

)︁
for internal voltage.

In general, V
(t)
g is given by the grid state. Due to the voltage difference V

(t)
g −V (i), a current

I flows in the stator windings which are connected to the generator terminal and hence to

the grid. In turn, I induces a second magnetic flux that is called armature reaction

flux. It is accompanied with a mmf Fa that has to be added to Fex leading to a resultant

air-gap flux and corresponding mmf Fr as shown in Figure 2.16(b). Usually, the resistance

Ra of the stator windings is negligible, rendering the equivalent circuit of the synchronous

machine a single armature reaction reactance Xa as shown in Figure 2.16(c). A

model considering the armature resistance Ra is briefly presented in Section A.7.

A part of the flux, formed by the stator windings, does not cross the air-gap and is

termed leakage flux. This effect can be taken into account by adding a further impedance

Zl = Rl + iXl to the equivalent circuit as demonstrated in Figure 2.16(d). The reactances

Xa and Xl can be combined to the synchronous reactance or, more precisely, d-axis

synchronous reactance Xd.

The simplified armature reaction approach effectively combines the three-phase sta-

tor interaction with the rotor. It is, however, capable to describe the torque and power

generation of the synchronous machine. With the angle between V (i) and I, which is

known as internal power factor angle β, the electrical power generation of the synchronous

machine can be determined by

P = 3V (i)I cosβ , (2.57)

when internal losses are neglected. From this power, the electrical torque T = P/ω(m) can

be obtained as

T =
π

2R
FrFex sinφexr , (2.58)

where φexr is the angle between Fr and Fex, and R is the reluctance of the air-gap flux
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Figure 2.16: Illustration of electromagnetic effects in synchronous machine operation. Sketch of
SM (a) at no load and (b) with load and corresponding magnetic fluxes. The excitation windings
induce a magnetomotive force Fex while the armature (stator) reaction induces Fa leading to
resultant mmf Fr. (c) and (d) respectively show equivalent circuits of the SM without and with
leakage flux represented by Xl and Rl. In both cases, the armature reaction is represented by Xa

since the resistance is usually neglected. At no load, the generator terminal voltage Vg is equal to
the internal V (i). In the other case, Vg is given by the grid state and V (i) by the generator state.

path. For a detailed discussion see [1].

In other words, when the excitation field (or mmf) leads the resulting air-gap field, the

electromagnetic torque acts in opposite direction to the mechanical one and the machine

acts as a generator. When the excitation field is lagging the resulting field, both torques

point in the same direction and the machine acts as motor. The rigid connection between

the rotation of rotor and magnetic stator field is the reason why this machine type is called

synchronous machine, i.e. the rotor runs synchronously with the stator magnetic field (if

not strongly perturbed) and the angle φexr is constant.

If the rotor is leading (lagging) the resulting field ∆φexr more than in the steady state,

an unbalanced torque is decelerating (accelerating) the rotor according to the differential

equation φ̈exr ∼ ∆φexr. This counteraction can lead to a pendulum motion of the rotor,

stressing turbine and generator elements. To overcome this issue, conducting bars are

inserted into the rotor forming a squirrel cage. In this context, the conductors are also

known as damper windings or amortisseur windings (from the French word for damper),

see Figure 2.15. They additionally damp the pendulum motion by using the principle of an

induction machine that induces a torque at asynchronous rotation speed. This results in
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a damped pendulum motion according to φ̈exr + φ̇exr ∼ ∆φexr.
6 In some generator types,

the rotor core, which is forged from solid steel as mentioned above, exhibits a conductivity

that is large enough to form damping eddy currents such that no additional windings have

to be inserted.

Generator-transformer unit as power source

The operation of a generator-transformer unit is, in principle, identical to that of the

generator itself. Due to losses in the transformer, a further impedance ZT = RT + iXT

is added to the equivalent circuit, as shown in Figure 2.17. Usually, only the reactance

is considered and abbreviated by a lower case x. The generator-transformer unit’s direct

synchronous reactance xd is, in the following, just referred to as synchronous reactance or

internal reactance, as will be discussed in Section 2.5.3.

From this simple equivalent circuit, the active and reactive power fed of the generator-

transformer unit into the grid can be calculated using

P = V (t)I cosβ , Q = V (t)I sinβ , (2.59)

where β is the angle between V (t) and I. For a round-rotor machine these relations can be

rearranged to

P =
|V (i)||V (t)|

xd
sin
(︂
φ(i) − φ(t)

)︂
, Q =

|V (i)||V (t)|
xd

cos
(︂
φ(i) − φ(t)

)︂
− |V (t)|2

xd
. (2.60)

For details, see [1].

Notice, that these equations are, in principle, identical to those describing the transmission

of power along a purely reactive transmission line discussed in Section 2.2.2. Accordingly,

the same conclusion can be made. The active power mainly depends on the phase difference

between internal and terminal voltage. Given this angle, the reactive power output can be

controlled by the voltage magnitudes. Hence, the generator-transformer unit can serve as

an adjustable source of active and reactive power and is controlled as follows.

The mechanical power generated at the turbine connected to the synchronous machine ro-

tor controls the active power output and indirectly sets the angle φ(i)−φ(t). The magnitude

XT RT

xd

Rl d

V(i) V(t)

Figure 2.17: Generator-transformer unit

6Since synchronous motors are not self-starting, the damper windings can be used as an induction motor

to start the rotation. When the rotor reaches a desired speed, the excitation windings are energised.
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of the internal voltage |V (i)| is directly proportional to the excitation current. Therefore,

the voltage magnitude and the reactive power output are controlled via the DC excitation

current.

For a more detailed discussion of (synchronous) generators, see [1, 5, 57, 58] or similar

works.

Synchronous condenser

As discussed in Section 2.2.2, reactive power cannot be transmitted in large amounts.

Therefore, local compensation is necessary. This can, for instance, be achieved by so-

called synchronous condensers. In principle, a synchronous condenser is a synchronous

machine without active power output. Nevertheless, its excitation current can be used to

control the reactive power output as explained in the preceding text. In the German

literature, it is also referred to as phase shifter (“Phasenschieber”).

2.5.2 Swing equation

When load, typically given by the grid state, is connected to the stator windings of a

synchronous machine, an electromagnetic torque T (e) acts on the rotor. If it is not balanced

by a mechanical torque T (t) provided by the turbine connected to the rotor, a resulting

torque accelerates or decelerates the rotor according to Newton’s law for rotating masses

J
dω(m)

dt
+D(m)ω(m) = T (t) − T (e) , (2.61)

where m refers to the mechanical frequency of the rotor ω(m) and the corresponding damp-

ing coefficient D(m), and J is the inertia of the rotor. Here, the turbine and the rotor are

considered to be connected stiffly and exhibit a joint inertia. This is a good approxima-

tion for small disturbances in the grid, while for large disturbances, the turbine is usually

considered as a system of masses connected by torsion springs [1].

In the steady state, the grid operates at its reference frequency ωr. Any change in the

frequency will drive the rotor phase angle relative to the reference value which can be

expressed by

ω(m) = ω(m)
r +

dφ(m)

dt
,

dω(m)

dt
=

d2φ(m)

dt2
. (2.62)

Inserting Equation (2.62) into Equation (2.61) leads to

J
d2φ(m)

dt2
+D(m)dφ

(m)

dt
= T (t) −D(m)ω(m)

r − T (e) , (2.63)

which can be simplified by defining the net mechanical torque

T (m) = T (t) −D(m)ω(m)
r . (2.64)

To obtain an equation expressing the dynamics in terms of powers, we use the relation

P = ωT . Accordingly, both sides of Equation (2.63) are multiplied by ω
(m)
r . Furthermore,
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the right hand side is expanded by ω(m) and the relation P (m) = ω(m)T (m) (and similar for

P (e)), describing the power at instantaneous frequency, can be used yielding

Jω(m)
r

d2φ(m)

dt2
+D(m)ω(m)

r

dφ(m)

dt
=
ω
(m)
r

ω(m)

(︂
P (m) − P (e)

)︂
. (2.65)

As mentioned earlier in this section, disturbances are considered as small for this deriva-

tion. Although a perturbation of 1Hz is already very large for power grids [66–68], the

ratio ω
(m)
r /ω(m) is only varying about 2% from unity in that case. Hence, we approxi-

mate ω
(m)
r /ω(m) ≃ 1. The same is true for the electrical frequencies ωr/ω discussed in the

following.

Considering the voltage phase angles and frequencies (instead of the mechanical ones)

φ =
p

2
φ(m) and ωr =

p

2
ω(m)
r , (2.66)

with the pole number p of the synchronous machine, gives

2H

ωr

d2φ

dt2
+D(e)dφ

dt
= P (m) − P (e) (2.67)

where H is the rotational energy stored in the rotor

H =
1

2
J
(︂
ω(m)
r

)︂2
(2.68)

and D(e) = 2D(m)ω
(m)
r /p. Sometimes, H is simply referred to as inertia due to the linear

relation with J , where the factor (ω
(m)
r )2/2 is regarded as proportionality constant.

Equation (2.67) is commonly known as swing equation. In practise, both sides are

divided by the rated power Sb to obtain values close to unity for better intuition and

numerical accuracy.

The swing equation, as given by Equation (2.67), describes rotating masses without any

control mechanisms which are subject of Section A.8. Even on short time scales, at least

the primary control must be considered. As described in Section A.8, it can be accounted

for by a term Dpcdφ/dt which is linear in the deviation of the frequency from its reference

value. With an extended damping term D = Dpc+D(e), we can rewrite Equation (2.67) to

2H

ωr

d2φ

dt2
+D

dφ

dt
= P (m) − P (e) , (2.69)

which also considers primary control. The latter one usually has a much larger impact than

the electrical (and mechanical) damping of the rotor and hence D ≃ Dpc.

While the mechanical power P (m) is generated locally at each node, the electromechanical

power P (e) results from interaction of nodes throughout the whole network. Consequently,

the P (e) must be calculated from all network nodes as described by the power-flow equations

[1, 5, 7, 38, 40]. Inserting Equation (2.42)a into Equation (2.69) gives

2Hj

ωr

d2φj

dt2
+Dj

dφj

dt
= P

(m)
j −

∑︂
k

|Vj ||Vk||Yjk| cos(φj − φk − γjk) . (2.70)
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This is the fundamental equation for the basic investigations of the dynamical grid behaviour

in the following chapters.

Notice, that by setting d2φj/dt
2 = 0 and dφj/dt = 0, we again arrive at the real part of

the power-flow equations. In other words, the PF equations yield a fixed point of the swing

equation. Accordingly, the grid responds with dynamics of all φ and ω to a perturbation

of any quantity in the swing equation as φ, |V |, P (m), and so on. Finally, the trajectory

(φ, ω) may return to the fixed point or to other attractors in the long term. Analysing this

behaviour will be topic of the next chapter (Chapter 3), addressing the stability of power

grids.

The voltage magnitudes |V | are considered as constant during this short-term dynamics.

Here, short-term means one or a few seconds, where the grid dynamics is not affected

by other control mechanisms than instantaneous reserve and primary control, confer Sec-

tion A.8 and in particular Figure A.9. There are more advanced models including the time

dependence of the voltage magnitudes [1, 64], that have been applied in [29, 42, 49]. Other

models include more control mechanisms [69]. Combinations of these approaches would

lead to a model that allows calculations that are valid longer than a few seconds and will

likely be subject of future studies.

Inserting the PF Equation (2.42)a into Equation (2.69) has to be considered with care

since the power-flow is derived for the voltages at the buses, or node terminals, while the

swing equation is derived for the internal voltage source. This issue is topic of the next

section.

2.5.3 Internal and terminal nodes

As discussed in Section 2.5.1, there is a reactance between the internal voltage source

(internal node) and the bus (terminal node) which is not negligible in general when

utilising synchronous machines as generators. In particular, the electrical torque acting on

the synchronous machine is related to the internal voltage V (i) = |V (i)| exp
(︁
iφ(i)

)︁
.

In order to rewrite the network equations, i.e. admittance matrix, for the internal nodes,

we consider the example grid shown in Figure 2.18(a). It illustrates the connections between

the buses or terminal nodes. Figure 2.18(b) shows the same grid when taking the internal

nodes into account. As can be seen from the figure, every internal node j is connected to

the corresponding terminal via one admittance which we call the internal admittance

y
(i)
j . Consequently, the current-voltage relation between one terminal and internal node is

unaffected by all other nodes and the corresponding admittance matrix Y (i) is a diagonal

matrix whose entries are
(︁
Y (i)

)︁
jj

= y
(i)
j and zero otherwise. The admittance matrix between

terminal nodes is simply denoted by Y .

With the currents I(i) at the internal nodes and I(t) at the terminals, the relation between

the currents and voltages for the whole grid reads(︄
I(i)

I(t)

)︄
=

[︄(︄
Y (i) −Y (i)

−Y (i) Y (i)

)︄
+

(︄
0 0

0 Y

)︄]︄(︄
V (i)

V (t)

)︄
, (2.71)

where the left matrix describes the connection of terminal nodes to internal nodes and the



Chapter 2. Technical background 51

1

2

3

4 5

(a)

 

6

7

8

9
10

1

2

3

4
5

(b)

Internal node

Terminal node

Internal

admittance

1

2

3

4
5

(c)

 

Figure 2.18: (a) Representation of a transmission grid connecting terminal nodes (buses). Gener-
ator nodes are coloured red and load nodes orange. Their size is proportional to their net active
power generation or consumption. The lines can be regarded as physical transmission lines whose
width is proportional to their admittance and hence usually anti-proportional to their length. (b)
Same grid when taking internal nodes into account. The terminal nodes are now illustrated as
open black circles since they are passive and have no net production or consumption. While the
lines connecting terminal nodes among each other can still be regarded as physical lines, the
lines to the internal nodes are illustrative. (c) The Kron-reduced grid effectively connecting the
internal nodes. The lines no longer have a direct physical equivalent. Notice that the line strength
is normalised to the strongest line and not comparable to those shown in (a) and (b).

right matrix the interaction among terminal nodes (provided the appropriate labelling).

When considering internal nodes, the terminal nodes no longer contain generators or

consumers and are hence passive. According to Kirchhoff’s nodal rule [Equation (2.11)],

this results in I(t) being equal to zero for all terminal nodes and hence(︄
I(i)

0

)︄
=

(︄
Y (i) −Y (i)

−Y (i) Y (i) + Y

)︄(︄
V (i)

V (t)

)︄
. (2.72)

From Equation (2.72) we can derive two interesting relations. The first one, obtained from

the bottom row, is the relation between voltages at terminals and internal nodes

V (i) =
(︂
Y (i)

)︂−1 (︂
Y (i) + Y

)︂
V (t) or (2.73)a

V (t) =
(︂
Y (i) + Y

)︂−1
Y (i)V (i) . (2.73)b

With Equation (2.73)a, it is possible to translate the solution of the power-flow equations

determined for the network of terminal nodes to the solution of the network of internal

nodes. Therefore, it is unnecessary to consider internal nodes in the PF calculations except

in cases where the voltage phase shift between internal and terminal node would cause

stability problems.

Further, we can substitute V (t) in the first line of Equation (2.72) by Equation (2.73)b

yielding a relation between the internal nodes only. By renaming I(i) = I ′ and V (i) = V ′ it

reads

I ′ = Y ′V ′ with Y ′ = Y (i) − Y (i)
(︂
Y (i) + Y

)︂−1
Y (i) . (2.74)

This procedure removes all passive nodes from the modelling, leaving an effective network

connecting the internal nodes. It is commonly known as Kron reduction in the literature
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[40, 56, 57, 70]. Accordingly, in the following, the matrix Y ′ is called reduced admittance

matrix, describing the reduced graph or network.

An important feature of the Kron reduction is, that nodes being connected by a path

of passive nodes in the original network become directly linked in the reduced graph [70].

Consequently, Y ′ is a full matrix and the corresponding graph is a complete graph, i.e.

every node is connected with every other one. A reduced network, corresponding to that

shown in Figure 2.18(b), is illustrated in Figure 2.18(c). For an example calculation, see

Section A.3.5. The altered coupling structure is more impressive regarding a larger grid, as

shown in Figure 3.7, which will be discussed later.

For the rest of this thesis, the strokes for I, V and Y are omitted. It is declared at the

corresponding positions if relations refer to internal or terminal nodes and Equation (2.74)

or Equation (2.40) has to be used, respectively.

Reduction of a single node

If only one node l is reduced in a network, the reduction process is performed, similar to

Equation (2.74), by

Y red
jk = Yjk −

YjlYlk
Yll

. (2.75)

In fact, repeating this procedure for every passive node yields the same matrix Y ′ as Equa-

tion (2.74). Nevertheless, Equation (2.75) allows further insights about the reduced graph.

For instance, consider the network portion shown in Figure 2.19. If node 1 is passive, and

reduced according to Equation (2.75), we obtain the “reduced” connections

Y red
4,2 = Y4,2 −

Y4,1Y1,2
Y1,1

=
Y4,1Y1,2

Y1,2 + Y1,3 + Y1,4
, (2.76)a

Y red
4,3 =

Y4,1Y1,3
Y1,2 + Y1,3 + Y1,4

, (2.76)b

Y red
2,3 =

Y2,1Y1,3
Y1,2 + Y1,3 + Y1,4

. (2.76)c

Now, if the internal admittance is much larger than the others, Y4,1 ≫ Y1,2 and Y4,1 ≫ Y1,3,

the reduced connections read

Y red
4,2 ≈ Y1,2 , Y red

4,3 ≈ Y1,3 , Y red
2,3 ≈ 0 . (2.77)

Thereby, the admittances were considered as symmetric, i.e. Yj,k = Yk,j , which is true for

internal admittances and transmission lines without phase shifting transformers. Accord-

ingly, the corresponding reduced graph appears as if in the terminal network node 1 has

1

2

3

4

2

3

4

Figure 2.19: Example of a grid
portion for illustrating the sin-
gle node reduction. This exam-
ple is known as Y-∆ transform

or star-delta transform in the en-
gineering literature.
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been simply replaced by node 4. This means, the terminal node can be regarded as the

internal node. However, for actual power grids, the internal admittances are usually in the

same order of magnitude as the admittances of the transmission lines, or even smaller, and

internal nodes have to be considered separately [1, 5, 56, 57].

Multiple internal nodes

Notice, that although each internal node has one terminal, each terminal can be connected

to several internal nodes. This can be seen from the generator tables (Table A.2 and

Table A.12) or graphical representations (Figure A.3(c) and Figure A.12) of the Case 5

and RTS-96, respectively. There, each generator is an internal node which may have the

same terminal (bus). In the case of several internal nodes per terminal, calculations are

equivalent to those described above in this section but, instead of Equation (2.72), the

equation (︄
I(i)

0

)︄
=

(︄
Y

(i)
A Y

(i)
B

Y
(i)
C Y

(i)
D + Y

)︄(︄
V (i)

V (t)

)︄
. (2.78)

has to be used. Thereby, similar to Equation (2.39),

(︂
Y

(i)
B

)︂
jk

=

⎧⎨⎩−y(i)jk if internal node j is connected to terminal k

0 otherwise
, (2.79)

and (︂
Y

(i)
A

)︂
jj

= −
∑︂
k

(︂
Y

(i)
B

)︂
jk
,
(︂
Y

(i)
A

)︂
jk,j ̸=k

= 0 , (2.80)a

Y
(i)
C =

(︂
Y

(i)
B

)︂T
, (2.80)b(︂

Y
(i)
D

)︂
jj

= −
∑︂
k

(︂
Y

(i)
C

)︂
jk
,
(︂
Y

(i)
D

)︂
jk,j ̸=k

= 0 . (2.80)c

As further remark, let us emphasize that the internal admittances y(i) are symmetric ac-

cording to Equation (2.80)b since they are not based on the branch model but correspond

to single series admittances.

2.5.4 Modelling of loads

While dynamics of generators can be described by the swing equation as explained in

Section 2.5.2, the dynamics of the consumers (loads) is not yet clarified. Actually, there

are different models for the loads which will be discussed in this section. Their denotation

is based on [56].

Effective network model (EN-model)

The simplest network model is obtained when treating the loads as ohmic impedances. This

approximation can be reasonable since usually, only a few large synchronous motors exist

in the power grid, for instance in factories.
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These “load impedances” (or “load admittances” y(l)) are connecting the load bus termi-

nals to the ground, confer Figure 2.6(a). Since voltages at the nodes are measured with

respect to the ground, any connection y
(l)
j from a bus j to the ground results in a current

I
(l)
j = y

(l)
j Vj . To include these admittances into the general current-voltage relation, the

diagonal matrix Y (l), with diagonal entries Y
(l)
jj = y

(l)
j , is added to the general terminal

node admittance matrix Y . According to the load powers S
(l)
j = Vj

(︂
I
(l)
j

)︂∗
, the values of

the load admittances are determined by

y
(l)
j =

(︂
S
(l)
j

)︂∗
|Vj |2

. (2.81)

Thereby, |Vj | is the voltage magnitude at the corresponding bus (terminal node) in the

steady state.

In this model, no internal nodes are assigned to load terminals, i.e. buses without genera-

tors, since they do not contain any internal voltage source. Accordingly, the current-voltage

relation between terminal and (generator) internal nodes in this approach reads⎛⎜⎝I ′ = I(i)

0

0

⎞⎟⎠ =

⎛⎜⎝ Y (i) −Y (i) 0

−Y (i) Ygg + Y (i) + Y
(l)
g Ygl

0 Ylg Yll + Y
(l)
l

⎞⎟⎠
⎛⎜⎝V

′ = V (i)

V
(t)
g

V
(t)
l

⎞⎟⎠ , (2.82)

where the nodes are suitably ordered in such a way that the (generator) internal nodes are

listed first, followed by generator terminal nodes and finally, by the load terminal nodes.

The matrices Ygg and Yll describe the coupling among generator terminals and among load

terminals, respectively, and Ygl and Ylg describe the interaction between both terminal

types, confer [56]. The consumption (load admittance) at generator terminals is denoted

by Y
(l)
g and the consumption at load terminals by Y

(l)
l .

Kron reduction yields the admittance matrix Y ′, describing the interaction of the generator

internal nodes as addressed in Section 2.5.3, especially in connection with Equation (2.74).

Here, the reduction is performed by

Y ′ = Y (i) − Y (i)

[︃
Ygg + Y (l)

g + Y (i) − Ygl

(︂
Yll + Y

(l)
l

)︂−1
Ylg

]︃−1

Y (i) . (2.83)

This approach is termed effective network (EN) model, since the interaction of gener-

ators is described via an effective admittance matrix Y ′. Effective means, that it represents

not only the transmission network and the internal admittances, but also the loads. It is

sometimes referred to as the “classical (load) model” [5, 57, 71].

The swing equation [Equation (2.70)] describes voltage phase angle dynamics, while the

magnitudes are considered as constant. Hence, the load admittances y(l), according to

Equation (2.81), are constant, too. When the voltage magnitude dynamics is also considered

[29, 42, 49], the admittance matrix becomes time dependent. The same is true when the

load power S(l)(t) is varying in time. Both cases result in a huge computational effort due

to the determination of Y ′(t) in every time step δt, as can be seen from Equation (2.83).
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In regular operation, the voltage magnitudes are close to unity in the per-unit system

|V | ≃ 1 pu. Hence, the admittance matrix can be assumed as approximately constant. In

this case, the load power can be assumed as constant during the short-term dynamics also.

However, with this framework, the investigation of voltage magnitude dynamics or failures

at load nodes is very limited.

Synchronous machine model (SM-model)

Another way of modelling loads is to regard them as synchronous machines, too. Hence,

the model is called synchronous machine model or abbreviated SM-model. In this case,

the dynamical behaviour of both, generators and loads, is described by the swing equation.

The only difference is that mechanical power production is larger than zero (P (m) > 0) for

the former and P (m) < 0 for the latter. This allows for an easy treatment of time dependent

load power and voltage magnitudes.

Although this model is questionable because most of the consumers are not synchronous

machines, it was extensively investigated in recent literature [7, 18–20, 22, 23, 29, 34, 39–

42, 44–47, 49] and can be considered as a worst case scenario. Disturbances of loads being

synchronous motors, or, in general, having larger inertia, have a stronger impact on the

grid than perturbations of a different kind [7].

In this model generator and load buses exhibit internal voltage sources (or sinks) which

must be considered by including internal nodes to all corresponding terminal nodes. As

discussed in Section 2.2.1, each terminal node (bus) can be connected to several generators

and/or loads. Accordingly, an internal node is defined for each generator listed in the gen

table, for instance Table A.2 for Case 5, and connected to the corresponding bus, given

by the first column in the gen table. Internal admittances are either given in another

table, as Table A.14 for the RTS-96, or have to be estimated, as will be addressed in

Section 2.5.5. Since the bus data provides only an aggregated amount of load, one consumer

SM (with P (m) < 0) is present for every bus with assigned consumption. Notice, that there

can possibly be buses which exhibit neither generation nor consumption. They remain

passive buses without internal nodes. In comparison with the approach explained in the

following, we refer to this model as full synchronous machine (fSM) model. A graphical

representation of the fSM model applied to the RTS-96 is shown in Figure A.12.

Another approach was suggested by Nishikawa and Motter [56] based on [57], where only

one internal node is assigned to each terminal node. To do so, the generation at each bus

is added up, and load at generator buses is accounted for by a load admittance, similar

to the EN model, see Equation (2.81) and discussion. Further, a SM with minimal inertia

is added to buses without generation or consumption. We will refer to this model as

gathered synchronous machine (gSM) model. It has the convenience of a one-to-one

correspondence between terminal and internal nodes which is relevant in the investigations

in the next Chapter 3. Figure 2.23 shows the RTS-96 using the gSM model.

While the current-voltage relation for the gSM model is given by Equation (2.72), it is

given by Equation (2.78) for the fSM model. For examples, see Section A.3.5.
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Structure preserving model (SP-model)

In both, the EN and SM model, the node interaction is mediated through an effective

complete graph due to the reduction of passive terminal nodes, as discussed in Section 2.5.3.

Consequently, the coupling matrix of these models has a different structure than that of

the physical grid, which represents the transmission lines and is usually sparse. A model

exhibiting the same graph structure as the physical grid was developed by Bergen and Hill

[71] and termed structure preserving model (SP model).

It is not applied in this thesis but, for the sake of completeness, the concept shall be briefly

presented here. The model is based on a linearised power-frequency dependence of loads

(consumers) given by

P (l)(ω) ≃ P (l)(ωr) + kPω · (ω − ωr) , (2.84)

where kPω = ∂P (ωr)/∂ω is the linearisation coefficient of the power-frequency characteristic

at the reference operation point. Writing ω = ω0 − φ̇ and inserting Equation (2.84) as

“mechanical power” into the power-flow equations [Equation (2.42)a] gives

0 = kPω
j (−φ̇j + ω0

j − ωr) + P
(l)
j (ωr) + P

(e)
j . (2.85)

With the load power P
(l)
j listed in the bus table for the bus j, the frequency ω0

j corresponding

to this load can be determined by P
(l)
j = kPω

j (ω0
j − ωr) + P

(l)
j (ωr). This yields a dynamical

equation for the loads [56]

kPω
j φ̇j = P

(l)
j −

∑︂
k

|Vj ||Vk||Yjk| cos(φj − φk − γjk) . (2.86)

Notice that the frequency ω0
j of the load j in the steady state may be different from the

reference frequency ωr of the grid to match P
(l)
j ̸= P

(l)
j (ωr). In fact, induction machines,

which are running asynchronously to the reference frequency, are generally modelled by this

approach with P
(l)
j (ωr) = 0 [1].

Applying Equation (2.86) to all buses in the network leads to a model which indeed

preserves the coupling structure between the buses because no passive nodes exist. Conse-

quently, no nodes are reduced. Nevertheless, internal nodes are added for the generators.

Their dynamics is still described by the swing equation [Equation (2.70)].

In principle, this load modelling is reasonable because about two thirds of loads in industry

and domestic use are induction machines [1]. For generator terminal buses without load,

this model is questionable. However, the parameters kPω can be adjusted for each bus

which makes this approach very flexible and allows representing IMs, fixed power loads,

and almost fixed impedances.

Combinations and further models

Despite the constant load impedance (Z), discussed in connection with the EN model,

models for loads with fixed current (I) or power (P ) can be assumed. Combinations of these

models are accordingly called ZIP-models, for details see [1, 64]. They can be extended to

characterise both, the voltage magnitude and frequency, depending on the load mixture.
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Taking an appropriate model for every node independently would be the most exact ap-

proach. For the sake of simplicity, in this thesis the gSM model is used. Comparing results

of this thesis to that obtained with other models could be a valuable topic for future studies.

2.5.5 Parameters of the swing equation

Summarising Section 2.5, the dynamics of voltage phase angles at power grid nodes in the

SM model is basically described by the swing equation which can be written as

H ′
j

d2φj

dt2
+Dj

dφj

dt
= P

(m)
j −

∑︂
k

|Vj ||Vk||Yjk| cos(φj − φk − γjk) . (2.87)

where H ′ = 2H/ωr.

When not taking into account the dynamics of voltage magnitudes, the coupling matrix

Kjk = |Vj ||Vk||Yjk| = const. can be defined for convenience. Often, also the coupling an-

gle matrix κjk = γjk−π/2 is defined due to two reasons. First, high-voltage transmission

lines have small resistances compared to their reactances and hence γ is close to π/2 and κ

is close to zero which makes approximations easier. And second, the coupling term in the

swing equation becomes sinusoidal, being comparable to a model used for synchronization

phenomena known as Kuramoto-model [8–10]. A more detailed discussion of the connection

between power grids and the Kuramoto model can be found, for instance, in [72]. Inserting

these magnitudes into Equation (2.87) leads to

H ′
j

d2φj

dt2
+Dj

dφj

dt
= P

(m)
j −

∑︂
k

Kjk sin(φj − φk − κjk) . (2.88)

The last step before actually investigating the power grid dynamics, is to determine all

parameters in Equation (2.88) which are H ′, D, P (m), K and κ. They are also referred to

as “dynamical parameters” in the following.

The mechanical generated or consumed power P (m), as well as |V | for PV-nodes, is ob-

tained directly from the bus- and generator-tables, confer Section 2.2.1. The remaining

voltage magnitudes are calculated using the PF equations as discussed in Section 2.4.

To determine the coupling matrices K and κ, the admittance matrix Y is needed in addi-

tion to the voltage magnitudes. Only the admittance matrix between the terminal nodes is

obtained from the branch-tables, as discussed in Section 2.2.3, while internal admittances

y(i) are not given.

For some power grids as, for instance, the RTS-96 (confer Section 2.6.3), the rotational

energies H, the electrical damping D(e) and the internal reactances xd = Xd + XT =

−i/y(i) are given (for generators) in another table called dynamic data, see Table A.14.

Unfortunately, these data are available for a few grids only. Nishikawa et al. revealed that

these dynamical parameters are strongly correlated with the mechanical power generation

P (g) at the corresponding node [73]. Consequently, they suggested to use the following
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Figure 2.20: Correlation of dynamical parameters with the power generation P (g) of generators in
the power grids 50gen in orange and RTS-96 in red. The main panels show parts of the data
appropriate for a comparison of the grids while the insets illustrate the whole range of values
for the 50gen system. Bullets illustrate the available grid data, while orange and red lines show
the estimations for (a) the rotational energy H normalised by Sb, given by Equation (2.90) and
Equation (2.93), respectively and (b) the internal reactance xd in pu, given by Equation (2.91)
and Equation (2.96), respectively.

equations to estimate the dynamical parameters when not given for a grid

H = 4P (g)MJ, or (2.89)

H

Sb
= 4P (g) MJ

100MVA
= 0.04P (g)s, (2.90)

xd = 92.8(P (g))−1.3pu, (2.91)

D =
50

ωr

∼= 0.133 s . (2.92)

These equations require some discussion.

Generated powers P (g) must be given in MW. The rotational energy (inertia) obtained

from Equation (2.89) is therefore also given in SI units, i.e. in MJ. Since we decided to

perform all power grid dynamic calculations in the grid-pu-system, the values are divided

by Sb = 100MVA. This can be applied to Equation (2.89) which leads to Equation (2.90)

yielding the rotational energy in seconds. The Equation (2.91) is already designed to give

results of xd in grid-pu.

The Equations (2.90) and (2.91) are fitted to the data of a system called “50-generator

system” (abbreviated 50gen) [74] also known as “Case 145” in the MATPOWER package

[62]. These data are illustrated by orange bullets in Figure 2.20. Values estimated from

Equations (2.90) and (2.91) are shown as orange lines in Figure 2.20(a) and Figure 2.20(b),

respectively. As can be seen in the figures and, in particular, their insets, the 50gen grid

data are well described by the equations over a broad range of values.

For a comparison to the RTS-96 used in this thesis, the corresponding data are illustrated

by red bullets in Figure 2.20. These are obtained from Table A.14 as follows.
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The rotational energy H is given in MJ/MW. Multiplying the values by the unit size leads

to H in MJ. When divided by Sb, they are finally given in seconds (grid-pu-system) and

can be compared to those of the 50gen grid. Ignoring the value of the largest generator

(Group U400 - Type Nuclear), all others are perfectly described by the relation

H = 0.03P (g)s (2.93)

illustrated by the red line in Figure 2.20(a). This is obvious since the numbers in column

“inertia” in Table A.14 are almost constant and can be regarded as proportionality constant

α which is on average 2.96 (α ≃ 3.19 when taking the generator Group U400 into account).

Similar to the estimation for the 50gen grid, given by Equation (2.90), the relation is linear,

but with a smaller α.

For the internal reactances, we first add up the generator and transformer reactance xd =

Xd+XT. These are given in the generator-pu-system (gpu) and hence, we need to calculate

the grid-pu values Xpu by

Xpu = Xgpu
Zb,gpu

Zb,pu
= Xgpu

V 2
b,gpu

Sb,gpu

Sb,pu
V 2
b,pu

. (2.94)

Assuming that the generator voltage base is equal to the rated value at the generator

terminal implies Vb,gpu = Vb,pu and hence

Xpu = Xgpu
Sb,pu
Sb,gpu

. (2.95)

Values obtained hereby are shown by red bullets in Figure 2.20(b). A regression yields

xd ≃ 34.45(P (g))−1 . (2.96)

This relation is plotted as red line in Figure 2.20(b).

In reality, the internal admittance changes during the voltage phase angle dynamics de-

scribed by Equation (2.88). Usually, the reactances xd, x
′
d, and x′′d are introduced which

are termed synchronous, transient, and subtransient reactance, respectively. For these val-

ues the relation xd > x′d > x′′d holds. For details see, for instance, [1]. To be precisely,

Equation (2.91) and Equation (2.96) refer to the transient reactance x′d which is used in

the classical model (swing equation, confer also Section A.7) [5, 57]. The investigation of

dynamical changes in the internal reactance is beyond the scope of this thesis. In Chap-

ter 3, the grid dynamics in presence (or absence) of internal reactances shall be studied in

principle.

Despite the high quality of the estimations for the RTS-96, Equations (2.90)-(2.92) are

used when dynamical parameters are not given for an investigated grid. This is due to the

much broader range of values in the 50gen system. For example, the inertia of the largest

nuclear generator in the RTS-96 is an outlier for Equation (2.93), but it could also be a

trend for other large generators.

An important remark is that the values for the RTS-96 correspond to single generators

while those for the 50gen most probably correspond to the aggregated generation at the
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buses. It is very unlikely that a single generator generates more than a few GW since the

largest power station on earth has in total an installed capacity of 22.5GW [75]. This could

also be a reason for the slightly different results.

Finally, as can be seen from the last column of Table A.14, the electrical damping is

negligible. Accordingly, D refers to the primary control only, which was estimated uniformly

as ∼= 0.133 s [56].

Applying the method above to all nodes in the (g)SM model is accompanied by two

problems. First, the reference bus is, in some grids (as the RTS-96), initialized with P (g) = 0

and is assigned the total active power loss during the power-flow calculation. This leads to a

small P (g), although the machine’s rated power is probably larger. Accordingly, the inertia

and internal admittance values are much smaller as intended which results in unrealistic

values of |V (i)| andH (see also discussion in Section A.3.5). This problem could be overcome

by using the unit size of the machine at the reference bus if known, or, in the other case,

an average size P (g) of the grid in question. For synchronous condensers with P (g) ≡ 0 the

situation is even worse. Here either the unit size has to be known or guessed by the reactive

power limits of the synchronous condenser, confer Table A.12.

The second issue is that, in [73], the limitsHmin = 0.1 and xmax
d = 1 are applied. Therefore,

in the gSM model small synchronous machines are assigned also to buses without generation

nor consumption. However, as indicated in Chapter 3, these machines have only a small

impact on the system.

2.6 Available power grids

To apply the methods discussed in this chapter to a power grid, data as given by the bus-,

gen-, branch-table and dynamic data table are needed. Unfortunately, real grid data are, in

general, not provided by the network operating companies. Therefore, different approaches

were developed to enable investigations of power grids.

The simplest approach, introduced in Section 2.6.1, is the infinite bus system considering

one generator (or load) connected to a grid, approximated as a single bus with infinite inertia

and hence constant state variables φ and ω. Another option is to use test grids like those

provided by the Institute of Electrical and Electronics Engineers (IEEE) as addressed in

Section 2.6.2 and Section 2.6.3. Further, ensembles of grids can be generated artificially by

some reasonably developed algorithm. And finally, it is possible to use data provided by

initiatives like open eGo [76] or SciGrid [77] which try to obtain real grid structures based

mainly on information taken from Open StreetMap. These possibilities are discussed in the

following.
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2.6.1 Infinite bus model (Single node model)

The idea behind this model is to choose one element of the grid (usually one generator) and

aggregate the remaining grid into one bus as illustrated in Figure 2.21. Consequently, this

bus is assumed to be so large and inert that its state variables φ and ω can be regarded

as constant. In the limit of an infinite bus (IB), we can write φIB(t) ≡ φIB(0) and

ωIB(t) ≡ ωr.

The power-flow equations for this system read

P − Pd = |V ||VIB||Y | sin(φ− φIB − κ) , (2.97)a

Q−Qd = −|V ||VIB||Y | cos(φ− φIB − κ) , (2.97)b

where P , Q, |V | and φ refer to the values of the single element (generator) and |Y | and
κ = γ − π/2 are the transmission line parameters, confer Figure 2.21. The quantities Pd

and Qd (d for diagonal) originate from the diagonal terms of the admittance matrix. In the

single node model, they are given by

Pd = |V |2Re(Y ∗) = |V |2|Y | sin(−κ), (2.98)a

Qd = |V |2 Im(Y ∗) = −|V |2|Y | cos(−κ), (2.98)b

confer Equation (2.18) and Equation (2.39).

Equations (2.97) can be simplified by choosing the arbitrary φIB = −κ, so that φ of the

single element is measured with respect to this reference value. Considering a generator, the

single bus is a PV-bus and the voltage magnitude |V | is given and constant. Consequently,

the equation system (2.97) reduces to a single equation which for the active power reads

P − Pd = K sin(φ) , (2.99)

withK = |V ||VIB||Y |. It can easily be solved analytically which gives φ = arcsin((P − Pd)/K)

and subsequently, Q = −K cos[arcsin((P − Pd)/K)] +Qd = Qd −
√︁
K2 − (P − Pd)2.

In case of a PQ-bus, we obtain |V | =
√︁
(P − Pd)2 + (Q−Qd)2/(|VIB||Y |) = |S−Sd|/(|VIB||Y |)

and φ = arcsin((P − Pd)/|S − Sd|).

Single node/

generator

Single node/

generator
Infinite

bus

Figure 2.21: Illustration of the infinite bus (single node) model. The infinite bus, coloured pink,
on the right-hand side corresponds to an aggregation of the grid elements on the left-hand side
which are shaded in pink.
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The swing equation for this system is given by

H ′φ̈+Dφ̇ = P − Pd −K sin(φ) , (2.100)

with the damping constant D and H ′ = 2H/ωr, where H is the rotational energy of the

single generator. When divided by H ′ the number of parameters can be even further

reduced.

As can be seen from Equations (2.97) and (2.100) this model exhibits only a few parameters

so that it can be investigated for several set-ups without performing the reduction of an

actual grid into one bus. Also, by taking into account the internal reactance of the generator,

simply K (and probably κ) changes but there is no qualitative change to the system.

Although this model is obviously a strong simplification of a real power grid, it is very

useful for basic insights. For example, the behaviour of generators or motors connected

to the grid is initially analysed using this model, especially when comprehensive generator

or motor models are investigated [1]. In the discussion of power-grid stability in the next

Section 3.1, this model is used as example.

2.6.2 MATPOWER Cases

The MATPOWER package [62] provides a lot of tools to analyse power grids in the steady-

state. For instance, it can solve the power-flow equations as already mentioned in Sec-

tion 2.4.3. Furthermore, MATPOWER also contains a data base of so-called matpower

case (MPC) format files that are a collection of bus-, generator- and branch-tables. These

files are labelled “Case X” according to the number X of buses of the associated grid. Ref-

erences to the respective networks, which are commonly based on IEEE test grids, are given

within the program.

For example, in Section A.3, the Case 5 is investigated and also the MPC format is briefly

discussed. In Section 3.2.3, the return times of three of these grids is assessed. Furthermore,

Case 145 was mentioned in Section 2.5.5.

However, the dynamical parameters are not given in the MATPOWER package. Accord-

ingly, they must be found in another source or estimated in a reasonable way as discussed

in Section 2.5.5.

2.6.3 IEEE Reliability Test System - 1996 (RTS-96)

The IEEE Reliability Test System - 1996, abbreviated RTS-96, is a test grid provided

by the IEEE. Since its data set is comprehensive, as can be seen in [53] and Section A.9, it

will be the first grid that is analysed in this thesis for every purpose.

Figure 2.22 shows an illustration of the RTS-96. The arrangement of the buses and

transmission lines is according to their geographical location. For area 3, i.e. buses 49-73

(see also Section A.5), the scale was estimated from its similarity with the first two areas.

It can be seen from the figure, that most of the buses contain either power generation,

represented by red circles, or consumption, represented by yellow circles, or both. Some

of the buses exhibit neither generation nor consumption and are depicted by open black



Chapter 2. Technical background 63

138kV 230kV 138kV

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

1718

19

20

21

22 23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41
42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70
71

72

73

Figure 2.22: Illustration of the RTS-96. The nodes and edges represent buses and transmission
lines, respectively. They are arranged with respect to their geographic positions. Active power
generation P (g) at buses is shown as red and consumption P (l) as yellow circles. Small, open,
black circles represent buses without generation or consumption which are either transformer
stations or connection points of different transmission lines. The thickness d of the edges corre-
spond to the transmission line admittance d = (|Yjk|+ |Ykj |)/2. Gray edges correspond to single
transmission lines while blue ones represent two parallel lines with Y = Y1 + Y2. The vertical
dashed lines indicate different voltage levels of the transmission system. Voltages at which they
operate are written on top of the figure. It can be seen, that the levels are separated by a set of
open circles, close to the dashed lines, representing transformer stations. The nodes are labelled
according to the “SEQ-notation”, confer Section A.5.

circles as, for instance, buses 59, 60 and 72 close to the left dashed line. In fact, the buses

11, 12, 24, 35, 36, 48, 59, 60 and 72 separate different voltage levels of the grid as indicated

by the dashed lines and the voltage value on top of the figure. Accordingly, these buses

represent transformer stations only. The voltage level a bus belongs to is given in the bus

table (Table A.11), confer also explanations in Section A.3.1. On the other hand, buses 17,

41, 65 and 73 are inside the 230 kV level and correspond to connection points of different

transmission lines (so-called joints).

Another illustration of the RTS-96 is displayed in Figure 2.23, showing the grid according

to the gSM model addressed in Section 2.5.4. An internal node coloured in red or yellow,

representing a synchronous machine, is assigned to each bus. For a comparison with the

models without internal nodes, which are subject of Section 3.2.1, also the buses shown as

open black circles in Figure 2.22, are assigned synchronous machines with minimal inertia

and P (m) = 0. The magenta lines represent the internal admittance y(i) as discussed in

Section 2.5.3.

The RTS-96 in the fSM model is shown in the Appendix in Figure A.12.
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Figure 2.23: RTS-96 regarded as system consisting of synchronous machines in the gSM model.

2.6.4 Random grids

Random grids were investigated in several works due to different reasons. Either, in order to

use methods that require a large amount of realisations of the same type [18, 41], or to study

phenomena emerging in graphs or specific properties of graphs in general [38, 43, 44, 47],

or in absence of real grid data.

These random grids can be obtained, using the topology of a real grid to which parameters

are assigned randomly [18, 20, 23, 43, 44, 47]. On the other hand, they can be created com-

pletely randomly, i.e. also the topology, by some reasonable algorithm [78, 79]. In reality,

power grids developed due to geographical, historical, or technical reasons. Therefore, there

are no actual ensembles of power grids and we accordingly refrain from using random grids

in this thesis.

2.6.5 Open data projects

To remedy the lack of real grid data and to combine grid parts governed by various operating

companies, research projects as “open eGo” [76] or “SciGrid” [77] were initiated, providing

open source code and data bases. These projects are mainly based on open street map data.

The data sets are comprehensive and allow for a lot of different investigations. For instance,

the open eGo grid contains over 10000 nodes with hourly power demand and generation.

It would be very valuable to test findings of approaches, introduced or cited in this work,

using this large network. However, some investigations can not be transferred directly as,

for example, the computational cost using the “+IN models” (confer Section 3.2.1), i.e.

considering the internal nodes as discussed in Section 2.5.3, is probably to large.
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Dependence of power grid stability

assessment on modelling aspects

The importance of a reliable electricity grid operation was emphasized already in Sec-
tion 1.1. However, it has not been clarified yet how this state is defined and which quan-
tities are relevant in connection with it. Therefore, different conditions for a regular grid
operation will be addressed and the term stability is discussed.
This thesis focuses on the non-linear dynamics described by the swing equation [Equa-

tion (2.70)]. Accordingly, the return times measure for grid stability will be discussed
primarily rather than linear stability paradigms. The return times supplement a former
developed concept called “basin stability” which will be explained first. These measures
are designed to quantify the power grid stability in response to deterministic perturbations.
This implies that the dynamics after such a disturbance are well-defined and reproducible,
using the same initial condition, i.e. perturbation, again. In contrast, in the next Chapter 4,
stochastic processes are analysed.
The stability concepts are illustrated using the single node model (Section 3.1.1 and Sec-

tion 3.1.2) whereas the application to larger power grids is performed in Section 3.2.2 and
Section 3.2.3.
With the aim to obtain generally valid knowledge about the behaviour of electricity grids,

in several studies simplified networks were used, confer Section 1.2. As power grids are
heterogeneous by their very nature, it has to be investigated which aspects are relevant
for a reliable stability assessment. In Section 3.2.1, four different models for power grid
dynamics are presented based on the SM model (addressed in Section 2.5.4) considering
or neglecting the synchronous machine equivalent circuit, i.e. internal admittances, as well
as the heterogeneities in the grid components.
Afterwards, Section 3.2.2 and Section 3.2.3 will provide evidence that depending on the

used model, the assessment of power grid stability varies dramatically. Consequently, it can
be concluded, that the application of the most detailed model is necessary.

65
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3.1 Characterisation of stability

The state of the power grid can be defined by the set (φ, |V |, P,Q), whereby all these quan-

tities are vectors, i.e. they occur once per node. Summarising Section 2.4 and Section 2.5,

a power grid is in the steady-state if the power-flow equations are fulfilled for this set. This

state corresponds to a stationary solution of the swing equation [Equation (2.70)] that we

refer to as fixed point (FP) with (φFP, |V |FP, PFP, QFP). In this case, the voltage phases

at all nodes j have the same angular velocity ωj = ωr and voltages evolve in time according

to

V FP
j (t) = |Vj |FP exp

(︁
iφFP

j + iωrt
)︁
. (3.1)

Although the voltages oscillate sinusoidally in time, their phases φ remain constant with

respect to the reference angle and hence, the nodes exhibit (temporal) constant phase angle

differences among each another. In the following, this state is referred to as stable grid

operation.

By contrast, we can define deviations of the electrical voltage frequency φ̇ from the refer-

ence frequency [similar to Equation (2.62)] by

ωj(t) = ωr + φ̇j(t) . (3.2)

Assuming the grid has been in the stable operation state at t = t0, the evolution of voltages

in time can consequently be written as

Vj(t) = V FP
j (t) · ei[φj(t)−φFP

j ] with φj(t) = φFP
j +

∫︂ t

t0

φ̇j(τ) dτ . (3.3)

Accordingly, the set describing the dynamical power grid state is (φ̇, φ, |V |, P,Q) with

the set of stable operation (0, φFP, |V |FP, PFP, QFP). From this set the following stability

conditions are derived.

Frequency stability

According to Equations (3.1)-(3.3), a stable grid operation implies φ̇(t) = 0. The ability of

the grid to keep φ̇ small is simply referred to as frequency stability.

In practice, a dead band is defined for the frequency which is usually ∆f = ±10mHz or

∆ω = ±2π · 0.01Hz ∼= ±0.0628Hz [66]. Below this threshold, the frequency is considered

to be stable. When the threshold is exceeded, control measures are taken as discussed

in Section A.8. To be precisely, φ̇ is the instantaneous frequency whereas in practise, for

controlling issues, the frequency is measured in cycles of the rotating machinery, i.e. every

20ms for a 50Hz system, or every ∼=16ms for a 60Hz system [54].

Rotor or phase angle stability

If φ̇j is larger than zero, the voltage phase angle at the corresponding node j increases over

time. However, if the frequency deviation is identical at all nodes, their phase shifts relative

to each other remain constant. In this case, the grid can, according to Equation (3.1), be
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regarded as operating stable at a changed reference frequency ω′
r = ωr+∆ω with φ̇j = ∆ω.

In fact, as discussed in Section A.8, the primary control tries to reach such a state, while,

after some time, the secondary control restores the (original) reference frequency.

Concluding, the phase angle stability characterises the relative phase shifts φj − φk

among the nodes compared to the phase shifts φFP
j −φFP

k in the stable state. If, instead of

the electrical voltage phase angles, the mechanical phase angles of the synchronous machine

rotors are considered, it is also referred to as rotor angle stability.

Voltage stability

Also the voltage magnitude |V | can deviate from its steady state value |V |FP. In the short-

term dynamics described by the swing equation, the voltage magnitude is considered as

constant. Hence, the voltage magnitude dynamics and stability can not be analysed with

this approach. Nevertheless, there are models taking these dynamics into account [49].

These stability conditions may be supplemented in some applications. For instance, in

Chapter 4, addressing stochastic power generation, an (active) “power stability” can be

introduced.

Let us remark that these terms are not very precisely. Frequency stability and voltage

stability should rather be called voltage frequency stability and voltage magnitude stability

respectively, because they both refer to different characteristics of the voltage. Therefore, in

principle, the term voltage stability could also refer to a stable voltage frequency. However,

these notations are well established and were hence used here. In the remainder of this

thesis, the more precise terms are preferred.

The stability conditions indicate if the grid is in stable operation, but they do not charac-

terise the stability itself. In this context, the stability of a power grid can be characterised

as follows.

The stability of a power grid is its ability to return to a state of stable operation (fixed

point) after being subject to a perturbation.

Accordingly, in the following sections, concepts for such a characterisation are derived

based on the stability conditions.

In this chapter, we investigate the grid response to sudden perturbations of the voltage

phase angles ∆φ = φ(t0) − φFP and frequencies ∆ω = φ̇(t0) at single nodes. Such per-

turbations could describe situations where, for example, a single node is subject to sudden

changes in the power balance (as it is typical in solar power [31, 50]) or it is disconnected

from the grid for a short time and then automatically reconnected [18].

In the time window, in which the dynamics are well described by the swing equation,

voltage magnitudes |V | as well as active and reactive powers P and Q are considered as

constant. Accordingly, the set describing the grid state reduces to (φ, φ̇) with the fixed

point state of stable operation (φFP, 0).
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3.1.1 Basin stability

Besides the fixed point, there is another type of stationary solutions of the swing equa-

tion (2.70), where phase angles and frequencies of nodes follow closed trajectories and

which are referred to as limit cycles (LC) [18].

Depending on the amplitude of a perturbation from the fixed point state, the system either

returns to this point or turns into the limit cycle state, exhibiting undesirable asynchronous

voltage phase dynamics. In the following, we refer to this state as “grid failure”. As a

measure for the stability of the synchronous fixed point state, the probability of return to

this state after perturbations can be chosen.

The determination of such a probability can be exemplified by investigating the simple

single node model which was introduced in Section 2.6.1. Its dynamical response to per-

turbations is given by the swing equations

φ̇ = ω, (3.4)a

ω̇ = −Dω + P −K sin(φ), (3.4)b

which are here reduced to a set of first order equations and divided by H ′, confer Equa-

tion (2.100). As a result, the new parameters D, P , and K have to be interpreted as ratios

D/H ′, D/H ′, and K/H ′. For the sake of simplicity, κ was chosen to be zero. Consid-

ering a PV-node, the fixed point of this model is (φ, ω) = (arcsin(P/K), 0) according to

Section 2.6.1.

First, a perturbation ∆φ = 0.5 and ∆ω = 2 is applied to the single node system with

D = 0.2, P = 1 andK = 8. Let us remind, that ∆φ = φ(t0)−φFP, and ∆φ = 0 corresponds

to the fixed point. Equations (3.4) can be solved numerically with these perturbation values

as initial conditions (ICs), using, for example, a Runge-Kutta solver of fourth order with

time resolution δt = 0.5ms. Thereby, the trajectory (φ(t), ω(t)) shown as blue line in

Figure 3.1 is obtained. It is parametrised by t, whereby initial time instants are illustrated

in brighter blue and later ones in darker blue. As can be seen from the figure, the grid

state returns to the fixed point. The same is true when choosing D = 0.1, as done in the

following. Here, D = 0.2 was used for better visibility of the trajectory, confer Figure 3.1.

For larger perturbations as, for instance, (∆φ,∆ω) = (−2, 5), Equations (3.4) yield the

trajectory illustrated as green line in Figure 3.1 where, again, a brighter green represents

smaller and a darker green larger times. This trajectory will not return to the fixed point

but rather follows the limit cycle for large t. In Figure 3.1, the limit cycle is indicated by

the bold black line. The limit cycle solution of Equation (3.4) can be approximately given

by

φLC(t) = φLC(t0) +

∫︂ t

t0

ωLC(τ) dτ ≈ P

D
t, (3.5)a

ωLC(t) ≈
P

D
+
DK

P
cos

(︃
P

D
t

)︃
, (3.5)b

when |P |/D2 ≫ 1 and |P |2/D2 ≫ K and φLC(t0) = 0 [18]. Notice, that φ and accordingly

the x-axis is cyclic, i.e. when a trajectory moves past the right border at ∆φ = π, it

continues at ∆φ = −π.
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Figure 3.1: Illustration of the single node model phase space (φ, ω) centred on the fixed point.
The blue line shows a trajectory (∆φ(t),∆ω(t)) resulting from Equations (3.4) after choosing
(∆φ,∆ω) = (0.5, 2) as initial condition (IC) which is marked by the bright blue dot. Darker blue
parts of the curve correspond to larger times t. Using (∆φ,∆ω) = (−2, 5) as IC (bright green
dot), Equations (3.4) yield the trajectory shown in green. Darker green parts correspond to
larger times t. All ICs in the orange area yield trajectories returning to the fixed point (similar to
the blue curve). ICs in the red area lead to trajectories that are, similar to the green one, turning
to the limit cycle which is illustrated as bold black line. Parameters of the single node model,
according to Equations (3.4), are chosen D = 0.1, P = 1 and K = 8. For the blue trajectory
D = 0.2 was used for better visibility (larger D lead to greater distances between the turns).

Let us now consider all initial conditions (∆φ,∆ω) within a perturbation region R, that

we, for now, arbitrarily choose R =] − π, π] × [−15, 15]. Solving Equation (3.4) for ICs in

R reveals, that for those within the area, which is filled orange in Figure 3.1, the trajectory

will turn to the fixed point, while for all ICs within the red area the trajectory follows

the limit cycle in the long-term. For this analysis, R was divided into a fine raster grid of

spacing (δφ, δω) = (0.1, 0.1).

Drawing the ICs for the perturbed node j from a probability density p0(∆φ,∆ω), defined

on R, the probability Sj of the grid to return to the fixed point state reads

Sj =

∫︂
d(∆φ) d(∆ω) p0(∆φ,∆ω)χj(∆φ,∆ω) . (3.6)

Here, χj(∆φ,∆ω) is an indicator function, being one if the grid’s state returns to the fixed

point after a perturbation (∆φ,∆ω) of node j, and zero otherwise. We further define the

set of points Bj = {(∆φ,∆ω)|χj(∆φ,∆ω) = 1} as the “attraction basin” of the fixed point.

The probability Sj can be regarded as stability measure which is also valid for larger,

arbitrary grids, when a single node j is perturbed. In that case, Sj characterises only a

2-dimensional slice of the full (2N)-dimensional phase space (φ⃗, ω⃗) around the fixed point,
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Figure 3.2: Basin stability S of the single node model as a function of the coupling strength K

with (a) constant D = 0.1, P = 1 and R =] − π, π] × [−15, 15] for orange curve and R =

]− π, π]× [−2π, 2π] for red curve, and (b) D = 0.1, P = 6 and R =]− π, π]× [−2π, 2π].

where N is the number of nodes in the corresponding grid. For the uniform distribution

p0(∆φ,∆ω) =

⎧⎨⎩1 if (∆φ,∆ω) ∈ R and

0 otherwise,
(3.7)

Sj in Equation (3.6) equals the fraction of return points in R, which has been referred to as

“basin stability” [17]. For the single node model, this would be the orange area divided by

the whole region in Figure 3.1. The probability of grid failure is (1−Sj). In the following,

we always choose the uniform distribution for p0.

To determine the basin stabilities Sj , the perturbation region R can be scanned by using a

fine raster grid as mentioned above. For each point (∆φ,∆ω) in this grid, Equation (2.70)

is solved for the initial conditions (φj , ωj) = (φFP
j + ∆φ,∆ω) and (φk, ωk) = (φFP

k , 0) for

all k ̸= j.

The grid is considered to have returned to the fixed point [χj(∆φ,∆ω) = 1], if there exits

a time beyond which the magnitudes of all frequencies ωk(t) remain below a threshold ε,

i.e. when |ωk(t)| < ε for long times and for all k. Otherwise, the grid is considered to have

turned into a limit cycle [χj(∆φ,∆ω) = 0]. The basin stability therefore is one possibility

to measure the voltage frequency stability of a grid.

The threshold is set as ε = 0.01, implying that frequency deviations below ε correspond

to values well below the onset of primary control measures (typically starting at deviations

ω/(2π) of about 10 mHz, confer Section A.8). In practice, we have taken a total simulation

time of 200 seconds for the analysis of χj(∆φ,∆ω). We carefully checked that the results

did not change when increasing the total simulation time. The integral in Equation (3.6)

is evaluated numerically by summing over the points of the raster grid.

For the single node model discussed above, i.e. P = 1, D = 0.1 and K = 8, we obtain

S1 = S ∼= 0.387. A reasonable question is, if S can be improved by changing the parameters

P , D and K.

Figure 3.2 shows how S depends on K. Starting at K = 0, the stability increases which

can be intuitively understood by the increased forcing of the grid node towards the stable

reference state. Interestingly, there is a point K1 ≃ 62 at which S jumps to 1. This is

caused by the increasing size of the attraction basin B of the fixed point. When K reaches
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K1, B is that large that it contains the limit cycle. Accordingly, the limit cycle is no longer

an attractor and all trajectories reach the fixed point [80].

In contrast, when increasing P to 6, there no longer is a fixed point for K < P = 6 and all

trajectories converge to the limit cycle and hence S = 0. This implies two features of power

grids being subject to fluctuating power input P (t), as discussed in Chapter 4. First, the size

of the attraction basin B varies during the dynamics. And second, the power fluctuations

have to be small in comparison to the coupling strength K in order to maintain a stable

grid operation. In addition, in Figure 3.2(b), the jump to S = 1 is not seen. According to

[80], it occurs approximately at K ≈ (Pπ/4D)2 ∼= 2221.

Finally, a larger D corresponds to a stronger primary control and electrical damping in

the damper windings. This will obviously increase the stability and has, from a qualitative

point of view, the same effect as K for the single node model (shown in Figure 3.2). In

addition, the jump to a stability of S = 1 occurs, too, whereby the argument D1 differs

from K1.

It is, however, not that obvious that the basin stability suffers a severe problem, namely

that it is strongly dependent on the perturbation region R. Figure 3.2(a) illustrates this

for two different R using the single node model with the same parameters. It is therefore

necessary to motivate a reasonable R. While the interval for ∆φ is limited by ] − π, π],

perturbations of the frequency ∆ω can, in theory, be infinitely large. In practise, dis-

turbances are usually below 1Hz. Even in the 2006 European blackout, the largest fre-

quency deviations were of the order of 1Hz [67, 68]. Accordingly, in this thesis we will use

R =]− π, π]× [−2π, 2π] from now on.

Let us emphasise again, that the parameters P , D and K were considered as ratios D/H ′,

D/H ′ and K/H ′ here. Consequently, the results are indirectly influenced by the inertia H.

3.1.2 Return times

Since the grids, investigated in this thesis, return to the state of stable operation after almost

every realistic perturbation (smaller than 1Hz as discussed in the previous section), the

basin stability is generally equal to one. In fact, not only the return to a synchronous state

of operation matters, but also the time needed for this return. Such a time is one possible

quantity that can be analysed in order to obtain a more detailed stability assessment.

Consequently, we introduce a return time ˜︁tjk(∆φ,∆ω; ε) as the minimum time for |ωk(t)| <
ε to hold for all t > ˜︁tjk(∆φ,∆ω; ε), after node j is perturbed with an amplitude (∆φ,∆ω).

In case the grid state turns into a limit cycle for the perturbation (∆φ,∆ω), the return

time ˜︁tjk(∆φ,∆ω; ε) is assigned infinity for all k. In this way, the t̃jk [for all (∆φ,∆ω) and

all k] contain also the information of Sj as defined in Equation (3.6).

Figure 3.3(a) shows a part of a representative frequency trajectory |ω3(t)| of node 3 in

the RTS-96 if node 9 is perturbed (j = 9, k = 3) with (∆φ,∆ω) = (2.5, 3.1); the full

trajectory over the entire simulation time is displayed in the inset. Similar trajectories are

obtained for other node pairs. As can be seen from this figure, |ω3(t)| shows oscillations and
the trajectory can be subdivided into oscillation branches between successive zero crossings

of ω3(t). These zero crossings correspond to the minima (“cusps”) in the semi-logarithmic
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Figure 3.3: (a) Part of the trajectory |ω3(t)| of node k = 3 in the RTS-96 if node j = 9 is perturbed
with ∆φ = 2.5 and ∆ω = 3.1. The vertical dashed lines indicate one oscillation branch between
zero crossings of ω3(t) (see text) and the inset displays the trajectory over the full simulation time
t given in seconds. (b) Illustration of a jump in the return times t̃jk(∆φ,∆ω; ε) upon changing the
initial perturbation (∆φ,∆ω) to a nearby (∆φ′,∆ω′): The red line marks the trajectory of |ωk(t)|
for (∆φ,∆ω) and the yellow one for (∆φ′,∆ω′). Crossed squares indicate the last intersection
of the red and yellow curves with the threshold ε, respectively. The open square does not give
the return time for the perturbation (∆φ′,∆ω′) since the successive oscillation branch exceeds ε.
Due to the change of the oscillation branch, t̃jk(∆φ′,∆ω′; ε) is not close to t̃jk(∆φ,∆ω; ε).

representation of |ω3(t)| in Figure 3.3(a). The exact value (−∞) of these minima is, however,

not fully approached due to the finite time iteration step in the numerics. For illustration,

we have indicated one oscillation branch by the dashed vertical lines in Figure 3.3(a).

The appearance of the oscillation branches can lead to jumps in the functions ˜︁tjk(∆φ,∆ω; ε),
because, if changing (∆φ,∆ω) slightly, the crossing of the threshold ε can occur in two differ-

ent oscillation branches. This effect is demonstrated in Figure 3.3(b). For the red line in the

figure, |ωk(t)| remains below the threshold ε (horizontal line) after the time t̃jk(∆φ,∆ω; ε)

(left point marked by the crossed square). For the yellow line, the corresponding intersec-

tion of |ωk(t)| with the horizontal line in the respective oscillation branch (point marked by

the open square) does not give the correct return time. This is because the local maximum

of the trajectory exceeds ε in the successive oscillation branch. The correct return time for

the yellow line thus is t̃jk(∆φ
′,∆ω′; ε) as indicated in the figure (right point marked by the

crossed square). Due to the change of the oscillation branch, t̃jk(∆φ
′,∆ω′; ε) is not close

to t̃jk(∆φ,∆ω; ε).

For smoothing the dependence of the return times on the initial perturbations (∆φ,∆ω),

we average the t̃jk over a number of (2n + 1) equidistantly-spaced thresholds around a

reference value ε, yielding

tjk(∆φ,∆ω) =
1

2n+ 1

n∑︂
m=−n

t̃jk(∆φ,∆ω; ε+m∆ε) , n ∈ N. (3.8)

For ε we take the same value ε = 0.01 as in the previous section for the stability basin
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Figure 3.4: Return times tjk(∆φ,∆ω) in seconds of node k = 3 after initial perturbations (∆φ,∆ω)
of node j = 9, (a) in a surface plot and (b) in a colour-coded 2d-density plot representation.
Initial conditions for which the trajectory converges to the limit cycle (LC) are marked black.
Here, for better visibility, the corresponding tjk were assigned zero. (c) Part of the 2d-density
plot scanned with a finer raster grid resolution showing a chaotic behaviour in the transitory
region between fixed point and limit cycle.

analysis and set n = 3 and ∆ε = 1.4× 10−3.

As an example, the return times tjk(∆φ,∆ω) of a node k after a perturbation of another

node j in the RTS-96 are shown in Figure 3.4, (a) in a surface plot and (b) in a colour-

coded 2d-density plot. Precisely, the “Het+IN model” was used which is discussed in

Section 3.2.1. In the attraction basin Bj , the tjk(∆φ,∆ω) become longer with increasing

distance from the fixed point, e.g. the Euclidean distance (∆φ2 + ∆ω2)1/2. Points in the

perturbation region R leading to grid failure are marked black. Far from the fixed point,

they typically form a connected domain. Note that the coloured stripe close to ∆φ = π at

the right side in Figure 3.4(b) is connected to the corresponding part at the left side close

to ∆φ = −π. However, in the transitory region, between this domain and the core of the

attraction basin, a closer inspection with a finer resolution (δφ, δω) of the raster grid reveals

that the grid stability becomes very sensitive to the initial perturbation, see Figure 3.4(c).

This reflects a kind of chaotic behaviour, i.e. nearby points (∆φ,∆ω) can give different

χj(∆φ,∆ω) ∈ {0, 1}. For points with χj(∆φ,∆ω) = 1 (return to the fixed point) in the

transitory region, the tjk(∆φ,∆ω) can change rapidly between small and large values.
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3.1.3 Mean grid and node return times

The return times surfaces tjk(∆φ,∆ω) obtained from simulations of the Case 5 grid dy-

namics for all j and k from 1 to 5 are shown in Figure 3.5. As can be seen from the

figure, the tjk(∆φ,∆ω) contain detailed information on local return times, including the

basin stability Sj of the perturbed node j. The latter quantifies how disturbing a node j is

for the overall grid stability. For perturbations belonging to the attraction basins Bj , the

tjk(∆φ,∆ω) further allow us to quantify (i) how disturbing a node j is for a sufficiently

fast return to the fixed point, and (ii) how susceptible a node k is to a perturbation of any

node in the grid (including the node k itself). To this end, we introduce two quantities.

Figure 3.5: Surfaces of return times tjk(∆φ,∆ω) (in seconds) obtained from simulations of the
Case 5 grid dynamics in a density plot representation. Similar to Figure 3.4(b), the x-axes show
∆φ and the y-axes ∆ω which has been neglected for the sake of clarity. Initial perturbations
(∆φ,∆ω) leading to grid failure (limit cycle (LC) with infinite return time) are marked white.
Further depicted in the rightmost column are the grid return times [Equation (3.9)] which are the
maximum values of the whole row j. In the bottom row the node return times [Equation (3.10)]
are shown, which are the maximum values of the whole column k.
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The first is the grid return time t gridj (∆φ,∆ω), which is the maximum return time of

all nodes k under a perturbation (∆φ,∆ω) of node j. That means, it is the time for the

entire grid to return to the state of synchronous operation,

t gridj (∆φ,∆ω) = max
k

{tjk(∆φ,∆ω)|(∆φ,∆ω) ∈ Bj} . (3.9)

A grid return time t gridj (∆φ,∆ω) can again be shown as surface, obtained by taking, for

every point (∆φ,∆ω), the maximum tjk of the whole row j of surfaces shown in Figure 3.5.

Resulting surfaces are illustrated in the rightmost column of the figure.

The second quantity is the node return time t nodek (∆φ,∆ω), which is defined as the

maximum return time of node k under a perturbation (∆φ,∆ω) of any of the nodes j,

t nodek (∆φ,∆ω) = max
j

{tjk(∆φ,∆ω)|(∆φ,∆ω) ∈ Bj} . (3.10)

Node return time surfaces t nodek (∆φ,∆ω) are depicted in the bottom row of Figure 3.5.

They are obtained by taking, for every point (∆φ,∆ω), the maximum tjk of the whole

column k of tjk surfaces.

To characterise the nodes independent of the initial perturbations, an obvious way is to

introduce the grid and node return times maximised over all (∆φ,∆ω) in the respective at-

traction basins. However, their determination needs to be considered with caution, because

the obtained values sometimes depend on the resolution of the raster grid. This effect is as-

sociated with the chaotic-like dependence of the tjk(∆φ,∆ω) on (∆φ,∆ω) in the transitory

regions between the limit-cycle domains and the cores of the attraction basins which we

discussed above in connection with Figure 3.4(c). In the RTS-96, considered below, maxi-

mal return times can be as large as 20 seconds. Even larger values for the maximal times

can be obtained when increasing the resolution beyond the finest one (δφ, δω) = (0.1, 0.1)

used in our analysis.

To ensure robustness of our findings with respect to the raster grid resolution, we introduce

the mean grid and node return times

t̄ gridj =
1

NBj

∫︂
Bj

d(∆φ) d(∆ω) t gridj (∆φ,∆ω) , (3.11)

t̄ nodek =
1

NB

∫︂
B
d(∆φ) d(∆ω) t nodek (∆φ,∆ω) , (3.12)

for an alternative characterisation of the nodes independent of the initial perturbation.

Here, B = ∩jBj is the attraction basin for all possible single-node perturbations in R
irrespective of (∆φ,∆ω) and the perturbed node j. The factors NBj =

∫︁
Bj

d(∆φ) d(∆ω)=

8π2Sj and NB =
∫︁
B d(∆φ) d(∆ω) are normalisation constants. Indeed, the times t̄ gridj and

t̄ nodej were found to approach constant values with increasing raster grid resolution, and

their values converged well for the resolution used.
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3.2 Effects of heterogeneities and internal nodes

In this section, the basin stability and return times of larger grids are determined and

discussed. As mentioned in Section 1.2, often simplification with respect to the grid rep-

resentation are made when analysing power grid stability. Consequently, four models with

different level of detail are presented. Their results of stability assessment are compared in

order to answer the question which modelling aspects may not be neglected. Here, partic-

ular focus is placed on internal reactances and heterogeneities in network components as

transmission lines and generators.

3.2.1 Heterogeneities and internal nodes as modelling aspects

A proper model for investigating short-term power grid dynamics can, in summary, be

obtained by the following steps [5]

1. processing the data of buses and transmission lines (branches) as discussed in Sec-

tions 2.2.1, 2.2.3 and 2.2.4,

2. constructing the admittance matrix using an appropriate model corresponding to the

transmission line lengths, which is described in Section 2.4.1 for short lines and in

Section 2.4.2 for medium length lines,

3. solving the power-flow equations, confer Section 2.4.3,

4. and finally, determining the parameters of the swing equation, as explained in Sec-

tion 2.5.5, considering internal reactances (Section 2.5.3) and a suitable consumer

model (Section 2.5.4). We here choose the synchronous machine (gSM) model.

Following this procedure yields a model that incorporates the internal nodes as well as

the heterogeneities both in the nodes, i.e. the different values of P
(m)
j , Q

(m)
j and |Vj |, and

in the transmission lines, i.e. the different values of the admittances Yjk. We refer to this

model as heterogeneous with internal nodes or short “Het+IN”.

With respect to the grid representation, simplifications are often made for specific pur-

poses, e.g. by using artificial grid structures, and/or by taking real terminal network graph

structures, but neglecting heterogeneities in properties of generators, loads and transmis-

sion lines [18, 24, 47]. To investigate the impact of simplifications of the network structure

on the evaluation of grid stability, we consider the following model variants.

In the first variant, referred to as “Het−IN” (heterogeneous without internal

nodes), the internal nodes are neglected. As a consequence, there are no passive nodes and,

instead of the admittance matrix Y ′, the admittance matrix Y is used, see Equations (2.40)

and (2.74).

Two further variants “Hom±IN” (homogeneous with and without internal nodes)

are obtained by homogenising the transmission line properties as well as the generated

and consumed powers. Corresponding homogeneous power grid structures have been in-

vestigated in various previous studies [18, 24, 38, 43, 47], typically for the case of loss-free

transmission lines.

All four models, Het±IN and Hom±IN are summarised in Figure 3.6.
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Het+IN

Het-IN

Hom+IN

Hom-IN

Figure 3.6: Four different represen-
tations of an electricity grid, where
“Het” stands for the grid with het-
erogeneities in transmission line
and node properties and “Hom” for
homogenised properties. The ±IN

indicates whether internal nodes
(with internal admittance y(i)) are
taken into account (+) or not (−).
Nodes with a tilde act as active
nodes in the dynamical equation
and can not be eliminated by Kron
reduction, see Section 2.5.3.

Homogenisation

For the homogenisation, here we also consider a loss-free situation, i.e. we neglect the

resistances of the transmission lines and the shunt (leakage) currents. We additionally set

η = 1, i.e. using nominal transformation ratios for the branches including transformers

(recall that transformer phase shifts ζ are zero in the grids investigated here). Then, the

arithmetic mean of the line admittances is assigned to all transmission lines. As for the

powers P
(m)
j , we assign to the generator nodes their average power (P̄ =

∑︁Ng

j=1 P
(m)
j /Ng)

and to the load nodes the one ensuring a balance between generated and consumed power,

i.e. (−P̄Ng/Nl).
1 Analogously, we take the arithmetic means for setting the voltage moduli

of the generator nodes and for setting the reactive power of the load nodes. As an example,

the homogenised grid corresponding to the Case 5 is given in Section A.3.6.

3.2.2 Stability of the RTS-96

The RTS-96 is a useful grid to analyse the effect of different modelling variants since a

comprehensive data set is accessible, so that the Het+IN model can be used. Furthermore,

it is large enough to investigate the altered coupling structure accompanied with the con-

sideration of internal nodes, compare Figure 3.7(a) and 3.7(b). The graph of the Het+IN

model before the Kron-reduction is shown in Figure 2.23.

For all four modelling variants, dynamical parameters, as discussed in Section 2.5.5, are

plotted in Figure 3.7(c) and (d). The complete, detailed data for the RTS-96 can be found

in Section A.9.1. For the heterogeneous models, the P
(m)
j and Hj [Figure 3.7(c)] cover a

quite broad range (blue dots), while in the homogenised models, two different fixed values

for generator and load nodes are given in each case (green dots). Let us note that seven

of the generator nodes have an “effective load power” P
(m)
j < 0, because P

(g)
j < |P (l)

j |.

1Let us note that a corresponding balance under consideration of losses, i.e. when keeping the resistances

of the lines, can usually be ensured only, if the reference node is allowed to exhibit a mechanical power

different from the other generator nodes, confer Section 2.4.3. Accordingly, in that case one would not

consider a fully homogenised grid.
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Figure 3.7: (a) Illustration of the RTS-96 in Het−IN model. Shunt load (load at generator buses)
is not shown. The node labelling is according to the GL-notation, confer Section A.5. (b) Il-
lustration of the RTS-96 in Het+IN model after the terminal nodes have been reduced by Kron
reduction discussed in Section 2.5.3. Only connections (j, k) with coupling constants Kjk > 0.05

are shown for the sake of illustration. (c) and (d) Parameters needed to solve the swing equation
[Equation (2.88)] for the RTS-96. (c) Powers P (m)

j and Hj for every node j (according to the
GL-notation, j = 1 to 33 are generators j > 33 loads). The multiplication ×10−2 applies for the H
values only. (d) Histograms of the coupling constants Kjk in all four models. The orange dotted
vertical line (in the upper left panel) indicates the threshold for connections shown in (b).
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Figure 3.8: Probabilities (1 − Sj) of grid failure after perturbing node j [see Equation (3.6)] for
models (a) Het+IN and (b) Het−IN.

Moreover, thirteen of the load nodes have P
(m)
j = P

(l)
j = 0 and therefore act like passive

nodes in the synchronous state of operation, but not in the dynamical case with an overall

imbalance of mechanical and electrical power. These load nodes are marked by open circles

in Figure 3.7(a). Notice, that the P (m) and H are independent of whether the internal

nodes are taken into account or not.

In Figure 3.7(d), histograms of the coupling constants Kjk are shown for the four models.

As can be seen from this figure, the heterogeneous models yield distributions spanning

a broader range, including those obtained for the homogeneous counterparts. For the

models Het−IN and Hom−IN, the coupling matrix K resembles the adjacency matrix of

the network without internal nodes, i.e. it has non-zero entries only for transmission lines

connecting two nodes. There are in total 108 of these entries for the IEEE RTS-96 grid.

For the models Het+IN and Hom+IN with internal nodes, K is a full matrix due to the

Kron reduction. This matrix has 73× 73 = 5329 non-zero entries, resulting in the different

numbers of counts in the corresponding histograms in Figure 3.7(d).

Moreover, accounting for the internal nodes leads to an additional reactance at every

node. In general, this reduces the admittance of the effective connection between the

nodes. Accordingly, the histograms of the Het+IN and Hom+IN models are centred around

coupling constants smaller than that of their counterparts.

Let us further note, that, despite of the homogenising, the histogram for the Hom+IN

model exhibits an appreciable width. This is because the matrix elements of Y ′ in Equa-

tion (2.74) vary due to the inhomogeneity in the link topology of the grid, which is present

also for the homogenised variants. Even for the Hom−IN model, the width is not zero,

because the Kjk depend also on the voltage moduli, which in the fixed point state vary

slightly for the load nodes.

In the following, results of the basin stability and return times for the different modelling

variants of the RTS-96 are shown and compared.
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Basin stability

Figure 3.8 shows the probability (1 − Sj) of grid failure after a perturbation of node j for

models (a) Het+IN and (b) Het−IN. For the models Hom−IN and Hom+IN, we found

that the grid returns to the fixed point state for all initial perturbations (∆φ,∆ω) ∈
[−π, π[×[−2π, 2π] = R, leading to a grid failure probability (1 − Sj) = 0 for all nodes

j. When allowing for much larger frequency deviations as a conceptual tool, irrespective

of whether these are realistic, grid failure can occur. Indeed, basin stabilities smaller than

one were reported in Reference [18] for grids with homogeneous node and transmission

line properties and ranges of very large frequency perturbations. Interestingly, when tak-

ing the heterogeneities into account, grid failure can occur already for reasonable initial

perturbations in R.

Comparing the results for the models Het+IN and Het−IN, we see that for the model

Het+IN a smaller number of perturbed nodes can lead to grid failure. This can be under-

stood by the fact that the coupling matrix for the Het+IN model represents a complete

graph and, accordingly, a perturbation of node j becomes rapidly distributed over all other

nodes. For the Het−IN model, by contrast, node j has only a few nearest-neighbour nodes

[compare also Figure 3.7(a) and (b)] and a perturbation can have a stronger impact on the

loss of grid stability. The change of the coupling structure is also reflected in the fact that

almost all of the perturbed nodes in model Het+IN, which can cause grid failure, do never

lead to grid failure in model Het−IN (for perturbations in R).

In the Het+IN model, the nodes with high grid failure probabilities (1− Sj) always have

relatively high values |P (m)
j |. In particular, the three nodes 11, 22, and 33 with the highest

(1−Sj) have also the largest |P (m)
j |. The only other nodes with high grid failure probabilities

are node 34 and 60, whereby S34 ≃ S60
∼= 0.9. Due to the similar structure of the three

areas in the RTS-96, one could expect that also S47
∼= 0.9. This is, however, not the case.

Regarding Figure 3.7(a), we see that, in comparison to nodes 34 and 60, the node 47 has

an additional connection to node 3. Consequently, the higher connectivity of node 47 is

advantageous to reduce the grid failure probability.

In the Het−IN model, no significant correlation between P (m) and (1 − S) is present.

Interestingly, in this model the neighbours of the nodes constituting dead ends in the grid

topology exhibit the highest grid failure probabilities, see the (1−Sj) values in Figure 3.8(b)

for the nodes 51 and 64, which are the neighbours of the dead-end nodes 14 and 25 [confer

Figure 3.7(a)]. The dead-end nodes themselves belong to the group of nodes with highest

failure probabilities larger than 7%. These findings are in agreement with those reported in

Reference [18]. There, a grid structure corresponding to the homogenised variant without

internal nodes was analysed, but with a range of initial frequency perturbations ∆ω about

100 times larger than considered here.

However, nodes 45, 58, and 71 in Figure 3.8(b) exhibit also grid failure probabilities larger

than 7%. As can be seen from Figure 3.7(a), each of these nodes has only two neighbours and

one of them has high P
(m)
j [see also Figure 3.7(c), lower panel] and accordingly high inertia

Hj ∝ P
(m)
j [see Figure 3.7(c), upper panel]. The high inertia implies that the corresponding

nodes react very slowly in response to perturbations at the neighbouring node, i.e. the three
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Figure 3.9: Surfaces of grid return times t grid

j (∆φ,∆ω) [Equation (3.9)] for j = 9 and the four
model variants in a density plot representation. Initial perturbations (∆φ,∆ω) in the heteroge-
neous models leading to grid failure are marked black.

nodes 45, 58, and 71 can be considered as “effective dead ends”. That perturbations at the

effective dead end nodes themselves, rather than their neighbours, most likely lead to grid

failure, can be understood from the fact, that the neighbouring nodes with high inertia act

like “fixed” rather than “loose” ends.

Overall, the perturbed nodes that can cause grid failure, as shown in Figure 3.8(a) and

(b), are smaller in number than those always returning to the synchronous fixed point state.

The maximal probabilities for grid failure are below 20% for model Het+IN and 30% for

model Het−IN, implying that for the corresponding perturbed nodes, the attraction basins

Bj cover more than 80% and 70% of R, respectively. In the following, we will refer to the

nodes with Sj < 1 as “basin-escapable” (BE) nodes.

Return times

Figure 3.9 shows an example for grid return times t gridj (∆φ,∆ω) for the same perturbed

node and the four model variants. Strong differences can be seen between the heterogeneous

models Het±IN and their homogenised counterparts Hom±IN, and smaller differences be-

tween the models with and without internal nodes. The typical grid return times for the
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Figure 3.10: (a) Mean grid return times and (b) mean node return times for each node j and the
four model variants. A correlation between the mean return times of the Het+IN and Het−IN
models is tested in scatter plots, (c) for the grid return times, and (d) for the node return times.
Lines in (c) and (d) correspond to least square fits and the correlation coefficients are R ∼= 0.85

and R ∼= 0.56, respectively. In parts (a) and (c) the BE nodes are marked by full symbols.

Het±IN models vary from 1 to 12 seconds and are significantly larger than for the Hom±IN

models, showing variations between 1 and 5 seconds. As already mentioned above, in the

Het±IN models, certain initial perturbations (∆φ,∆ω) lead to grid failure (points marked

in black), while for the Hom±IN models the grid returns to the state of synchronous oper-

ation for all initial perturbations (∆φ,∆ω) ∈ R. The main effect of including the internal

nodes for both, the heterogeneous and homogenised models, shows up in a weaker depen-

dence of the times on the initial frequency perturbation ∆ω, as it is reflected in the more

stripe-like pattern seen for the Het−IN and Hom−IN models compared to the Het+IN and

Hom+IN models. Furthermore, we note that the transitory region of chaotic-like return

time variations, as discussed in connection with Figure 3.4, is typically more pronounced

and extended for the Het−IN model. As for the node return times t nodek (∆φ,∆ω), a similar

behaviour is obtained, with the same typical differences between the heterogeneous and

homogeneous models and between the variants with and without internal nodes.

Figures 3.10(a) and (b) show a comparison of the t̄ gridj and t̄ nodej for the four model variants.

In case of the homogenised grids, we find t̄ gridj ≃ 3 and t̄ nodej ≃ 2.5 for all nodes. In

the heterogeneous cases, by contrast, the t̄ gridj and t̄ nodej vary strongly between different

nodes, and the times are in general significantly larger (with a few exceptions for the t̄ gridj ).

This again shows the crucial importance of the heterogeneities for evaluating grid stability.

Accordingly, in the further analysis, we focus on the models Het−IN and Het+IN.
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Figure 3.11: Scatter plot of HjKj (on logarithmic scale) of inertia Hj and grid coupling strength
Kj of the perturbed node j versus the mean grid return time t̄ grid

j for (a) the Het−IN and (b)
the Het+IN model. The lines correspond to least square fits. In (a) the correlation coefficient is
R ∼= 0.92, and in (b) it is R ∼= 0.91 (solid line) if excluding the six nodes with the largest t̄ grid

j > 8

from the analysis (see Figure 3.10(a) and discussion above). When including these nodes, the
correlation coefficient is R ∼= 0.83 [dashed line in (b)].

As discussed above, perturbation of certain nodes in these models can lead to grid failure,

and for the t̄ gridj it makes sense to distinguish between these BE nodes and the other ones.

Therefore, we have marked the BE nodes in Figures 3.10(a) and (c) by full symbols. Let

us remind that, according to Equation (3.11), the times are determined with respect to the

attraction basins Bj , i.e. without including initial perturbations causing grid failure. As

can be seen from Figure 3.10(a), comparatively large t̄ gridj correspond to perturbations of

the BE nodes.

A remarkable feature can be seen in the Het+IN model. For this model, the six particular

large t̄ gridj in Figure 3.10(a) are caused by perturbations of a node in the pairs (8, 9), (19, 20),

and (30, 31). The nodes of these pairs are directly connected by a transmission line, see

Figure 3.7(a) (or Figure 2.22). Comparatively strong couplings between these node pairs

remain even after the Kron-reduction, as can be seen in Figure 3.7(b). Revisiting Figure 3.8,

we see that the grid failure probabilities of them are not large. Thus, in the Het+IN model,

we find nodes that rarely lead to grid failure but to long grid return times. Inspection of the

environment of the respective node pairs in Figure 3.7(a) reveals a characteristic pattern:

One of the nodes of each pair (nodes 8, 19, and 30) is strongly coupled to a (load) node with

small |P (m)
j | (and hence small Hj , see Figure 3.7(c), upper panel), and it has an appreciable

additional coupling only to its pair partner. The latter can have several links to other

nodes, but the coupling to its partner node is the dominant one. This remains true when

considering the altered coupling structure, see Figure 3.7(b). Accordingly, a perturbation

of it becomes predominantly mediated to its partner.

Looking at the range of the t̄ gridj in Figure 3.10(a), we obtain a slightly wider range from

1.5 to 9 for the Het+IN model, compared to the range from 2.5 to 7 for the Het−IN variant.

This shrinking of the range, when neglecting internal nodes, is even stronger for the t̄ nodej ,
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where we find a range from 3 to 9 for the Het+IN model and from 4 to 6.5 for the Het−IN

variant, see Figure 3.10(b). While there is no one-to-one correspondence with respect to

the rank order of the return times t̄ gridj for the Het−IN and Het+IN model, large times t̄ gridj

in the Het−IN model tend to be large also in the Het+IN model. A weak linear correlation

is demonstrated in Figure 3.10(c), with a (Pearson) correlation coefficient of R ∼= 0.85. In

contrast, almost no correlation (R ∼= 0.56) between the node return times of the Het−IN

and Het+IN models is found, see Figure 3.10(d).

One may expect that t̄ gridj increase for large bare relaxation time Hj/Dj = Hj/D ∝ Hj

in the corresponding dynamical equations [Equation (2.88)] and for strong coupling Kj =∑︁
k ̸=j Kjk of the perturbed node j to the grid. Indeed, in both, the Het−IN and Het+IN

model, we found a trend showing an increase of the mean grid return time with the inertia

and coupling strength. In quantitative terms, this can be expressed by a linear correlation

of the t̄ gridj with the logarithm of HjKj , which is shown in Figure 3.11(a) and (b) for the

Het−IN and Het+IN model, respectively. The correlation coefficient is R ∼= 0.92 for the

Het−IN model. For the Het+IN variant, a comparable good correlation with coefficient R ∼=
0.91 is found if excluding the six nodes with the particular large t̄ gridj discussed above, see

the solid line in Figure 3.11(b). When including these nodes in the analysis, the correlation

becomes weaker as indicated by the dashed line in the figure. This line corresponds to a

correlation coefficient R ∼= 0.83.

Finally, we investigate whether more disturbing nodes for the grid are also more susceptible

for getting disturbed. Indeed, a scatter plot of t̄ gridj versus t̄ nodej reveals a linear correlation in

the Het+IN model, see Figure 3.12. The corresponding correlation coefficient is R ∼= 0.95.

Surprisingly, this feature is not seen in the Het−IN model. A linear correlation between

t̄ gridj and t̄ nodej is also seen in the homogenised models, but not of relevance in view of the

small variations of these times.
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Figure 3.12: Scatter plot of the mean node re-
turn times t̄ node

j versus the mean grid return
times t̄ grid

j for the model Het+IN. The line cor-
responds to a least square fit and the correla-
tion coefficient is R ∼= 0.95.
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3.2.3 Stability of other grids

The previous analysis is based on the RTS-96. In order to ensure robustness of the findings,

a few other grids shall be investigated by the same procedure. Like the RTS-96, the grids

“Case 30” and “Case 57” can be found in [81]. “Case 39” is based on [82] (therein [83] is

cited) and is said to be representative for the New England system. Bus-, gen- and branch-

tables of all these grids can also be found in the MATPOWER package in the common

MPC-format (confer Section A.3.1).

Before we start the analysis, a few terms and concepts that are similar for all cases and

used throughout this section shall be presented briefly.

� The term “all four models” refers to Het±IN and Hom±IN.

� The term “return times” refers to the average return times and conceptually combines

mean grid return times t̄ gridj and mean node return times t̄ nodej .

� Resulting return times are shown in plots which are identical to those in Figure 3.10(a)

and (b). In particular, values for nodes j with grid failure probability (1 − Sj) > 0

are represented by full symbols and others by open symbols.

� The grid failure probability (1− Sj) is abbreviated as Fj in this section.

� All graph illustrations of the grids are similar to that in Figure 2.22, i.e. they represent

the buses and transmission lines. Here, the bus locations are arbitrary and chosen to

reasons of clarity.

� The sizes of nodes (buses) and widths of edges (transmission lines) is normalised

to the largest one in each grid for the sake of visibility. Accordingly, their power

generations, consumptions and admittances are not comparable by the graph plots

alone. The largest value for both, P (m) and Y , are given in the figure captions.
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Case 30

The “Case 30”, also known as “IEEE 30 Bus Test Case”, represents a portion of the

American electric power system [81]. Its bus and transmission line structure is shown in

Figure 3.13(a).

The results of the return time analysis for all four models (Het±IN and Hom±IN) and

each node are shown in Figure 3.13(b). Firstly, it is noticeable that all nodes exhibit return

times of about one second (both t̄ gridj and t̄ nodej ) which are small in comparison to those

obtained for the RTS-96 (see Figure 3.10). The grid failure probability is zero for all nodes

and models (as all symbols in Figure 3.13(b) are open).

Furthermore, it is interesting that the difference between the models with and without

internal nodes is stronger than that between the heterogeneous and homogeneous model.

In other words, Het+IN and Hom+IN exhibit comparable return times on average and differ

from Het−IN and Hom−IN which, on the other hand, show similar results. Assuming, that

the relative difference between the return times of the nodes is significant, the following

observations are possible. The largest generator, node 2, exhibits a “large” return time in

the Het+IN model which is in accordance with the finding in the RTS-96. Return times of

the nodes 27, 29 and 30 are larger than the rest in both, the Het±IN models. While node

27 is a dead end, 29 and 30 form a “joint-dead-end”. Other dead-ends (node 3 and 15)

do not exhibit exceptional return times. In the Het−IN model, t̄ grid24 is also comparatively

large. The node 24 belongs to a pair of strongly coupled nodes which have been identified

as structures with high t̄ grid in the RTS-96.
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Figure 3.13: (a) Graphical representation of the IEEE 30 Bus Test Case (Case 30). Red circles
represent active power generation at buses, yellow circles represent consumption. The thickness
of the edges corresponds to the transmission line admittance. For details confer description of
Figure 2.22. The largest power generation and admittance are P (m)

2
∼= 0.61 pu and Y4,24 ∼=

44.72 pu, respectively. The node numbering is according to the GL-notation (see Section A.5),
and in agreement with the labelling in (b). (b) Mean grid and node return times for all four
models and each node of the IEEE 30 Bus Test Case.
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Case 39

As mentioned in the introduction of this section, this grid is also known as the “New

England System” [82]. The graph representing the buses and transmission lines of this grid

is depicted in Figure 3.14(a). Interestingly, the structure is meshed only for the load nodes,

while all generators are dead-ends, or “leafs” of the graph. Accordingly, for the generators,

the graph structure is already similar to the graph with internal nodes (before the reduction

of terminal nodes). Bus 10 is the so-called slack bus, representing the connection to the

rest of the US.

The grid failure probability F for the models without internal nodes is zero for all nodes

(Hom−IN) or approximately zero for all nodes except node 30 and 35 with F30
∼= 0.031 and

F35
∼= 0.091 (Het−IN). In contrast, for Het+IN and Hom+IN Fj shows a diverse behaviour

as can be seen in Figure 3.15(a) and (b), respectively. While all generators in the Hom+IN

model exhibit F > 0, all consumers are stable. For the Het+IN model, the consumers show

0 ≤ F ≲ 0.3 and the grid failure probability of the generators is comparable to that in the

Hom+IN model but slightly larger in general.

The finding that all generators in both models (Het+IN and Hom+IN), especially the

large ones, exhibit large F is in accordance with that in the RTS-96 for the Het+IN model.

Here, it is however, also valid for Hom+IN. While in the RTS-96 the share of generators

is ∼= 45% ≈ 1/2 of the nodes, in the Case 39 it is only ∼= 23% ≈ 1/4. Therefore, the

grid is not as homogeneous as the (homogenised) RTS-96, confer the size of generator and

load buses in Figure 3.15(b), (e) or (f). This fact could possibly explain the finding in

the Hom+IN model. Another explanation could be the coincidence of larger nodes and

dead-ends. Notice, that in the Case 39, the dead ends themselves exhibit larger grid failure

probabilities while in the previous mentioned studies, the nodes connected to them were

0

5

10

0 5 10 15 20 25 30 35 40
0

5

10

Het+IN

Hom+IN

Het-IN

Hom-IN

(a)

 

11

12

13

14

15

16

17

18

19

20

21

22

23

24 25

26

27

28

29

30

31

32

33

34

35
36

37
38

39

1

2

3
4

5

6

7

8

9

10

(b)

 

Figure 3.14: (a) Graphical representation of the New England system (Case 39) in the same
way as in Figure 3.13(a). The largest power generation and admittance are P (m)

10
∼= 10pu and

Y15,16 ∼= 383.48 pu, respectively. Notice that bus 10 has a slightly larger consumption than gen-
eration, which is easily overlooked. The node numbering is according to the GL-notation, and in
agreement with the labelling in (b) and Figure 3.15. (b) Mean grid and node return times for all
four models and each node of the New England system.
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Hom+IN

Figure 3.15: Graphical illustrations of the grid failure probability and return times obtained for the
New England System. The nodes are arranged to be in accordance with Figure 3.14(a). (a) and
(b) Nodes j are coloured according to their grid failure probabilities Fj where the scale is given
by the colourbar on the right hand side. Only the two models with internal nodes are shown,
while the others are discussed in the text. (c)-(f) Comparison of the grid return times t̄ grid

j of
all four models. Nodes j are coloured according to their t̄ grid

j , where the scale is given by the
colourbars on the right hand side of (d) and (f). Notice, that the top colourbar has a different
scale than the other two which are identical.
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rather prone to perturbations.

Grid return times t̄ gridj are shown in Figure 3.15(c)-(f). The t̄ gridj observed for this grid are

comparable to those in the RTS-96. Differences are relatively small between the Het+IN and

the Het−IN, which is valid analogously for the corresponding homogenised counterparts.

This might be due to the graph structure being similar to the extend one with internal

nodes as mentioned above. Nevertheless, the differences between the heterogeneous and

homogeneous models are significant, in particular for the load nodes. Furthermore, it is

notable, that the return times for the +IN models are smaller while F is larger.

Case 57

This grid also represents a part of the US power grid [81]. Its buses and transmission lines

are shown in Figure 3.16(a). Except for bus 33, it is completely meshed and consists of

only 7 generators and 50 loads (including junctions with P ≡ 0 shown as black circles).

While in the homogeneous models again F = 0 for all nodes, the Het−IN shows 0 < Fj ≲

0.005 for j = 5, 27, 28, 29. The only significant value is obtained for node 1 in the Het+IN

model with F1
∼= 0.059.

Intriguingly, the Hom+IN model shows the largest grid return times t̄ gridj , except for the

large generators j = 1, 5 and 7 in the Het+IN model, see Figure 3.16(b). However, the

return times in both homogeneous models are almost identical for all nodes, except for

node 6 in the Hom+IN model. Like the t̄ gridj , the t̄ nodej of the generators 1, 5 and 7 in the

Het+IN model are also large and their t̄ gridj are relatively large in the Het−IN model. It

is worth noting, that the nodes 27-29 show relatively large t̄ nodej in the Het+IN model and

F > 0 in Het−IN model. Similar prone structures have not been found yet in the preceding

studies.
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Figure 3.16: (a) Graphical representation of the Case 57 analogous to Figure 3.13(a) and Fig-
ure 3.14(a). The largest power generation and admittance are P (m)

1
∼= 4.79 pu and Y22,23 ∼=

55.13 pu, respectively. The node numbering is according to the GL-notation in agreement with
the labelling in (b). (b) Mean grid and node return times for all four models and each node of
the Case 57.
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3.3 Conclusion of return time results

For all grids considered in this chapter (except the New England system), the homogeneous

models yield return times (t̄ gridj and t̄ nodej ) that are almost identical for all nodes and the

grid failure probability F is zero for all nodes. Furthermore, in the Hom−IN model, the

return times are extremely underestimated. Interestingly, in the New England system, the

return times are similar for all four models. Nevertheless, F is not predicted well by the

homogeneous models, in particular for the load nodes.

Although effects predicted by homogeneous models, as the dead-end effect, could be re-

produced in some cases, the results are much more diverse in the full (Het+IN) model.

Furthermore, new prone structure can be revealed which, unfortunately, appear to be quite

unique and specific for the grid considered. Therefore, we can conclude that it is inevitable

to use the full model for a reliable stability assessment of a power grid. Also findings

obtained by simpler models have to be tested against the Het+IN model.

The study of further test cases in Section 3.2.3 shows that conclusions drawn from the

RTS-96 are, in principle, valid also in other grids. Especially, the correlation between the

grid return times and powers P (m) , illustrated in Figure 3.17(a) and (b), becomes evident

which has not been clear for the RTS-96 alone. The correlation is more pronounced in the

Het+IN model but also visible in the Het−IN model.

A corresponding plot of grid failure probabilities Fj = (1 − Sj) in dependence of P (m) is

shown in Figure 3.17(c) and (d) for the Het+IN and Het−IN model, respectively. Here, it

is remarkable that a sharp transition from F = 0 to F ≳ 0.2 occurs at about P (m) ≈ 4

to P (m) ≈ 5. For load nodes (P (m) < 0), this transition is also present but slightly less

pronounced. In general, F becomes larger with increasing P (m). A similar finding has been

reported in [48] using the Het+IN model and the EN-model for loads, confer Section 2.5.4.

It is noteworthy that the slack bus of the New England system (Case 39) is quite exceptional

with P (m) = 10 and F = 0. Intriguingly, a correlation of F with P (m) cannot be found in

the Het−IN model. Also the transition from F = 0 to F > 0 is at smaller P (m) and less

sharp.

The correlations in the Het+IN model discussed above can probably be explained by the

strong dependence of H and y(i) on P (m). Hence, it might be interesting to study their

influence on the return times and grid failures separately in future studies.
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Figure 3.17: Correlation of (a) and (b) the grid return times t̄ grid

j , and (c) and (d) the grid failure
probabilities Fj with the power generation P (m)

j at the corresponding node j for all grids con-
sidered in this section, as well as the “Case 89” of the MATPOWER package which has not been
discussed in detail. (a) and (c) present the results of all grids using the full model (Het+IN)
respectively, while in (b) and (d) results for the Het−IN model are shown.



Chapter 4

Influence of wind power feed-in

In the recent years, a significant share of energy has been produced by wind turbines. There
are many reasons for a further increase of the amount of renewable energy systems (RES),
as mentioned in Section 1.1. These systems differ qualitatively from conventional power
plants since controlling their power output is very limited. Accordingly, the impact of RES,
in particular wind turbines, on the grid stability shall be investigated in this chapter.
Initially, the construction and operation principle of wind turbines is discussed in Sec-

tion 4.1.1. For a reliable representation of their power output, wind velocity data is needed.
In this thesis, real data is used which has been measured on a research platform located
in the North Sea. Section 4.1.2 addresses how the measured wind velocity data has to be
processed in order to use them as input of the power grid dynamics model. As this model
uses powers as input, the conversion from velocity to power is described in Section 4.1.3.
It is further discussed, how the remaining conventional generators have to be initialised
when accounting for control mechanisms and keeping the grid balanced.
After the discussion of the technical questions, the impact of wind turbines on the power

grid is analysed in Section 4.2. In particular, we will investigate how the voltage frequen-
cies react when one generator is replaced by a wind turbine. Since the frequencies become
stochastic quantities as the power input is stochastic, it is interesting to consider the distri-
bution of instantaneous frequencies. It will be shown that some specific characteristics of
the distributions can be related to the grid structure.

93
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4.1 Wind power generation

Wind exists, in principle, everywhere on earth. The energy contained in the wind was al-

ready used for different applications like sailing ships or windmills for pumping and milling

centuries ago. Starting in the 20th century, it is utilised for electrical energy generation (his-

torical reviews are given, for instance, in [51] or [84]). Windmills, which convert the wind’s

kinetic energy into usable mechanical energy, are individual constructions. In contrast,

wind turbines generate electrical energy and are consequently connected to an electricity

grid and are therefore also connected with each other. Accordingly, it is important to

understand the intricate interaction of generators relying on a complex resource like wind.

4.1.1 Wind turbines

There are many different designs of wind turbines. Nevertheless, the three-bladed horizon-

tal axis wind turbine with lift-driven rotor, as sketched in Figure 4.1, is by far the most

successful one [51, 84, 85]. Accordingly, the term wind turbine refers to this construction

type in the following.

In order to accelerate the wind turbine’s rotor, a part of kinetic energy contained in the

wind can be used, which is known as Betz limit being 16/27 ∼= 59.3% [84, 86]. The rotor’s

kinetic energy can in turn drive an electrical generator. Usually, a gearbox is installed, as

electrical generators are, in general, operated at 50 or 60Hz, which is much faster than the

rotation of the wind turbine rotor of below 1Hz. In Figure 4.1, the gearbox is indicated by

its transmission 1:n.

Generators used in wind turbines are either induction generators (IGs) or synchronous

generators (SGs) whose grid connection may be supplemented by power electronics. Here,

a very brief summary about grid connections of wind turbines is given, while interested

readers are referred to [1, 51] or [84]. Traditionally, directly connected IGs, i.e. without

power electronics, have been used, as illustrated in Figure 4.2(a). With technology de-

velopment, the so-called doubly fed induction generator (DFIG) has become the

favoured generator system in the recent years [1], see Figure 4.2(b). Synchronous genera-

tors are utilised either for islanded grids or in connection with fully rated converters, i.e.

1:n

Front view Side view

Blades

Gearbox
Generator

Nacelle

Transformer

Figure 4.1: Sketch of a horizontal axis wind turbine.
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Figure 4.2: Different grid connection systems of wind turbines. (a) Induction generator (IG) or
synchronous generator (SG) directly connected to the grid. This type is also known as fixed-
speed IG/SG. (b) Doubly fed IG (DFIG) with machine side inverter “Inv M” and grid side inverter
“Inv G” which are both partially rated (usually ≈ 25% of turbine power). (c) IG or SG connected
via fully rated converters. This type is also known as variable-speed IG/SG.

the power generated by the SG is completely converted into DC and then converted back

again into AC by a second converter. Therefore, the converters have to be rated to the full

power output. This concept is sketched in 4.2(c). SGs directly connected to the (islanded)

grid operate as shown in Figure 4.2(a).

Although wind turbines with directly connected SGs are usually not used in large power

grids, we will initially consider their dynamical behaviour in this section due to two reasons.

First, inverter connected wind turbines can be controlled as if they were SGs. This concept

is known as virtual synchronous machine (VISMA) [87]. It allows a traditional grid

operation during the transition period from conventional and to renewable generation. And

second, the response of SGs to disturbances can be regarded as worst-case scenario. That

is, failures are more likely caused by perturbations of these machines and can accordingly

be easier detected by the stability analysis. Furthermore, results obtained by this approach

can easily be compared to those discussed in the previous Chapter 3.

As addressed in Section 2.5.2, the dynamical behaviour of SGs is described by the swing

equation [Equation (2.70) or Equation (2.88)]. In contrast to the preceding calculations,

the mechanical power input P (m) in wind turbines can not be controlled but is rather given

by the current wind speed. The most one can do, is to limit the production below the

maximum which the wind turbine could currently produce. Thus, the power output is

inherently fluctuating.
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4.1.2 Wind velocity data

An important statistical feature of wind speeds is, that distributions of velocity increments

on even short times of order of one second exhibit tails much heavier than that of a Gaussian

distribution due to the intermittent nature of turbulent flows. Wind speed increments of,

for example, 5 m/s are rare but have probabilities that are by several orders higher than

those expected from a Gaussian distribution, with mean and variance given by the measured

data. Recent results suggest, that wind speed fluctuations are rather directly reflected in

the generated power on short time scales of seconds and below [31]. This would imply that

rare events of large sudden power changes could be an important risk factor for maintaining

grid stability.

To capture realistic features of the wind, we base our study on a series of wind speeds v

measured at a tower located in the North Sea with a sampling rate of 1 Hz [88]. From this

series, we take the data {vn}1≤n≤N sampled in October 2016 (N = 2678400) for our study.

A part of this data vn is shown in Figure 4.3. These wind speeds show strong fluctuations

on all time scales.

The time window, where the grid state dynamics is faithfully described by the swing

equation [Equation (2.88)] is, however, restricted by control measures and the validity

of the assumption of constant voltage magnitudes. The synchronous state of operation,

generated by primary control, can have a frequency that deviates from the nominal value.

Secondary control measures tend to restore a synchronous state at the nominal frequency.

It involves time-delay feed-back and integration of power imbalances on time scales of about

30 seconds, for details see Section A.8. We here take this secondary control into account in

an effective manner by assuming, that the ideal synchronous state at the nominal frequency

is restored after one minute. Accordingly, we divide the series {vn}1≤n≤N into subsequent

segments of one minute, yielding in total N/60 = 44640 sets, as illustrated by the vertical

dashed lines in Figure 4.3. These sets of one-minute data form the basis for the stochastic

wind power input P
(m)
j (t) in Equation (2.88).

The measured wind speed data {vn}1≤n≤N have a time resolution of one second. Much

shorter time resolutions of order one millisecond are necessary to integrate Equation (2.88)

with numerical accuracy. In order to specify a corresponding quasi time-continuous stochas-
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Figure 4.3: Section of the wind speed series measured at a tower located in the North Sea with
a sampling rate of 1 Hz [88]. The vertical dashed lines indicate the division into segments of
one minute. Data are coloured differently with respect to the mean wind speed in each segment
(horizontal lines), corresponding to a grouping into bins of widths 2 m/s, see discussion.
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tic process for the feed-in of wind power in Equation (2.88), one could use a step-function ap-

proach, e.g., by defining the time-continuous wind speed v(t) = v1+
∑︁N−1

n=1 (vn+1−vn)Θ(t−n)
with Θ(x) being the Heaviside jump function [Θ(t) = 1 for t ≥ 1 and zero otherwise; t in

units of seconds]. However, this approach would ignore fluctuations on shorter scales. We

therefore prefer to use a stochastic interpolation scheme between consecutive values vn,

vn+1, which is explained in the following.

Let v0 and v1 be two of the measured wind speeds separated by one second. Defining two

stochastic processes v+(t) and v−(t), t ∈ [0, 1], with starting values v+(0) = v0, v−(0) = v1,

a stochastic interpolation between v0 and v1 is given by

v(t) = (1− t) v+(t) + t v−(1− t) , t ∈ [0, 1] . (4.1)

Hence, the process v+(t) is considered to run forward in time and to contribute to v(t) with

weight (1− t), while the process v−(t) runs backward in time and contributes with weight

t.

Specifically, we here use a simple Ornstein-Uhlenbeck process (see for instance [89]) for

v±(t), i.e. v±(t) obey the Langevin equations

dv±(t)

dt
= −γ[v±(t)− v̄±(t)] +

√
2Γ η(t) , (4.2)

where η(t) is a Gaussian white noise with zero mean and correlator ⟨η(t)η(t′)⟩ = δ(t− t′).

Based on studies of correlation properties of the measured time series {vn}1≤n≤N [90], we

set γ to γ0 = 0.054 and Γ = γ/2. The time-dependent mean values v̄±(t) are v̄+(t) =

v̄−(1− t) = v̄(t), where

v̄(t) = v0 + (v1 − v0)t , t ∈ [0, 1] , (4.3)

is the linear interpolation between v0 and v1. Hence, the Ornstein-Uhlenbeck processes

v+(t) and v−(1− t) in Equation (4.1) are biased towards the linearly interpolated value at

all intermediate times t.

The Langevin Equations (4.2) are integrated to yield a stochastic sequence v(n∆t), n =

1, . . . , (1/∆t− 1), of wind speeds between v0 and v1 with time resolution ∆t, where in our

case ∆t = 5× 10−4s.
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4.1.3 Wind power feed-in model

To convert the wind speeds into powers, we make use of the so-called “power curve” P (v),

which describes how wind speed translates to wind power on average. The power curve

P (v) increases nearly as ∝ v3 for small v up to a rated velocity vr, where the power reaches

its maximal allowed value Pr to prevent the wind turbines from getting damaged (pitch

control), see Figure 4.4. The data points in this figure are taken from Reference [91] and

the solid line is a cubic fit to the data for small v with a cross-over to constant Pr for v ≥ vr.

The rated speed vr = 12.5 m/s was determined from the average ⟨v⟩ of the measured speeds

{vn}1≤n≤N and by applying the rule of thumb vr ≈ 1.5⟨v⟩. Let us note that the power curve
has a “cut-in speed” at about 4 m/s, and a “cut-off speed” at about 25 m/s, above which

the blades of a wind turbine are turned away from the wind and the power drops to zero. In

our subsequent analysis, we consider only sets of one-minute data with mean wind speeds

between 4 m/s and 18 m/s.

When substituting a conventional generator j in the RTS-96 by a wind farm, we also need

to specify the size of the farm. This is done by demanding the power generated at the mean

wind speed ⟨v⟩ to be equal to the power P conv
j of the substituted conventional generator.

Accordingly, the translation of wind speed v into wind power Pw
j (v) at node j is

Pw
j (v) =

⎧⎪⎨⎪⎩
P conv
j

⟨v⟩3
v3 , v ≤ vr ,

(Pr)j , v ≥ vr ,

(4.4)

with (Pr)j = P conv
j v3r /⟨v⟩3.

As mentioned in Section 4.1.2, it is important to take into account that the external control

measures are acting on longer time scales and lead to a state of the controllable generators

that is adapted to the average wind power (confer also Section A.8). Therefore, for a given

set of one-minute data, we calculate the mean wind power P̄
w
j . In general, this average

P̄
w
j is not equal to the nominal power P conv

j of the original conventional generators in the

RTS-96, implying a power imbalance between the total generated power and the sum of
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1 Figure 4.4: Power curve giving the depen-
dence of the wind power P on the wind
speed v. The power is normalised to
the rated value Pr, which is the satura-
tion value for speeds larger than the rated
speed vr. The data points are extracted
from Ref. [91] and the solid black line is a
cubic fit to the data for v < vr. The solid
red line indicates the mean value ⟨v⟩ of
the wind speeds sampled in October 2016
at the tower in the North Sea [88] and its
corresponding power.
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the total consumed power |P load
tot | = −P load

tot (assumed to be fixed) and the Ohmic losses

(on average). However, due to the external control measures, we can view the conventional

generators to be uniformly scaled, P conv
k → βP conv

k so that the total power generation

(P̄
w
j + β

∑︁
k ̸=j P

conv
k ) averaged over one minute remains the same as in the unmodified

RTS-96. The scale factor β thus is

β =

∑︁
l P

conv
l − P̄

w
j∑︁

k ̸=j P
conv
k

. (4.5)

Given P̄
w
j and the βP conv

k for k ̸= j, the correspondingly modified RTS-96 exhibits a new

fixed point, which we determine by solving Equation (2.88) with φ̈ = φ̇ = 0. This implies,

that we approximate the voltage magnitudes to be equal to those obtained by the solution

of the power-flow of the original RTS-96. To solve Equation (2.88) for a given one-minute

realization of the feed-in process, we always start in this fixed point state, thereby effectively

taking into account the adaptation of the state due to external control measures.

4.2 Frequency distributions

The numerical solutions of the swing equations allow us to determine the local rates ωk = φ̇k

of phase angle changes. In the following, we refer to these deviations simply as “local

frequencies”. Their distributions are analysed in this section.

To identify possible differences for periods of weak and strong wind, we perform our

analysis conditioned on the average wind speed in one-minute intervals. Thus, we introduce

bins, where the average wind speed over one minute lies in ranges 4-6 m/s, 6-8 m/s, . . .,

16-18 m/s. A section of the wind speed series v(t) is shown in Figure 4.3, where we

have also indicated the division into one-minute segments (each having its own one-minute

average wind speed). The wind speed series v(t) is transformed into a power series Pw
j (t)

as described above (Section 4.1.3).

Within these one-minute intervals, the wind speed shows strong fluctuations, including

sudden changes reflecting its intermittent nature. This is demonstrated in Figure 4.5(a),

where we show the distributions ψ(∆v) of one-second wind speed increments ∆v = v(t +

1) − v(t) which we obtained from a sampling restricted to all one-minute sections with

average wind speeds in the bin 8-10 m/s. These distributions show the typical heavy tails

reflecting the intermittent behavior: large wind speed changes occur much more frequently

than expected from a Gaussian distribution [light grey line in Figure 4.5(a)]. The heavy

tails in the distribution of wind speed increments are rather directly transformed into heavy

tails of the distribution of wind power increments, see Figure 4.5(b).

We will now investigate the resulting frequencies when applying the stochastic power in-

put to one generator in the RTS-96. As an example, Figure 4.6(a) displays a histogram

of frequencies, which was obtained for one realization of one-minute wind power feed-in

at node 13 with a mean wind speed belonging to the bin 8-10 m/s [corresponding to the

distribution of wind power increments shown in Figure 4.5(b)]. In this section, nodes are

labelled according to the GSL-notation, see Section A.5. For this histogram, the local fre-

quencies at all other nodes were sampled. The shape of the histogram can be described by a
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Figure 4.5: (a) Distribution ψ(∆v) of one-second increments ∆v of wind speeds obtained from
the time series measured at a tower in the North Sea. In this sampling, only those data are in-
cluded, where the average wind speed in a one-minute time interval lies in the range 8-10 m/s.
(b) Corresponding distribution ˜︁ψ(∆Pw) of increments of wind power feed-in at node j = 13

(GSL-notation, see Section A.5) that result from the transformation of wind speeds into powers
described in Section 4.1.3. The light grey lines in both graphs correspond to Gaussian distribu-
tions with zero mean and the same standard deviation as that of ψ(∆v) and ˜︁ψ(∆Pw).

Gaussian type core part for small frequencies (solid green line) and a nearly exponential tail

behaviour for large frequencies (for both positive and negative deviations from the nominal

frequency). As comparison, in Figure 4.6(b) a histogram is shown, which is obtained using

the homogenized grid structure (corresponding to the RTS-96), when exactly the same se-

quence of one-minute wind power data is injected at node 13. Its shape can be described

in the same way, but the Gaussian core part has a much smaller width and the exponential

tails decay more rapidly.

An interesting question is, to which extent the stochastic interpolation influences the

frequency distributions. One possibility for such an investigation is to repeat the analysis

with a different interpolation parameter γ. The grey bullets in Figure 4.6 show respective

results for γ = 10γ0 ∼= 0.54. As can be seen in the figure, histograms do not change

qualitatively, but the Gaussian core part is slightly broader, and the heavy tails are more

pronounced. This is reflected by larger values of parameters characterising these features

as will be discussed in connection with Figure 4.6(c) and (d). However, it will be shown at

the end of this section, that conclusions drawn from the frequency histograms are robust

against such a (strong) increase of γ.

When investigating other one-minute sets of wind power data and/or other injection nodes

we obtain histograms of similar shape, which can be characterized by a Gaussian core and

exponential tail part. This holds true irrespective of the scale of average wind speed, i.e.

irrespective of the bin, to which the set of one-minute wind power data is assigned. In view

of the intermittent wind speed behavior, it is somewhat surprising, that similar histogram

shapes are obtained for all one-minute sets. The intermittent behaviour is reflected in
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Figure 4.6: Example of local frequency histograms (black crosses) for a one-minute wind power
feed-in Pw(t) at node 13 whose mean wind speed P̄

w belongs to the bin 8-10 m/s, (a) for the
RTS-96 (after replacement of node 13 for wind-power feed-in), and (b) for the corresponding
homogenised grid structure (as described in Section 3.2.1). Frequency data were sampled at all
other nodes. The green lines correspond to Gaussian distributions with zero mean and standard
deviation σ calculated from the frequency fluctuations. The graphs (c) and (d) depict variations
of σ and the non-Gaussian parameter α [defined in Equation (4.6)] for different one-minute
power feed-in at the same node j = 13. The horizontal green lines show the average. Non-
Gaussian parameters for the homogeneous grid variant are much smaller (cf. Figure 4.7). Gray
dots in all plots show results of the same analysis when using γ = 10γ0 for the interpolation of
the stochastic processes, as described by Equation (4.2).

occasional, jump-like changes of the wind speed in short time intervals. For example,

consider the one-minute set of wind speed data between 120 s and 180 s and the following

set between 180 s and 240 s in Figure 4.3. In the former set, the wind speeds show only

small fluctuations around the mean wind speed. By contrast, in the latter set, jump-like

changes are seen at its beginning and end, and between these sudden changes, there is a

strong overall drift from smaller wind speeds of order 6 m/s to larger values of about 10 m/s.

The differences in the behaviors of the wind speed thus do not translate into distinct types

of histogram shapes, but a different significance of the Gaussian core and exponential tail

part.

We quantify the differences by introducing two parameters. The first is the standard

deviation σ of the local frequency fluctuations, whose value is largely determined by the

Gaussian core part. In fact, the solid green lines in Figures 4.6(a) and 4.6(b) correspond to

a Gaussian distribution with zero mean and standard deviation σ. The second parameter

is

α =
⟨ω4⟩
3σ4

− 1 , (ω = 2πf) (4.6)

which is commonly referred to as the non-Gaussian parameter in the literature. For a

Gaussian distribution one finds α = 0, while the exponential tails lead to α > 0, i.e. this

parameter quantifies the significance of the non-Gaussian tails.

For the histogram in Figure 4.6(a), we find σ ∼= 0.09 and α ∼= 3.08 (σ ∼= 0.13 and

α ∼= 2.83 for γ = 10γ0), while for the corresponding histogram of the homogenised grid in

Figure 4.6(b) σ ∼= 0.05 and α ∼= 0.15 (σ ∼= 0.06 and α ∼= 0.36 for γ = 10γ0). The intermittent

nature of the wind must be reflected in variations of σ and α for different one-minute data
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5 Figure 4.7: Mean non-Gaussian parameter
ᾱj for the different wind injection nodes
j = 1, . . . , 30 in the bin of mean wind
velocities 8-10 m/s. For each injection
node, the averaging was performed over
the same 100 one-minute sets of wind
speed data. Blue crosses mark the results
for the heterogeneous grid structure and
red circles for the homogenized variant.

sets. These variations are exemplified in the graphs shown in Figures 4.6(c) and 4.6(d) for

100 sets belonging to the same bin 8-10 m/s of average wind speed. The mean values σ̄j

and ᾱj are indicated by the horizontal green lines in these graphs.

So far, we have considered just one injection node j = 13. To investigate how the σ̄ and

ᾱ vary with the location of wind power feed-in, we have determined, for the same hundred

sets taken for Figures 4.6(a) and 4.6(b), the σ̄j and ᾱj for all replacements of conventional

generator nodes j = 1, . . . , 30 by a wind farm. The results, obtained by averaging over the

same 100 data sets as in Figure 4.6, are shown in Figure 4.7 and Figure 4.8.

In Figure 4.7, we see that there are two injection nodes j = 13 and 23 in the heterogeneous

grid (blue crosses) with a very large αj ≃ 3. When looking for peculiarities of these nodes,

we find that they are the only dead ends in the RTS-96, see Figure 3.7(a) or Figure 2.22.

In the homogenised grid, this effect of dead ends is not significant and all αj ≲ 0.6 (orange

and red circles in Figure 4.7).

For most of the other injection nodes j in the heterogeneous grid, we also find αj ≲ 0.6,

with some further exceptions: Node j = 3 with αj ≃ 2.2 is effectively a dead end with one

strong link to node 38 and a comparatively much weaker link to node 47 (which constitutes

a tie line to another area in the RTS-96). The nodes 1, 2, 11, 12, 21, and 22 with αj ≳ 1

all belong to strongly linked pairs (1,2), (11,12), and (21, 22) that are only weakly linked

to other nodes. For other bins than the 8-10 m/s bin discussed here, the same nodes j are

identified as those with particular large ᾱj values. Large non-Gaussian parameters thus

seem to be related to injection nodes that are weakly connected to the entire grid structure.

Interestingly, dead ends, as well as strongly coupled node pairs, were identified as po-

tentially destabilizing factors of power grids also, when analysing the attraction basin of

fixed points of the swing equation [Equation (2.88)] under voltage phase and frequency

perturbations, as discussed in Section 3.2.2 and Section 3.2.3. Moreover, the pattern of

the ᾱj seen in Figure 4.7 for the heterogeneous case correlates strongly with an estimation

of transmission line overload probabilities arising from wind power injection at the same

nodes [92]. This is a remarkable finding, as the estimation of these overload probabilities

was based on a quasi-stationary approach, i.e. without considering the complex nonlinear

dynamics given by the swing equation [Equation (2.88)].

The characteristic pattern of the ᾱj does not change when choosing a different γ = 10γ0.
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Figure 4.8: (a) Mean values σ̄j of the standard deviation for the different wind injection nodes
j = 1, . . . , 30 in the bin of mean wind velocities 8-10 m/s. Blue crosses mark the results for the
heterogeneous grid structure and red circles for the homogenized variant. (b) Linear relation
between σ̄j and Pw

j (vc) [cf. Equation (4.4)] with vc = 9 m/s the wind speed in the bin center.
Results of σ̄j for larger γ = 10γ0 are given by light blue crosses.

Corresponding results are given in Figure 4.7 by light blue crosses and orange bullets for the

heterogeneous and homogeneous grid variant, respectively. Consequently, the assessment of

frequency fluctuations for each node does not depend on γ. Actual values of ᾱ are, however,

correlated with γ.

The data for the standard deviation σ̄j in Figure 4.8(a) show again that the homogenised

variant misses to capture important features of the dynamics seen in the heterogeneous

grid structure. While σ̄j ≃ 0.04 for all nodes in the homogenized variant, the σ̄j in the

heterogeneous grid are always larger and vary significantly between different injection nodes,

attaining up to four times larger values. These variations of the σ̄j are not related to peculiar

topological features, but are simply connected to the mean wind power injected at node j

in the bin 8-10 m/s, i.e. to the size of the wind farm, see the discussion in Sec. 4.1.3. The

relation is demonstrated in Figure 4.8(b), where we plotted the σ̄j against Pw
j (vc) from

Equation (4.4), with vc = 9 m/s the wind speed in the center of the considered bin. The

linear relation between σ̄j and P
w
j (vc) is valid also for different values of γ in Equation (4.2),

as can be seen from the light blue crosses in Figure 4.8(b) for γ = 10γ0. Furthermore, other

bins of average wind speed yield also linear results (not shown).
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4.3 Conclusions for the influence of wind power feed-in

In summary, we have developed an approach to access the impact of short-term fluctuations

of wind speed and associated wind power on local frequency fluctuations in power grids.

For our analysis, we used the swing equations by applying a synchronous machine model

for all nodes. We accounted for external control measures by adjusting the grid state to

the average power feed-in on a time scale of one minute. Wind speeds were translated into

wind power by resorting to the so-called power-curve. We considered single-node injection of

wind power at different locations in the IEEE RTS-96 by replacing one of its conventional

generator nodes by a wind farm. The wind farm size was adjusted to the power of the

replaced conventional generator. Modeling of the wind speeds was based on measured

data at a tower in the North Sea with a time resolution of one second and a stochastic

interpolation to smaller time steps used for integrating the swing equations. In addition,

we studied the consequences of homogenising transmission line and node properties.

We found that histograms of local frequency deviations from the nominal frequency of the

synchronous state exhibit a common type of shape, which we could describe by a Gaussian

distribution for small frequency deviations and an approximately exponentially decaying tail

part. Without attempting to fit the shape of each individual of the about 104 histograms

investigated, we quantified the relevant features by introducing just two parameters: (i) the

standard deviation of the local frequency fluctuation, which is largely determined by the

Gaussian core part, and (ii) the non-Gaussian parameter [Equation (4.6)], which is sensitive

to the tail part. The non-Gaussian parameter can assume large values in the heterogeneous

grid for injection nodes weakly connected to the entire grid, in particular those forming

dead ends. This indicates that these injection nodes are more likely to cause large local

frequency fluctuations. These large fluctuations should be avoided as they can nucleate

severe grid failures. In a homogenised grid variant, the “dead end effect” is not significant.

The standard deviations showed strong variations from node to node. They turned out

to be essentially proportional to the magnitude of the average wind power injection. In

agreement with this observation, the standard deviations were almost the same for all wind

power injection nodes in the homogenised grid variant.

We consider our study to be just a first step for a better understanding of the impact

of short-term fluctuations of wind energy on the stability of power grids. An important

task is to investigate, to which extent different possible origins contribute to the non-

Gaussian features, and whether one can identify a dominating one. To this end, it will

be useful to separate effects associated (i) with the nonlinearities in the swing equations

[Equation (2.88)] , (ii) with the saturation of the power curve [Equation (4.4)], and (iii)

with the non-Gaussian wind statistics, in particular its intermittent nature implied by

atmospheric turbulence, as reflected in the increment distributions shown in Figures 4.5(a)

and 4.5(b). In this context, improvements in the modelling should be implemented for a

more realistic stochastic translation of wind speed into power [91] and a better modeling

of the wind injection, e.g. by using measured data with finer resolution (if available), or

by applying reliable models for generating surrogate data, or by improving the stochastic

interpolation method between measured data. Further developments should also include
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a more realistic representation of the load nodes, e.g. by using the effective network or

structure preserving model [56] (see also Section 2.5.4), as well as an account for the modified

dynamics implied by the AC/DC and DC/AC converters (rectifier and inverter) used for

the wind power feed-in.

The swing equations (2.88) can be modified to take into account secondary control mea-

sures also [69], which would allow extending the analysis to longer time scales.

Going along with these improvements in the grid modelling, extended set-ups of the wind

power feed-in need to be studied, and the analysis of stochastic grid dynamics should be

widened. As for the wind power feed-in, higher penetrations of the grid with wind power

must be investigated under consideration of both, spatial and temporal correlations of

wind velocities. As for the analysis of stochastic grid dynamics, it is important to quantify

correlations between local frequency fluctuations. Preliminary results for distributions of

frequency increments obtained in the framework used here show similar features as reported

for the histograms of the frequencies themselves.





Chapter 5

Conclusions and Outlook

This thesis is dedicated to a better understanding of the complex interaction of power grid

components, in particular novel ones like wind turbines. It can, of course, be understood as

a first step only. An outlook about topics for further studies that are considered as insight-

and fruitful, is given at the end of this chapter.

In Chapter 2, a model for the short-term dynamics of synchronous machines (SMs) was

derived, which is commonly known as “classical model” or second order model. The time

evolution of the voltage phases and frequencies of the SMs is given by the swing equation in

this model. Moreover, it was addressed how the complex structure of a power grid can be

described on the high-voltage transmission level and how the SMs can be integrated into this

framework. Particularly, the importance of so-called synchronous and transient reactances

was emphasised. These reactances were collectively termed as internal reactances, and

constitute nothing less than the simplest version of an equivalent circuit of synchronous

machines.

These internal reactances were neglected in several studies. Modelling variants of different

complexity were developed in Chapter 3 to investigate the consequence of such a simpli-

fication. Furthermore, detailed power grids were compared to homogeneous counterparts.

It was shown that the omission of both, internal reactances and/or heterogeneities, sig-

nificantly changes the stability assessment of power grid elements. This conclusion was

based on the evaluation of return times and grid failure probabilities (also referred to as

“basin stability”) after perturbing the voltage phases and frequencies of single nodes rep-

resenting SMs. Initially performed for the IEEE Reliability Test System-96 (RTS-96), the

investigation of several further test cases confirmed the findings.

A further remarkable observation was that in the full model, considering heterogeneities

and internal nodes, return times and grid failure probabilities are strongly related to the

size of the perturbed synchronous machine, i.e. its power generation. When neglecting

internal reactances, this relation is not present (or, at least, much less pronounced). This

finding could be explained by internal reactances being also (anti)correlated with the size

of the SM, see Section 2.5.5. However, in order to verify this conjecture, a further study

separating these two parameters would be essential.
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Of particular interest for the stable operation of modern power grids is the influence of

renewable energy systems like wind turbines. Chapter 4 presents an approach for inves-

tigating the short-term frequency evolution when the grid is subject to fluctuating wind

power feed-in. To capture realistic features of the wind, a series of wind speeds was used

as input, which has been measured on a research platform located in the North Sea. These

data possess a time resolution of 1 s. To account for the fluctuations on smaller time scales,

they are interpolated by a stochastic process. In order to convert them into power feed-in,

the so-called “power curve” for wind turbines was used. We regard the generator, at which

this stochastic power is injected, as being replaced by a wind farm of adjustable size. It is

chosen to produce the same power on average as the replaced conventional generator.

Due to the power feed-in of the wind farm, voltage phases at all nodes become stochastic

processes as well. Hence, it is reasonable to consider histograms of phase angle changes

referred to as “instantaneous frequencies”. Interestingly, these histograms exhibit a common

shape irrespective of the generator being replaced by a wind farm. The histograms can be

described by a Gaussian type core part for small frequency deviations (from the reference

frequency), and a nearly exponentially decaying tail for large deviations. However, the

significance of the core part and the tail may change depending on the position of the wind

farm within the grid. While the width of the Gaussian core part is related to the power

output of the wind farm, a pronounced tail can be associated with specific patterns in the

grid structure. Intriguingly, the same nodes, belonging to these patterns, were reported

to cause transmission line overloads more likely than others when being replaced by a

wind farm [92]. This is remarkable, as the latter finding was based on a linearised quasi-

stationary approach, which does not use the time evolution given by the (non-linear) swing

equation. Further notable is that the observations above are quite robust against changes

in the stochastic interpolation and the mean value of the wind speed series chosen as input.

Tails in the considered histograms correspond to sudden large changes in the instantaneous

grid frequency. Such deviations could damage grid components and form nuclei of larger

blackouts. Accordingly, it is advisable to avoid grid structures facilitating these deviations.

Concluding, it was possible to identify some nodes and patterns which have a strong im-

pact on the grid stability when being subject to a perturbation. Although it might not

be surprising that perturbations of larger components have a stronger effect, the relation

becomes evident only when regarding the full model, i.e. taking into account heterogeneities

and internal nodes. Patterns, that could be identified, were mainly weakly connected grid

parts, including dead ends in some cases, and strongly connected pairs. Moreover, in the

heterogeneous models, more diverse patterns occur which were not found in the homoge-

neous counterparts.

These findings are not constrained to deterministic perturbations of voltage phases and

frequencies. In the case of stochastic power feed-in, similar structures and large nodes were

identified as having strong impact on the grid, too. Interestingly, the power generation could

be related to the width of the Gaussian core part of the frequency deviation histogram while

the tail parts, representing sudden strong changes, could be associated with certain grid

structures.
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Finally, the stability assessment of electricity grids turned out to be strongly dependent

on the modelling level used. Conclusions drawn from simple models therefore have to be

tested against more detailed models.

Yet, the model for short-term power grid dynamics, presented in this thesis, does not in-

clude all aspects that might be relevant for specific assessments. First of all, in the classical

second order model, described by the swing equation, the voltage moduli are considered

as constant. Therefore, this model faithfully represents the power grid dynamics only in

the first few seconds. For analyses requiring longer times, in particular when regarding

stochastic power input, it has to be clarified, whether results are robust to such a simpli-

fication. In [49] it is shown that the stability basin (recall Figure 3.1) is more complex,

when voltage magnitudes change. Further it is demonstrated in [42], that different results

of basin stability are actually obtained in larger grids, when taking voltage magnitude dy-

namics into account. Accordingly, a good starting point for new investigations would be the

combination of wind power feed-in, as described in Chapter 4, with the third-order model

of synchronous machines, taking into account time dependent voltage magnitudes and in-

ternal reactances [1, 64]. This model can be completed by considering secondary control

[69] (see also Section A.8) and the dynamics of either fully rated voltage-source converters

(in variable-speed machines) or partially rated converters in connection with doubly fed

induction generators (DFIGs) [1, 6, 64], confer Section 4.1.1.

With such a model for extended short-term grid dynamics, several issues can be addressed.

The lack of inertia (instantaneous reserve, see Section A.8) in electricity grids with a high

percentage of fluctuating generators is often discussed as important issue. With the men-

tioned model, the amount of inertia, necessary for a stable grid operation, could be reliably

determined. Also the adjustment of converters can then be investigated. Probably, the

needed inertia could be lowered, provided the appropriate converter dynamics. Usually,

electrical storage is needed for such converter control strategies. In [35], it is already dis-

cussed that different storage control strategies can increase power quality differently. This

investigation could be widened. Further issues concern the balance of reactive power and

the interaction with smart-grid elements. Finally, in the distant future, it is possible that

power grids contain only very few synchronous generators which are directly connected to

the grid. Accordingly, it would be interesting to investigate if the power grid can be op-

erated differently from the conventional operation. This could include, for instance, more

flexibility in the frequency or more DC elements.

Furthermore, studying the structure preserving (SP) model, addressed in Section 2.5.4, and

comparing the results to those obtained by the synchronous machine (SM) model, used here,

would be valuable. The SP model has several advantages as it is very flexible in describing

consumers. This is due to the linearisation coefficient kPω being adjustable to represent

induction machines, constant power loads, or (almost) constant impedances. Synchronous

motors can be included into this approach in the same way as synchronous generators.

Moreover, the SP model preserves the grid structure during the calculations which results

in simple evaluations and (much) shorter simulation times, since the admittance matrices

remain sparse.
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A.1 Graph theory

As the names bus, node and branch already suggest, power grid modelling is closely con-

nected to structures that are called graphs in mathematics. Therefore, this section briefly

addresses the graph theory and some quantities that are important in the context of

power grids. Interested readers are referred to [93] or similar literature.

Nodes and lines

A graph (or network) is a structure describing relations between a set of objects which are

abstractly called nodes (or vertices). These could be, for example, the five buses of the

power grid investigated in Section A.3 in the power-flow study (Section A.3.3), as illustrated

by the circles with labels 1-5 in Figure A.1(a). If buses are connected by transmission lines,

the corresponding nodes in the mathematical model are also connected by lines which are

known as edges or branches. Formally, we define a graph as an ordered pair G = (V,E),

where V is a set of vertices (nodes) and E ⊆ {{i, j}|i, j ∈ V } a set of edges (lines, branches).

Lines can be directed, i.e. pointing from one node to another, or otherwise, undirected

allowing both directions. For example, a network describing the streets of a city is usually

undirected but there may also be one-way roads which correspond to directed lines in the

graph.

As mentioned in Section 2.2.4, transmission lines are in general undirected but become

directed when including phase shifting transformers. However, in power grids, this does

not mean that only one direction of power-flow is possible but rather that there is a bias.

Accordingly, such a transmission line is then represented by two antiparallel lines, as shown

by the blue lines in Figure A.1(b).

The lines, as well as the nodes of a network, can have properties that differ from one

element to another. In this case, it is possible to define a strength of each element, and the

network is then called weighted. Otherwise, if all edges are equal and all nodes are equal,

the network is called unweighted. A power grid obviously corresponds to a weighted

graph in general. It is very unlikely that all generators and transmission lines exhibit the

same parameters. In Figure A.1, as well as in all other graph representations in this thesis,

the width of the lines is proportional to the admittance of the corresponding transmission

line.
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Figure A.1: (a) Weighted, undi-
rected graph with five nodes and
six edges (lines). (b) Weighted,
directed graph.

Adjacency and coupling matrix

The mathematical base to describe phenomena in networks is the graph theory. Its central

concept is the adjacency matrix A whose components aij are one if node i is connected

to node j and zero otherwise. When referred to the structure described by the adjacency

matrix, it is often spoken of the (line-) topology of the network. The set of edges E can

be derived from the adjacency matrix and vice versa as E = {{i, j}|Aij ̸= 0}.
Often, when dealing with weighted networks, the components of the adjacency matrix are

multiplied with the connection strength kij of the corresponding edge. We will call this

matrix the coupling matrix K with Kij = kijaij .

In case of an undirected graph the adjacency matrix is symmetric aij = aji.

Paths - example for further properties of graphs

With the introduction of the adjacency matrix, quantities, which come along with networks

and their mathematical characterisation, can be derived. For instance, a path pij between

two nodes i and j can be defined as a set of edges e that connect i and j directly or via other

nodes. There are several paths between the nodes 2 and 5 in Figure A.1 as p12,5 = {e2,1, e1,5},
p22,5 = {e2,3, e3,4, e4,5} and so on. Together with the coupling matrix (for weighted graphs),

a length can be defined for every path as L(p) =
∑︁

e∈pKeiej . Hereby, ei and ej refer to the

nodes i and j where the edge e starts and ends respectively.

In some works, a notation for networks was introduced, depending on their appearance. If

the components exhibit a specific pattern, the graph is called regular, for instance every

node is connected with its neighbours like atoms in an (ideal) crystal. On the opposite, if

there is no recognisable structure, the graph is called random. In between, the appearance

of networks cannot be simply described and hence, this form is called a complex net-

work [94]. Power grids are often denoted as complex networks where the branches refer to

transmission lines and nodes refer to buses in the power-flow analysis or other components

as generators in dynamical investigations.
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A.2 Generating and consumption convention

When voltage V is applied to an element in a circuit which has two poles (so-called one

port device) and a current I flows through the element, an (active) power P = V I can be

associated with this element. Without further information it is, however, not unambiguous

whether the power is consumed or generated by that element. Therefore, voltages and

currents are assigned directions which can be chosen for every element such that it is

defined as generator or consumer.

Considering Figure A.2(a), the two voltage sources V1 and V2 are assigned different voltage

directions with respect to the current such that V1 is specified as generator or active element

and V2 as consumer or passive element. A simple rule to remember the convention is as

follows. When current and voltage (arrows) are oriented in the same direction, the element

is a consumer (or passive element). On the other hand, when the orientations are opposing,

the element is a generator (or an active element).

This can be understood intuitively when applying the voltage law (or mesh rule, confer

Section 2.1.3) to the circuit shown in Figure A.2(a) which yields

− V1 + VR + V2 = 0 . (A.1)

Together with Ohm’s law (VR = RI) we obtain

I =
V1 − V2
R

. (A.2)

Accordingly, when the voltages are positive (with respect to the specified direction) and

V1 > V2 > 0, the current I is also positive. Furthermore, the powers are positive P1 = V1I >

0 and P2 = V2I > 0. Since the voltage source V1 is specified as generator, it actually acts as

I 

(a) (b)

I 

generating convention

or

active convention

(c)

I 

consumption convention

or

passive convention

Figure A.2: Convention of generation and consumption. (a) Two voltage sources (circles with
waveform inside) specified in different direction with respect to the current direction. Sources V1
and V2 are in accordance with generator and consumer convention respectively, see discussion in
text.
One port device in (b) generator and (c) consumer convention. If current and voltage have the
same sign in specified direction, active power P is transported (b) from the device into the system
and (c) from the system into the device.
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generator in this situation, feeding power into the system, while V2 – although associated

with positive power – acts as motor.

In the situation V2 > V1 > 0, the current and the powers are negative, I < 0, P1 < 0 and

P2 < 0. Consequently, the operation of the voltage sources is reversed, i.e. V1 acts as motor

while V2 acts as generator in this case.

If not stated different, impedances (resistances and reactances) and admittances (conduc-

tances and susceptances) are oriented in current direction, rendering them as consumers

or passive elements. In power grid modelling, all nodes (buses, loads and generators) are

defined according to the active sign convention. Accordingly, loads are assigned negative

powers.

More precisely, the connection poles of components have to be considered as shown in

Figure A.2(b) and Figure A.2(c). There are different formulations of the sign convention

as, for instance, if current and voltage arrow heads (or tails) of both arrows point to each

other on one pole, the device is a consumer. Another – better – possibility is to say, that

if (technical) current flows into the device at the positive pole, marked with “+” in the

figure, that device is a consumer [or passive element, confer Figure A.2(c)] otherwise it is a

generator [or active element, confer Figure A.2(b)].
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A.3 Example calculations using the grid “Case 5”

In this section the grid construction, power-flow determination and all other techniques

discussed in Chapter 2 are demonstrated. This is done for an example power grid provided

by the MATPOWER package [62] which is called “Case 5” due to the number of buses.

A.3.1 Data tables

All data which are needed to solve the power-flow for the Case 5 network are given in the

bus-table A.1, generator-table A.2 and branch-table A.3. The usage and meaning

of all columns is briefly explained in the following. Some values, like the type, are arbitrary

and here given according to the MATPOWER notation, see also [59].

number type P (l) Q(l) Psh Qsh Area |V | φ kV base Zone Max |V | Min |V |

1 2 (PV) 0.000 0.000 0 0 1 1.000 0.000 230 1 1.100 0.900

2 1 (PQ) 300.000 98.610 0 0 1 1.000 0.000 230 1 1.100 0.900

3 2 (PV) 300.000 98.610 0 0 1 1.000 0.000 230 1 1.100 0.900

4 3 (ref) 400.000 131.470 0 0 1 1.000 0.000 230 1 1.100 0.900

5 2 (PV) 0.000 0.000 0 0 1 1.000 0.000 230 1 1.100 0.900

Table A.1: Bus-table for the grid Case 5 included in MATPOWER in MPC format (MATPOWER case).
The power-flow equations are not solved for this case, confer discussion of column “Voltage phase
angle φ”.

bus number P (g) Q(g) Qmax Qmin |V |SP mBase status Pmax Pmin

1 40.000 0.000 30.000 -30.000 1.000 100 1 40 0

1 170.000 0.000 127.500 -127.500 1.000 100 1 170 0

3 323.490 0.000 390.000 -390.000 1.000 100 1 520 0

4 0.000 0.000 150.000 -150.000 1.000 100 1 200 0

5 466.510 0.000 450.000 -450.000 1.000 100 1 600 0

Table A.2: Generator-table for the grid Case 5 in MPC format.

from bus to bus R X Bc Rate A Rate B Rate C tap ratio η tap angle ζ status

1 2 0.00281 0.02810 0.00712 400 400 400 0.000 0.000 1

1 4 0.00304 0.03040 0.00658 0 0 0 0.000 0.000 1

1 5 0.00064 0.00640 0.03126 0 0 0 0.000 0.000 1

2 3 0.00108 0.01080 0.01852 0 0 0 0.000 0.000 1

3 4 0.00297 0.02970 0.00674 0 0 0 0.000 0.000 1

4 5 0.00297 0.02970 0.00674 240 240 240 0.000 0.000 1

Table A.3: Branch-table for the grid Case 5 in MPC format.
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Bus table col. 1: Number

For identification, every bus is given a number. This number is arbitrary and hence the

buses (rows of the table) can be rearranged due to some meaningful condition, for example

their active power production. It is necessary to change the bus numbers in the first column

of the generator-table (Table A.2) and the first two columns of the branch-table (Table A.3)

accordingly. In this work, the values are consecutive as usual. Different labeling of nodes

is also discussed in Section A.5.

Bus table col. 2: Type

The treatment of buses in the power-flow calculation determines their type. There are three

types that are given names “PQ”, “PV” and “ref” and corresponding numbers 1, 2 and 3.

Confer also Section 2.4.3.

Type 1 are the PQ-buses having the active and reactive power consumption values P (m) =

P (l) and Q(m) = Q(l) fixed during the calculation.

Type 2 are the PV-buses having fixed the net active power generation P (m) = P (g) − P (l)

and the voltage amplitude |V |. Usually, nodes listed in the generator-table are PV-buses.

The voltage phase angle of one bus is arbitrary and serves as a reference for the others.

This bus is hence called reference bus and its phase angle is held zero. Furthermore, its

voltage amplitude is also fixed, leaving its active and reactive power production variable.

In the MATPOWER case format, the reference bus is assigned type 3.

Bus table col. 3: Active power demand P (l)

The active power P (l) in MW that is consumed at this bus. Together with the power

generation P (g) and the reactive power, it determines the total power S(m) consumed or

produced at this bus according to Equation (A.5).

Bus table col. 4: Reactive power demand Q(l)

The reactive power demand Q(l) in MVar. For units of powers confer Section 2.1.2.

Bus table col. 5: Shunt power Psh (Shunt conductance Gsh)

Shunt elements can be located at buses either representing control devices like capacitor

banks, or to account for losses to the ground. The shunt conductance Gsh and susceptance

Bsh are specified as equivalent consumption (in MW or MVar) at reference voltage Vb (1 pu)

according to

Gsh =
Psh

|Vb|2
MW

V2
=

Psh

|Vb|2
Zb pu =

Psh

Sb
pu , (A.3)a

Bsh =
Qsh

|Vb|2
MVar

V2
=
Qsh

Sb
pu . (A.3)b

Consequently the values in the table are given as Psh (demand) and Qsh (injection) in MW

and MVar, respectively.

The shunt admittance (vector) is obtained as

Y⃗ sh =
1

Sb

(︂
P⃗ sh + iQ⃗sh

)︂
. (A.4)
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Bus table col. 6: Reactive shunt power Qsh (shunt susceptance Bsh)

The reactive part of the shunt admittance, confer column 5.

Bus table col. 7: Area

This term is not further specified in the manual [59]. Most likely, it refers to the control

area which defines a set of buses or components which are regulated by one common

control schedule, confer Section A.8.

Bus table col. 8: Voltage amplitude |V |
The voltage magnitude |V | at this bus in pu. At PQ-buses, the tabular value is the initial

value for the power-flow calculation and hence, differ from the value in the steady-state in

which it is within the range [|Vmin|, |Vmax|] (Columns 12 and 13). The actual value can be

obtained by multiplying with the kV base, confer column 10 and Section 2.3.

Bus table col. 9: Voltage phase angle φ

The voltage phase angle φ (in degrees) is set zero for all buses before the power-flow cal-

culation. If all entries are zero, this indicates that the power-flow is not yet solved for this

grid.

Bus table col. 10: Base voltage (kV base)

This value determines the voltage level at the bus and is used as base voltage Vb. To

circumvent modelling different levels, the pu system is used, see Section 2.3. However, the

base voltage is needed for some purposes as, for instance, estimation of line parameters.

The values are given in kV and hence are called kV base.

Bus table col. 11: Zone

According to the MATPOWER manual [59] this is the loss zone to which the bus is

assigned. Loss zones are important for controlling issues, see Section A.8 and column 7. In

this thesis, zones are not used directly in the modelling.

Bus table col. 12: Maximum voltage amplitude Max |V |
The maximum allowed voltage amplitude at this bus in pu, see also column 8. This is a

condition for the calculation of the power-flow. It is not considered by standard power-

flow calculations used in this thesis. To take it into account, optimal power-flow (OPF)

calculations can be used [59].

Bus table col. 13: Minimum voltage amplitude Min |V |
The minimum allowed voltage amplitude at this node in pu, confer column 12 and 8.
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Gen table col. 1: Bus number

Number of the bus at which this generator is located. A single bus can be connected to

multiple generators. For power-flow calculations, their production is simply added up. In

dynamical simulation, their treatment must be discussed depending on detail level, see

Section 2.5.3 and Section 2.5.4.

Gen table col. 2: Active power generation P (g)

Active power generation P (g) of the generator in MW.

Gen table col. 3: Reactive power generation Q(g)

Reactive power generation Q(g) of the generator in MVar. Since all entries are zero here

(Table A.2), this column also indicates that the power-flow has not yet been solved. Gen-

erator buses are usually PV-buses and hence Q(g) is assigned by the PF solution, confer

bus-table column 2, Section A.3.3 and Section 2.4.3.

Gen table col. 4: Maximum reactive power generation Qmax

Maximum possible reactive power generation at this generator in MVar. The reactive

power generation limits can have different reasons as, for instance, the limited current in

the excitation windings of the synchronous generator. For an overview of limits see [1].

Gen table col. 5: Minimum reactive power generation Qmin

Minimum possible reactive power generation (or maximum consumption) at this generator

in MVar, see also column 4.

Gen table col. 6: Voltage set-point |V |SP
To ensure a stable operation and, in particular, the reactive power balance of the grid, the

voltages at generators (or generator terminals) have to be held constant. This is achieved

by using a so-called automatic voltage regulator (AVR). It controls the generator

terminal voltage by regulating the excitation current in the SM rotor, confer discussion of

synchronous generators in Section 2.5.1.

In practise, the AVR controls the voltage within limits of about ±1% of the voltage set-

point |V |SP [95]. Here, generator buses are considered as “hard” PV-buses, i.e. their voltage

is fixed as exactly |V |SP. Accordingly, the voltages |V | of PV-buses in column 8 of the bus

table are identical to the values |V |SP. The voltage set-point is given in pu.

Gen table col. 7: mBase

According to the MATPOWER manual [59] “mBase” is the total MVA base. We here

assume this means the three-phase base 3Sb,gpu, confer Section 2.3.

Gen table col. 8: Generator status

If the generator is currently working or available, this is 1, otherwise it is 0.

Gen table col. 9: Maximum active power generation Pmax

The maximum active power generation at this generator in MW.

Gen table col. 10: Minimum active power generation Pmin

The minimum active power generation at this generator in MW. This value is only important

when economic reasons or technical limits are taken into account.
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Branch table col. 1: From bus

The bus at which this branch starts. In the general branch-model, (tap)-transformers are

possible and can result in an asymmetric connection, see also Section 2.2.4. Therefore, ends

of lines are not exchangeable. The from-end is also known as tap-end because it is near the

tap-transformer, confer Figure A.6.

Branch table col. 2: To bus

The bus at which this branch ends. It is also known as Z-end, since it is near the series

impedance Z of the line. For further information, see also column 1 “from bus” and

Figure A.6.

Branch table col. 3: Series resistance R

The (ohmic) resistance R = Re(ZS) of this transmission line in pu, see Figure A.6. The

Z-base is derived from the bus-table column 10 “base voltage” and the general base power

Sb = 100MVA, confer Section 2.3.

Branch table col. 4: Series reactance X

The reactance X = Im(ZS) of this line connecting the terminals in series, see also column

3 “Series resistance” and Figure A.6. It is given in pu at reference frequency.

Branch table col. 5: Line charging susceptance BC

The line charging susceptance is the imaginary part of the shunt admittance in the branch

model given in pu, confer Section 2.2.3 and Section 2.2.4. This susceptance originates from

the transmission line charging due to potential differences between the lines [1].

Branch table col. 6: Line rating Rate A

The rating of a transmission line characterises the maximum apparent power, given in MVA,

which can be transmitted without overheating the line due to Joule heating or causing grid

instabilities. The limiting factor is essentially dependent on the line length and the type of

the line, i.e. whether it is an overhead line or underground cable [1].

Line rating “A” is known as long-term rating [59], i.e. when this value is exceeded for

a longer time (24 h [53]), the transmission line has to be shut down.

The time limits may vary between systems. Also the rating names can be different as,

for instance, the long-term rating is also called continuous rating [53] since loads below

this value can be transmitted continuously.

Branch table col. 7: Line rating Rate B

Line rating “B” is known as short-term rating [59], i.e. when this MVA value is exceeded

for a short time (15min [53]), transmission line has to be shut down. For further discussion,

see also column 6.

Branch table col. 8: Line rating Rate C

Line rating “C” is known as emergency rating [59], i.e. when this MVA value is exceeded,

the transmission line has to be shut down immediately. For further discussion, see also

column 6.
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Branch table col. 9: Tap transformer ratio η

The off-nominal turns ratio or tap ratio of the (tap) transformer, see also Figure A.6 and

Section 2.2.4. If the entry is zero, this indicates that no transformer is present at this branch,

while an entry, that is one, indicates that there is a transformer working at nominal turns

ratio.

Branch table col. 10: Tap transformer angle ζ

The transformer phase shift angle in degrees. Positive values indicate a delay [59]. The

grids investigated in this thesis do not contain phase shifting transformers and hence ζ ≡ 0

here.

Branch table col. 11: Branch status

If the line is currently working and transports power. In this case, the line is called online

and the value is 1, otherwise offline and the value is 0.
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A.3.2 Bus powers and admittance matrix construction

First, the mechanical powers S(m) have to be calculated, which is simply done by

S
(m)
j =

1

Sb

[︂(︂
P

(g)
j + iQ

(g)
j

)︂
−
(︂
P

(l)
j + iQ

(l)
j

)︂]︂
(A.5)

for every bus j.

For the right-hand side of the power-flow Equations (2.42), the admittance matrix needs to

be created. Since line charging susceptances are given, we assume medium length lines. As

explained in Section 2.4.2, the connection matrices Cf and Ct and corresponding admittance

matrices Yf and Yt need to be created. Evaluating the columns from bus and to bus of

Table A.3 according to Equation (2.46), the connectivity matrices read

Cf =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

1 0 0 0 0

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, Ct =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.6)

Using the Equations (2.47)-(2.49), we obtain the admittance matrix Y = Y0 + EY⃗ sh with

the unit matrix E and

Y0 =

⎛⎜⎜⎜⎜⎜⎜⎝

[︁
Y 1
ff + Y 2

ff + Y 3
ff

]︁
Y 1
ft 0 Y 2

ft Y 3
ft

Y 1
tf

[︁
Y 1
tt + Y 4

ff

]︁
Y 4
ft 0 0

0 Y 4
tf

[︁
Y 4
tt + Y 5

ff

]︁
Y 5
ft 0

Y 2
tf 0 Y 5

tf

[︁
Y 5
tt + Y 6

ff

]︁
Y 6
ft

Y 3
tf 0 0 Y 6

tf

[︁
Y 6
tt

]︁

⎞⎟⎟⎟⎟⎟⎟⎠ (A.7)

∼=

⎛⎜⎜⎜⎜⎜⎜⎝
22.3− 222.5i −3.5 + 35.2i 0.0 −3.3 + 32.6i −15.5 + 154.7i

−3.5 + 35.2i 12.7− 126.9i −9.2 + 91.7i 0.0 0.0

0.0 −9.2 + 91.7i 12.5− 125.0i −3.3 + 33.3i 0.0

−3.3 + 32.6i 0.0 −3.3 + 33.3i 9.9− 99.2i −3.3 + 33.3i

−15.5 + 154.7i 0.0 0.0 −3.3 + 33.3i 18.8− 188.0i

⎞⎟⎟⎟⎟⎟⎟⎠ .

The upper indices j at the elements Y j
ff , defined by Equation (2.43), represent the branch

number which is also the corresponding row number in the Yf, Yt and connection matrices.

The same is true for Y j
ft , Y

j
tf and Y

j
tt.

If the network has any shunt elements, Y⃗ sh is calculated according to Equation (A.4).

Graphical representation

A graphical representation of the bus network of the Case 5 grid without internal nodes

is shown in Figure A.3(a). Corresponding graphs for the gSM-model and fSM-model are

illustrated in Figure A.3(b) and (c) respectively.
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Figure A.3: Graphs representing the Case 5 grid. Node positions are arbitrary and chosen for
reasons of best visibility. Active power generation P (g) is shown as red circles and consumption
P (l) as yellow circles. Open circles represent nodes without any generation or consumption.
The line thickness corresponds to the transmission line admittance. (a) Connection between the
terminal nodes, i.e. graph without internal nodes. (b) and (c) Graphs representing Case 5 in
gSM-model and fSM-model respectively. For details, confer also Figure 2.23 and Figure A.12.

A.3.3 Power-flow solution

The power-flow equations (2.50) for this system are exemplary solved by the Newton-

Raphson method in two steps as discussed in Section 2.4.3. We choose the numbering PV,

PQ, ref to be consistent with the MATPOWER package. That numbering here is 1, 3, 5,

2, 4.

For the first step, we chose the initial point x⃗0 from the columns |V | and φ in Table A.1

x⃗0 =

(︄
φ⃗0

V⃗ 0

)︄
with φ⃗0 =

⎛⎜⎜⎜⎝
φ1

φ3

φ5

φ2

⎞⎟⎟⎟⎠ = 0 and V⃗ 0 =
(︂
|V2|
)︂
= 1pu . (A.8)

Note that the values φ4 = 0 and |V1| = |V3| = |V4| = |V5| = 1pu are already known. That

is, they are given for PV-buses and the ref bus. We determine the Jacobian-matrix

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂p1
∂φ1

∂p1
∂φ3

∂p1
∂φ5

∂p1
∂φ2

∂p1
∂V2

∂p3
∂φ1

∂p3
∂φ3

∂p3
∂φ5

∂p3
∂φ2

∂p3
∂V2

∂p5
∂φ1

∂p5
∂φ3

∂p5
∂φ5

∂p5
∂φ2

∂p5
∂V2

∂p2
∂φ1

∂p2
∂φ3

∂p2
∂φ5

∂p2
∂φ2

∂p2
∂V2

∂q2
∂φ1

∂q2
∂φ3

∂q2
∂φ5

∂q2
∂φ2

∂q2
∂V2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.9)
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For the initial point, we obtain

J(x⃗0) ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
222.507 0.000 −154.703 −35.235 −3.523

0.000 125.013 0.000 −91.676 −9.168

−154.703 0.000 188.040 0.000 0.000

−35.235 −91.676 0.000 126.911 12.691

3.523 9.168 0.000 −12.691 126.885

⎞⎟⎟⎟⎟⎟⎟⎠ (A.10)

and the error of the power-flow equations (2.50)

f(x⃗0) =

⎛⎜⎜⎜⎜⎜⎜⎝
p1(x⃗0)

p3(x⃗0)

p5(x⃗0)

p2(x⃗0)

q2(x⃗0)

⎞⎟⎟⎟⎟⎟⎟⎠ ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
−2.1000

−0.2349

−4.6651

3.0000

0.9733

⎞⎟⎟⎟⎟⎟⎟⎠ . (A.11)

Solving the system of equations −f(x⃗0) = J(x⃗0) ·∆x⃗ iteratively yields

x⃗0 =

⎛⎜⎜⎜⎜⎜⎜⎝
0

0

0

0

1

⎞⎟⎟⎟⎟⎟⎟⎠ , x⃗1 ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
0.0574

−0.0080

0.0720

−0.0125

0.9901

⎞⎟⎟⎟⎟⎟⎟⎠ , x⃗2 ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
0.0571

−0.0086

0.0718

−0.0133

0.9893

⎞⎟⎟⎟⎟⎟⎟⎠ , x⃗3 ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
0.0571

−0.0086

0.0718

−0.0133

0.9893

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.12)

where voltage phase angles φ are given in rad and magnitudes |V | in pu. Considering the

accuracy of four significant digits as shown here, the procedure converged to the solution

x⃗3.

As second step, the remaining values are obtained by inserting x⃗3 into p4, q1, q3, q4 and

q5, yielding P
(g)
4 = p4(x⃗3), Q

(g)
1 = q1(x⃗3) and so on.

The whole power-flow solution is gathered in Table A.4. The meaning of PV, PQ and

reference (ref) can be intuitively understood by the colouring. For instance P (g) and |V |
are given input values for the PV-buses and Q(g) and φ have to be calculated.

Losses Sloss = P loss + iQloss due to the series impedances of branches, according to Equa-

tion (2.20), are shown in Table A.5. The line charging susceptance BC (confer Figure A.6)

results in a further injection of reactive powers, termed QC, which has opposite sign due

to its capacitive nature, confer Equation (2.26). While the series losses Sloss are important

for the line rating (e.g. thermal rating, confer discussion of column 6 of the branch table

in Section A.3.1), the total losses P loss + i(Qloss + QC) are relevant for the power balance

of the grid.

As intended, the sum of all real losses is exactly equal to the active power produced by

the reference bus. In other grids, where initially a power is specified for the reference bus,

the difference of P
(g)
ref to that initial value is equal to the active power loss. Furthermore,

the sum of all generated reactive powers equals the sum of all demand and losses according

to

Q(g) = Q(l) +Qloss +QC . (A.13)
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bus type P (g) Q(g) |V | φ

1 PV 210.000 30.725 1.000 3.273

2 PQ 0.000 0.000 0.989 -0.759

3 PV 323.490 194.655 1.000 -0.492

4 ref 5.027 184.123 1.000 0.000

5 PV 466.510 -38.210 1.000 4.112

Table A.4: Power-flow solution for Case 5. The entries which are marked in dark grey were calcu-
lated by solving the power-flow equations. All other entries are initial conditions. The remaining
values P (l) and Q(l) for the PQ-bus are still given by the values in Table A.1. The reference bus is
denoted by type “ref”. The phase angles are given in degrees, the voltage magnitude in pu and
the powers in MW and MVar respectively.

As can be verified using Table A.1-Table A.5, the standard power-flow method (Newton-

Raphson without algebraic conditions) results in a mathematically valid solution that ful-

fils the power-flow equations Equation (2.42). However, already for this simple exam-

ple grid, the solution is not technically valid since the reactive power generation at bus

4 is ∼= 184MVar (see Table A.4), which is higher than the limit Qmax specified in Ta-

ble A.2.Therefore, in practise, a more complex (optimal power-flow) algorithm has be used

[59]. Here, the focus is on the grid dynamics and we will use the power-flow solution given in

Table A.4 for the sake of simplicity. Nevertheless, it might be interesting to investigate the

impact of different fixed-points due to optimal power-flow calculations on the grid dynamics

in future studies.

A.3.4 Dynamical parameters

The dynamical parameters for the Case 5 grid are given in Table A.6. They were obtained

by Equations (2.90)-(2.92) as described in Section 2.5.5. Also the internal admittance

y(i) = x−1
d and the effective inertia constant H ′ are specified. They were discussed in

from bus to bus P loss Qloss QC

1 2 1.767 17.666 -0.704

1 4 1.063 10.627 -0.658

1 5 0.331 3.315 -3.126

2 3 0.125 1.254 -1.832

3 4 0.025 0.246 -0.674

4 5 1.716 17.163 -0.674∑︁
5.027 50.272 -7.669

Table A.5: Losses Sloss = P loss + iQloss due to branch series elements as well as line charging
injections QC of Case 5 in the steady-state which is specified by Table A.4.
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Section 2.5.3 and in connection with Equation (2.87) respectively.

bus H [s] H ′ [s2] xd [pu] y(i) [pu] D [s]

1 8.400 0.045 0.089 11.255 0.133

2 12.000 0.064 0.056 17.894 0.133

3 12.940 0.069 0.051 19.737 0.133

4 0.201 0.001 1.000 1.000 0.133

5 18.660 0.099 0.031 31.767 0.133

Table A.6: Dynamical parameters of Case 5 grid estimated from Equations (2.90)-(2.92).

A.3.5 Network with and without internal nodes

Here, the (gathered) SM-model is used which was discussed in Section 2.5.4. Consequently,

the loads at generator (PV-) buses are considered as shunt elements. With the terminal

admittance matrix Y0 given by Equation (A.7), we obtain Y = Y0+Y
(l)
sh with the load shunt

matrix

Y
(l)
sh =

1

Sb
diag

(︂
P⃗

(l) − iQ⃗
(l)
)︂
, (A.14)

similar to Equation (A.4), yielding

Y
(l)
sh

∼=

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0

0 0 0 0 0

0 0 3.000− 0.986i 0 0

0 0 0 4.000− 1.315i 0

0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ . (A.15)

The positive sign for reactive power in Equation (A.4) is due to the definition of the Qsh as

injection while here, load Q(l) is ejected.

From Table A.6 we determine the connection matrix between internal and terminal nodes

Y (i) ∼= −i

⎛⎜⎜⎜⎜⎜⎜⎝
11.255 0 0 0 0

0 17.894 0 0 0

0 0 19.737 0 0

0 0 0 1.000 0

0 0 0 0 31.767

⎞⎟⎟⎟⎟⎟⎟⎠ . (A.16)

Applying Equation (2.74), the admittance matrix describing the interaction between in-

ternal nodes reads

Y ′ ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
0.159− 9.192i 0.144 + 1.934i 0.185 + 1.971i 0.016 + 0.140i 0.325 + 4.784i

0.144 + 1.934i 0.463− 12.214i 0.448 + 4.756i 0.021 + 0.182i 0.323 + 4.728i

0.185 + 1.971i 0.448 + 4.756i 0.756− 12.800i 0.030 + 0.221i 0.443 + 4.995i

0.016 + 0.140i 0.021 + 0.182i 0.030 + 0.221i 0.003− 0.979i 0.042 + 0.381i

0.325 + 4.784i 0.323 + 4.728i 0.443 + 4.995i 0.042 + 0.381i 1.076− 15.843i

⎞⎟⎟⎟⎟⎟⎟⎠ .

(A.17)
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Equation (2.73)a yields the voltages V (i) at the internal nodes

V (i) ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
1.015 + 0.245i

0.931− 0.182i

1.097 + 0.155i

2.841 + 0.050i

0.975 + 0.217i

⎞⎟⎟⎟⎟⎟⎟⎠ , |V (i)| ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
1.0441

0.9488

1.1108

2.8417

0.9988

⎞⎟⎟⎟⎟⎟⎟⎠ , φ(i) ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
13.5677

−11.0484

7.9931

1.0137

12.5668

⎞⎟⎟⎟⎟⎟⎟⎠ (deg.) . (A.18)

Finally, this results in the coupling strength matrix K ′
jk = |V (i)

j ||V (i)
k ||Y ′

jk| and coupling

angle matrix κ′ = γ ′ − π/2 for the Case 5 with internal nodes

KHet+IN = K ′ ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
10.022 1.921 2.296 0.418 5.000

1.921 11.003 5.034 0.493 4.491

2.296 5.034 15.821 0.705 5.564

0.418 0.493 0.705 7.904 1.088

5.000 4.491 5.564 1.088 15.842

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.19)

κHet+IN = κ′ ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
−3.124 −0.074 −0.094 −0.114 −0.068

−0.074 −3.104 −0.094 −0.118 −0.068

−0.094 −0.094 −3.083 −0.137 −0.089

−0.114 −0.118 −0.137 −3.138 −0.109

−0.068 −0.068 −0.089 −0.109 −3.074

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.20)

and the corresponding matrices Kjk = |V (t)
j ||V (t)

k ||Yjk| and κ = γ − π/2 for the model

without internal nodes

KHet−IN = K ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
223.594 35.030 0 32.731 155.475

35.030 124.807 91.144 0 0

0 91.144 126.936 33.503 0

32.731 0 33.503 101.507 33.503

155.475 0 0 33.503 188.959

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.21)

κHet−IN = κ ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
−3.042 0.100 −1.571 0.100 0.100

0.100 −3.042 0.100 −1.571 −1.571

−1.571 0.100 −3.019 0.100 −1.571

0.100 −1.571 0.100 −3.004 0.100

0.100 −1.571 −1.571 0.100 −3.042

⎞⎟⎟⎟⎟⎟⎟⎠ . (A.22)

As can be seen from the matrix in Equation (A.16), the reference bus (fourth row and

column) is assigned the minimum allowed internal admittance |y(i)| = 1. This leads to the

problem, that the internal voltage magnitude |V (i)| has to be very large in order to match

the (apparent) power output required at the bus. This assumption is confirmed by the

value |V (i)
4 | ∼= 2.84 pu, given in Equation (A.18), which is about three times the reference

voltage at 1 pu. As discussed in Section 2.2.2, the voltage magnitude is usually held within

10% limits of the reference voltage, i.e. |V | ∈ [0.9, 1.1]. Accordingly, results obtained for

reference buses have to be considered with caution. In future studies, this systematic error

should be avoided, whereby strategies to do so are suggested at the end of Section 2.5.5.
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A.3.6 Homogenised grid

In this section, the homogenisation procedure discussed in Section 3.2.1 is performed ex-

emplarily for the Case 5. This yields the powers and dynamical parameters as shown in

Table A.7. The only PQ-bus is bus 2, which exhibits the whole reactive power consumption

Q
(m)
2 = −328.690MVar after the homogenisation.

With the powers and the admittances

Y Hom ∼= i

⎛⎜⎜⎜⎜⎜⎜⎝
−192.332 64.111 0.000 64.111 64.111

64.111 −128.222 64.111 0.000 0.000

0.000 64.111 −128.222 64.111 0.000

64.111 0.000 64.111 −192.332 64.111

64.111 0.000 0.000 64.111 −128.222

⎞⎟⎟⎟⎟⎟⎟⎠ (A.23)

the power-flow can be solved, yielding the results listed in Table A.8.

The coupling matrix for dynamical calculations becomes

KHom-IN ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
192.332 0.000 64.111 64.111 62.404

0.000 128.222 64.111 0.000 62.404

64.111 64.111 192.332 64.111 0.000

64.111 0.000 64.111 128.222 0.000

62.404 62.404 0.000 0.000 121.484

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.24)

while the coupling angles are κij = 0 ∀i, j, i ̸= j and κii = −π ∀i due to the neglecting of

resistances.

For the model including internal nodes (Hom+IN), the internal voltage magnitudes and

angles read

|V (i)| ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
1.6070

1.6047

1.0332

1.0327

0.8033

⎞⎟⎟⎟⎟⎟⎟⎠ , φ(i) ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
8.7952

8.5613

14.2385

14.4291

−14.1847

⎞⎟⎟⎟⎟⎟⎟⎠ (deg.) . (A.25)

type P (m) [MW] H [s] H ′ [s2] xd [pu] y(i) [pu] D [s]

gen (PV- & ref-bus) 75.0 3.000 0.016 0.339 2.951 0.133

load (PQ-bus) -300.0 12.000 0.064 0.056 17.894 0.133

Table A.7: Dynamical parameters of the homogenised version of the Case 5 grid for generators and
loads, respectively. Powers are obtained by averaging as explained in Section 3.2.1, the remaining
ones are estimated from Equations (2.90)-(2.92).
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bus P (m) [MW] Q(m) [MVar] |V | [pu] φ [deg.]

1 75.000 173.170 1.000 -0.303

2 -300.000 -328.690 0.973 -1.804

3 75.000 172.498 1.000 -0.550

4 75.000 0.418 1.000 0.000

5 75.000 0.264 1.000 0.183

Table A.8: Power-flow solution of the homogenised version of the Case 5 grid. Entries which are
marked in dark grey are obtained by solving the power-flow equations, the remaining ones are
initial conditions.

The coupling strength matrix is

KHom+IN ∼=

⎛⎜⎜⎜⎜⎜⎜⎝
6.733 0.745 0.520 0.533 2.174

0.745 6.688 0.508 0.482 2.205

0.520 0.508 2.771 0.349 1.369

0.533 0.482 0.349 2.739 1.351

2.174 2.205 1.369 1.351 4.306

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.26)

while the coupling angles are κij = 0 ∀i, j, i ̸= j and κii = −π ∀i again.

A.3.7 Solutions of the swing equation

With the parameters determined previously in this section, it is possible to solve the swing

equation [Equation (2.87)] for any initial condition or other perturbations. A possible

disturbance, that may occur in power grids, is a change in the power production. We take

such a perturbation as example and change the power production P1 of node 1 in the Case

5 grid from P1 to P = P1 + ∆P = 1.5P1 at t = 1 and change it back to P1 at t = 2, see

upper graph in Figure A.4.

The grid response, described by the swing equation, is shown in the centre and bottom

graphs in Figure A.4. From the centre panel, it can be seen that first, the frequency ω1 of

the perturbed node 1 at t = 1 rises and finally, after a small reaction time, all frequencies

increase to approximately ω ≃ 1.5 within the interval t ∈ [1, 2]. After the perturbation

is switched off again, i.e. the power production returns to normal, all frequencies decrease

until they reach their steady state values ω = 0 at t ≳ 5.

The voltage phase angles φ also increase during the perturbation interval, as can be seen

from the bottom panel in Figure A.4. After t = 2, they remain almost constant, which is

due to the fact that only the differences between the voltage phase angles are of relevance

to the power grid state. The voltage phase angles relative to that of the reference node (4)

is shown in the inset of the bottom panel in Figure A.4.

When neglecting the internal nodes, i.e. using the Het−IN model (described in Sec-

tion 3.2.1), the grid reaction is different as shown in the centre and bottom panels in

Figure A.5. Although the frequencies also tend to ω ≃ 1.5 during the perturbation interval,
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Figure A.4: In the upper graphs an (active) power generation time series P1(t) applied to node 1
in the Case 5 grid is shown. The center and bottom graph respectively illustrate the voltage fre-
quencies ω and phases φ which result from the swing equation (2.70) with this power generation
time series P1(t) using the Het+IN model (confer Section 3.2.1). The inset in the bottom graph
shows the phases φ− φ4 with respect to the reference node (4).

the frequencies are much stronger correlated and the oscillations around the mean ten-

dency are relatively small. This results from the much stronger coupling which can be seen

comparing the coupling matrices KHet+IN and KHet−IN in Equations (A.19) and (A.21),

respectively.

For larger grids, as the RTS-96, this is also true in principle. However, due to the Kron-

reduction, the matrix KHet+IN is complete, that means all nodes are connected among

each other. Accordingly, the coupling strength is smaller in the Het+IN model, but all

nodes react to perturbations simultaneously while in the Het−IN model, the propagation

of perturbations depends on the coupling structure of the grid.

Since the Case 5 is a very small grid, almost all nodes are coupled in the Het−IN model

also, leading to a collective development of voltage frequencies and phases as shown in the

centre and bottom panel in Figure A.5.

Already for such a small grid, the differences between the models Het+IN and Het−IN are

clearly visible. When neglecting the internal reactances xd, i.e. using the Het−IN model,
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Figure A.5: Voltage frequency ω and phase φ trajectories corresponding to that in Figure A.4 using
the Het−IN model for the Case 5 grid.

the amplitude of frequency oscillations is underestimated, as well as voltage frequency and

phase angle differences among the nodes.
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A.4 Derivation of branch model

Kirchhoff’s nodal rule evaluated at the node which is marked red in Figure A.6 reads

− I ′f + IB + IZ = 0 . (A.27)

Kirchhoff’s voltage law for the orange mesh yields

− V ′
f + Vt + IZZS = 0 . (A.28)

With Ohms law, one immediately finds IB = iBCV
′
f /2. Inserting IB into Equation (A.27)

and IZ from Equation (A.27) into (A.28), a relation between I ′f and the voltages V ′
f and Vt

is obtained

I ′f =

(︃
YS + i

BC

2

)︃
V ′
f − YSVt . (A.29)

Repeating this procedure for It, the matrix equation(︄
I ′f
It

)︄
=

⎛⎝(︂YS + iBC
2

)︂
−YS

−YS
(︂
YS + iBC

2

)︂⎞⎠(︄V ′
f

Vt

)︄
(A.30)

is obtained. Using the transformer rules V ′
f = Vf/(η exp(iζ)) and I

′
f = η exp(iζ)∗If, [Equa-

tion (2.27)] yields(︄
η exp(−iζ)If

It

)︄
=

⎛⎝(︂YS + iBC
2

)︂
−YS

−YS
(︂
YS + iBC

2

)︂⎞⎠(︄Vf/η exp(iζ)
Vt

)︄
(A.31)

⇔

(︄
If

It

)︄
=

⎛⎝ (︂
YS + iBC

2

)︂
1
η2

−YS [η exp(−iζ)]−1

−YS [η exp(iζ)]−1
(︂
YS + iBC

2

)︂ ⎞⎠(︄Vf
Vt

)︄
. (A.32)

T
a
p
-E

n
d

Z
-E

n
d

IB IZ

Figure A.6: Pi-equivalent circuit for the branch-model introduced in Section 2.2.4. The orange
marked mesh and the red marked node are used for the circuit analysis to derive the admittance
matrix.
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A.5 Labelling of power grid nodes

In general, numbers of power grid nodes, i.e. buses or generators, are arbitrary. For instance,

in the RTS-96, bus numbers are chosen due to geographical reasons. They consist of three

digits, where the first is the number of the area containing the bus, followed by two arbitrary

digits for identification, confer the first column of Table A.11. We refer to this original

numbering as orig-notation, see Table A.9.

However, for calculations a sequential numbering is needed, e.g., for a useful matrix index-

ing. Therefore, the buses are given consecutive numbers with respect to their position in

the table starting with 1, as can be seen in the second column of Table A.9. The sequential

numbering is called SEQ-notation in the following.

Using, for instance, the structure preserving model, generator- and load-buses are treated

differently in the modelling and it is useful to rearrange the buses according to a labelling

where first all generators and then all loads are listed [71]. In order to obtain a consistent

notation among all load models, this arrangement can also be used for all of them [56]. We

refer to this generator-then-load notation simply as GL-notation, confer third column in

Table A.9.

The GL-notation is identical to that used in the power-flow analysis (see Section 2.4.3 and

Section A.3.3) except that the reference bus, which is a generator bus in general, is put to

the end in this procedure. A corresponding notation could be referred to asVQR-notation

(for PV-PQ-Reference) and is not explicitly shown in Table A.9.

Another refinement is, when distinguishing between synchronous condensers (SCs) and

other generators. As SCs are no appropriate candidates for a replacement by a renewable

generator system, in Chapter 4 (in particular Section 4.2) the SCs are not listed as gen-

erators and hence a generator-synchronous condenser-then-load notation emerges. We will

refer to it as GSL-notation, confer also column 5 of Table A.9.

In this thesis, often the GL-notation is used, in particular when discussing numerical

results in Section 3.2.2 and Section 3.2.3. To compare these results with figures in which

the SEQ-notation is used, the inverse numbering transformation gl→seq is given in the

last two columns (6 and 7) in Table A.9. In other words, these columns are sorted by the

GL-labels rather than the SEQ-labels, as done in the columns 2 and 3.
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continued

1 2 3 4 5 6 7 1 2 3 4 5 6 7

orig seq→ gl seq→ gsl gl→ seq orig seq→ gl seq→ gsl gl→ seq

101 1 1 1 1 1 1 214 38 16 38 32 38 8

102 2 2 2 2 2 2 215 39 17 39 15 39 9

103 3 34 3 34 3 7 216 40 18 40 16 40 10

104 4 35 4 35 4 13 217 41 56 41 56 41 11

105 5 36 5 36 5 14 218 42 19 42 17 42 12

106 6 37 6 37 6 15 219 43 57 43 57 43 17

107 7 3 7 3 7 16 220 44 58 44 58 44 19

108 8 38 8 38 8 18 221 45 20 45 18 45 20

109 9 39 9 39 9 21 222 46 21 46 19 46 24

110 10 40 10 40 10 22 223 47 22 47 20 47 27

111 11 41 11 41 11 23 224 48 59 48 59 48 28

112 12 42 12 42 12 25 301 49 23 49 21 49 29

113 13 4 13 4 13 26 302 50 24 50 22 50 30

114 14 5 14 31 14 31 303 51 60 51 60 51 32

115 15 6 15 5 15 37 304 52 61 52 61 52 33

116 16 7 16 6 16 38 305 53 62 53 62 53 34

117 17 43 17 43 17 39 306 54 63 54 63 54 35

118 18 8 18 7 18 40 307 55 25 55 23 55 36

119 19 44 19 44 19 42 308 56 64 56 64 56 41

120 20 45 20 45 20 45 309 57 65 57 65 57 43

121 21 9 21 8 21 46 310 58 66 58 66 58 44

122 22 10 22 9 22 47 311 59 67 59 67 59 48

123 23 11 23 10 23 49 312 60 68 60 68 60 51

124 24 46 24 46 24 50 313 61 26 61 24 61 52

201 25 12 25 11 25 55 314 62 27 62 33 62 53

202 26 13 26 12 26 61 315 63 28 63 25 63 54

203 27 47 27 47 27 62 316 64 29 64 26 64 56

204 28 48 28 48 28 63 317 65 69 65 69 65 57

205 29 49 29 49 29 64 318 66 30 66 27 66 58

206 30 50 30 50 30 66 319 67 70 67 70 67 59

207 31 14 31 13 31 69 320 68 71 68 71 68 60

208 32 51 32 51 32 70 321 69 31 69 28 69 65

209 33 52 33 52 33 71 322 70 32 70 29 70 67

210 34 53 34 53 34 3 323 71 33 71 30 71 68

211 35 54 35 54 35 4 324 72 72 72 72 72 72

212 36 55 36 55 36 5 325 73 73 73 73 73 73

213 37 15 37 14 37 6

Table A.9: Different labelling possibilities of the buses in the RTS-96. For details see discussion
(Section A.5). For the sake of space the rows 38 to 73 are shown separated on the right-hand
side.
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A.6 Magnetic circuits

Non-relativistic electric and magnetic fields are described by Maxwell’s equations. A dis-

cussion of the latter can be found in textbooks like [65]. However, determining the solution

of Maxwell’s equations for practical problems is usually extremely difficult. Consequently,

for fundamental understanding and design, the much simpler approach of using magnetic

circuits was developed [54, 58].

It can be understood analogously to electric circuits. Consider a conducting wire which

is on both ends connected to the two different poles of a voltage source, confer left side of

Figure A.7(a). Although the electric field of the voltage source poles is defined in the whole

space, usually only the field within the conductor is considered for current determination.

Furthermore, in electric circuits, the wire will be approximated as lumped resistance R (or

impedance Z) while the connection to the voltage source is assumed lossless, confer section

Section 2.1.

A corresponding magnetic circuit is a closed core constructed from a material, iron for

example, whose permeability µ is much larger than that of the surrounding material, see

Figure A.7(b). In the following discussion, air is assumed as surrounding material with

µiron ≫ µair ≃ µ0. (A.33)

The core is excited by a coil consisting of N windings, carrying a current of I amperes.

This leads to the formation of a magnetic flux Φ which will be confined to the core. A very

small part of Φ will, of course, form in the surrounding air. According to electrical circuits,

this flux is neglected and the core can be described as a lumped element that is called

reluctance R.

While in electric circuits the voltage V , also termed “electromotive force” (emf),

is the driving “force” that leads to the formation of current I, in magnetic circuits the

(a)

lumped
resistance

wire with total 
resistance R

electrical
current I 

real circuit equivalent circuit

(b)

lumped
reluctance

iron core
with total 
reluctance

magnetic
flux

real circuit equivalent circuit

co
il

Figure A.7: Analogy of electric and magnetic circuits. (a) An electric circuit consisting of a voltage
source V that leads to the formation of a current I, when the poles (+ and −) are connected by
a conductor, which is a wire here. This real circuit is represented by an equivalent circuit with a
voltage source V and a lumped resistance R. (b) A magnetic circuit consisting of a coil that, when
carrying a current I, leads to the formation of a magnetic flux Φ inside an iron core. This real
circuit is represented by an equivalent circuit with a current source I and a lumped reluctance R.
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magnetomotive force1 (mmf) F results in the formation of magnetic flux Φ, see Fig-

ure A.7(b). The mmf generated by a coil with winding number N carrying the current I

can be calculated from

F = NI . (A.34)

It is related to the magnetic flux by

F = RΦ , (A.35)

which is sometimes referred to as “Ohm’s law of magnetic circuits”.

Analogously to Kirchhoff’s laws (see Section 2.1.3), node and mesh rules can be derived

for magnetic circuits which respectively read∑︂
n

Φn = 0 , (A.36)

where n is the number of fluxes flowing into or out of the node, and

F =
∑︂
k

RkΦk , (A.37)

where k is the number of lumped reluctances in the mesh. For a more detailed description

of magnetic circuits the reader is referred to [58].

Rotating electromagnetic machines as synchronous generators are necessarily accompanied

by an air gap dividing stator and rotor, confer Section 2.5.1, in particular Figure 2.12 and

Figure 2.15. If the air gap is small enough, it can be assumed that the magnetic flux

geometry, predefined by the iron core, is not strongly influenced by the gap. The magnetic

circuit of such a configuration can then be described by two reluctances Rc and Rg in

series, where Rc represents the core and Rg the gap. Due to the relation Equation (A.33),

the air-gap reluctance is usually dominant (as R ∼ 1/µ) so that for rotating machines

Rtot = Rc +Rg ≈ Rg.

Varying a magnetic field with time, results in an electric field in space as determined by

Faraday’s law. In the magnetic circuit approach it can be written in a simplified form as

V = N
dΦ

dt
=

dλ

dt
, (A.38)

where λ = NΦ. For a magnetic circuit composed of magnetic material of constant magnetic

permeability or which includes a dominating air gap, the relationship between Φ and I will

be linear [58]. In this case, we can define the inductance L and, using Equation (A.34) and

Equation (A.35), rearrange it as

L :=
λ

I
=
N2

R
. (A.39)

Here, R is the reluctance of the magnetic circuit associated with the winding of which the

inductance L is determined.

1Notice, that the names “electromotive force” and “magnetomotive force” are confusing as they refer to

voltages and currents not forces, respectively.
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A.7 Classical model for synchronous machines with armature

resistance

The derivation of the swing equation (2.70) in Section 2.5.2 was based on the “classical”

model for synchronous machines, in which sometimes the SM is referred to as constant

voltage behind (transient) reactance. There, the armature resistance Ra has been neglected.

In [64] several SM models of significantly varying complexity are discussed. The classical

model with armature resistance is described by the differential-algebraic system (DAE)

φ(i)̇ = ω, (A.40)a

H ′ω̇ = P (m) − P (e) −Dω, (A.40)b

0 = P (e) − (Vq +RaIq)Iq − (Vd +RaId)Id, (A.40)c

0 = |V (i)| − Vq −RaIq − x′dId, (A.40)d

0 = Vd +RaId − x′dIq, (A.40)e

0 = Vd − V (t) sin
(︂
φ(i) − φ(t)

)︂
, (A.40)f

0 = Vq − V (t) cos
(︂
φ(i) − φ(t)

)︂
, , (A.40)g

0 = Pbus − VdId − VqIq, (A.40)h

0 = Qbus − VqId + VdIq. (A.40)i

Here, H ′ and D are the inertia and damping constant as discussed in Section 2.5.2, and x′d
is the (transient) d-axis reactance. The variables Vd and Id, Vq and Iq are the d-axis voltage

and current, and q-axis voltage and current respectively, for details see [1] or [64]. Pbus and

Qbus, V
(t) and φ(t) are the active and reactive power, voltage magnitude and phase at the

terminal (bus) respectively, and φ(i) is the internal voltage phase. The internal voltage

magnitude, termed |V (i)| in this thesis, corresponds to the q-axis internal voltage and is

usually written as e′q (or E′
q) in the engineering literature. It is further directly connected

with the excitation of the SM field winding. With the aid of splitting values into d- and

q-axis values, as well as magnitudes and phases, the equation system is designed to consist

of real quantities only.

For any initial condition of (φ(i), ω), the initial condition for all other variables needs to be

obtained by solving the system of equations, which will not be demonstrated here. However,

it is worth noting that Pbus, Qbus, V
(t), and φ(t) are obtained by the power-flow solution.

The remaining equations can be solved by insertion or numerically.

For Ra = 0 we can obtain the relation

P (e) =
|V (i)|Vd
x′d

=
|V (i)||V (t)|

x′d
sin
(︂
φ(i) − φ(t)

)︂
= Re

[︂
V (i)

(︂
V (i) − V (t)

)︂∗ (︂
y(i)
)︂∗]︂

, (A.41)

which is equal to Equation (2.60) and hence to the swing equation using a model with in-

ternal admittances y(i), i.e. with internal nodes (Het+IN or Hom+IN, confer Section 3.2.1).

A comparison of the solution of the DAE system, given by Equation (A.40), and the

swing equation [Equation (2.70)] (termed ODE here) for a two machine system is shown in
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Figure A.8: (a) Comparison of the solutions obtained by the swing equation [Equation (2.88)],
termed ODE, and the DAE system given by Equation (A.40), termed DAE for Ra = 0 and “DAE,
Ra > 0” for Ra = 0.5x′d. The complete list of parameters is given in Table A.10. (b) Magnification
of the part enclosed by dashed black lines in (a).

Figure A.8. As perturbation, a power pulse P1(t) = 1.1P1(0) for t ∈ [0.5 s, 1.5 s] was used.

It can be seen, that the solutions for Ra = 0 are in perfect agreement. Furthermore, the

DAE system [Equation (A.40)] with Ra > 0 yields also approximately the same solution,

although the value Ra = 0.5x′d, chosen here, is comparatively large since usually x′d ≫ Ra

[1, 64]. To see the difference, we need to look into the magnification, shown in Figure A.8(b).

Hence, we can conclude that neglecting Ra is justified for the investigations made in this

thesis.

Let us remark that solving DAE systems becomes difficult when dealing with singularities,

as can be seen by the strongly increased number of iteration steps close to the end of the

perturbation interval (t = 1.5 s). They are marked by red crosses in Figure A.8(b). In

addition, the computational time is in general higher. Therefore, it is recommended to use

the approximation given by the swing equation (with internal nodes) whenever possible.

The solutions of the swing equation (ODE) [Equation (2.88)] and of the DAE system

[Equation (A.40)], both shown in Figure A.8, were obtained using the MATLAB routines

ode45 and ode15s, respectively.
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Machine parameters

common (Ra = 0) (Ra > 0)

machine H ′ D x′d Ra P (m) Ra P (m)

1 0.040 0.133 0.010 0 1.000 0.005 1.005

2 0.040 0.133 0.010 0 -0.992 0.005 -0.987

Bus parameters

bus Pbus Qbus |V | = V (t) φ = φ(t)

1 (PV) 1.000 0.0003 1.000 0.125

2 (ref) -0.992 -0.1250 1.000 0.000

Transmission line parameters

|Y | = 8 γ = −0.48π BC = 0

Table A.10: Parameters of the two machine system used to compare the synchronous machine
model with and without armature resistance. Notice that half of the bus parameters are deter-
mined from the power-flow calculation depending on the bus type. The mechanical powers were
chosen P (m) = P (e) in order to match ω̇(t = 0) = ω(0) = 0.
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A.8 Control mechanisms

A unique feature of power grids is, that power production and consumption have to be

balanced at any time instant and, moreover, storage of electrical energy is very limited.

While electrical power can change almost instantaneously as, for instance, due to component

failures or changes in the load distribution, the mechanical power provided by the prime

movers (turbines) is accompanied with reaction times.

In order to balance such a complex system, control mechanisms are necessary. These can

be roughly divided into three groups which are physical principles, automatic (electronic)

regulations and (human) governor intervention. An overview of control mechanisms used

in power grids is shown in Figure A.9 together with the corresponding time scales on which

they are active after a fault. In the following, these mechanisms shall be briefly discussed,

while interested readers are referred to [66].

Spinning reserve

The spinning reserve, sometimes also termed instantaneous spinning reserve, is the ro-

tational energy stored in the rotors of the (synchronous) generators. When an unbalanced

torque acts on a synchronous generator, its rotor slows down or speeds up, depending on

the torque direction, confer Section 2.5.2. Thereby, either the rotational energy is converted

to electrical energy which is fed into the grid when it exhibits unbalanced consumption. Or

the rotational energy increases, consuming overproductions occurring in the grid. Based on

the law of energy conservation, this mechanism acts instantaneously and can be counted to

the group of physical principles.

Although irreplaceable due to the fast reaction time, the spinning reserve is very limited

and must be supplemented with further control mechanisms in order to prevent grid failures

after large or continuing disturbances.

The lack of spinning reserve is a severe problem of renewable energy sources like photo-

voltaic devices and also wind turbines. The latter exhibit a certain amount of rotational

Spinning
reserve

Primary
control

Secondary
control

Tertiary
control

t0s 1-10s 15-30s >1min

Restore 
power balance

Restore
reference frequency

Energy
conservation

Damp
fluctuations

Optimise
generation

Droop
control

PI-control

Fault

Effect OriginControl mechanism

Figure A.9: Overview of control mechanisms and their operation times after a fault occurs in the
power grid. During continuous, regular operation, all control mechanisms are acting in parallel.
For details see text.
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Figure A.10: Illustration of the behaviour of
droop control depending on voltage fre-
quency f . The inset (magnification top
right) demonstrates the cut-in frequency
(dead band). The quantities are explained
in the text.

energy which can, unfortunately, not be used completely or not at all. This is due to the

connection of wind turbines to the grid via converters, confer Section 4.1.1.

Primary control

Simply put, the primary control re-establishes the power balance and thereby inhibits

frequency fluctuations leading to a constant frequency that is different from the nominal

value. It operates as follows.

The rotor speed of synchronous generators is directly connected with the voltage frequency

f in the grid. Accordingly, periods of unbalanced generation and consumption lead to an

increase or decrease of the grid frequency from its nominal value fr (fr = 50Hz in Europe).

The automatic primary control deploys after a few seconds of frequency deviations ∆f =

f − fr larger than ±10mHz. Regulating units will correct the power balance by changing

the production P
(g)
j of generator j according to

Pj(∆f) = P
(r)
j − 1

dj

P
(r)
j

fr
∆f (A.42)

where P
(r)
j = Pj(∆f = 0) is the scheduled (or reference) power production of generator j at

reference frequency fr and dj is its droop. This behaviour is illustrated in Figure A.10(a).

The droop is determined by the primary control reserve ∆Pmax
j and the maximum

frequency deviation ∆fmax
j at which the power P

(r)
j + ∆Pmax

j is adopted by generator j.

Furthermore, it is expressed as a dimensionless value composing of the relative changes

∆f/fr and ∆P/P (r) giving

dj = −
∆fmax

j

∆Pmax
j

P
(r)
j

fr
. (A.43)

To ensure correct control actions, the droop must be positive d > 0. This is ensured by

setting ∆Pmax
j /∆fmax

j < 0 and consequently ∆fmax
j /∆Pmax

j < 0, see Figure A.10(a). As

can be seen from the figure, Equation (A.42) describes the primary control only within the

limits of its reserve and beyond the dead band of ±10mHz.
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Figure A.11: Illustration of the primary control action after a perturbation of the power at one node
in the example grid Case 5 (see Section A.3). (a) Temporary change in power production P1(t)

at node 1 (blue line) from P 0
1 = P1(0) to 1.5P 0

1 = P1(t) within the time interval t ∈ [0.5 s, 1.5 s]

as indicated by the vertical, dotted black lines. (b) Continuous change in power production P1(t)

at node 1 (blue line) from P 0
1 = P1(0) to 1.5P 0

1 = P1(t), starting at t = 0.5 s as indicated by
the vertical, dotted black line. (a) and (b) The lower panels show the frequency response to the
respective perturbations shown by the blue lines in the upper panels. The red curves in the upper
panels show the cumulated (idealised) primary control power of all nodes as a consequence of
the frequency change.

Changing the power generation according to the frequency deviation, the balance between

demand and production will be restored (assuming ∆Pmax is large enough). In turn, the

frequency will converge to a constant value that, however, may be different from fr. If the

perturbation in the power balance vanishes after some time, the frequency will return to the

nominal value. In the other case, if the perturbation remains, the imbalance P−P (r) must be

compensated continuously, requiring ∆f > 0, confer Equation (A.42). This state is referred

to as quasi steady-state, confer also Section 3.1. Frequency curves corresponding to both

cases are shown in Figure A.11.

Notice that the reference frequency fr = 50Hz is arbitrary to some extent. This becomes

evident when regarding, for instance, the USA, where the reference frequency is 60Hz.

Consequently, a steady-state is not dependent on 50Hz but rather on a common frequency at

all nodes as discussed in Section 3.1. The reference frequency is limited by electromagnetic

phenomena like the waves inside the transmission lines [1].

In this thesis, the primary control is implemented effectively by a constant power frequency

characteristic

Dpc = − ∆P

2π∆f
(A.44)

for all nodes of the whole synchronous area that is, in this case, the whole grid. That
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means, the droop of every generator is specified to yield

1

dj

P
(r)
j

ωr
= Dpc = const. ∀j . (A.45)

As discussed in Section 2.5.2, the primary control can be included in the swing equation

(2.70) as damping term −Dpc∆ω. Using this simple, but generally reasonable, approach,

the dead band is ignored. Moreover, the reserve is thereby assumed to be infinitely large,

whereby the fraction ∆fmax
j /∆Pmax

j is held constant.

As remark, it is required by guidelines that the regarding generator reaches the full reserve

∆Pmax within 30 seconds to bypass severe faults without jeopardising the grid. Since the

primary control has no time delay in the approach used here, this condition can be regarded

as fulfilled.

Secondary control

On the basis of a measured error of power balance and frequency, the secondary control

adjusts the power set-point for all generators in its control area in order to restore the

reference voltage frequency in the area.

When a power imbalance occurs, the primary control re-establishes the balance, as dis-

cussed earlier in this section. However, this procedure leads to a constant frequency offset,

if the origin of the imbalance remains (e.g. permanent change of the consumption at one

node). It is further limited to the specified primary control reserve.

In order to restore the reference frequency ωr = 2πfr, the secondary controller adjusts the

scheduled power P
(r)
a =

∑︁
j∈a P

(r)
j of all generators j in its related control area a. For that

purpose, it measures, in real time t, the area control error (abbreviated ACE)

EAC
a (t) =

∑︂
j∈a

[︂
Pj(t)− P

(r)
j +Dpc (ωj(t)− ωr)

]︂
. (A.46)

The ACE includes corrections ∆P pc = Dpc (ωj(t)− ωr) performed by the primary control.

This is necessary, since otherwise, the primary control would prevent the secondary control

activation. Notice that the sign of the correction ∆P pc = +Dpc∆ω is different from that

in Equation (A.44).

Based on the ACE, the secondary controller calculates the new power schedule

P (r)
a (t) = P (r)

a (t0)− αEAC
a (t)− β

∫︂ t

t0

EAC
a (τ) dτ , (A.47)

where α and β are tunable factors of the proportional and integral term, respectively. The

new scheduled power P
(r)
a (t) is then distributed, usually uniformly, among the generators

in a.

During this process, the power correction provided by the primary control is slowly re-

placed by the secondary control since P (r) approaches P and hence ∆P = P−P (r) vanishes.

According to Equation (A.42) this corresponds to ∆f = 0 and the reference frequency is

restored. Furthermore, the primary control reserves are fully available again.
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Remarks

� When a system of several control areas is investigated, the interchange power has to

be considered in Equation (A.46), too.

� Every measurement is accompanied by time delays t′. To take them into account, the

time t of the right-hand side of Equation (A.47) can be replaced by t − t′. This has

been investigated, for instance, in [69].

� The constant Kpc in the term ∆P pc = Kpc∆ω, representing the effect of primary

control, may be chosen slightly higher than Dpc to compensate uncertainties on the

self regulating effect of loads.

� In practise, the power output of generators can only be adjusted within their genera-

tion limits.

Tertiary control

Also the secondary control reserve is finite. Moreover, the power schedule performed by

primary and secondary control may be suboptimal with respect to economic considerations.

Therefore, the power generation throughout the grid has to be redistributed in certain

intervals. In regular operation, these intervals are typically 15 minutes long.

The redistribution can be performed by varying the interchanges between areas, or starting

or shutting down backup power plants. The term tertiary control covers these long-

term adjustments that may be initiated automatically or manually.

Load shedding

If the voltage frequency f drops more than 1Hz, despite control actions, some consumers

are disconnected from the grid in order to stabilize its operation. This procedure is known

as load shedding (or load-shedding). After the fault is cleared, the consumers can be

reconnected.
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A.9 IEEE Reliability Test System - 1996

A.9.1 Data tables

In the following the bus-table A.11, gen-table A.12, and branch-table A.13, converted to

MPC format (confer Section A.3.1), are specified for the IEEE Reliability Test System-1996

(RTS-96). Subsequently, the dynamic data (Table A.14) is shown.

number type P (l) Q(l) Gsh Bsh Area |V | φ kV base Zone Max |V | Min |V |

101 2 108.000 22.000 0 0 11 1.035 -7.033 138 11 1.050 0.950

102 2 97.000 20.000 0 0 11 1.035 -7.140 138 12 1.050 0.950

103 1 180.000 37.000 0 0 11 0.985 -5.063 138 11 1.050 0.950

104 1 74.000 15.000 0 0 11 1.000 -9.594 138 11 1.050 0.950

105 1 71.000 14.000 0 0 11 1.031 -9.874 138 11 1.050 0.950

106 1 136.000 28.000 0 1 11 1.085 -12.872 138 12 1.050 0.950

107 2 125.000 25.000 0 0 11 1.025 -7.110 138 12 1.050 0.950

108 1 171.000 35.000 0 0 11 0.999 -10.927 138 12 1.050 0.950

109 1 175.000 36.000 0 0 11 1.005 -7.457 138 13 1.050 0.950

110 1 195.000 40.000 0 0 11 1.054 -9.609 138 13 1.050 0.950

111 1 0.000 0.000 0 0 11 0.997 -2.817 230 13 1.050 0.950

112 1 0.000 0.000 0 0 11 1.009 -1.451 230 13 1.050 0.950

113 3 265.000 54.000 0 0 12 1.020 0.000 230 14 1.050 0.950

114 2 194.000 39.000 0 0 12 0.980 0.583 230 16 1.050 0.950

115 2 317.000 64.000 0 0 12 1.014 12.604 230 16 1.050 0.950

116 2 100.000 20.000 0 0 12 1.017 11.701 230 16 1.050 0.950

117 1 0.000 0.000 0 0 12 1.038 16.017 230 17 1.050 0.950

118 2 333.000 68.000 0 0 12 1.050 17.245 230 17 1.050 0.950

119 1 181.000 37.000 0 0 12 1.023 10.042 230 15 1.050 0.950

120 1 128.000 26.000 0 0 12 1.038 10.551 230 15 1.050 0.950

121 2 0.000 0.000 0 0 12 1.050 17.992 230 17 1.050 0.950

122 2 0.000 0.000 0 0 12 1.050 23.729 230 17 1.050 0.950

123 2 0.000 0.000 0 0 12 1.050 11.549 230 15 1.050 0.950

124 1 0.000 0.000 0 0 12 0.980 6.090 230 16 1.050 0.950

201 2 108.000 22.000 0 0 21 1.035 -7.164 138 21 1.050 0.950

202 2 97.000 20.000 0 0 21 1.035 -7.235 138 22 1.050 0.950

203 1 180.000 37.000 0 0 21 0.999 -6.604 138 21 1.050 0.950

204 1 74.000 15.000 0 0 21 1.002 -9.601 138 21 1.050 0.950

205 1 71.000 14.000 0 0 21 1.031 -9.781 138 21 1.050 0.950

206 1 136.000 28.000 0 1 21 1.085 -12.648 138 22 1.050 0.950

207 2 125.000 25.000 0 0 21 1.025 -6.983 138 22 1.050 0.950

208 1 171.000 35.000 0 0 21 1.000 -10.768 138 22 1.050 0.950

209 1 175.000 36.000 0 0 21 1.009 -7.407 138 23 1.050 0.950

210 1 195.000 40.000 0 0 21 1.054 -9.288 138 23 1.050 0.950

211 1 0.000 0.000 0 0 21 0.997 -2.596 230 23 1.050 0.950

212 1 0.000 0.000 0 0 21 1.008 -0.598 230 23 1.050 0.950

213 2 265.000 54.000 0 0 22 1.020 1.646 230 24 1.050 0.950

214 2 194.000 39.000 0 0 22 0.980 -0.442 230 26 1.050 0.950
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number type P (l) Q(l) Gsh Bsh Area |V | φ kV base Zone Max |V | Min |V |

215 2 317.000 64.000 0 0 22 1.014 8.531 230 26 1.050 0.950

216 2 100.000 20.000 0 0 22 1.017 8.906 230 26 1.050 0.950

217 1 0.000 0.000 0 0 22 1.040 12.637 230 27 1.050 0.950

218 2 333.000 68.000 0 0 22 1.050 13.787 230 27 1.050 0.950

219 1 181.000 37.000 0 0 22 1.023 8.801 230 25 1.050 0.950

220 1 128.000 26.000 0 0 22 1.038 10.634 230 25 1.050 0.950

221 2 0.000 0.000 0 0 22 1.050 14.451 230 27 1.050 0.950

222 2 0.000 0.000 0 0 22 1.050 20.251 230 27 1.050 0.950

223 2 0.000 0.000 0 0 22 1.050 12.342 230 25 1.050 0.950

224 1 0.000 0.000 0 0 22 0.989 2.885 230 26 1.050 0.950

301 2 108.000 22.000 0 0 31 1.035 -1.717 138 31 1.050 0.950

302 2 97.000 20.000 0 0 31 1.035 -1.804 138 32 1.050 0.950

303 1 180.000 37.000 0 0 31 0.987 -0.433 138 31 1.050 0.950

304 1 74.000 15.000 0 0 31 1.000 -4.207 138 31 1.050 0.950

305 1 71.000 14.000 0 0 31 1.031 -4.433 138 31 1.050 0.950

306 1 136.000 28.000 0 1 31 1.085 -7.358 138 32 1.050 0.950

307 2 125.000 25.000 0 0 31 1.025 -1.700 138 32 1.050 0.950

308 1 171.000 35.000 0 0 31 0.999 -5.478 138 32 1.050 0.950

309 1 175.000 36.000 0 0 31 1.006 -2.033 138 33 1.050 0.950

310 1 195.000 40.000 0 0 31 1.054 -4.041 138 33 1.050 0.950

311 1 0.000 0.000 0 0 31 0.997 2.754 230 33 1.050 0.950

312 1 0.000 0.000 0 0 31 1.009 4.369 230 33 1.050 0.950

313 2 265.000 54.000 0 0 32 1.020 6.597 230 34 1.050 0.950

314 2 194.000 39.000 0 0 32 0.980 5.301 230 36 1.050 0.950

315 2 317.000 64.000 0 0 32 1.014 15.860 230 36 1.050 0.950

316 2 100.000 20.000 0 0 32 1.017 15.208 230 36 1.050 0.950

317 1 0.000 0.000 0 0 32 1.039 18.665 230 37 1.050 0.950

318 2 333.000 68.000 0 0 32 1.050 19.442 230 37 1.050 0.950

319 1 181.000 37.000 0 0 32 1.023 14.191 230 35 1.050 0.950

320 1 128.000 26.000 0 0 32 1.038 15.246 230 35 1.050 0.950

321 2 0.000 0.000 0 0 32 1.050 20.665 230 37 1.050 0.950

322 2 0.000 0.000 0 0 32 1.050 26.392 230 37 1.050 0.950

323 2 0.000 0.000 0 0 32 1.050 16.538 230 35 1.050 0.950

324 1 0.000 0.000 0 0 32 0.983 9.844 230 36 1.050 0.950

325 1 0.000 0.000 0 0 32 1.051 16.659 230 35 1.050 0.950

Table A.11: Bus-table for the RTS-96. The power-flow equations are already fulfilled for these
values.
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bus number P (g) Q(g) Qmax Qmin |V |SP mBase status Pmax Pmin

101 10.000 4.456 10.000 0.000 1.035 24 1 20 1

101 10.000 4.456 10.000 0.000 1.035 24 1 20 1

101 76.000 -0.491 30.000 -25.000 1.035 89 1 76 1

101 76.000 -0.491 30.000 -25.000 1.035 89 1 76 1

102 10.000 2.010 10.000 0.000 1.035 24 1 20 1

102 10.000 2.010 10.000 0.000 1.035 24 1 20 1

102 76.000 -13.945 30.000 -25.000 1.035 89 1 76 1

102 76.000 -13.945 30.000 -25.000 1.035 89 1 76 1

107 80.000 18.582 60.000 0.000 1.025 118 1 100 1

107 80.000 18.582 60.000 0.000 1.025 118 1 100 1

107 80.000 18.582 60.000 0.000 1.025 118 1 100 1

113 -201.652 50.703 80.000 0.000 1.020 232 1 197 1

113 95.100 50.703 80.000 0.000 1.020 232 1 197 1

113 95.100 50.703 80.000 0.000 1.020 232 1 197 1

114 0.000 -21.978 200.000 -50.000 0.980 200 1 0 0

115 12.000 1.407 6.000 0.000 1.014 14 1 12 1

115 12.000 1.407 6.000 0.000 1.014 14 1 12 1

115 12.000 1.407 6.000 0.000 1.014 14 1 12 1

115 12.000 1.407 6.000 0.000 1.014 14 1 12 1

115 12.000 1.407 6.000 0.000 1.014 14 1 12 1

115 155.000 -19.516 80.000 -50.000 1.014 182 1 155 1

116 155.000 28.400 80.000 -50.000 1.017 182 1 155 1

118 400.000 138.098 200.000 -50.000 1.050 471 1 400 1

121 400.000 98.875 200.000 -50.000 1.050 471 1 400 1

122 50.000 -5.104 16.000 -10.000 1.050 53 1 50 1

122 50.000 -5.104 16.000 -10.000 1.050 53 1 50 1

122 50.000 -5.104 16.000 -10.000 1.050 53 1 50 1

122 50.000 -5.104 16.000 -10.000 1.050 53 1 50 1

122 50.000 -5.104 16.000 -10.000 1.050 53 1 50 1

122 50.000 -5.104 16.000 -10.000 1.050 53 1 50 1

123 155.000 29.840 80.000 -50.000 1.050 182 1 155 1

123 155.000 29.840 80.000 -50.000 1.050 182 1 155 1

123 350.000 82.476 150.000 -25.000 1.050 412 1 350 1
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bus number P (g) Q(g) Qmax Qmin |V |SP mBase status Pmax Pmin

201 10.000 3.875 10.000 0.000 1.035 24 1 20 1

201 10.000 3.875 10.000 0.000 1.035 24 1 20 1

201 76.000 -3.687 30.000 -25.000 1.035 89 1 76 1

201 76.000 -3.687 30.000 -25.000 1.035 89 1 76 1

202 10.000 1.850 10.000 0.000 1.035 24 1 20 1

202 10.000 1.850 10.000 0.000 1.035 24 1 20 1

202 76.000 -14.826 30.000 -25.000 1.035 89 1 76 1

202 76.000 -14.826 30.000 -25.000 1.035 89 1 76 1

207 80.000 13.222 60.000 0.000 1.025 118 1 100 1

207 80.000 13.222 60.000 0.000 1.025 118 1 100 1

207 80.000 13.222 60.000 0.000 1.025 118 1 100 1

213 95.100 32.889 80.000 0.000 1.020 232 1 197 1

213 95.100 32.889 80.000 0.000 1.020 232 1 197 1

213 95.100 32.889 80.000 0.000 1.020 232 1 197 1

214 0.000 -33.136 200.000 -50.000 0.980 200 1 0 0

215 12.000 0.635 6.000 0.000 1.014 14 1 12 1

215 12.000 0.635 6.000 0.000 1.014 14 1 12 1

215 12.000 0.635 6.000 0.000 1.014 14 1 12 1

215 12.000 0.635 6.000 0.000 1.014 14 1 12 1

215 12.000 0.635 6.000 0.000 1.014 14 1 12 1

215 155.000 -36.245 80.000 -50.000 1.014 182 1 155 1

216 155.000 6.839 80.000 -50.000 1.017 182 1 155 1

218 400.000 122.399 200.000 -50.000 1.050 471 1 400 1

221 400.000 114.372 200.000 -50.000 1.050 471 1 400 1

222 50.000 -5.459 16.000 -10.000 1.050 53 1 50 1

222 50.000 -5.459 16.000 -10.000 1.050 53 1 50 1

222 50.000 -5.459 16.000 -10.000 1.050 53 1 50 1

222 50.000 -5.459 16.000 -10.000 1.050 53 1 50 1

222 50.000 -5.459 16.000 -10.000 1.050 53 1 50 1

222 50.000 -5.459 16.000 -10.000 1.050 53 1 50 1

223 155.000 28.095 80.000 -50.000 1.050 182 1 155 1

223 155.000 28.095 80.000 -50.000 1.050 182 1 155 1

223 350.000 80.128 150.000 -25.000 1.050 412 1 350 1



148 A.9. IEEE Reliability Test System - 1996

bus number P (g) Q(g) Qmax Qmin |V |SP mBase status Pmax Pmin

301 10.000 4.345 10.000 0.000 1.035 24 1 20 1

301 10.000 4.345 10.000 0.000 1.035 24 1 20 1

301 76.000 -1.100 30.000 -25.000 1.035 89 1 76 1

301 76.000 -1.100 30.000 -25.000 1.035 89 1 76 1

302 10.000 1.961 10.000 0.000 1.035 24 1 20 1

302 10.000 1.961 10.000 0.000 1.035 24 1 20 1

302 76.000 -14.216 30.000 -25.000 1.035 89 1 76 1

302 76.000 -14.216 30.000 -25.000 1.035 89 1 76 1

307 80.000 13.585 60.000 0.000 1.025 118 1 100 1

307 80.000 13.585 60.000 0.000 1.025 118 1 100 1

307 80.000 13.585 60.000 0.000 1.025 118 1 100 1

313 95.100 31.498 80.000 0.000 1.020 232 1 197 1

313 95.100 31.498 80.000 0.000 1.020 232 1 197 1

313 95.100 31.498 80.000 0.000 1.020 232 1 197 1

314 0.000 -29.148 200.000 -50.000 0.980 200 1 0 0

315 12.000 0.971 6.000 0.000 1.014 14 1 12 1

315 12.000 0.971 6.000 0.000 1.014 14 1 12 1

315 12.000 0.971 6.000 0.000 1.014 14 1 12 1

315 12.000 0.971 6.000 0.000 1.014 14 1 12 1

315 12.000 0.971 6.000 0.000 1.014 14 1 12 1

315 155.000 -28.959 80.000 -50.000 1.014 182 1 155 1

316 155.000 13.689 80.000 -50.000 1.017 182 1 155 1

318 400.000 130.634 200.000 -50.000 1.050 471 1 400 1

321 400.000 108.184 200.000 -50.000 1.050 471 1 400 1

322 50.000 -5.194 16.000 -10.000 1.050 53 1 50 1

322 50.000 -5.194 16.000 -10.000 1.050 53 1 50 1

322 50.000 -5.194 16.000 -10.000 1.050 53 1 50 1

322 50.000 -5.194 16.000 -10.000 1.050 53 1 50 1

322 50.000 -5.194 16.000 -10.000 1.050 53 1 50 1

322 50.000 -5.194 16.000 -10.000 1.050 53 1 50 1

323 155.000 22.690 80.000 -50.000 1.050 182 1 155 1

323 155.000 22.690 80.000 -50.000 1.050 182 1 155 1

323 350.000 72.852 150.000 -25.000 1.050 412 1 350 1

Table A.12: Generator-table for the RTS-96. The mBase for synchronous condensers is not given
and was estimated. Corresponding entries are marked in dark grey. Furthermore Pmin were not
given and set to 1, and Pmax are assumed to be identical to the unit size.
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from bus to bus R X Bc Rate A Rate B Rate C tap ratio η tap angle ζ status

101 102 0.00300 0.01400 0.46100 175 193 200 0.000 0.000 1

101 103 0.05500 0.21100 0.05700 175 208 220 0.000 0.000 1

101 105 0.02200 0.08500 0.02300 175 208 220 0.000 0.000 1

102 104 0.03300 0.12700 0.03400 175 208 220 0.000 0.000 1

102 106 0.05000 0.19200 0.05200 175 208 220 0.000 0.000 1

103 109 0.03100 0.11900 0.03200 175 208 220 0.000 0.000 1

103 124 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

104 109 0.02700 0.10400 0.02800 175 208 220 0.000 0.000 1

105 110 0.02300 0.08800 0.02400 175 208 220 0.000 0.000 1

106 110 0.01400 0.06100 2.45900 175 193 200 0.000 0.000 1

107 108 0.01600 0.06100 0.01700 175 208 220 0.000 0.000 1

107 203 0.04200 0.16100 0.04400 175 208 220 0.000 0.000 1

108 109 0.04300 0.16500 0.04500 175 208 220 0.000 0.000 1

108 110 0.04300 0.16500 0.04500 175 208 220 0.000 0.000 1

109 111 0.00200 0.08400 0.00000 400 510 600 1.030 0.000 1

109 112 0.00200 0.08400 0.00000 400 510 600 1.030 0.000 1

110 111 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

110 112 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

111 113 0.00600 0.04800 0.10000 500 600 625 0.000 0.000 1

111 114 0.00500 0.04200 0.08800 500 600 625 0.000 0.000 1

112 113 0.00600 0.04800 0.10000 500 600 625 0.000 0.000 1

112 123 0.01200 0.09700 0.20300 500 600 625 0.000 0.000 1

113 123 0.01100 0.08700 0.18200 500 600 625 0.000 0.000 1

113 215 0.01000 0.07500 0.15800 500 600 625 0.000 0.000 1

114 116 0.00500 0.05900 0.08200 500 600 625 0.000 0.000 1

115 116 0.00200 0.01700 0.03600 500 600 625 0.000 0.000 1

115 121 0.00600 0.04900 0.10300 500 600 625 0.000 0.000 1

115 121 0.00600 0.04900 0.10300 500 600 625 0.000 0.000 1

115 124 0.00700 0.05200 0.10900 500 600 625 0.000 0.000 1

116 117 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

116 119 0.00300 0.02300 0.04900 500 600 625 0.000 0.000 1

117 118 0.00200 0.01400 0.03000 500 600 625 0.000 0.000 1

117 122 0.01400 0.10500 0.22100 500 600 625 0.000 0.000 1

118 121 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

118 121 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

119 120 0.00500 0.04000 0.08300 500 600 625 0.000 0.000 1

119 120 0.00500 0.04000 0.08300 500 600 625 0.000 0.000 1

120 123 0.00300 0.02200 0.04600 500 600 625 0.000 0.000 1

120 123 0.00300 0.02200 0.04600 500 600 625 0.000 0.000 1

121 122 0.00900 0.06800 0.14200 500 600 625 0.000 0.000 1

123 217 0.01000 0.07400 0.15500 500 600 625 0.000 0.000 1
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from bus to bus R X Bc Rate A Rate B Rate C tap ratio η tap angle ζ status

201 202 0.00300 0.01400 0.46100 175 193 200 0.000 0.000 1

201 203 0.05500 0.21100 0.05700 175 208 220 0.000 0.000 1

201 205 0.02200 0.08500 0.02300 175 208 220 0.000 0.000 1

202 204 0.03300 0.12700 0.03400 175 208 220 0.000 0.000 1

202 206 0.05000 0.19200 0.05200 175 208 220 0.000 0.000 1

203 209 0.03100 0.11900 0.03200 175 208 220 0.000 0.000 1

203 224 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

204 209 0.02700 0.10400 0.02800 175 208 220 0.000 0.000 1

205 210 0.02300 0.08800 0.02400 175 208 220 0.000 0.000 1

206 210 0.01400 0.06100 2.45900 175 193 200 0.000 0.000 1

207 208 0.01600 0.06100 0.01700 175 208 220 0.000 0.000 1

208 209 0.04300 0.16500 0.04500 175 208 220 0.000 0.000 1

208 210 0.04300 0.16500 0.04500 175 208 220 0.000 0.000 1

209 211 0.00200 0.08400 0.00000 400 510 600 1.030 0.000 1

209 212 0.00200 0.08400 0.00000 400 510 600 1.030 0.000 1

210 211 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

210 212 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

211 213 0.00600 0.04800 0.10000 500 600 625 0.000 0.000 1

211 214 0.00500 0.04200 0.08800 500 600 625 0.000 0.000 1

212 213 0.00600 0.04800 0.10000 500 600 625 0.000 0.000 1

212 223 0.01200 0.09700 0.20300 500 600 625 0.000 0.000 1

213 223 0.01100 0.08700 0.18200 500 600 625 0.000 0.000 1

214 216 0.00500 0.05900 0.08200 500 600 625 0.000 0.000 1

215 216 0.00200 0.01700 0.03600 500 600 625 0.000 0.000 1

215 221 0.00600 0.04900 0.10300 500 600 625 0.000 0.000 1

215 221 0.00600 0.04900 0.10300 500 600 625 0.000 0.000 1

215 224 0.00700 0.05200 0.10900 500 600 625 0.000 0.000 1

216 217 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

216 219 0.00300 0.02300 0.04900 500 600 625 0.000 0.000 1

217 218 0.00200 0.01400 0.03000 500 600 625 0.000 0.000 1

217 222 0.01400 0.10500 0.22100 500 600 625 0.000 0.000 1

218 221 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

218 221 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

219 220 0.00500 0.04000 0.08300 500 600 625 0.000 0.000 1

219 220 0.00500 0.04000 0.08300 500 600 625 0.000 0.000 1

220 223 0.00300 0.02200 0.04600 500 600 625 0.000 0.000 1

220 223 0.00300 0.02200 0.04600 500 600 625 0.000 0.000 1

221 222 0.00900 0.06800 0.14200 500 600 625 0.000 0.000 1
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from bus to bus R X Bc Rate A Rate B Rate C tap ratio η tap angle ζ status

301 302 0.00300 0.01400 0.46100 175 193 200 0.000 0.000 1

301 303 0.05500 0.21100 0.05700 175 208 220 0.000 0.000 1

301 305 0.02200 0.08500 0.02300 175 208 220 0.000 0.000 1

302 304 0.03300 0.12700 0.03400 175 208 220 0.000 0.000 1

302 306 0.05000 0.19200 0.05200 175 208 220 0.000 0.000 1

303 309 0.03100 0.11900 0.03200 175 208 220 0.000 0.000 1

303 324 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

304 309 0.02700 0.10400 0.02800 175 208 220 0.000 0.000 1

305 310 0.02300 0.08800 0.02400 175 208 220 0.000 0.000 1

306 310 0.01400 0.06100 2.45900 175 193 200 0.000 0.000 1

307 308 0.01600 0.06100 0.01700 175 208 220 0.000 0.000 1

308 309 0.04300 0.16500 0.04500 175 208 220 0.000 0.000 1

308 310 0.04300 0.16500 0.04500 175 208 220 0.000 0.000 1

309 311 0.00200 0.08400 0.00000 400 510 600 1.030 0.000 1

309 312 0.00200 0.08400 0.00000 400 510 600 1.030 0.000 1

310 311 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

310 312 0.00200 0.08400 0.00000 400 510 600 1.015 0.000 1

311 313 0.00600 0.04800 0.10000 500 600 625 0.000 0.000 1

311 314 0.00500 0.04200 0.08800 500 600 625 0.000 0.000 1

312 313 0.00600 0.04800 0.10000 500 600 625 0.000 0.000 1

312 323 0.01200 0.09700 0.20300 500 600 625 0.000 0.000 1

313 323 0.01100 0.08700 0.18200 500 600 625 0.000 0.000 1

314 316 0.00500 0.05900 0.08200 500 600 625 0.000 0.000 1

315 316 0.00200 0.01700 0.03600 500 600 625 0.000 0.000 1

315 321 0.00600 0.04900 0.10300 500 600 625 0.000 0.000 1

315 321 0.00600 0.04900 0.10300 500 600 625 0.000 0.000 1

315 324 0.00700 0.05200 0.10900 500 600 625 0.000 0.000 1

316 317 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

316 319 0.00300 0.02300 0.04900 500 600 625 0.000 0.000 1

317 318 0.00200 0.01400 0.03000 500 600 625 0.000 0.000 1

317 322 0.01400 0.10500 0.22100 500 600 625 0.000 0.000 1

318 321 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

318 321 0.00300 0.02600 0.05500 500 600 625 0.000 0.000 1

319 320 0.00500 0.04000 0.08300 500 600 625 0.000 0.000 1

319 320 0.00500 0.04000 0.08300 500 600 625 0.000 0.000 1

320 323 0.00300 0.02200 0.04600 500 600 625 0.000 0.000 1

320 323 0.00300 0.02200 0.04600 500 600 625 0.000 0.000 1

321 322 0.00900 0.06800 0.14200 500 600 625 0.000 0.000 1

325 121 0.01200 0.09700 0.20300 500 600 625 0.000 0.000 1

318 223 0.01300 0.10400 0.21800 500 600 625 0.000 0.000 1

323 325 0.00000 0.00900 0.00000 722 893 893 1.000 0.000 1

Table A.13: Branch-table for the RTS-96 converted to MPC format.
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Reactance, pu

Unit

group

Unit

size

MW

Unit Type MVA

Base

Sb,gpu

Unit

Xd

Transformer

XT

Inertia

MJ/MW

Damping

Ratio

U12 12 Oil/Steam 14 0.32 0.13 2.8 0.0

U20 20 Oil/CT 24 0.32 0.13 2.8 0.0

U50 50 Hydro 53 0.28 0.1 3.5 0.0

U76 76 Coal/Steam 89 0.3 0.13 3.0 0.0

U100 100 Oil/Steam 118 0.32 0.13 2.8 0.0

U155 155 Coal/Steam 182 0.3 0.13 3.0 0.0

U197 197 Oil/Steam 232 0.32 0.13 2.8 0.0

U350 350 Coal/Steam 412 0.3 0.13 3.0 0.0

U400 400 Nuclear 471 0.4 0.15 5.0 0.0

Table A.14: System Dynamic Data for the Reliability Test System-1996 (RTS-96).

A.9.2 Graphical representation of the RTS-96 in fSM model

Figure A.12 shows an illustration of the RTS-96 in the fSM model which is discussed in

Section 2.5.4. The graph has not been reduced by Kron-reduction yet.

Open black circles represent the buses with their bus number (1-73) inside according to the

SEQ-notation, see Section A.5. The arrangement of buses corresponds to their geographical

position while the arrangement of internal nodes (coloured circles) has no physical meaning

and is chosen due to reasons of visibility and affiliation to the corresponding buses. Red

nodes (labelled 74-172) represent synchronous generators and yellow nodes (labelled 173-

223) represent consumers which are also synchronous machines in the (full) SM model. The

size of the buses (black open circles) is arbitrary while the size of coloured internal nodes

is, beyond a minimum value, proportional to the active power P produced or consumed by

the respective synchronous machine.

Edges in grey and blue represent transmission lines connecting the buses. Grey lines cor-

respond to a single transmission line and blue lines indicate connections formed of two

transmission lines in parallel. Magenta lines represent the internal admittance between

the terminal nodes (buses) and the internal nodes (synchronous machines). The thickness

djk of a line, connecting nodes j and k, is proportional to its admittance. For grey lines

djk = Ȳ jk = (|Yjk| + |Ykj |)/2, for blue lines djk = Ȳ
(1)
jk + Ȳ

(2)
jk and for magenta lines it is

proportional to the internal admittance djk = y
(i)
jk . The latter were calculated by Equa-

tion (2.91).
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rekturlesen und für die professionelle Beratung zur englischen Sprache.

Nicht zuletzt danke ich auch unseren Projektpartnern aus Münster bzw. Oldenburg Katrin

Schmietendorf, Oliver Kamps und Joachim Peinke für die bereichernden Diskussionen bei

unseren Treffen und die Zusammenarbeit.

Schließlich danke ich Daniel Heile, der mir während der gesamten Zeit ein unersetzbarer
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